arXiv:hep-th/0406204 v2 24 Jun 2004

hep-th/0406204

On the Seiberg-Witten map of N = 2 SYM theory in Non(anti)commutative Harmonic Superspace

Batool Safarzadeh^1

Department of Physics, School of Sciences Tarbiat Modares University, P.O. Box 14155-4838, Tehran, Iran

Abstract

We consider N = 2 supersymmetric U(1) gauge theory in a nonanticommutative N = 2 harmonic superspace with the singlet deformation. We generalize analytic superfield and gauge parameter to the nonanticommutative theory so that gauge transformations act on the component fields in a canonical form (Seiberg-Witten map). This superfield, upon a field redefinition transforms under supersymmetry in a standard way.

1BSAFAR@modares.ac.ir

The deformation of superspace has been studied intensively [1],[2],[3],[4], [5]. Bosonic [6] and fermionic [7] deformations of superspace have given rise to noncommutative ([x,x]=0) and non(anti)commutative ({θ, θ} ≠ 0) coordinates respectively. In the latter case, for N = 1, half of supersymmetry is broken and the unbroken Q supersymmetry is known as N =^1_2 [7]. It is an interesting problem to study the deformation of the extended superspace (N = 2). Depending on whether one chooses the supercovariant derivatives D_α or the supersymmetry generators Q_α as the defferential operators defining the Poisson brackets, one obtains the full N = 2 supersymmetry [10] or a partial N = 2 supersymmetry [8],[12] respectively. The singlet deformation of N = 2 supersymmetric U(1) gauge theory in the harmonic superspace which breaks half of N = 2 supersymmetry has been studied in [9],[13]. In this case, the gauge and supersymmetric transformations get corrections which are linear in the deformation parameter. It is interesting to generalize analytic superfield and gauge parameter to the non(anti)commutative theory so that gauge transformations of the component fields have canonical forms (Seiberg-Witten map). Seiberg and Witten claimed in [6] that certain noncommutative gauge theories are equivalent to commutative ones. In particular, they argued that there exists a map from a commutative gauge field to a noncommutative one which is compatible with the gauge structure of each. In this work we will apply this idea to U(1) N = 2 with a singlet deformation and obtain the deformed supersymmetry transformations of the component fields . Finally we will redefine component fields such that the standard form of supersymmetric transformations is restored and then use them to find the action which turns out to have a simple form.

We begin by introducing the non(anti)commutative deformation of N = 2 harmonic superspace. N = 2 in the four dimensional superspace is parameterized by (x^μ, θ^α, θ̄^{α̇}, u^{+i}) where μ = 0, 1, 2, 3, α, α̇ = 1, 2 and i = 1, 2 are spacetime, spinor and SU(2)_R indices respevtively. In this harmonic superspace, supersymmetry generators Q^±_α , Q̄_{α̇±} and supercovariant D^±_α , D̄^±_α derivatives are defined by

Q^±_α = u^±_i Q^i_α, Q̄^±_α = u^±_i Q̄^i_α,

D^±_α = u^±_i D^i_α, D̄^±_α = u^±_i D̄^i_α, (1)

and analytic superfields are defined by the differential constraint

D^+_α ϕ = D̄^+_α ϕ(x^μ_A, θ^+, θ̄^+, u) = 0. (2)

The non(anti)commutativity in the N = 2 harmonic superspace is introduced by Moyal-Weyl star product

{θ^α_i , θ^β_j }_∗ = 1 4 ϵ_{ij} ϵ^{αβ}C_s. (3) Here the *-product is defined by f(θ) ∗ g(θ) = f(θ)exp(P )g(θ),

P = − 1 8 ϵ_{ij} ϵ^{αβ}C_s ←− Q^i_α −→ Q^j_β . (4)

The action of N = 2 supersymmetric U(1) gauge theory in this non(anti)commutative harmonic superspace is written in terms of an analytic superfield V^{++}[14] S = 1 2 ∞∑ n (−i)^n n ∫ d^4xd^8θdu_1 . . . du_n V^{++}(ζ_1, u_1) ∗ . . . ∗ V^{++}(ζ_n, u_n) (u^+_1 u^+_2 ) . . . (u^+_n u^+_1 )

, (5)

where ζ_i = (x_A, θ^+_i , θ̄^+_i ) and d^8θ = d^4θ^+d^4θ^−. The action is invariant under the gauge transformation

δ^∗_ΛV^{++} = −D^{++} Λ + i[Λ, V^{++}]_∗ . (6)

The gauge parameter Λ(ζ, u) is also analytic. D^{++} harmonic derivative is defined by D^{++} = u^{+i} ∂ ∂u^{−i} − 2iθ^+σ^μθ̄^+ ∂ ∂x^μ_A + θ^{+α} ∂ ∂θ^{−α} + θ̄^{+α̇} ∂ ∂θ̄^{−α̇} . (7)

Since the analytic superfild and gauge parameter contain an infinite number of (auxilary) fields in the harmonic superspace representation, the gauge freedom can be used to set some of their components to zero [15]. In the Wess-Zumino(WZ) gauge we then find

V^{++}_{W Z} (ξ, u) = − i √ 2(θ^+)^2ϕ̄ + i √ 2(θ̄^+)^2ϕ − 2i(θ^+σ^μθ̄^+)A_μ

+ 4(θ̄^+)^2θ^+ψ^iu^−_i − 4(θ^+)^2θ̄^+ψ̄^iu^−_i (8)

+ 3(θ^+)^2(θ̄^+)^2D^{ij} u^−_i u^−_j , and Λ = λ(x^μ_A).

In the case of singlet deformation, the gauge variation of V^{++}_{W Z} is calculated as

δ^∗_λV^{++}_{W Z} = +2i(θ^+σ^μθ̄^+)∂_μλ − 1 8 ϵ^{αβ}ϵ_{ij} C_s [ 4i √ 2θ^+_α σ^μ_{ββ̇}(θ̄^{β̇})∂_μλϕ̄ − 4σ^μ_{αα̇}σ^ν_{ββ̇} i 2 ϵ^{α̇β̇}(θ̄^+)^2∂_μλA_ν + 16σ^μ_{ββ̇} (θ̄^+)^{β̇} (θ̄^{α̇})θ^+_α ψ̄^iu^−_i ∂_μλ ] [ u^{+j} u^{−i} − u^{+i}u^{−j} ] (9) = −2i(θ^+σ^μθ̄^+) [ −∂_μλ − 1 √ 2 C_s∂_μλϕ̄ ] + i(θ̄^+)^2C_s∂_μλA^μ

+ 4(θ̄^+)^2(θ^+)^β (−1 2 ∂_μλ(σ^μψ̄^i)_β C_su^−_i ) .

Deformed gauge transformations for the component fields in the case of the singlet deformation read as

δ^∗_ΛA_μ = − ( 1 + 1 √ 2 C_sϕ̄ ) ∂_μλ , δ^∗_Λϕ = 1 √ 2 C_sA_μ∂^μλ , (10)

δ^∗_Λψ^i_α = − 1 2 C_s∂_μλ(σ^μψ̄^i)_α ,

δ^∗_Λϕ̄ = δ^∗_Λψ̄^i_{α̇} = δ^∗_ΛD^{ij} = 0.

We may also consider another point of view in which we change the definition of the superfields and the supergauge parameter such that the gauge transformations of the component fields get the standard form. In comparision with the previous situation, this point of view could then be interpreted as the Seiberg-Witten map for the non(anti)commutative N = 2 SYM theory [16].

To be precise let us consider a deformed analytic superfield V^{++}_{W Z} as follows

V^{++}_{W Z} (ξ, u) = −i √ 2(θ^+)^2ϕ̄ + i √ 2(θ̄^+)^2ϕ − 2i(θ^+σ^μθ̄^+)A_μ + 4(θ̄^+)^2θ^+ψ^iu^−_i − i 2 ϵ_{ij} ϵ^{αβ}(θ̄^+)^2θ^+_β σ^μ_{αα̇}{(ψ̄^i)^{α̇}, A_μ}u^{−j} − 4(θ^+)^2θ̄^+ψ̄^iu^−_i (11)

+ 3(θ^+)^2(θ̄^+)^2 [ D^{ij} − C_s 3 √ 2 ϵ^{ij} ∂_μ{A^μ, ϕ̄} ] u^−_i u^−_j . Accordingly we will also change the gauge parameter Λ as the following

Λ = λ + i 4 ϵ_{ij} u^{−i}u^{−j} C_s(θ̄^+)^2{∂_μλ, A_μ} + i 2 √ 2 ϵ_{ij} u^{−i}u^{−j} C_s(θ^+σ^μθ̄^+){∂_μλ, ϕ̄}. (12) In order to find the gauge transformation of the component fields one needs to compute the effect of D^{++} on the gauge parameter Λ

D^{++} Λ = −2i(θ^+σ^μθ̄^+)∂_μλ + 2i 4 ϵ_{ij} u^{+i}u^{−j} C_s(θ̄^+)^2{∂_μλ, A^μ} + i √ 2 ϵ_{ij} u^{+i}u^{−j} C_s(θ^+σ^μθ̄^+){∂_μλ, ϕ̄} (13) + 1 √ 2 ϵ_{ij} u^{−i}u^{−j} C_s(θ^+)^2(θ̄^+)^2∂^μ{∂_μλ, ϕ̄}.

Moreover we find

[λ, V^{++}_{W Z} ] = [ λ, −i 2 C_sϵ_{ij} ϵ^{αβ}(θ̄^+)^2θ^+_β σ^μ_{αα̇}{(ψ̄^i)^{α̇}, A_μ}u^{−j} ]

= −i 2 ϵ_{ij} ϵ^{kl} [ u^+_k u^−_l , u^{−j} ] ϵ^{αβ}(θ̄^+)^2θ^+_β σ^μ_{αα̇}λ{(ψ̄^i)^{α̇}, A_μ} (14)

= −iC_s(θ̄^+)^2θ^{+α}σ^μ_{αα̇}λ{(ψ̄^i)^{α̇}, A_μ}u^−_i .

Here we have used the fact that the gauge group is U(1) and therefore all other terms in Λ will commute with V^{++}.

Plugging (13) and (14) into (6), the gauge transformation of the deformed analytic superfield (11) reads

δ^∗_λV^{++}_{W Z} = −2i(θ^+σ^μθ̄^+) [ − ∂_μλ − 1 √ 2 C_s∂_μλϕ̄ ] + i(θ̄^+)^2C_s∂_μλA^μ

+ 4(θ̄^+)^2(θ^+)^β (−1 2 ∂_μλ(σ^μψ̄^i)_β C_su^−_i ) − 2i 4 C_s(θ̄^+)^2{∂_μλ, A^μ} (15) − 1 √ 2 C_s(θ^+)^2(θ̄^+)^2∂^μ{∂_μλ, ϕ̄}u^{−i}u^{−j} − i √ 2 C_s(θ^+σ^μθ̄^+){∂_μλ, ϕ̄} + C_s(θ̄^+)^2θ^{+α}σ^μ_{αα̇}λ{(ψ̄^i)^{α̇}, A_μ}u^−_i

From this relation one can read the gauge transformations of the components of the superfeild in the case of singlet deformation as follows

δ^∗_ΛA_μ = −∂_μλ, δ^∗_Λϕ = δ^∗_Λψ^i_α = δ^∗_Λϕ̄ = δ^∗_Λψ̄^i_{α̇} = δ^∗_ΛD^{ij} = 0. (16)

which is the same as the ordinary field theory. Therefore by making use of the deformed analytic superfield (11) the gauge transformations of the component fields (10) reduce to the canonical form.

Let us now write down the corresponding Lagrangian using the deformed superfield (11). By making use of the same method as in [12], the Lagrangian up to the first order of (C_s) can be computed. The result is L = 1 4 F_{μν} (F^{μν} + F̃^{μν} ) − iψ^iσ^μ∂_μψ̄_i − ∂^μϕ∂_μϕ̄ + 1 4 D_{ij} D^{ij} + 1 √ 2 C_sA_ν ∂_μϕ̄(F^{μν} + F̃^{μν} ) + i √ 2 C_sϕ̄ ( ψ^kσ^ν ∂_νψ̄_k ) + i √ 2 C_s ( ψ^kσ^νψ̄_k ) ∂_νϕ̄ + i 2 C_sψ̄^iψ̄^j D_{ij} + √ 2 4 C_sA_μA^μ∂^2ϕ̄ − √ 2 4 C_sϕ̄D^{ij} D_{ij} . (17) where F̃^{μν} =^i_2 ϵ^{μνρσ} F_{ρσ}.

The next step would be to check how the supersymmetry transformations δ_ξ of the component fields work for this deformed superfield. The supersymmetry transformation in the WZ gauge and for the non(anti)commutative case has been studied in [13] which has the following form

δ_ξV^{++}_{W Z} = δ̃_ξV^{++}_{W Z} + δ^∗_ΛV^{++}_{W Z} δ̃_ξV^{++}_{W Z} ≡ ξ^α_i Q^i_αV^{++}_{W Z} , (18) where in the analytic basis one has ξ^α_i Q^i_α = −ξ^{+α}Q^−_α + ξ^{−α}Q^+_α , with Q^+_α = ∂ ∂θ^{−α} − 2iσ^μ_{αα̇}θ̄^{+α̇} ∂ ∂x^μ_A , Q^−_α = − ∂ ∂θ^{+α} . To preserve the WZ-gauge we must use the most general analytic gauge parameter Λ(ζ, u):

Λ(ζ, u) = λ^{(0,0)}(x_A, u) + θ̄^+_{α̇} λ^{(0,1)α̇}(x_A, u) + θ^{+α}λ^{(1,0)}_α (x_A, u)

+ (θ̄^+)^2λ^{(0,2)}(x_A, u) + (θ^+)^2λ^{(2,0)}(x_A, u) + θ^+σ^μθ̄^+λ^{(1,1)}_μ (x_A, u) (19) + (θ̄^+)^2θ^{+α}λ^{(1,2)}(x_A, u) + (θ^+)^2θ̄^+_{α̇} λ^{(2,1)α̇}(x_A, u) + (θ^+)^2(θ̄^+)^2λ^{(2,2)}(x_A, u).

Using the appropriate gauge parameter and the deformed analytic superfield (11), it is easy to see how the various fields transform δ_ξϕ = − √ 2iξ^iψ_i − i 2 √ 2 C_sξ^iσ^μ{ψ̄_i, A_μ} , δ_ξϕ̄ = 0 , δ_ξA_μ = iξ^iσ_μψ̄_i , δ_ξψ^i_α = ( 1 + 1 √ 2 C_sϕ̄ ) (σ^{μν} ξ^i)_αF_{μν} − D^{ij} ξ_{αj} , (20) δ_ξψ̄^{α̇i} = − √ 2(σ̄^μξ^i)^{α̇} ( 1 + 1 √ 2 C_sϕ̄ ) ∂_μϕ̄ , δ_ξD^{kl} = { − iξ^k σ^μ∂_μψ̄^l − iξ^lσ^μ∂_μψ̄^k }( 1 + 1 √ 2 C_sϕ̄ ) . It is straightforward to find a series of field redefinitions which bring these deformed supersymmetry transformations to the standard form. We introduce the multiplet (a_μ, φ, φ̄, λ^i_{alpha}, λ̄^{α̇i}, D̃^{ij} ) as a_μ = F (ϕ̄)A_μ , φ = F (ϕ̄)^2 ( ϕ + C_s 1 2 √ 2 A_μA^μ ) , φ̄ = ϕ̄ , λ̄^{α̇i} = F (ϕ̄)ψ̄^{α̇i} (21) λ^i_α = F (ϕ̄)^2ψ^i_α , D̃^{ij} = F (ϕ̄)^2D^{ij} , where F (ϕ̄) is a function of ϕ̄ and is determined as F (ϕ̄) = 1 1 +^{1√}_2 C_sϕ̄ .

It is easy to check that the multiplet (a_μ, φ, φ̄, λ^i_{alpha}, λ̄^{α̇i}, D̃^{ij} ) transforms canonically under supersymmetry transformations δ_ξa_μ = iξ^iσ_μλ̄_i, δ_ξφ = −i √ 2ξ^iλ_i, δ_ξφ̄ = 0, δ_ξλ^i_α = (σ^{μν} ξ^i)f_{μν} − D̃^{ij} ξ_{αj} , (22) δ_ξλ̄^{α̇i} = − √ 2(σ̄^μξ^i)^{α̇}∂_μφ̄, δ_ξD̃^{ij} = −i ( ξ^iσ^μ∂_μλ̄^j + ξ^j σ^μ∂_μλ̄^i ) . Here f_{μν} = ∂_μa_ν − ∂_ν a_μ . In the singlet deformed U(1) theory which we consider here the action can be constructed as [10] S = 1 4 ∫ d^4x_Ld^4θduW ∗ W = 1 4 ∫ d^4x_Ld^4θduW^2, (23) where x_L is a chiral-analytic coordinate: x^μ_A = x^μ_L − 2iθ^−σ^μθ̄^+.

To compute the filed strength W =^1_4 (D̄^+)^2V^{−−} one can obtain V^{−−} from this differential equation D^{++} V^{−−} − D^{−−} V^{++} + i[V^{++}, V^{−−}]_∗ = 0, (24) here D^{−−} = ∂^{−−} − 2iθ^−σ^μθ̄^− ∂ ∂x^μ_A . In terms of the deformed analytic superfield (11), W is calculated as W = [ ϕ + C_s 2 √ 2 A_μA^μ ]

+ 2θ^+[ψ^iu^−_i ] − 2 1 +^1√_{2Csϕ̄} θ^−[ψ^iu^+_i ]

+ (θ^+)^2 [ 2C_s 1 +^{1√}_{2Csϕ̄} ψ̄^iψ̄^j + D^{ij} ] u^−_i u^−_j + ( 1 1 +^1√_{2Csϕ̄} ) (θ^−)^2 [ 2C_s 1 +^1√_{2Csϕ̄} ψ̄^iψ̄^j + D^{ij} ] u^+_i u^+_j (25) − ( 2 1 +^1√_{2Csϕ̄} ) (θ^+θ^−) [ 2C_s 1 +^1√_{2Csϕ̄} ψ̄^iψ̄^j + D^{ij} ] u^−_i u^+_j

+ (θ^+σ^{μν} θ^−)F_{μν} + 2i(θ^−)^2θ^+σ^μ∂_μ ( 1 1 +^{1√}_{2Csϕ̄} ψ̄^i ) u^+_i

+ 2i(θ^+)^2θ^− ( 1 + 1 √ 2C_sϕ̄ ) σ^μ∂_μ ( 1 1 +^{1√}_{2Csϕ̄} ψ̄^i ) u^−_i − (θ^+)^2(θ^−)^2∂^2ϕ̄,

If we use redefined fields (21) to compute the Lagrangian we will see that it has this simple form L = ( 1 + 1 √ 2C_sϕ̄ )_2

L_0, (26)

where

L_0 = 1 4 f_{μν} (f^{μν} + f̃^{μν} ) − iλ^iσ^μ∂_μλ̄_i − ∂^μφ∂_μφ̄ + 1 4 D̃_{ij}D̃^{ij} . In this paper, using the Seiberg-Witten map, we have determined the generalized analytic superfield and gauge parameter of N = 2 supersymmetric U(1) gauge theory to the non(anti)commutative harmonic superspace for which the component fields transform canonically under gauge transformations. The component fields are then redefined to preserve the standard form of supersymmetry transformations. With this redefined component fields, the Lagrangian is obtained which has the same form as the one in [9].

Acknowledgments

I would like to thank M. Alishahiha and A. E. Mosaffa for useful comments and discussions and M. Abolhasani for his sincere support.

References

[1] H. Ooguri and C. Vafa, “The C-deformation of gluino and non-planar diagrams,” Adv. Theor. Math. Phys. 7, 53 (2003) [arXiv:hep-th/0302109].

[2] S. Ferrara and M. A. Lledo, “Some aspects of deformations of supersymmetric field theories,” JHEP 0005, 008 (2000) arXiv:hep-th/0002084.

[3] D. Klemm, S. Penati and L. Tamassia, Class. Quant. Grav. 20, 2905 (2003) [arXiv:hep-th/0104190].

[4] J. de Boer, P. A. Grassi and P. van Nieuwenhuizen,“Non-commutative superspace from string theory,” Phys. Lett. B 574, 98 (2003) arXiv:hep-th/0302078.

[5] S. Ferrara and M.N lideo,“some aspects of deformations of supersymmetric field theories,” arXiv:hep-th/0002084.

[6] N. Seiberg and E. Witten, “String theory and noncommutative geometry,” JHEP 9909, 032 (1999) arXiv:hep-th/9908142.

[7] N. Seiberg, “Noncommutative superspace, N = 1/2 supersymmetry, field theory and string theory,” JHEP 0306, 010 (2003) arXiv:hep-th/0305248.

[8] E. Ivanov, O. Lechtenfeld and B. Zupnik, “Nilpotent deformations of N = 2 superspace,” JHEP 0402, 012 (2004) arXiv:hep-th/0308012.

[9] S. Ferrara, E. Ivanov, O. Lechtenfeld, E. Sokatchev and B. Zupnik, “Nonanticommutative chiral singlet deformation of N = (1,1) gauge theory,” arXiv:hep-th/0405049.

[10] S. Ferrara and E. Sokatchev, “Non-anticommutative N = 2 super-Yang-Mills theory with singlet deformation,” Phys. Lett. B 579, 226 (2004) arXiv:hepth/0308021.

[11] S. Ferrara, M. A. Lledo and O. Macia, “Supersymmetry in noncommutative superspaces,” JHEP 0309, 068 (2003) arXiv:hep-th/0307039.

[12] T. Araki, K. Ito and A. Ohtsuka, “N = 2 supersymmetric U(1) gauge theory in noncommutative harmonic superspace,” JHEP 0401, 046 (2004) arXiv:hepth/0401012.

[13] T. Araki and K. Ito, “Singlet deformation and non(anti)commutative N = 2 supersymmetric U(1) gauge theory,” arXiv:hep-th/0404250.

[14] B. M. Zupnik, “The Action Of The Supersymmetric N=2 Gauge Theory In Harmonic Superspace,” Phys. Lett. B 183, 175 (1987).

[15] A. Galperin, E. Ivanov, V. Ogievetsky and E. Sokatchev, “Harmonic superspace,”Cambridge university Press,2001

[16] D. Mikulovic, “Seiberg-Witten map for superfields on N = (1/2,0) and N = (1/2,1/2) deformed superspace,” arXiv:hep-th/0403290.