arXiv:hep-th/0407123 v1 14 Jul 2004

DUKE-CGTP-04-08 hep-th/0407123 July 2004

D-Branes, Π-Stability and θ-Stability

Paul S. Aspinwall

Center for Geometry and Theoretical Physics Box 90318 Duke University Durham, NC 27708-0318

Abstract

We investigate some aspects of Π-stability of D-branes on Calabi–Yau threefolds in cases where there is a point in moduli space where the grades nearly or completely align. We prove that an example of complete alignment is the case of a collapsed del Pezzo surface. It is shown that there is an open neighbourhood of such a point for which Π-stability reduces to θ-stability of quiver representations. This should be contrasted to the case of the large radius limit where μ-stability of sheaves cannot be extended out over an open neighbourhood.

1 Introduction

Π-stability of B-type BPS D-branes on a Calabi–Yau threefolds X captures many interesting aspects of “stringy geometry”. At large radius limit such D-branes correspond to Hermitian- Yang–Mills connections on bundles over holomorphically embedded subspaces in X. The instant one moves away from this limit, nonperturbative string tension (i.e., α^′) corrections change this picture quite drastically. One must pass to the bounded derived category D(X) of coherent sheaves to understand all physical D-branes.

Objects in the derived category are, roughly speaking, equivalence classes of complexes of coherent sheaves. A complex which is nonzero in only one position is called a “stalk complex”. If an object in D(X) can be represented by a stalk complex then we may regard this object as simpler in some sense. Indeed, the classical D-branes at large radius limit correspond to stalk complexes whose nonzero entry is a coherent sheaf supported on a subspace of X.

It was shown in [1–3] that for arbitrarily large but finite X, one may always find a Πstable object in D(X) that is not isomorphic to a stalk complex. Therefore, any method of analyzing B-type D-branes near the large radius limit in terms of bundles and connections (such as in [4–6]) is always fated to miss some of the physical objects.

The category of B-type D-branes does not “know” it is associated specifically with complexes of coherent sheaves. It just happens that coherent sheaves become important at large radius. There may be other “abelian categories” which, when “derived”, correctly yield the same D-brane category in passing to complexes.

There are other points in the moduli space where another abelian category becomes useful. Of interest to us in this lecture is the case where the “gradings” of the stable Dbranes within this abelian category lie in a narrow range as spelt out more precisely below. In this case we will have an open neighbourhood of the moduli space where all stable objects can be given by stalk complexes. Our ideas are not particularly new. Much of what we discuss has been observed in [1, 7], for example, and is close to some ideas of Bridgeland [8]. Our goal here is to present a systematic approach to the problem which lets us arrive at some theorems which clarify the generality of the situation.

We shall prove that this “alignment” of gradings happens if a del Pezzo surface within X is shrunk. That is, when the del Pezzo surface is completely contracted to a point, the grades will align completely. If S is shrunk down to something small (relative to the intrinsic α^′ scale) the grades will align sufficiently, so that all Π-stable objects are stalk complexes. In this open region of moduli space one may then use a simpler notion of stability, namely θ-stability, to accurately determine the stable spectrum.

Such a simplification appears to be very special. As mentioned above, μ-stability (or probably any variant thereof) for vector bundles is not valid in an open set in moduli space. Similarly, the gradings of stable objects in Gepner models do not appear to align in any way, and so we should not expect any such simplification here either.

The derived category in question will be based on quiver representations rather than coherent sheaves. Quivers have played an important rôle in the theory of D-branes in the context of quiver gauge theories and del Pezzo surfaces as explored in [9–20] for example. We will not pursue these quiver gauge theories in this paper except to say that we prove that these theories become appropriate precisely when the del Pezzo surface shrinks down to a point as had been suspected.

In section 2 we review the necessary concepts from quivers and their representations. Then, in section 3, we focus on D-branes that correspond to points in S. By looking at the moduli space of such objects we retrieve S itself. In section 4 we analyze the case where the gradings are partially aligned and we prove that Π-stability reduces to θ-stability in this case. Finally in section 5 we consider a complete alignment of the gradings and show that the del Pezzo surface collapses in this case.

2 Quivers and del Pezzo Surfaces

This section is a quick review of some well-known material. See [20, 21], for example, for more details. Let Q be a quiver. The path algebra A (over C ) of Q is constructed as follows. To each node of Q we associate a element e_j ∈ A which is idempotent, e^2_j = e_j . These elements are viewed as “paths of zero length” beginning and ending at node j. The rest of A is then generated by paths of nonzero length in Q. If the end of path p is the same node as the beginning of path q, then the product qp is simply the composition of the paths. Otherwise the product is zero. A quiver may contain relations imposed between the paths.

A representation of Q is defined by associating a vector space V_j over C with each node. In addition, a matrix yielding a linear map is then associated to each arrow. By using matrix multiplication we thus associate a matrix to any path in Q. If Q has relations, the matrices must obey these relations.

It is not hard to show (see [21], for example) that quiver representations are equivalent to representations of A, or left A-modules. If V is a vector space and a left A-module, one sets V_j = e_j V . The dimension vector of a quiver representation is simply the list of numbers (dim V_0, dim V_1, . . .).

A morphism between two quiver representations can then be defined to correspond to an A-module homomorphism. This means that, given two representations W and V with underlying vector spaces W_j and V_j at each node, we must specify a collection of linear maps

f_j : W_j → V_j , (1)

such that for any arrow a, f_{h(a)}W_a = V_af_{t(a)}, (2)

where V_a is the matrix V associates to a, and h(a) and t(a) are the head and tail of a respectively. From these morphisms we define the category of quiver representations which is equivalent to the category of left A-modules.

There are two particularly useful sets of quiver representations, L_j and P_j , each of which is labeled by a node j in the quiver. L_j is defined simply as the one-dimensional representation with dimension vector (0, . . . , 0, 1, 0, . . .) with the one in the jth position.

P_j is defined as Ae_j , i.e., the space generated by paths starting at node j. It is clear that

∑ j e_j is the identity element in A, and thus A = A ∑ j e_j = ⨁ j P_j . (3)

By a standard theorem of algebra, each P_j is therefore a projective A-module since it is a direct summand of A (which is obviously a free A-module).

We may now construct the derived category D(A–mod), which we will also denote D(Q), from bounded complexes of quiver representations in the usual way (see [22] for a review of this). A “stalk complex” is a complex which is nonzero in precisely one position. As always a[n] denotes the complex a shifted n places to the left. When used as an object of D(A–mod), V will represent a stalk complex with quiver representation V in position zero. Similarly, V [n] represents a stalk complex with V in position −n.

Suppose S is a del Pezzo surface and {E_0, . . . , E_{n−1}} forms a strong exceptional collection of sheaves on S as in [23]. That is,

Ext^q_S (E_j , E_j ) = { C if q = 0, 0 otherwise,

Ext^q_S (E_j , E_k) = 0 for any q and j > k. (4)

Furthermore, assume that the number of sheaves in this collection, n, is equal to the rank of K_0(S). Bondal [24] then proved that

Theorem 1 The bounded derived category of coherent sheaves on S, D(S), is equivalent to D(A–mod), the bounded derived category of left A-modules, where

A = End(E_0 ⊕ . . . ⊕ E_{n−1})^{op}. (5)

Given such an exceptional collection it is easy to construct the quiver Q for which A is the path algebra. There will always be relations. For example, consider S = dP_1 given by P^2 with the single point [z_0, z_1, z_2] = [0, 0, 1] blown up. Let C_1 be the exceptional curve and let H be a hyperplane not intersecting C_1. Using the strongly exceptional collection {O, O(C_1), O(H), O(2H)}, the corresponding quiver is given by ∘ ∘ ∘ ∘ v_0 v_1 v_2 v_3 a b_0 b_1 c d_0 d_1 d_2 (6)

subject to the relations b_0d_1 − b_1d_0 = 0, ab_0d_2 − cd_0 = 0, and ab_1d_2 − cd_1 = 0.

Given that A = End(A)^{op} = End(⊕_j P_j )^{op}, there is a natural identification of the exceptional sheaves E_j with the projective representations P_j which yields the equivalence of theorem 1. Note that the definition of the exceptional collection implies that there are no paths in Q from node i to node j if i < j. This means the quiver is “directed” and contains no oriented loops. This, in turn, implies that A, and thus all the P_j ’s, are finite-dimensional.

Another consequence of the fact that the quiver is directed is that we may decompose any quiver representation E into a sum of L_j ’s via a sequence of short exact sequences. We can represent this by the following triangles in D(S): L^{⊕N0}_0 = E_0 E1 · · · En−2 En−1 = E

L^{⊕N1}_1 [1] L^{⊕N2}_2 [1] . . . L^{⊕Nn−2}_{n−2} [1] L^{⊕Nn−1} n−1

[1] (7)

In this way, the L_j ’s are the “fundamental” representations into which any representation may be decomposed in the sense of (7).

Viewing the L_j ’s as D-branes, any representation may be interpreted as a quiver gauge theory in which the field content is given by open strings, i.e., Ext^q(L_j , L_k). The details of this quiver gauge theory are not important for us here and we refer to [20] and references therein for more information for the interested reader. An important condition for this quiver gauge theory to be physically meaningful is that [19, 20]

Ext^q(L_j , L_k) = 0, for q ≠ 1 or 2, and any j, k. (8)

This condition amounts to there being no relations between relations within the quiver. We will assume Q satisfies this condition from now on.

Suppose we have an embedding i : S → X of our del Pezzo surface S into a Calabi–Yau threefold X. The induced map i_∗ : D(S) → D(X) maps D(S) into a subcategory of D(X) but this is not full subcategory. That is, for quiver representations A and B it need not be true that Ext^q_S (A, B) is equal to Ext^q_X (i_∗A, i_∗B). We may remedy this by adding more arrows to the quiver Q as follows. First we note that a spectral sequence associated to the embedding of S into X leads to the following relation:

Ext^q_X (i_∗A, i_∗B) = Ext^q_S (A, B) ⊕ Ext^{3−q}_S (B, A). (9)

In particular, Ext^1_X (i_∗L_j , i_∗L_k) = Ext^1(L_j , L_k) ⊕ Ext^2(L_k, L_j ). (10)

Since the number of arrows from node j to node k is given by the dimension of Ext^1(L_j , L_k ) (see, [22], for example for an explanation of this), we may create a “completed” quiver Q̄ which yields the correct values of Ext^1_X (i_∗L_j , i_∗L_k ) by adding dim Ext^2(L_k, L_j ) arrows from node j to node k. One can show that dim Ext^2(L_k , L_j ) is precisely the number of independent relations between paths from node k to node j. Our example of dP_1 above therefore becomes: ∘ ∘ ∘ ∘ v_0 v_1 v_2 v_3

(11)

We will always use dotted arrows to represent the new arrows added in.

Once we have the correct value for the Ext^1’s between the L_j ’s, it follows from Serre duality Ext^q_X (A, B) = Ext^{3−q}_X (B, A), that the Ext^2’s are also correct. Since all other Ext’s vanish, this quiver also yields the correct value for all Ext’s between the L_j ’s. Furthermore, since we can decompose any quiver representation (and thus any object in D(S)) into L_j ’s, it follows that the quiver Q̄ yields the correct values for all the Ext’s between all objects. In other words, if Ā is the path algebra of the completed quiver Q̄, D(Ā–mod) maps to a full subcategory of D(X).

The category D(Ā–mod), which we will also denote D(Q̄), represents local information of X near S. As we will see, it appears to represent the derived category of coherent sheaves with compact support on the total space of the normal bundle of S in X. We will not attempt to prove this rigorously here though.

3 Points and Stability

In this section we focus attention on the objects in D(S) which correspond to points, i.e., skyscraper sheaves O_p, p ∈ S. In [25] Bondal and Orlov gave a purely categorical method of determining which elements of D(S) correspond to such skyscrapers. They showed

Theorem 2 Assuming S is a smooth del Pezzo surface, an object a in D(S) corresponds to a stalk complex given by a skyscraper sheaf if and only if the following three conditions hold

1. Ψ(a) = a[2],

2. Hom(a, a[n]) = 0, for n < 0,

3. Hom(a, a) = C .

Here Ψ is the “Serre-functor” [26] which is unique up to isomorphism and, for derived categories of quiver representations, is given by the “Nakayama functor”:^1

Ψ(a) = R Hom(a, A)^∗. (12)

We will assume that O_p is not only a stalk complex in D(S), but is also a stalk complex when viewed as an object in the derived category of quiver representations. This assumption is discussed further in section 4. It was proven in [20] that the dimension vector of a quiver representation corresponding to O_p is given by

(rank E_0, rank E_1, . . . , rank E_{n−1}). (13)

This is a weaker constraint than theorem 2.

Let us analyze the example of dP_1 and the quiver given in (6). The quiver representation corresponding to O_p will have a dimension vector (1, 1, 1, 1). Note that

e_jΨ(a) = R Hom(a, Ae_j )^∗

= R Hom(a, P_j )^∗.

(14)

1A is a left-right-A-module. Therefore, if V is a left A-module, Hom(V, A) is a right A-module. Taking the dual of this restores to us a left A-module.

Suppose V is a quiver representation with dimension (1, 1, 1, 1) with generic maps associated to the arrows. This has a projective resolution

0 P_0 P^{⊕2}_2 P_3 V 0. (15)

In other words, in D(Q), V is isomorphic to the complex

P_0 P^{⊕2}_2 P_3, (16)

where the underline represents position zero. So

e_0Ψ(V ) = R Hom(P_0 P^{⊕2}_2 P_3 , P_0)^∗ = ( C 0 0 ) = C [2].

(17)

Similarly e_j Ψ(V ) = C [2] for j = 1, 2, 3. Thus the correspondence of V to O_p is consistent with the first condition in theorem 2. It is not hard to show that the other two conditions are also satisfied. However, suppose we impose b_0 = b_1 = 0 on the maps in (6). Now P_3 → V is no longer a surjective map and so V becomes isomorphic to the complex

P_0 P_1 ⊕ P^{⊕2}_2^{(0,−)} P_1 ⊕ P_3, (18)

which, in turn, yields e_1Ψ(V ) = ( C C^0 C ) , (19)

which is not isomorphic to C [2]. Thus b_0 = b_1 = 0 cannot correspond to a skyscraper sheaf O_p for any p. The general rule is that there must be a nonzero path of nonzero length to each node. We therefore also rule out a = c = 0 and d_0 = d_1 = d_2 = 0.

In this case it is easy to see dP_1 as the moduli space of isomorphism classes of all valid V ’s. First note that two quiver representations are isomorphic if and only the map between the two representations is an element of the “gauge group” ∏ j GL(V_j ). (20)

This means we have an overall (C^∗ )^4 gauge group acting on our representations, although, as always, a diagonal C^∗ acts trivially. Suppose d_0 and d_1 are assigned values not both zero. The remaining (C^∗ )^3 action together with the quiver relations and above non-vanishing conditions are then sufficient to fix a, b_0, b_1 and c. If d_0 = d_1 = 0 then a = 0, and c and d_2 are fixed, but the ratio of b_0 and b_1 remains undetermined. This explicitly realizes [d_0, d_1, d_2] as the homogeneous coordinates of the original P^2 and [b_0, b_1] as the homogeneous coordinates of the exceptional P^1 when d_0 = d_1 = 0.

4 θ-stability

The key step in obtaining S as the moduli space of quiver representations in section 3 is using the criteria of theorem 2 to rule out some representations as valid skyscraper shaves. There is an alternative way of doing this. This concerns the idea of stability either in the mathematical sense or the physical sense.

If these quiver representations are to correspond to physical 0-branes, they must be Πstable in the sense of [1, 3, 7, 8, 22]. In this picture one puts a stability condition on D(X) as follows. Each nonzero object in D(X) is either stable or unstable. The stable objects a have “grades” ξ(a) ∈ R such that ξ(a[n]) = ξ(a) + n and any two stable objects satisfy the unitarity constraint ξ(a) > ξ(b) ⇒ Hom(a, b) = 0. (21)

Every unstable object c then has a “decay chain” given by a sequence of distinguished triangles

a_0 = c_0 c_1 · · · cn−2 cn−1 = c,

a_1 [1] a_2 [1] . . . a_{n−2} [1] a_{n−1} [1] (22)

where the a_j ’s are stable objects satisfying

ξ(a_0) ≥ ξ(a_1) ≥ . . . ≥ ξ(a_{n−1}). (23)

These decay chains are unique up to isomorphism [8] and so, in particular, no decay chain (for n > 1) may exist for a stable object.

Now, let us suppose we are working in the derived category D(Q). For a given point in the moduli space of complexified Kähler forms, trying to determine stability of a given object using purely the definition of Π-stability is difficult, if not impossible. In addition, one must usually assume that the objects of some basic collection are stable for some given set of gradings. We will assume that the objects L_j are stable for all j. This is a very natural assumption given the D-brane world-volume approach to θ-stability, as outlined in [7], but we will not try to further justify this assumption here. For now let us also assume that the grades satisfy the following “partial alignment” property:

ψ < ξ(L_j ) < ψ + 1, for all j, (24)

for some fixed real number ψ. We will now show that, under these conditions, any non-trivial object which cannot be represented by a stalk complex is necessarily unstable. Suppose we have a two-term complex

W^• = ( W^{−1 f} W^0 ) . (25)

We have a morphism between complexes

0 ker(f) 0 0

0 W^{−1 f} W^0 0,

(26)

which is a quasi-isomorphism if and only if f is surjective. Similarly

0 W^{−1 f} W^0 0

0 0 coker(f) 0,

(27)

is a quasi-isomorphism if and only if f is injective. Therefore, in order to avoid an isomorphism to a single term complex we should assume that both ker(f) and coker(f) are non-trivial.

In (26), ker(f) is a non-trivial quiver representation. Let j be the minimum number for which dim(e_j ker(f)) > 0. Then there is a non-trivial quiver morphism L_j → ker(f). This, in turn, implies that there is non-trivial morphism from L_j to W^{−1}. That is, Hom(L_j [1], W^•) is nonzero. If W^• were stable then the unitarity constraint (21) would yield

ξ(L_j ) + 1 ≤ ξ(W^•). (28)

Similarly there must exist a maximum number k for which dim(e_k coker(f)) > 0 yielding a map coker(f) → L_k resulting in ξ(W^•) ≤ ξ(L_k ). Therefore, from (24), we have

ψ + 1 < ξ(L_j ) + 1 ≤ ξ(W^•) ≤ ξ(L_k ) < ψ + 1, (29)

which is absurd and so W^• cannot be stable.

It is a simple matter to rule out translations of the above and complexes of length greater than two by the same argument. So we need only consider quiver representations themselves, rather than complexes, in order to determine the stable spectrum of objects. In particular, if c in (22) is a stalk complex then it follows (from, for example, the Grothendieck group) that every object in this diagram must be a stalk complex concentrated in the same position. This turns the sequence of triangles into a sequence of short exact sequences in the category of quiver representations. This simplifies the analysis considerably.

Let K_0(Q) be the Grothendieck group of quiver representations of Q. This is simply the lattice Z^n of dimension vectors where negative dimensions are allowed. Recall that the grading ξ is determined by a central charge Z, where

Z : K_0(Q) → C , (30)

is homomorphism. We then have ξ = 1 π arg(Z) mod 2. (31)

It follows that, for any stable representation V ,

ξ(V ) = 1 π arg ( ∑ j e^{iπξ(Lj )} dim V_j ) mod 2. (32)

We may fix the mod 2 ambiguity as follows. Suppose we have a stable two-dimensional representation V whose dimension vector is (0, 0, . . . , 0, 1, 0, . . . , 0, 1, 0, . . . 0) where the ones appear in position i and j with i < j. If ξ(V ) < ψ − 1 then the triangle

L_j [−1] L_i

V [1] (33)

destabilizes L_i, which we know is supposed to stable. Similarly, if ξ(V ) > ψ+2 then L_j would be unstable. We therefore conclude, using (24), that ψ < ξ(V ) < ψ + 1. We may iterate this process to build up any finite-dimensional representation, and so all such representations have their gradings restricted to this unit interval thereby resolving the ambiguity in (32).

Given a short exact sequence of quiver representations

0 U V W 0, (34)

if U and W are stable then a necessary condition for the Π-stability of V is that ξ(W ) > ξ(U). From (32) it is clear that ξ(V ) lies between ξ(U) and ξ(W ) and so we require ξ(U) < ξ(V ). Define θ(U) = − Im Z(U) Z(V ) . (35)

This necessary condition for the stability of V then becomes θ(U) > 0 for all U ⊂ V .

This turns out to be a sufficient condition too as can be seen as follows. If c = V in (22) is an unstable object, then, because the triangles have turned into short exact sequences, a_0 is subobject of c. In the special case of partial alignment we may extend the definition of grading so that it is defined for unstable objects as well as stable objects. We simply compute the grade of an object from (32) using the alignment to fix the mod 2 ambiguity. From this, it follows from (22) that ξ(a_0) ≥ ξ(V ), i.e., θ(a_0) ≤ 0.

We have arrived at precisely King’s θ-stability criterion of [27]. We have proved the following statement that Π-stability reduces the θ stability if the grades are sufficiently aligned:

Theorem 3 If all the objects L_j are stable and their grades lie within an interval of width one, then a necessary condition for Π-stability of an object in D(Q) is that it be a stalk complex, i.e., of the form V [n] for some quiver representation V . This object is then stable if and only if θ(U) > 0 for all subrepresentations U ⊂ V , where θ is defined by (35).

The fact that Π-stability reduces to θ-stability was also proven in [7] using a D-brane world-volume field theory argument and looking for unbroken supersymmetries. In the latter case it is difficult to know rigorously how far away from alignment one may go before θ-stability fails (see [28] for more on this). We believe the above argument is more straightforward and clearly shows that θ-stability is valid for a nonzero-sized region in moduli space since the grades are continuous functions of the moduli.

In the case of dP_1, we can now show that the condition for θ-stability coincides with the criteria laid out in theorem 2. Suppose that

ψ < ξ(L_0) < ξ(L_1) < ξ(L_2) < ξ(p) < ξ(L_3) < ψ + 1, (36)

where p is a representation with dimension vector (1, 1, 1, 1). It is not hard to see that p will be stable if the maps in the quiver are generic. However, if, for example, we have b_0 = b_1 = 0 then there is a nontrivial map p → L_1. The kernel of this map has dimension (1, 0, 1, 1) and is a subrepresentation of p with θ < 0 and thus destabilizes p. Similarly, the other cases of p’s not corresponding to skyscraper sheaves are ruled out.

The moduli space of Π-stable objects of type p is therefore the same space as the moduli space of skyscraper sheaves and is therefore dP_1 itself. Note that another choice of grades can affect this result. For example, if

ψ < ξ(L_0) < ξ(p) < ξ(L_1) < ξ(L_2) < ξ(L_3) < ψ + 1, (37)

then the moduli space of p’s is P^2. This choice of grades effectively blows the exceptional curve down.

We may generalize this result to the following

Theorem 4 Assume that the objects L_i are stable and that all skyscraper sheaves correspond to stalk complexes in D(Q) associated to representations p with a fixed dimension vector (given by (13)). Let the nodes numbered l, l + 1, . . . , n − 1 be the nodes of Q on which no arrow has a head. If the grades satisfy

ψ < ξ(L_0) < ξ(L_1) < ξ(L_2) < . . . < ξ(L_{l−1}) < ξ(p) < ξ(L_l) . . . < ξ(L_{n−1}) < ψ + 1, (38)

then the moduli space of Π-stable (or, equivalently, θ-stable) objects p is the del Pezzo surface S. To see this one proves that the condition both for a failure of Bondal and Orlov’s condition in theorem 2 and the failure of Π-stability is that there should be a node k, where k < l, to which the representation has no nonzero paths of nonzero length. We are assuming that the generic representation p satisfies the Bondal and Orlov condition and one shows that the projective resolution analogous to (15) can only jump to something violating the condition, like (18) under these circumstances. The Π-stability condition occurs since we would have a non-trivial morphism p → L_k which induces the decay of p. Furthermore, if p can decay in any way, then it will be able to decay by this channel because of the inequalities (38).

Note that we have not proven that only stalk complexes can satisfy the conditions of theorem 2. However, we found this to be true for dP_1 above, and it is easy enough to check for other examples. The physics of 0-branes certainly implies that the result of theorem 4 is correct and so this assumption should be true.

We may extend the above results to D(Q̄), i.e., the embedding of S into X. Once we include the dotted arrows we have directed loops in the quiver and so we are no longer guaranteed to have maps either to or from specific L_j ’s. Unfortunately we needed this property above to make the assertion that the grades of all representations lay in the same unit interval as those of the L_j ’s. However, in this case one can argue that any representation of Q̄ is a deformation of a stable representation of Q and so has the same grade. This fixes the grade in the desired interval and the remaining arguments above go through unchanged.

In particular, Π-stability for objects in D(Q̄) descends to θ-stability for representations of Q̄. Clearly the moduli space for points on S is extended by the ability for points to move “off” S ∈ X once we pass to Q̄. Thus, the moduli space of θ-stable representations of the right dimension vector should represent the normal bundle of S ∈ X.

5 Complete alignment of the gradings

We now want to go to the extreme case of alignment of gradings when

ξ(L_0) = ξ(L_1) = ξ(L_2) = . . . = ξ(L_{n−1}). (39)

Using theorem 3 and comparing (7) to (22) we see that the only Π-stable objects in D(Q) are the L_j ’s.

What happens to the moduli space of skyscraper sheaves on S? It is typical in moduli space problems to look for the set of objects in a given class which are either themselves stable, or are a direct sum of stable objects (“poly-stable”). This happens, for example, in the Donaldson–Uhlenbeck–Yau theorem [29, 30] for the case of Hermitian–Yang–Mills connection for which one uses μ-stability. Similarly, one may analyze a symplectic quotient problem in the context of quivers, which was shown in [31] to yield the classical moduli space of certain fields in the D-Brane world-volume field theory. This was shown by King [27] to be associated to θ-stability.

Again, when describing a D-Brane moduli space, one expects points in the moduli space to be given either by stable D-Branes, or by direct sums of stable D-branes of identical grading representing a marginally bound state. One might worry that quantum corrections can be important when analyzing bound states at threshold (see [32], for example). However, we are doing a strictly classical analysis here. Indeed, the moduli space itself is a strictly classical concept.

Skyscraper sheaves correspond to quivers whose dimension vector is given by (13). Given (39), no such quiver is stable.^2 The only object in the moduli space of quiver representations

2Given the analysis of exceptional sheaves in [33], at least three members of the exceptional collection must have rank ≥ 1.

with this dimension vector can be the direct sum

L^{rank E0}

0 ⊕ L^{rank E1}_1 ⊕ . . . ⊕ L^{rank En−1}_{n−1} . (40)

That is, the moduli space of skyscraper sheaves on S is a single point.

Let us try to extend this result to D(Q̄). Adding in the dotted arrows to the quiver, the moduli space of skyscraper sheaves is enlarged. Associating nonzero maps to the dotted arrows excludes the nonzero homomorphisms which gave the decomposition (7). Thus, generically one would expect such D-branes to remain stable when we impose (39). Indeed, we would expect points away from S inside X to be unaffected by our manipulations. However, any skyscraper sheaf in D(Q̄) corresponding to a point on S will become unstable and we replace S by a single point corresponding to (40). This yields the following

Theorem 5 Given the assumptions of theorem 4 and the genericity assumption above, if X_0 represents the moduli space of (direct sums) of Π-stable quivers in D(Q̄) with dimension vector (13) subject to the gradings (39) then we have a birational map

X → X_0, (41)

in which the del Pezzo surface S is contracted to a point.

In other words, totally aligned gradings make S collapse to a point. Conversely, a generic skyscraper sheaf in D(Q) will be stable if ξ(L_i) ≤ ξ(L_j ) for all i < j unless we have the strict alignment (39). In this sense S will only shrink down to a point if we have complete alignment.

Such a contraction has been observed directly by computing periods for the case of the S = P^2 in [31, 34] and S = P^1 × P^1 in [20]. Similarly, it was proven in [22] that the periods align at any orbifold point. Note that in these latter cases, X is defined as the target space of the string σ-model whereas our general view in this paper is that X is the moduli space of 0-branes. We will not attempt here to delve into the profound question of whether these two points of view are equivalent!

It is precisely when the grades are perfectly aligned that the open strings between the D-branes L_j form the field content of a quiver gauge theory (see [20], for example). Thus, the quiver gauge theory description (unperturbed by the addition of Fayet–Iliopoulos terms) is relevant when, and only when, the del Pezzo surface collapses to a point.

So far we have always assumed ξ(L_i) ≤ ξ(L_j ) for i < j. The extreme converse case ξ(L_0) > ξ(L_1) > . . . > ξ(L_{n−1} ) represents a situation where the moduli space of skyscraper sheaves becomes completely empty. In such cases the embedding of D(S) into D(X) becomes geometrically meaningless. Generally one can then describe the geometry by a different embedding D(S^′) ⊂ D(X) of another del Pezzo surface S^′ (which might be equivalent to S) into X. This may represent some kind of flop transition, or a re-identification of D(S) under some quantum symmetry of X.

Acknowledgments I wish to thank M. Douglas, I. Melnikov, D. Morrison, R. Plesser and M. Stern for useful conversations. The author is supported in part by NSF grants DMS-0074072 and DMS- 0301476.

References [1] M. R. Douglas, D-Branes, Categories and N=1 Supersymmetry, J. Math. Phys. 42 (2001) 2818–2843, hep-th/0011017.

[2] M. R. Douglas, D-Branes and N=1 Supersymmetry, hep-th/0105014. [3] P. S. Aspinwall and M. R. Douglas, D-Brane Stability and Monodromy, JHEP 05 (2002) 031, hep-th/0110071.

[4] M. Marino, R. Minasian, G. W. Moore, and A. Strominger, Nonlinear Instantons from Supersymmetric p-Branes, JHEP 01 (2000) 005, hep-th/9911206.

[5] R. Minasian and A. Tomasiello, Variations on Stability, Nucl. Phys. B631 (2002) 43–65, hep-th/0104041.

[6] H. Enger and C. A. Lütken, Non-Linear Yang–Mills Instantons from Strings are Pi- Stable D-branes, hep-th/0312254.

[7] M. R. Douglas, B. Fiol, and C. Römelsberger, Stability and BPS Branes, hep-th/0002037.

[8] T. Bridgeland, Stability Conditions on Triangulated Categories, math.AG/0212237. [9] M. R. Douglas and G. Moore, D-branes, Quivers, and ALE Instantons, hep-th/9603167. [10] D. R. Morrison and M. R. Plesser, Non-Spherical Horizons. I, Adv. Theor. Math. Phys.

3 (1999) 1–81, hep-th/9810201.

[11] C. Beasley, B. R. Greene, C. I. Lazaroiu, and M. R. Plesser, D3-branes on Partial Resolutions of Abelian Quotient Singularities of Calabi–Yau threefolds, Nucl. Phys. B566 (2000) 599–640, hep-th/9907186.

[12] C. E. Beasley and M. R. Plesser, Toric Duality is Seiberg Duality, JHEP 12 (2001) 001, hep-th/0109053.

[13] B. Feng, A. Hanany, Y. H. He, and A. Iqbal, Quiver Theories, Soliton Spectra and Picard-Lefschetz Transformations, JHEP 02 (2003) 056, hep-th/0206152.

[14] A. Hanany and A. Iqbal, Quiver Theories from D6-branes via Mirror Symmetry, JHEP 04 (2002) 009, hep-th/0108137.

[15] F. Cachazo et al., A Geometric Unification of Dualities, Nucl. Phys. B628 (2002) 3–78, hep-th/0110028.

[16] M. Wijnholt, Large Volume Perspective on Branes at Singularities, Adv. Theor. Math.

Phys. 7 (2004) 1117–1153, hep-th/0212021.

[17] C. P. Herzog and J. Walcher, Dibaryons from Exceptional Collections, JHEP 09 (2003) 060, hep-th/0306298.

[18] C. P. Herzog, Exceptional Collections and del Pezzo Gauge Theories, hep-th/0310262. [19] C. P. Herzog, Seiberg Duality is an Exceptional Mutation, hep-th/0405118. [20] P. S. Aspinwall and I. V. Melnikov, D-Branes on Vanishing del Pezzo Surfaces, hep-th/0405134.

[21] D. J. Benson, Representations and Cohomology: I, Cambridge, 1991. [22] P. S. Aspinwall, D-Branes on Calabi–Yau Manifolds, hep-th/0403166. [23] A. N. Rudakov et al., editors, Helices and Vector Bundles, LMS Lecture Notes 148, Cambridge, 1990.

[24] A. I. Bondal, Representations of Associative Algebras and Coherent Sheaves, Math.

USSR Izvestiya 34 (1990) 23–42.

[25] A. Bondal and D. Orlov, Reconstruction of a Variety from the Derived Category and Groups of Autoequivalences, Compositio Math. 125 (2001) 327–344, alg-geom/9712029.

[26] A. I. Bondal and M. M. Kapranov, Representable Functors, Serre Functors, and Mutations, Math. USSR Izv. 35 (1990) 519–541.

[27] A. D. King, Moduli of Representations of Finite Dimensional Algebras, Quart. J. Math.

Oxford (2) 45 (1994) 515–530.

[28] B. Fiol, The BPS Spectrum of N = 2 SU(N) SYM and Parton Branes, hep-th/0012079. [29] S. Donaldson, Anti-Self-Dual Yang-Mills Connections on Complex Algebraic Surfaces and Stable Vector Bundles, Proc. London Math Soc. 50 (1985) 1–26.

[30] K. Uhlenbeck and S.-T. Yau, On the Existence of Hermitian Yang-Mills Connections in Stable Vector Bundles, Commun. Pure App. Math. 39 (1986) S257–S293.

[31] M. R. Douglas, B. Fiol, and C. Romelsberger, The Spectrum of BPS Branes on a Noncompact Calabi-Yau, hep-th/0003263.

[32] S. Sethi and M. Stern, D-Brane Bound States Redux, Commun. Math. Phys. 194 (1998) 675–705, hep-th/9705046.

[33] S. A. Kuleshov and D. O. Orlov, Exceptional Sheaves on Del Pezzo Surfaces, Russian Acad. Sci. Izv. Math. 44 (1995) 479–513.

[34] D.-E. Diaconescu and J. Gomis, Fractional Branes and Boundary States in Orbifold Theories, JHEP 10 (2000) 001, hep-th/9906242.