arXiv:hep-th/0407099 v2 21 Jul 2004

Dark Energy and Modified Gravities

Shin’ichi Nojiri^∗ Department of Applied Physics, National Defence Academy, Hashirimizu Yokosuka 239-8686, JAPAN

We review the several models of the dark energy, which may generate the accelerated expansion of the present universe. We also discuss the the Big Rip singularity, which may occur when the equation of the state parameter w is less than −1. We show that the quantum correction would be very important near the singularity.

PACS numbers: 98.80.-k,04.50.+h,11.10.Kk,11.10.Wx

I. INTRODUCTION

By the recent observations of the universe, we have found that the universe is undergoing a phase of accelerated expansion at the present epoch from about 5 × 10^{10} years ago and the universe is flat.

The accelerated expansion of the universe has been established by the observation of the type Ia Supernovae (SNIa) [1]. This type of supernovae has an abosrption spectrum of Silicon, which helps us to distinguish the supernovae from other types. An important thing is that the intrinsic luminosities of SNIa are almost uniform and their absolute maginitude is almost −20, from which we can find the distance between the earth and the supernovae. From the distance, we can find how old the SNe are. We can also the speed of the SNe from the redshift. Combining the distance and the redshift, the accelerated expansion of the universe has been established.

The flatness of the universe can be found from the observation of the anisotropies of Cosmic Microwave Background (CMB) observed by the baloons, the BOOMERANG project [2] and the MAXIMA-1 project [3]. The spectrum of the CMB has a characteristic structure and the CMB was produced in the early universe, that is, when the universe becomes transparent or the mean free path of the light becomes infinite. Then the CMB has propagated very long distance, about 10 billion light years and if the univers is curved, the structure of the spectrum should be deformed. The deformation has, however, not observed, which tells that the universe should be flat.

If the universe (the spacial part) is flat, we may assume the metric of the flat FRW universe in the following form:

ds^2 = −dt^2 + a(t)^2 ∑ i=1,2,3 ( dx^i )_2 (1)

Here a is called a scale factor. If ȧ > 0, ä > 0, the universe is expanding and accelerating. Related with the accelerated expansion, we often use a parameter w, which is called as “equation of state” parameter. The present

∗E-mail: snojiri@yukawa.kyoto-u.ac.jp, nojiri@nda.ac.jp

data tell w ≡ p ρ ∼ −1 . (2)

Here p is the pressure and ρ is the energy density of the universe. We may explain the relation between w and the accelerated expansion later but if w < −^1_3 , the universe is accelerating, which Eq.(2) tells. As w is negative, if the energy density ρ is positive as usual, the pressure p should be negative.

In case of the radiation, we have w =^1_3 since the trace of energy-momentum tensor vanishes: T = −ρ + 3p = 0. Usual matters, like baryon, can be regarded as dust with w = 0 (p = 0). The cosmological term can gives w = −1. It is, however unnatural if the cosmological term, which may be suggested from (2), is a part of the fundamental gravity. The cosmological constant should be given by Λ ∼ H^2, where H is the Hubble parameter, H ≡^ȧ . Since the Hubble parameter is given by H ∼ 70 kms^{−1}Mpc^{−1} ∼ 10^{−33} eV, the scale of the cosmological constant is unrealistically very small compared with the fundamental scale of the gravity, the Planck scale 10^{19} GeV = 10^{28} eV.

On the other hand, since the universe is flat, the energy density of the universe should be almost critical density : 10^{−29} g/cm^3. The density of the non-relativistic matter (baryons, dark matter) is, however, almost^1_3 of the critical density. This tells that 70 % of the energy density of the universe should come from the matter (?) with negative w. We call the matter (?) as dark energy. Conversely, the density of the dark energy is almost same order with the density of the usual matter. Then maybe it would be more natural to consider that the dark energy would be a kind of matter, rather than that it would come from the fundamental cosmological term in the gravity.

Now we explain the relation between the accelerated expansion and w. The energy conservation law 0 = ∇^μT_{μν} has the following form in the FRW metric (1):

0 = ρ̇ + 3H (ρ + p) = ρ̇ + 3(1 + w)Hρ . (3)

In case that w is a constant, since H =^ȧ , we can integrate (3) :

ρ = ρ_0a^{−3(1+w)} . (4)

The (1st) FRW equation, which is the (t, t) component of the Einstein equation, is given by 6 κ^2

H^2 = ρ . (5)

Here κ^2 = 16πG and G is the gravitational constant. Then if w ≠ −1, the scale factor a can be found by integrating (5) by using (4):

a = a_0t^{23(w+1)} . (6)

The case w = −1 corresponds to deSitter universe:

a = a_0e^{κt}

√_{ρ06} . (7)

Then if w < −^1_3 , that is,^2_{3(w+1)} > 1, the universe is accelerating, which can be found more directly, by combining 2nd FRW equation, ä a = − κ^2 12 (ρ + 3p) = − κ^2 12 (1 + 3w) ρ , (8)

which tells ä > 0 if w < −^1_3 .

If −1 < w < −^1_3 , the universe is expanding and accelerating and the corresponding matter is called as “quintessence” [4]. If w < −1, the universe is accelerating but shrinking in (6) but if we change the direction of time as t → t_s −t, the universe is expanding (and accelerating). The corresponding matter is called as “phantom” [5].

As clear from (6) after replacing t → t_s − t, when w < −1, there is a singularity at t = t_s, which is called the Big Rip singularity. We will mention more about the singularity later. The present data of the universe seems to tell that w might be less than −1. In the viewpoint of the quantum field theory, however, this is rather strange. As an example, we consider the scalar field ϕ with the potential V . If we assume the FRW metric and ϕ only depends on the time coordinate, the enrgy density ρ and the pressure p are given by ρ = 1 2 ϕ̇^2 + V (ϕ) , p = 1 2 ϕ̇^2 − V (ϕ) (9)

Then if V (ϕ) >^1_2ϕ̇^2, we have negative w but the value of w should be greater than −1. In order that w < −1, we should change the sign of the kinetic energy: ρ = − 1 2 ϕ̇^2 + V (ϕ) , p = − 1 2 ϕ̇^2 − V (ϕ) , (10)

which tells that the phantom might be ghost with negative norm, which should be a serious problem in the quantum field theory [31]. Conversely, if surely w < −1, there should be a new physics.

II. SCALAR WITH EXPONENTIAL POTENTIAL

In this section, as a most simple model, we consider the scalar field theory with the exponential potential. This model has been investigated from a very long time ago, say in [7]. The action of the model is given by S = ∫ d^4x √ −g ( 1 κ^2 R − γ 2 ∂_μϕ∂^μϕ − V (ϕ) ) , V (ϕ) = V_0e^{− 2ϕϕ}0 (11)

Usually γ > 0, but for phantom, we may have γ < 0. We assume (flat) FRW universe (1) and ϕ only depend on time coordinate’ t. Then the ϕ-equation fo motion and the FRW equation has the following form: 0 = −γ ( d^2ϕ dt^2 + 3H dϕ dt ) − V^′(ϕ) , 6 κ^2

H^2 = ρ_ϕ = γ 2 ( dϕ dt )_2

+ V (ϕ) (12)

If we assume ϕ ∝ ln t, h ∝ t^{−1}, we can solve the equations in (12) very easily :

ϕ = ϕ_0 ln | | | t t_1 | | | , H = γκ^2ϕ^{20} 4t ,

t^2_1 ≡ − γϕ^2_0 ( 1 −^{3γκ2 ϕ20}_4 ) 2V_0

. (13)

Then the scalae factor a is given by

a = a_0 | | | | t t_1 | | | | γκ2 ϕ20 4 . (14)

Since a = a_0t^{23(w+1)} for general w, we find

w = −1 + 8 3γκ^2ϕ^2_0

(15)

Then if γ < 0, surely phantom appears.

A very interesting point is that the general solutions of the scalar model with exponential potential can be found. In case γ > 0 case [8], if we assume

a = e^{v+u3} , ϕ = 2(v − u) √ 3γ , dτ = dt √ 3V_0 8 e^{− 2(v−u)} ϕ0 √ 3γ , (16)

the Hamiltonian constraint and other equations have the following form: dv dτ du dτ = 1 (17) and d^2U dτ^2 = ( 1 − ᾱ^2 ) U , d^2V dτ^2 = ( 1 − ᾱ^2 ) V (18)

Here

V ≡ e^{(1−ᾱ)v} , U ≡ e^{(1+ᾱ)u} , ᾱ ≡ 2 κϕ_0 √ 3γ (19)

The equations in (17) can be solved very easily and when ᾱ^2 < 1, the behavior at t → +∞ coincides with that of the previous solution (13), (14) and w has the following form:

w = −1 + ᾱ^2 (20)

Then if ᾱ^2 <^2_3 , the universe is expanding and accelerating (quintessence).

The case γ < 0 has been also exactly solved in [9], instead of (16), by using a complex variable z, we assume

a = e^{z+z∗3} , ϕ = − 2i (z − z^∗) √ −3γ , dτ = ±dt √ 3V_0 8 e^{− 2i(z−z} ∗ ) ϕ0 √ −3γ , ~ᾱ ≡ 4 κϕ_0 √ −3γ , Z ≡ e^{(1−i~ᾱ)z} (21)

Then the Hamiltonian constraint and other equations have the following form: dz dτ dz^∗ dτ = 1 , d^2Z dτ^2 = ( 1 + ~ᾱ^2 ) Z (22)

The above equations can be also solved easily. When t → 0 (if we replace t → t_s − t, t → t_s), the behaviour corresponds to the one in the previous solution ad we find w is given by

w = −1 − ~ᾱ^2 < −1 , (23)

which surely corresponds to the phantom.

III. A MODIFICATION OF EXPONENTIAL POTENTIAL MODEL

Since the models with negative norm would not be consistent with quantum field theory as the theory may be non-unitary. We consider a modification of the model based on [9].

We may start with Jordan (string) frame action, which is the Brans-Dicke type [10], S = 1 κ^2 ∫ d^dx √ −ge^{αϕ} ( R − γ 2 ∂_μϕ∂^μϕ − V (ϕ) )

+ ∫ d^dx √ −g ( − 1 2 ∂_μχ∂^μχ − U (χ) ) . (24)

Here α and γ are constant parameters and γ can be negative. The scalar field χ represents the matter. Since χ does not interact directly with ϕ, the equivalence principle would not be violated although the effective gravitational constant κe^{− αϕ2} depends on ϕ.

By using the scale transformation : g_{μν} = e^{− 2αd−2 ϕ}g_{E μν} , the Jordan frame action (24) is transformed in the Einstein frame one: S = 1 κ^2 ∫ d^dx √ −g_E ( R_E − ( (d − 1)α^2 d − 2 + γ 2 ) g^{μν}_E ∂_μϕ∂_νϕ − e^{− 2αd−2 ϕ}V (ϕ) )

+ ∫ d^dx √ −g_E ( − e^{−αϕ} 2 g^{μν}_E ∂_μχ∂_ν χ −e^{− dαd−2 ϕ}U (χ) ) . (25)

Even if γ < 0, when

(d − 1)α^2 d − 2 + γ 2 > 0 (26)

the kinetic energy becomes positive. Especially when d = 4 and γ = −1, we have α^2 >^1_3 . Then the sign of the kinetic energy depends on the frame.

When d = 4, χ = 0 and V (ϕ) is exponential type, we can solve the system in a way similar to the last section. If we define, φ ≡ ϕ √ α^2 + γ 3 , Ṽ (φ) ≡ e^{−αϕ}V (ϕ) = V_0e^{−2 φφ0} (27)

and assume the FRW metric in Einstein frame :

ds^2_E = −dt^2_E + a_E (t_E )^2 ∑ i=1,2,3 ( dx^i )_2

, (28)

we obtain the following solution

a_E = a_{E0} ( t_E t_{E0} ) 3_{4 φ}2_0

, φ = φ_0 ln t_E t_{E0} ,

t_{E0} ≡ φ_0 √ 1 V_0 ( 27 8 φ^2_0 − 3 2 ) . (29)

For the FRW metric in the original Jordan frame in (1), we have

dt = e^{− α2 ϕ}dt_E = t^{βφ02}_{E0} 1 −^{βφ0}_2 d ( t^{1− βφ02} E ) , β ≡ α √ α^2 +^γ_3

. (30)

Then we obtain

a = e^{− αϕ2} a_E = a_{E0} ( t t_0

)^34^{φ2}0^{−βφ0} 1− βφ0 2 , ϕ = βφ_0 α ( 1 −^{βφ0}_2

) ln t t_0

, t_0 ≡ t_{E0} 1 −^{βφ0}_2

. (31)

Then the condition for the acceleration is given by 3 4 φ^2_0 −^{φ0α} 2 √_{α2+ γ3} 1 −^{φ0α} 2 √_{α2+ γ3} > 1 , (32) and w is given by

w = −1 + 2 3 ( 1 −^{φ0α} 2 √_{α2+ γ3} ) 3 4 φ^2_0 −^{φ0α} 2 √_{α2+ γ3} = − φ_0 (2β − 9φ_0) + 8 3 (2β − 3φ_0) φ_0

(33)

Since the denominator in the above expression can vanish, by properly choosing the parameters α, φ_0, (γ), we can put w in an arbitrary value. Especially if^{φ0α}√_{α2+ γ3} = 2, we have w = −1 and when φ^2_0 >^4_3 we find

w < −1 if^3_2 φ^2_0 >^{φ0α}√_{α2+ γ3} > 2 w > −1 if^{φ0α}√_{α2+ γ3} >^3_2 φ^2_0 or^{φ0α}√_{α2+ γ3} < 2 .

(34)

On the other hand, when φ^2_0 <^4_3 ,

w < −1 if 2 >^{φ0α}√_{α2+ γ3} >^3_2 φ^2_0 w > −1 if^{φ0α}√_{α2+ γ3} <^3_2 φ^2_0 or^{φ0α}√_{α2+ γ3} > 2 . (35)

Even if γ > 0, we can have w < −1. For example, if

φ_0 = 4 , γ α^2 = 3 ( β = 1 √ 2 ) , (36)

we have w, which is less than −1: w = − 11 √ 2 + 203 213 = −1.025... < −1 . (37)

IV. 1/R-MODEL AND GENERALIZATION

In [11], a modification of Einstein gravity has been proposed. In this section, we consider the model and its generalization (see also [12, 13]).

The action of the model in [11] include the inverse power of the curvature: S = 1 κ^2 ∫ d^4x √ −g ( R − μ^4 R ) , (38)

When curvature is small ( |R| ≪ μ^2 ) , we have a ∝ t^2 and w = −^2_3 . This model may be called as “c-essence” (“c” expresses the curvature) [14].

We may consider the generalization of the model as follows, S = 1 κ^2 ∫ d^4x √ −gf(R) . (39) Here f(R) can be an arbitrary function. By introducing the auxilliary fields A, B, we may rewrite the action (39) in the following form: S = 1 κ^2 ∫ d^4x √ −g {B (R − A) + f(A)} . (40)

By the variation of B, we obtain A = R. By substituting this equation into the above action (40), we obtain the original action. If we consider the variation of A first, we obtain B = f^′(A), which can be solved as A = g(B). Then we obtain S = 1 κ^2 ∫ d^4x √ −g {B (R − g(B)) + f (g(B))} . (41) Instead of A, we may delete B as follows, S = 1 κ^2 ∫ d^4x √ −g {f^′(A) (R − A) + f(A)} , (42) which can be regarded as the Jordan frame action. By using the scale transformation g_{μν} → e^σ g_{μν} with σ = − ln f^′(A), we obtain the Einstein frame action :

S_E = 1 κ^2 ∫ d^4x √ −g { R − 3 2 ( f^{′′}(A) f^′(A)

)_2 g^{ρσ} ∂_ρA∂_σA − A f^′(A) + f(A) f^′(A)^2 }

= 1 κ^2 ∫ d^4x √ −g ( R − 3 2 g^{ρσ} ∂_ρσ∂_σ σ − V (σ) ) ,(43)

V (σ) = e^σ g ( e^{−σ} ) − e^{2σ} f ( g ( e^{−σ} )) = A f^′(A) − f(A) f^′(A)^2

. (44)

Especially, in case of [11], when A(= R) is small, V (σ) behaves as a exponential function: V (σ) ∼ 2 μ^2 e^{23 σ} . (45)

Then we can solve the equations as in the previous section. Even for more general case [15] as f(A) = A + γA^{−n} ( ln A μ^2 )_m , (46)

when curvature is small and n ≠ 0, the potential behaves as an exponential function V (σ) ∼ ( 1 + 1 n ) (−γn)^{1n+1} e^{n+2n+1 σ} ( σ n + 1 )_{−m} , (47)

and we can solve again the equations:

a ∼ t^{(n+1)(2n+1)} n+2 , w = − 6n^2 + 7n − 1 3(n + 1)(2n + 1)

(48)

Then we find that when n < −7 − 6 √ 2 12 , −1 < n < − 1 2 or n > −7 + 6 √ 2 12 (49)

w < 0 and when n < − 1 + √ 3 2 or n > −1 + √ 3 2 , (50) the universe accelerates.

In case that there is no matter and the Ricci tensor R_{μν} is covariantly constant (∇_ρR_{μν} = 0, which means R_{μν} = const. × g_{μν} ), the equation of motion is reduced to 0 = 2f(R) − Rf^′(R) , (51)

which is an algebraic equation with respect to R. For example, when f(R) = R − a R^n + bR^m , (52)

we have

0 = −R +

(n + 2)a R^n + (m − 2)bR^m . (53)

Especially, in case of [11] (n = 1, a = μ^4, b = 0), we find R = ± √ 3μ^2 . (54)

The + sign corresponds to deSitter space, which is an exponentially expanding and accelerating universe. We may regard this solution would correspond to the present universe. We should not that even if b ≠ 0 but m = 2, we obtain the same solution as (54).

Just after the 1/R-model was proposed, there were several criticism [14, 16] and an improvement was proposed in [17], where the action is modified as f(R) = R − a R + bR^2 . (55)

Simultaneously with the acceleration of the present universe, the model may explain the inflation at the early stage. The models of the inflation using R^2-theory has already been investigated in [18, 19]. We should note that when R is large, where n goes to 2, from (47), we find w → −1, which corresponds to the deSitter space.

First, we consider the instability pointed out in [16]. The general equation of motion with matter in f(R)- gravity is given by 1 2 g_{μν} f(R) − R_{μν}f^′(R) − g_{μν} □f^′(R) + ∇_μ∇_ν f^′(R) = − κ^2 2 T_{(m)μν} . (56)

Here T_{(m)μν} is the matter energy-momentum tensor. By multipling the above equation with g^{μν} , we obtain □R + f^{(3)}(R) f^{(2)}(R) ∇_ρR∇^ρR + f^′(R)R 3f^{(2)}(R) − 2f(R) 3f^{(2)}(R) = κ^2 6f^{(2)}(R)

T . (57)

Here T ≡ T^ρ_{(m)ρ} We consider a perturbation from the solution of the Einstein gravity:

R = R_0 ≡ − κ^2 2 T > 0 . (58)

We should note that T is negative since |p| ≪ ρ in the earth and T = −ρ + 3p ∼ −ρ. Then we assume

R = R_0 + R_1 , (|R_1| ≪ |R_0|) . (59)

Then we find

0 = □R_0 + f^{(3)}(R_0) f^{(2)}(R_0)

∇_ρR_0∇^ρR_0 + f^′(R_0)R_0 3f^{(2)}(R_0) − 2f(R_0) 3f^{(2)}(R_0) − R_0 3f^{(2)}(R_0)

+□R_1 + 2 f^{(3)}(R_0) f^{(2)}(R_0)

∇_ρR_0∇^ρR_1 + U (R_0)R_1

U (R_0) ≡ ( f^{(4)}(R_0) f^{(2)}(R_0) − f^{(3)}(R_0)^2 f^{(2)}(R_0)^2 ) ∇_ρR_0∇^ρR_0 + 1 3 R_0 − f^{(1)}(R_0)f^{(3)}(R_0)R_0

3f^{(2)}(R_0)^2 − f^{(1)}(R_0) 3f^{(2)}(R_0) + 2f(R_0)f^{(3)}(R_0)

3f^{(2)}(R_0)^2 − R_0f^{(3)} 3f^{(2)}(R_0)^2

(60)

If U (R_0) is positive, since □R_1 ∼ −∂^2_t R_1, the perturbation R_1 becomes exponentially large and the system becomes unstable. We may regard ∇_ρR_0 ∼ 0 if we assume the matter is almost uniform as inside the earth.

In case of the model in [11], we find

U (R_0) = −R_0 +

R^3_0 6μ^4

(61)

If μ corresponds to the acceleration of the present universe as in (54), we obtain

μ^{−1} ≡ a^{− 14} ∼ 10^{18}sec ∼ ( 10^{−33}eV )_{−1} . (62)

This corresponds to the deSitter space which expands exponentialy. If the present universe expands with power law as in (47), the value of a can be much larger than the above value.

The value of R_0 has been evaluated in [16]:

R^3_0 a ∼ ( 10^{−26}sec )_{−2} ( ρ_m g cm^{−3}

)_3 , R_0 ∼ ( 10^3sec )_{−2} ( ρ_m g cm^{−3} ) . (63)

Then the system is unstable and would decay in 10^{−26} sec.

In the model (55) [17] with a = μ^4, if b ≫^a|_{R30}| , we find U (R_0) ∼

R_0 3 > 0 . (64)

The system is unstable again but the decay time becomes about 1000 second and macroscopic, that is, it is improved by 10^{29}. But the assumption b ≫^a|_{R30} | is not so re-

alistic since this means b^{−1} ≪ ( 10^{11}eV

)_2 = ( 10^2GeV

)_2 .

In [20], it has been given the constraint for inflation in R^2-theory from COBE-DMR data of CMBR (cosmic microwave background radiation) as M m_{pl} = b^{− 12} m_{pl} ∼ 2.6 × 10^{−6} , (65)

that is b^{−1} ∼ ( 10^{12}GeV

)_2 , which contradicts with the assumption. Anyway instability depends on the details of f(R). Furthermore, if the present universe expands by the power law, we need not to assume

μ^{−1} ≡ a^{− 14} ∼ 10^{18}sec ∼ ( 10^{−33}eV )_{−1} . (66)

In [14], it has been pointed out the problem in the equivalence principle. By the scale transformation, the matter action is transformed as

S (g_{μν} , ψ) → S (e^σ g_{μν} , ψ) (67)

Then the matter couples with σ, which may violate the equivalence principle due to the force mediated by σ. In case of the model in [11], if we assume (66) again, the mass of σ becomes 10^{−33} eV= 10^{−42} GeV and very light, which will violate the equivalence principle.

In the model [17], in the neighbourhood of R = A = √ 3a = √ 3μ^2, we obtain

d^2V (σ) dσ^2 | | | |_{A=}√_{3a} = {( dσ dA )_{−2} d^2V (A) dA^2 }| | | |_{A=}√_{3a} = √ 3a (_1 3 + 2b √ 3a )_2 ( −^1_3 + b √ 3a ) (_4

3 + 2b √ 3a )_3 . (68)

Then if b ∼ 1 3 √ 3a , (69)

which means f^′(A) ∼ 0, the mass of σ becomes very large and would not conflict with the equivalence principle. In general, since

V (σ) = e^σ g ( e^{−σ} ) − e^{2σ}f ( g ( e^{−σ} )) = A f^′(A) − f(A) f^′(A)^2

(70)

the mass of σ would become large when f^′(A) ∼ 0. Then if the present acceleration of universe corresponds to de- Sitter solution R = A_0 > 0, if we consider a model where f^′(A_0) ∼ 0, the mass of σ can be large.

V. BIG RIP SINGULARITY

In case of phantom (w < −1), the scale factor of the universe behaves as a = a_0 (t_s − t)^{23(w+1)} . Then a diverges at t → t_s. Then anything like atom or hadron, which has internal structure, should be torn. Then this singularity is called the Big Rip singularity (“rip” meas a long tear or cut). This is the third possibility of the fate in the universe, following the Big Crunch and the eternal exapnsion.

We now consider the origin of the Big Rip. First we note that the energy density ρ behaves as

ρ = ρ_0a^{−3(1+w)} . (71)

Then in case of phantom (w < −1), when a increases, ρ also increases.

In order to consider any concrete model, we consider the scalar field theory coupled with gravity, whose action is given by S = 1 κ^2 ∫ d^4x √ −g ( R − γ 2 ∂_μϕ∂^μϕ − V (ϕ) ) . (72)

If γ < 0, we have a phantom. By combining the equation given by the variation of ϕ: 0 = −γ ( d^2ϕ dt^2 + 3H dϕ dt ) − V^′(ϕ) . (73)

and the (1st) FRW equation : 6 κ^2

H^2 = ρ_ϕ = γ 2 ( dϕ dt )_2 + V (ϕ) , (74)

we find dρ_ϕ dt = −3γH ( dϕ dt )_2

, (75)

which is positive if γ < 0, H > 0, and ϕ̇ ≠ 0. Then the energy density of phantom (γ < 0) increases with time.

We now consider if the Big Rip singularity really exist or not. First we should note that since γ < 0, we have ρ_ϕ ≤ V (ϕ). Then if there is an upper bound in V (ϕ), there is also an upper bound in ρ_ϕ. The potential V (ϕ) might behave exponentially in the present epoch of the universe, but if there is an upper bound in V (ϕ), there does not occur the Big Rip singularity and the space becomes deSitter space asymptotically.

Another possibility to avoid the Big Rip singularity is to include the quantum correction [21] [32]. Near the Big Rip singularity, since a blows up, cuvatures become large as R ∝ |t − t_s|^{−2}. Since the quantum correction contains power of the curvatures in general, the quantum correction becomes very important. In order to consider such a quantum correction, we include the contribution from conformal anomaly : T = b ( F + 2 3 □R ) + b^′G + b^{′′}□R , (76)

Here F is the square of 4d Weyl tensor and G is the Gauss-Bonnet invariant: F = 1 3 R^2 − 2R_{ij}R^{ij} + R_{ijkl}R^{ijkl} , G = R^2 − 4R_{ij}R^{ij} + R_{ijkl}R^{ijkl} , (77)

In case that there are N scalar, N_{1/2} Dirac spinor, N_1 vector fields, N_2 (= 0 or 1) gravitons, N_{HD} higher derivative conformal scalars, the coefficients b,^′, and b^{′′} are given by

b = N + 6N_{1/2} + 12N_1 + 611N_2 − 8N_{HD} 120(4π)^2 , b^′ = −

N + 11N_{1/2} + 62N_1 + 1411N_2 − 28N_{HD} 360(4π)^2 , b^{′′} = 0 . (78)

We should note b > 0 and b^′ < 0 for the usual matter except the higher derivative conformal scalars. We should note that b^{′′} can be shifted by the finite renormalization of the local counterterm R^2. Then b^{′′} can be arbitrary. By using the corresponding energy density ρ_A and pressure p_A, T_A is given by T_A = −ρ_A + 3p_A. Then by using the energy conservation in the FRW universe

0 = dρ_A dt + 3H (ρ_A + p_A) , (79)

we may delete p_A as

T_A = −4ρ_A − 1 H dρ_A dt , (80)

which gives the following expression of ρ_A:

ρ_A = − 1 a^4 ∫ dta^4HT_A = − 1 a^4 ∫ dta^4H [ −12b ( dH dt )_2

+24b^′ { − ( dH dt )_2

+ H^2 dH dt + H^4 }

−6 ( 2 3 b + b^{′′} ) { d^3H dt^3 + 7H d^2H dt^2 +4 ( dH dt )_2

+ 12H^2 dH dt }] . (81)

Then we also have an expression for p_A p_A = −ρ_A − 1 3H dρ_A dt = T_A 3 − 1 a^4 ∫ dta^4HT_A = 1 3 [ −12b ( dH dt )_2

+24b^′ { − ( dH dt )_2

+ H^2 dH dt + H^4 }

−6 ( 2 3 b + b^{′′} ) { d^3H dt^3 + 7H d^2H dt^2 +4 ( dH dt )_2

+ 12H^2 dH dt }]

− 1 a^4 ∫ dta^4H [ −12b ( dH dt )_2

+24b^′ { − ( dH dt )_2

+ H^2 dH dt + H^4 }

−6 ( 2 3 b + b^{′′} ) { d^3H dt^3 + 7H d^2H dt^2 +4 ( dH dt )_2

+ 12H^2 dH dt }] . (82)

By including the quantum correction in (81), we may write the corrected FRW equation in the following form: 6 κ^2

H^2 = γ 2 ( dϕ dt )_2

+ V (ϕ) + ρ_A . (83)

We now assume

H = h_0 + δh , ϕ = ϕ_0 ln | | | | t_s − t t_1 | | | | + δϕ . (84)

and when t → t_s, δh, δϕ are much smaller than the first terms but^{dδh}_{dt} might be singular. Then ϕ-equation of motion reduces as 0 = −γ ( − ϕ_0 (t_s − t)^2 − 3h_0 t_s − t )

+ 2V_0t^2_1 ϕ_0 (t_s − t)^2 ( 1 − 2 ϕ_0 δϕ ) + o ( (t_s − t)^{−1} ) ,(85)

which gives

V_0t^2_1 = − γϕ^2_0 2 , δϕ = − 3 2 (t_s − t) . (86)

If we assume^2_3 b + b^{′′} ≠ 0, we find

ρ_A ∼ 6h_0 ( 2 3 b + b^{′′} ) d^2δh dt^2 . (87)

Then by substituting (86) and (87) into the corrected FRW equation (83), we find 0 = 3γh_0ϕ_0 t_s − t + 6h_0 ( 2 3 b + b^{′′} ) d^2δh dt^2 +o ( (t_s − t)^{−1} ) , (88) and δh = γϕ_0 2 (_2 3 b + b^{′′} ) (t_s − t) ln | | | | t_s − t t_2 | | | | . (89)

Here t_2 is a constant of the integration. Then the scale factor a behaves as

a = a_0 | | | | t_s − t t_2 | | | | γϕ0 4(^2_3^{b+b′′} )^{(ts−t)2}

×e^{−h0 (ts−t)−} γϕ0 8(^2_3^{b+b′′} )^{(ts−t)2 +o}(^{(ts−t)2}) . (90)

There appear logarithmic singularities in^{d2 a}_{dt2} ,^{dH}_{dt} but the singularity becomes rather mild. Then the universe might develope beyond t = t_s.

VI. SUMMARY AND DISCUSSION.

In summary, there are several models to explain the accelerated expansion of the present universe. For the

Big Rip singularity, the quantum correction would be very important.

There are many other models, as tachyon (see [24] for an example), the Born-Infeld theory (see [25] for example), Chameleon model [26] (see also [27]), and R + L_{matter}R^n type model in [28]. There are applications of the modified gravities to the cosmology (for example, [29]). These theories have structures as in the models obtained by the dimensional reduction from the model in the higher dimension. In fact, several models are proposed from the viewpoint of the brane world (for example, see [30]). Near w = −1, we feel that theories in the extra or higher dimensions (brane world, Kaluza- Klein model) would appear.

Acknowledgments

The author is indebted with S.D. Odintsov for the collaborations. This investigation has been supported in part by the Ministry of Education, Science, Sports and Culture of Japan under grant n.13135208.

[1] S. Perlmutter et al., Astrophys.J. 517 (1999) 565, astro-ph/9812133; Nature 391 (1998) 51, astro-ph/9712212;

A.G. Riess et al., Astron.J. 116 (1998) 1009, astro-ph/9805201.

[2] P. de Bernardis et al., Nature 404 (2000) 955, astro-ph/0004404.

[3] S. Hanany et al., Astrophys.J. 545 (2000) L5, astro-ph/0005123.

[4] R.R. Caldwell, R. Dave, Paul J. Steinhardt, Phys.Rev.Lett. 80 (1998) 1582, astro-ph/9708069.

[5] R.R. Caldwell, Phys.Lett. B545 (2002) 23, astro-ph/9908168.

[6] J.M. Cline, S.y. Jeon and G.D. Moore, to appear in Phys.Rev. D, hep-ph/0311312.

[7] Q. Shafi, C. Wetterich, Phys.Lett. B129 (1983) 387;

A.L. Berkin, K.-i Maeda, J. Yokoyama, Phys.Rev.Lett. 65 (1990) 141.

[8] J.G. Russo, hep-th/0403010.

[9] E. Elizalde, S. Nojiri, S.D. Odintsov, to appear in Rhys.Rev. D, hep-th/0405034.

[10] C. Brans, R.H. Dicke, Phys.Rev. 124 (1961) 925. [11] S.M. Carroll, V. Duvvuri, M. Trodden, M.S. Turner, astro-ph/0306438.

[12] G. Allemandi, A. Borowiec, M. Francaviglia, hep-th/0403264.

[13] S. Nojiri and S.D. Odintsov, Mod.Phys.Lett. A19 (2004)

627, hep-th/0310045.

[14] T. Chiba, Phys.Lett. B575 (2003) 1, astro-ph/0307338. [15] S. Nojiri, Sergei D. Odintsov, hep-th/0308176, to appear in General Relativity and Gravitation.

[16] A.D. Dolgov, M. Kawasaki. Phys.Lett.B573 (2003) 1, astro-ph/0307285.

[17] S. Nojiri, Sergei D. Odintsov, Phys.Rev. D68 (2003) 123512, hep-th/0307288.

[18] A. A. Starobinsky, Phys.Lett. B91 (1980) 99. [19] M.B. Mijic, M.S. Morris, W.-M. Suen, Phys.Rev. D34 (1986) 2934.

[20] J. Hwang, H. Noh, Phys.Lett. B506 (2001) 13. [21] S. Nojiri, S.D. Odintsov, to appear in Phys.Lett B, hep-th/0405078.

[22] S. Nojiri, S.D. Odintsov, Phys.Lett. B562 (2003) 147, hep-th/0303117.

[23] V.K. Onemli, R.P. Woodard, Class.Quant.Grav. 19 (2002) 4607, gr-qc/0204065;

V.K. Onemli, R.P. Woodard, gr-qc/0406098.

[24] S. Nojiri, S.D. Odintsov, Phys.Lett. B571 (2003) 1, hep-th/0306212.

[25] E. Elizalde, J.E. Lidsey, S. Nojiri, S.D. Odintsov, Phys.Lett. B574 (2003) 1, hep-th/0307177.

[26] J. Khoury and A. Weltman, astro-ph/0309300;

Phys.Rev. D69 (2004) 044026, astro-ph/0309411. [27] S. Nojiri, S.D. Odintsov, Mod.Phys.Lett. A19 (2004) 1273, hep-th/0310296.

[28] S. Nojiri, S.D. Odintsov, astro-ph/0403622. [29] Z.-H. Zhu, M.-K. Fujimoto, Astrophys.J. 581 (2002) 1, astro-ph/0212192; Z.-H. Zhu, M.-K. Fujimoto, Astrophys.J. 585 (2003) 52, astro-ph/0303021.

[30] C. Deffayet, G.R. Dvali, G. Gabadadze, Phys.Rev. D65 (2002) 044023, astro-ph/0105068.

[31] The instability of the vacuum due to the quantum effect in the theories with negative kinetic energy has been investigated in [6].

[32] Phantom theories with quantum corrections have been discussed in [22]. The possibility to avoid the Big Rip singularity by the quantum effects has been also considered in [23].