arXiv:hep-th/0407072 v1 9 Jul 2004

Corrections to the Planck’s radiation law from loop quantum gravity

Huitzilin Yépez^{1∗}, Juan M. Romero^{2†}and Adolfo Zamora^{2‡}

1Departamento de Física, Cinvestav-IPN, Apartado Postal 14-740-543, México DF, México.

2Instituto de Ciencias Nucleares, UNAM, Apartado Postal 70-543, México DF, México.

Abstract

We study the dispersion relation obtained from the semiclassical loop quantum gravity. This dispersion relation is considered for a photon system at finite temperatures and the changes to the Planck’s radiation law, the Wien and Boltzmann laws are discussed. Corrections to the equation of state of the black body radiation are also obtained.

Pacs: 04.60.Pp, 05.70.-a, 98.70.Ve

∗E-mail: hyepez@fis.cinvestav.mx †E-mail: sanpedro@nuclecu.unam.mx ‡E-mail: zamora@nuclecu.unam.mx

1 Introduction

Recently it has been studied with great interest the possibility that particles undergo changes in their dispersion relation as a consequence of gravitational or high energy effects. Hawking’s spectrum for black holes, for instance, displays changes in the range of high frequencies [1]. An analogous effect appears in the inflationary cosmology for the inflaton spectrum [2]. Another example is found in the field theory of non-commutative spaces, where the dispersion relation for photons also changes [3]. In the semiclassical loop quantum gravity (SLQG) it is possible to find an expression for a field over the weak quantum gravitational background. For this field corrections to its dispersion relation are also obtained [4, 5]. For a review see Ref. [6]. The modified dispersion relation could give rise to several consequences as the breaking of the Lorentz symmetry, for example. As an alternative approach, modified dispersion relations have been used to provide an explanation of anomalies in ultrahigh energetic cosmic rays [7].

In general one would expect that the consequences of changes to a dispersion relation were observed only in highly energetic particles. However, this is not always the case. To see this let us consider the modified dispersion relation for photons,

p^2 = E^2 [ 1 + ξE/E_p + O((E/E_p)^2) ] , (1)

where ξ ≈ 1 and E_p ≈ 10^{18} GeV is the Planck energy. In this case, a photon that travels a distance L will have a time delay Δt ≈ ξ L c (E/E_p). (2) It can be seen from Eq. (2) that if the distance L is large enough, this time delay will be observed even if the energy of the particle is not large. In other words, this is a small microscopic effect that could be observed at a macroscopic scale provided the macroscopic variables are large enough. For the case of the SLQG, the corrections to the dispersion relation for photons are analogous to those described by Eq. (1).

A well known result from condensed matter is that small changes in the microscopic properties of a system can lead to important modifications in its macroscopic behavior. For quantum liquids, for example, it can be seen that a change in the dispersion relation of the excitations can result in a completely different behavior. Liquid helium,^4He, provides a good example of a boson fluid with a small residual interaction. At low temperatures this interaction is the one responsible for the superfluid state [8]. The main excitations below 1K are just phonons with a dispersion relation ω ∝ k, but at higher temperatures roton excitations with ω ∝ k^2 must be included. Accounting for these, corrections to the thermodynamic properties can be observed [8, 9].

In this letter we study the changes to the macroscopic properties at finite temperatures of a photon system provided the dispersion relation proposed by the SLQG is assumed. To first order in the Planck length, the dispersion relation is linear in the polarization and so the thermodynamic properties remain unchanged. However, to second order, the Planck’s radiation law loses its universal character as it will be shown shortly. Consequences of losing this universal behavior, as it is a correction to the Wien’s displacement law, are also discussed. We finally find that the Boltzmann law for the radiated energy density and the radiation pressure change.

This work is organized as follows. In section 2 the dispersion relation obtained from the SLQG is presented. It is also shown here that the black body radiation law loses its universal behavior and that this leads to modifications to the Wien’s law. In section 3 the changes to the thermodynamic properties are obtained; and finally in section 4 our results are summarized.

2 The dispersion relation from the LQG

The dispersion relation obtained from the SLQG for photons is given by [4, 6]:

ω = ck + λa_1k^2 − a_2k^3, (3)

where a_1 is proportional to the Planck length l_p, a_2 is proportional to l^2_p and λ is the polarization of the photons that can take values λ = ±1. The coefficients a_1 and a_2 depend on the semiclassical state chosen in the LQG formalism.

It is worth mentioning that Eq. (3) has been obtained under the hypothesis that kl_p ≪ 1; which forbids the solution k_c ≠ 0 for ω = 0. Notice that such a k_c is of the order of k_c ∝ 1 l_p , (4)

which is very large and does not satisfy kl_p ≪ 1. Therefore, moments k ≥ k_c can be neglected. It can also be observed that there is a value k_{max} for which ω from Eq. (3) has its maximum. This k_{max} is of the same order of magnitude as k_c.

Let us now proceed to calculate the modified Planck’s radiation law. The number of particles inside a volume element in phase space is dN_ω = ρ(ω) 4πV (2π)^3 k^2dk, (5)

where V is the volume and ρ(ω) is given by ρ(ω) = 1 e^{βh̄ω} − 1 , (6)

with β = (k_BT )^{−1}, k_B being the Boltzmann constant and T the temperature. The energy associated with the above volume element is dU_ω = h̄ωρ(ω) V 2π^2 k^2dk. (7)

Using the dispersion relation in Eq. (3) to first order in l_p we obtain for the momentum k k = ω c [ 1 − λa_1 c^2 ω ] . (8)

However, if considered to second order, we get k = ω c [ 1 − λa_1 c^2 ω + ( 2a^2_1 c^4 + a_2 c^3 ) ω^2 ] , (9)

so that, to this order

k^2dk = ω^2 c^3

[1 − λC_1ω + C_2ω^2] dω, (10) with

C_1 =

4a_1 c^2 and C_2 =

15a^2_1 c^4 + 5a_2 c^3

. (11)

Therefore, the energy in Eq. (7) becomes dU_ω = h̄V 2π^2 ω^3 c^3 ρ(ω)[1 − λC_1ω + C_2ω^2] dω. (12)

Notice, in this equation, that after summing over all possible λ values, the corrections to first order in l_p get canceled. Therefore the first corrections to the thermodynamic quantities appear to second order. That is dU_ω = V h̄ π^2c^3 ρ(ω)ω^3[1 + C_2ω^2] dω = V h̄ π^2c^3(h̄β)^4 x^3 e^x − 1 [ 1 + C_2 (h̄β)^2 x^2 ] dx, (13) with x = h̄ωβ. To order zero Eq. (13) yields the usual Planck distribution,

P_0(x) = x^3 e^x − 1

, (14)

which is valid for the radiation of a black body at any given temperature and therefore it is universal. However, the first corrections to Eq. (13) yield the modified distribution

P (x) = x^3 e^x − 1

(1 + αx^2), α =

C_2k^2_B h̄^2

T^2, (15)

that does depend on temperature and thus it loses the universal property observed in P_0(x). Figure 1 shows the behavior of the modified Planck distribution P (x) from Eq. (15) compared to the usual Planck distribution P_0(x) for different temperatures.

Another way to express the universal behavior of P_0(x) can be obtained by considering that it is invariant under the transformation ω → γω, T → γT. (16) If Eq. (16) is assumed, to zero order in l_p, the energy dU_ω scales with γ^4. That is, it preserves form but presents changes in its global scale. Including

Figure 1: Modified Planck distribution for different values of temperature [α = 0 corresponds to P_0(x). α = 0.01, 0.04, 0.09, 0.16 are for P (x) at T = 1, 2, 3, 4 in units of 100C_2k^2_B/h̄^2.]

the quadratic corrections, dU_ω changes both its form and scale.

A consequence of the breaking of universality is that the maximum of P (x) depends on temperature. For the usual Planck distribution, P_0(x) the maximum occurs when x_{0max} = h̄ω_{max} k_B T ≃ 2.822, (17)

which is invariant under the transformation in Eq. (16). The expression for x_{0max} in Eq. (17) is the well known Wien’s displacement law: the frequency for the maximum in the Planck distribution variates linearly with temperature. However, for P (x) the maximum occurs when x satisfies the condition

(3 − x)e^x − 3 + αx^2(5e^x − xe^x − 5) = 0. (18)

To first order in α, the solution is given by

x_{max} ≃ x_{0max} + (18.218)α. (19)

Notice that x_{max} does not have the symmetry of Eq. (16) because of its temperature dependence. From Eq. (19) we get ω_{max} = ( 2.822k_B h̄ ) T + ( 18.218C_2k^3_B h̄^3 ) T^3, (20)

with C_2 defined in Eq. (11). Therefore, the Wien’s displacement law gets a correction proportional to T^3.

It is clear from Wien’s law, Eq. (17), that if an astrophysical object radiates with a well known frequency, then it will be possible to know its temperature. However, from the modified Wien’s law, Eq. (20), we notice that the expression for ω_{max} is cubic in T and no longer linear. Nevertheless, these cubic corrections are usually very small so they can only be observed at high temperatures.

Now, we investigate the cosmological consequences of losing universality in Eq. (13). If the Robertson-Walker metric is considered, the frequency and temperature for the scaling are both proportional to the inverse radius of the universe R [10], ω ∝ 1 R , T ∝ 1 R . (21)

By assuming this scaling transformation it can be seen that the energy dU_ω from Eq. (13) to order zero preserves form but changes scale with expansion of the universe. However, once the corrections are included, it displays modifications in both form and scale.

The dependence on R of the temperature is derived from the Boltzmann law. We will see in the next section that this law is modified. This last result changes the dependence on R of T , but does not solve the problem of loosing the universal character of P (x).

There are theories from which one can also get corrections to the Planck distribution [11, 12]. Some of these do not actually break universality of the distribution. As an example, in quantum groups theory, the Planck distribution obtained has a complex structure but the universal character remains [11]. However, if a quantum mechanics consistent with the existence of a minimal length is considered, the Planck distribution loses universality [12].

3 Changes in the thermodynamic properties

The energy of the photon system can be obtained by integrating out Eq. (13) and evaluating the upper limit at the momentum k_{max} from section 2. As the momentum k_{max} is very large and the energy decreases rapidly for ω > ω_{max}, we can approximate the value of the energy by the integral over all possible values of k. Considering these simplifications we find U = 4V c T^4σ(T ), (22)

with σ(T ) given by

σ(T ) = σ_0 [ 1 + ( 40C_2k^2_Bπ^2 21h̄^2 ) T^2 ] , σ_0 = π^2k^4_B 60h̄^3c^2

. (23)

Equation (22) represents the modified Boltzmann law. The correction obtained appears in the Stephan-Boltzmann constant, Eq. (23), which now displays a quadratic dependence on temperature.

Using Eq. (22) we obtain for the specific heat at constant volume,

C_V =

16V T^3 c σ_0 [ 1 + ( 60C_2k^2_Bπ^2 21h̄^2 ) T^2 ] . (24)

To get other thermodynamic quantities it is necessary to know not only the energy U but also the partition function. In the grand canonical ensemble, the grand potential for bosons is given by [13]

Ω = k_B T ∑ l>0 ∑ λ ln(1 − e^{−β(ϵlλ−μ)}), (25) where l corresponds to the l-th momentum and λ is the polarization. Additionally, for the case of photons μ = 0. The sum above can be replaced by an integral with aid of the rule ∑ l → V (2π)^3 ∫ dk^3 = V 4π (2π)^3 ∫ k^2dk. (26)

Performing these substitutions we obtain Ω = κT V 2π^2c^3 ∑ λ ∫_∞ 0 ln(1 − e^{−βh̄ωλ} )ω^2_λ[1 − λC_1ω_λ + C_2ω^2_λ]dω_λ = κT V π^2c^3 ∫_∞ 0 ln(1 − e^{−βh̄ω)})ω^2[1 + C_2ω^2]dω = − ( V κ^4π^2 45h̄^3c^3 ) T^4 [ 1 + ( 8C_2κ^2π^2 7h̄^2 ) T^2 ] , (27)

so that the entropy is S = − ( ∂Ω ∂T ) V = ( 4κ^4π^2 45h̄^3c^3 ) T^3 [ 1 + ( 12C_2κ^2π^2 7h̄^2 ) T^2 ] . (28)

With this result, considering Eq. (27), and using the thermodynamic relation U = Ω + T S, (29) we recover Eq. (22) for the energy U. In addition, for the radiation pressure we obtain P = ( k^4_Bπ^2 45h̄^3c^3 ) T^4 [ 1 + ( 8C_2k^2_Bπ^2

7h̄^2 ) T^2 ] . (30)

From this it can be observed that the radiation pressure has a small increase respect to the standard result appreciable only at high temperatures.

The equation of state for the radiation pressure and energy density is usually expressed in the form P = ω̄ U V . (31)

In general, ω̄ is constant, but in this case it has a temperature dependence of the form

ω̄ = 1 3 [ 1 − ( 16C_2k^2_B π^2 21h̄^2 ) T^2 ] . (32)

Notice that the correction to the usual equation of state is negative, which is analogous to the equation of state for a space with cosmological constant [10].

4 Summary

In this work we consider the dispersion relation for photons obtained from the SLQG and study the thermodynamic changes. One of these changes is that the modified Planck distribution does not preserve universality. This is because the corrections depend on frequency but not on temperature and therefore it is not possible to express the modified distribution in terms of a dimensionless variable. Some consequences of this lack of universality were reviewed. One of these is the corrections to the Wien’s displacement law. Here, there is a small shift of the maximum frequency of the Planck distribution which depends on the cubic temperature. Boltzmann’s law and the radiation pressure also get small corrections. The equation of state for the energy density and pressure also gets modified. The constant relating pressure and energy density now has negative corrections that depend quadratically on temperature.

References

[1] T. Jacobson Black Hole Evaporation in the Presence of a Short Distance Cutoff, Phys. Rev. D 48 (1993) 728-741. Preprint hep-th/9303103.

[2] J. Martin, R. H. Brandenberger, The Trans-Planckian Problem of Inflationary Cosmology, Phys. Rev. D 63 (2001) 123501. Preprint hep-th/0005209.

[3] Z. Guralnik, R. Jackiw, S.Y. Pi, A.P. Polychronakos, Testing Noncommutative QED, Constructing Non-commutative MHD, Phys. Lett. B 517 (2001) 450-456. Preprint hep-th/0106044.

[4] J. Alfaro, H.A. Morales-Técotl, L. F. Urrutia Loop quantum gravity and light propagation Phys. Rev. D 65 (2002) 103509. Preprint hep-th/0108061.

[5] J. Alfaro, H.A. Morales-Técotl, L. F. Urrutia Quantum gravity corrections to neutrino propagation, Phys. Rev. Lett. 84 (2000) 2318-2321. Preprint gr-qc/9909079.

[6] M. Bojowald, H. A. Morales-Técotl, Cosmological applications of loop quantum gravity. Preprint gr-qc/0306008.

[7] G. Amelino-Camelia, T. Piran, Cosmic rays and TeV photons as probes of quantum properties of space-time, Phys. Lett. B 497 (2001) 265-270. Preprint hep-ph/0006210.

[8] L. D. Landau, E. M. Lifshitz, Statistical Physics, Pergamon Press, 1970.

[9] R. P. Feynman, Statistical Mechanics, Addison-Wesley, 1972.

[10] M. Trodden, S. M. Carroll, TASI Lectures: Introduction to Cosmology.

Preprint astro-ph/0401547.

[11] S. Vokos, C. Zachos, Thermodynamic q-Distributions That Aren’t, Mod.

Phys. Lett. A 9 (1994) 1-10, hep-th/9305067;

V. I. Man’ko, G. Marmo, E. C. G. Sudarshan, F. Zaccaria f-Oscillators and Nonlinear Coherent States, Preprint quant-ph/9612006.

[12] L. N. Chang, D. Minic, N. Okamura, T. Takeuchi, The Effect of the Minimal Length Uncertainty Relation on the Density of States and the Cosmological Constant Problem, Phys. Rev. D 65 (2002) 125028. Preprint hep-th/0201017.

[13] L. E. Reichl, A Modern Course in Statistical Physics, University of Texas Press, 1980.