arXiv:hep-th/0407163 v2 28 Nov 2004

NKU-04-SF1

Greybody Factors of Charged Dilaton Black Holes in 2 + 1 Dimensions

Sharmanthie Fernando^1 Department of Physics & Geology Northern Kentucky University Highland Heights Kentucky 41099 U.S.A.

Abstract

We have studied the scalar perturbation of charged dilaton black holes in 2+1 dimensions. The black hole considered here is a solution to the low-energy string theory in 2+1 dimensions. The exact decay rates and the grey body factors for the massless minimally coupled scalar is computed for both the charged and the uncharged dilaton black holes. The charged and the uncharged black hole show similar behavior for grey body factors, reflection coefficients and decay rates.

Key words: Static, Charged, Dilaton, Black Holes, Grey body factors

1 Introduction

According to the seminal work of Hawking [1] [2], black holes emits radiation from its horizon. However, it is not a perfectly thermal black body radiation. The gravitational potential surrounding the horizon scatter some of the radiation back into the black hole and transmit some to infinity leading to a frequency dependent greybody factor. Some of the earlier work on absorption cross sections are given in [3] [4] [5] [6].

In recent times the greybody factors of black holes have attracted attention due to various reasons, one of them being the string computations. There has been considerable progress in describing the properties of black holes from string theory. For example, the Bekenstien-Hawking black hole entropy formula was derived for certain class of black holes by counting D-brane bound states [7]. In an attempt to understand it further, much work has been done to compare the details of string computation with that of the classical computations of black holes. There have been

1fernando@nku.edu

several work to show that the greybody factors and decay rates obtained using Dbranes agree exactly with the classical calculations of scalar perturbations of black holes. Some of the work in this context are [8] [9] [10] [11] [12] [13] [14] [15] [16].

Another interesting aspect of the absorption cross section was given by [17]. There, the low energy absorption cross section for a massless scalar was shown to be proportional to the area of the horizon. This Universality was shown to be maintained for higher dimensional objects such as black p-branes [18] and for Rotating black holes [19] [20]. A study along these lines on stationary, circularly symmetric black holes were done by Higuchi [21].

In an extension of this work, Jung et.al.[22] studied the absorption cross section for massive scalars and showed that the Universality is valid only under certain restrictions of the parameters involved.

In this paper, we study the grey body factors and decay rates of a charged dilaton black hole in three dimensions. The well known BTZ black hole [23] has been studied extensively on the topics described above. Birmingham et. al. [24] studied the BTZ black hole grey body factor for massless scalars and proved the agreement with the low-energy Universal law in [17]. The greybody factors of the BTZ black hole for various scalars were studied in [25]. The greybody factors of BTZ has been studied from the point of 5D black holes since 5D black hole is U-dual to BT Z × S^3 [26] [27]. Another interesting work in three dimensions were to study absorption cross section of the black string [28] and to study the massive scalar absorption in de-Sitter space [29].

Here, we study how the greybody factors are effected when charge and a dilaton is introduced for the BTZ black hole. We have chosen the static charged black hole derived by Chan and Mann [30]. This black hole is appealing due to the fact that it arises from the low energy string theory in three dimensions with a negative cosmological constant.

We have organized the paper as follows: In section 2 an introduction to the geometry of the black hole is given. The scalar perturbation of the black hole is given in section 3. The grey body factors and decay rates are considered for the uncharged black hole in section 4 and for the charged black hole in section 5. Finally the conclusion is given in section 6.

2 Geometry of the static charged dilaton black hole

In this section we will present the geometry and important details of the staic charged black hole. The Einstein-Maxwell-dilaton action which lead to these black holes considered by Chan and Mann [30] is given as follows: S = ∫ d^3x √ −g [ R − 4(▽ϕ)^2 − e^{−4ϕ}F_{μν} F^{μν} + 2e^{4ϕ}Λ ] (1)

Here, Λ is treated as the cosmological constant. ( Λ > 0 anti-de Sitter and Λ < 0 de Sitter). ϕ is the dilaton field, R is the scalar curvature and F_{μν} is the Maxwell’s field strength. This action is conformally related to the low-energy string action in 2+1 dimensions. The static circularly symmetric solution to the above action is given by,

ds^2 = −f(r)dt^2 +

4r^2dr^2 f(r) + r^2dθ^2 f(r) = ( −2Mr + 8Λr^2 + 8Q^2 ) ; ϕ = 1 4 ln( r β ); F_{rt} = Q r^2 (2) For M ≥ 8Q √ Λ, the space-time represent a black hole. It has two horizons given by the zeros of g_{tt};

r_+ = M + √ M^2 − 64Q^2Λ 8Λ ; r_− = M − √ M^2 − 64Q^2Λ 8Λ (3) There is a singularity at r = 0 and it is time-like. An important thermodynamical quantity corresponding to a black hole is the Hawking temperature T_H . It is given by, T_H = 1 4π | dg_{tt} dr | √ −g^{tt}g^{rr}|_{r=r+} = M 4πr_+ √ 1 − 64Q^2Λ M^2 (4) The temperature T_H = 0 for the extreme black hole with M = 8Q √ Λ. For the uncharged black hole T_H =^Λ_π .

This black hole is also a solution to low energy string action by a conformal transformation, g^{String} = e^{4ϕ}g^{Einstein} (5) In string theory, different space-time geometries can be related to each other by duality transformations. The charged black hole in eq.(2) is dual to an uncharged “black string” given by the following space-time geometry, ds^2_{Einstein} = −(8Λβr − 2m √ r)dt^2 + dr^2 (8Λβr − 2m √ r) + γ^2rdθ^2

Φ = − 1 4 ln( r β ) (6)

Here m^2 is the mass per unit length and γ is an integration constant. It is an uncharged solution of the action in eq.(1). Before discussing the origin of this particular duality, let us mention the history of the uncharged black hole in eq.(6). Mandal et.al. [31] found a (1+1) dimensional black hole in string theory given below: ds^2_{Einstein} = −(1 − M r )dt^2 + kdr^2 4r(r − M)

Φ = − 1 2 lnr − 1 4 lnk (7) Here, M is the mass of the black hole and k is a constant. This (1+1) (MSW) black hole is widely studied. For example, Witten has found the exact conformal field theory corresponding to it [32]. By taking the product of (1+1) MSW black hole with R, yields an uncharged “black string” solution given in eq.(6).

In string theory, is possible to create charged solutions from uncharged ones in by duality transformations. For a review of such transformation see Horowitz[33]. It is possible to apply the following transformation to a given metric in string frame to obtain a charged version.

ĝ_{tt} = g_{tt} [1 + (1 + g_{tt})Sinh^2α]^2 Â_t = − (1 + g^{tt})Sinh2α) 2 √ 2[1 + (1 + g_{tt})Sinh^2α]

e^{−2ϕ̂} = e^{−2ϕ}[1 + (1 + g_{tt})Sinh^2α] (8)

Note that g_{tt} is in the string frame. Here α is an arbitrary parameter. Now, by taking the metric in eq.(6) in string frame and performing the above transformations yields a dual metric as follows: ds^2_{Einstein} = −(8Λβr − 2m √ r)dt^2 + P (r)dr^2 (8Λβr − 2m √ r) + γ^2rP (r)dθ^2

e^{−2ϕ} = √ r β P (r) (9)

Here,

P (r) = 1 + (1 − 8Λβ^2)Sinh^2α + 2mβSinh^2α √ r (10)

Note that the dual metric is given in the Einstein frame. By performing a coordinate transformation given by r̂ = P (r)^2r and replacing r̂ with r yields the charged black hole in eq.(2). Hence the static charged black hole considered in this paper is dual to the uncharged (2+1) MSW black hole. Note that the transformation given in eq.(8) is a part of O(2, 1) symmetry group of the low energy sting action which is described well in Sen et.al.[34]. There is another transformation which is a part of O(2, 1) group known as “space-time” or “target space” duality. Performing such transformation on the rotating BTZ black hole, Horowitz and Welch [35] obtained another charged black string solution in 2+1 dimensions given as follow; ds^2_{Einstein} = − ( 1 − M r ) dt^2 + ( 1 − Q^2 Mr )_{−1} dx^2 + ( 1 − M r ) ( 1 − Q^2 Mr )_{−1} l^2dr^2 4r^2 e^{−2ϕ} = lnrl, B_{xt} = Q r (11)

Since the transformations used to obtain the two charged black holes are different, the two have distinct properties. How ever, when Q = 0 the above black hole corresponds to the uncharged black hole in eq.(6). Therefore, by applying two distinct elements from the O(2, 1) symmetry group to the static BTZ black hole, the charged black string considered in this paper can be constructed.

3 Scalar perturbation of charged black holes

In this section we will develop the equations for a scalar field in the background of the static charged black hole introduced in the previous section. The general equation for a massless scalar field in curved space-time can be written as,

▽^2 Φ = 0 (12)

which is also equal to, 1 √ −g ∂_μ( √ −gg^{μν} ∂_ν Φ) = 0 (13)

Using the anzatz, Φ = e^{−iωt}e^{imθ} R(r) (14) in eq.(13) leads to the radial equation, d dr ( f(r) 2 dR(r) dr ) + 2r^2 ( ω^2 f(r) − m^2 r^2 ) R(r) = 0 (15)

If we redefine R(r) as R(r) = ξ(r) √ r (16)

and use the tortoise coordinate r_∗ given by dr_∗ = 2rdr f(r) (17)

the above wave equation simplifies to a one dimensional Schrodinger equation, ( d^2 dr^2_∗ + ω^2 − V (r) ) ξ(r_∗) = 0 (18)

Here, V (r) is given by, V (r) = − 12Q^4 r^2 + 4MQ^2 r^{3/2} + 1 r ( − M^2 4 + 8m^2Q^2 − 8Q^2Λ ) − 2m^2M √ r +(8m^2Λ+4Λ^2) (19)

Figure 1. The behavior of V (r) with r for Λ = 1 M = 10, Q = 1 and m = 0

The “tortoise” coordinate r_∗ is given by,

r_∗ = 1 4Λ(r_+ − r_−)

(r_+ln((r − r_+) − r_−ln(r − r_−)) (20)

Note that when r → r_+ , r_∗ → −∞ and for r → ∞, r_∗ → ∞.

In order to solve the wave equation exactly, one can redefine the r coordinate of the eq.(15) with a new variable z given by, z = ( r − r_+ r − r_− ) (21)

Then eq.(15) becomes, z(1 − z) d^2R dz^2 + (1 − z) dR dz + P (z)R = 0 (22)

Here, P (z) = A z + B −1 + z + C (23)

where, A = ω^2r^2_+ 16(r_+ − r_−)^2Λ^2

; B =

8m^2Λ − ω^2 16Λ^2

; C = − r^2_−ω^2 16(r_+ − r_−)^2Λ^2

(24)

4 Uncharged dilaton black hole

First, we will focus on the uncharged black string solution with Q = 0 in the metric. Note that this solution has a single horizon at r_h =^M_{4Λ} . Here, we will compute the reflection coefficients, grey body factors and decay rates for the uncharged black hole. A matching procedure is used in order to obtain the amplitudes of the in going and the out going waves at infinity. Hence the space is divided into two regions: near horizon ( r ∼ r_h) and far region ( r → ∞).

For the uncharged black hole, P (z) given in eq.(22) is,

P (z) = A z + B −1 + z A = ω^2 16Λ^2

; B =

8m^2Λ − ω^2 16Λ^2

(25) Now, with the definition of R as, R(z) = z^α(1 − z)^βF (z) (26) the radial equation given in eq.(22) becomes, z(1 − z) d^2F dz^2 + (1 + 2α − (1 + 2α + 2β)z) dF dz + (Ā z + B̄ −1 + z + C̄ ) F = 0 (27)

where, Ā = A + α^2 B̄ = B + β − β^2 C̄ = −(α + β)^2 (28) The above equation resembles the hypergeometric differential equation which is of the form [36], z(1 − z) d^2F dz^2 + (c − (1 + a + b)z) dF dz − abF = 0 (29) By comparing the coefficients of eq.(27) and eq.(29), one can obtain the following identities, c = 1 + 2α (30) a + b = 2α + 2β (31) Ā = A + α^2 = 0; ⇒ α = iω 4Λ (32)

B̄ = B + β − β^2 = 0; ⇒ β = 1 + i √ (^{ω2 −8m2Λ}

4Λ^2 ) − 1 2 (33) Note that in this paper we will only focus on the perturbations with large frequencies. Hence we will assume that ( ω^2 − 8m^2Λ

4Λ^2 ) ≥ 1 (34) Therefore, β will be considered imaginary for the rest of the paper. Also, ab = −C̄ = (α + β)^2 (35) From eq.(31) and eq.(35), a = b = α + β (36)

The solution to the hypergeometric function F (z) is given by [36], F (a, b; c; z) = Γ(c) Γ(a)Γ(b) Σ Γ(a + n)Γ(b + n) Γ(c + n) z^n n! (37)

with a radius of convergence being the unit circle |z| = 1.

4.1 Solution at the near-horizon region

First, the solution of the wave equation closer to the horizon is analyzed. For the uncharged black hole, z = 1 − r_h r (38)

and the “tortoise” coordinate for uncharged black hole is

r_∗ = 1 4Λ ln(r − r_h) (39)

As the radial coordinate r → r_h, z → 0. In the neighborhood of z = 0, the hypergeometric function has two linearly independent solutions givern by [36]

F (a, b; c; z) and (1 − z)^{(1−c)}F (a − c + 1, b − c + 1; 2 − c; z) (40)

Substituting the values of a, b, c in terms of α, β, the general solution for R(z) can be written as, R(z) = C_1z^α(1−z)^βF (α+β, α+β, 1+2α, z)+C_2z^{−α}(1−z)^βF (−α+β, −α+β, 1−2α, z) (41) Here, C_1 and C_2 are constants to be determined. Since z → 0 closer to the horizon, the above solution approaches,

R(z → 0) = C_1z^α + C_2z^{−α} (42)

Since closer to the horizon, r → r_h, z can be approximated with z ≈ r − r_h r_h (43)

Hence eq.(42) can be re-written in terms of r_∗ as,

R(r → r_h) = C_1 ( 1 r_h )_α e^{iωr∗} + C_2 ( 1 r_h )_{−α} e^{−iωr∗} (44) The first and the second term corresponds to the ingoing and the outgoing wave respectively. Now, one can impose the condition that the wave is purely ingoing at the horizon. Hence we pick C_1 ≠ 0 and C_2 = 0. Therefore the solution closer to the horizon is, R(z → 0) = C_1z^α(1 − z)^β F (α + β, α + β, 1 + 2α, z) (45)

4.2 Solution at asymptotic region

When r → ∞, the wave equation in eq.(15) approximates to, d dr ( 4Λr^2 dR(r) dr ) + 2r^2 ( ω^2 8Λr^2 − m^2 r^2 ) R(r) = 0 (46)

When expanded, the equation simplifies to the Euler’s equation given by,

r^2R^{′′} + 2rR^′ + pR = 0 (47)

Where, p = −B given in eq.(24). The solution to the Euler equation is given by,

R(r) = D_1 ( r_h r )_{a1} + D_2 (r_h r )_{a2} (48)

with,

a_1 = 1 + √ 1 + 4B 2 = β; a_2 = 1 − √ 1 + 4B 2 = (1 − β) (49)

4.3 Matching the solutions at the near horizon and the asymptotic region

In this section we match the asymptotic solution given in eq.(48) to the large r limit (or the z → 1 ) of the near-horizon solution given in eq.(45). To obtain the z → 1 behavior of eq. (45), one can perform a well known transformation on hypergeometric function given as follows [36] F (a, b, c, z) = Γ(c)Γ(c − a − b) Γ(c − a)Γ(c − b) F (a, b; a + b − c + 1; 1 − z)

+ (1 − z)^{c−a−b} Γ(c)Γ(a + b − c) Γ(a)Γ(b) F (c − a, c − b; c − a − b + 1; 1 − z) (50) Applying this transformation to eq.(45) and substituting for the values of a, b, c, one can obtain the solution to the wave equation in the asymptotic region as follows;

R(z) = C_1z^α(1 − z)^β

Γ(1 + 2α)Γ(1 − 2β) Γ(1 + α − β)^2

F (α + β, α + β; 2β − 1; 1 − z)

+ C_1z^α(1 − z)^{1−β}

Γ(1 + 2α)Γ(−1 + 2β) Γ(α + β)^2

F (1 + α − β, 1 + α − β; 2 − 2β; 1 − z) (51)

Now we can take the limit of R(z) as z → 1 which lead to,

R(z → 1) = C_1(1−z)^β

Γ(1 + 2α)Γ(1 − 2β) Γ(1 + α − β)^2

+C_1(1−z)^{1−β}

Γ(1 + 2α)Γ(−1 + 2β)

Γ(α + β)^2

(52)

Since, 1 − z = r_h r (53)

R(r) for r → ∞ (or z → 1) can be written as, R(r → ∞) = C_1 ( r_h r )_β Γ(1 + 2α)Γ(1 − 2β)

Γ(1 + α − β)^2

+ C_1 ( r_h r )_{1−β} Γ(1 + 2α)Γ(−1 + 2β)

Γ(α + β)^2 (54) By comparing eq. (48) and eq. (54), the coefficients D_1 and D_2 can be written as,

D_1 = C_1

Γ(1 + 2α)Γ(1 − 2β) Γ(1 + α − β)^2

(55)

D_2 = C_1

Γ(1 + 2α)Γ(−1 + 2β) Γ(α + β)^2

(56)

To determine the ingoing and outgoing wave at large r ( or large r_∗), we will rewrite the R(r) in terms of r_∗ as follows: R(r → ∞) = D_1r^β_h e^{−iωr∗} √ 1−^{4Λ2}_{ω2} (^{2m2}_Λ +1)−2Λr_∗ + D_2r^{(1−β)}_h e^{iωr∗} √ 1−^{4Λ2}_{ω2} (^{2m2}_Λ +1)−2Λr_∗

(57)

Note that r = r_h + e^{4Λr∗} which can be approximated as r ∼ e^{4Λr∗} at large r. From the above it is clear that D_1 and D_2 represents the outgoing and ingoing waves respectively.

4.4 Reflection Coefficient

The reflection coefficient ℜ can be defined as, ℜ = | | | D_1 D_2 | | | 2 = Cosh^2(^{πω}_{4Λ} −^π_2

√_{(ω2−8m2 Λ)}

4Λ^2 − 1)

Cosh^2(^{πω}_{4Λ} +^π_2

√_{(ω2−8m2 Λ)}

4Λ^2 − 1)

(58)

Note that we have used the identities for Γ functions given by,

|Γ(iy)|^2 = π ySinh(πy) ; |Γ( 1 2 + iy)|^2 = π Cosh(πy) ; |Γ(1 + iy)|^2 = πy Sinh(πy) (59)

In the limit of large energies or large ω, the reflection coefficient approaches zero as shown below. This is in agreement with the fact that at high energies the black hole absorbs more than at smaller energies.

Figure 2. The behavior of ℜ with ω for Λ = 1, m = 0

4.5 Flux calculation

The absorption cross section also can be obtained by computing the flux at the horizon and infinity. First we will define the conserved flux for the wave function as, F = 2π i ( R^∗f(r) dR(r) dr − R(r)f(r) dR^∗ dr ) (60)

The function f(r) = 8Λ(r − r_h)r. Using the function R(r) = C_1z^α at the horizon, the ingoing flux at the horizon is,

F (r → r_h) = 8π|C_1|^2ωr_h (61)

Using the eq.(57) for the function R(r) at infinity, the incoming flux at infinity is given by,

F (r → ∞) = 16π|D_2|^2Λr_h √ (ω^2 − 8m^2Λ)

4Λ^2

− 1 (62)

The partial wave absorption is, σ = F (r → r_h) F (r → ∞) = ω 2Λ √_{(ω2−8m2Λ)}

4Λ^2 − 1

| | | | | Γ(α + β)^2 Γ(1 + 2α)Γ(−1 + 2β) | | | | | 2 (63)

By substituting the values of α and β the above expression simplifies to,

σ = Sinh ( π √_{(ω2−8m2 Λ)}

4Λ^2 − 1 ) Sinh (_{πω} 2Λ ) Cosh^2 (_{πω} 4Λ +^π_2

√_{(ω2−8m2 Λ)}

4Λ^2 − 1

) (64)

Note that we will take the absolute value of the expression

(_{(ω2−8m2Λ)}

4Λ^2 − 1 ) when computing the cross sections. Otherwise β would be real and the flux at infinity would be zero.

4.6 Absorption cross sections and decay rates

The absorption cross section( or the grey body factor) in three dimensions is σ_{abs} = σ/ω. This was clearly defined in Das et. al. [17]. Hence,

σ_{abs} = ( e^{πωΛ} − 1 ) e^{2π} √_{(ω2−8m2 Λ)}

4Λ2 −1 − 1

ω e^{πω2Λ +π} √_{(ω2 −8m2 Λ)}

4Λ2 −1 + 1 2 (65)

We will plot σ_{abs} as follows:

Figure 3. The behavior of σ_{abs} with ω for Λ = 1

The absorption cross section diverge with increasing ω. The three graphs are for m = 0, 1, 2. Here, σ_{abs} graph shift towards right with increasing m.The graphs are drawn in such a way that ω^2 ≥ 8m^2Λ + 4Λ^2

For static and spherically symmetric black hole in any dimensions, the grey body factor for a minimally coupled scalar field when ω → 0 was shown to be equal to the horizon area by Das et. al. [17]. Since we have restricted ω with eq.(34) to be positive, one can not take such a limit to prove this for the absorption cross sections considered in this paper. How ever, if one wants to take the ω → 0 limit then one has to remember that β in eq. (33) will become real. Hence, flux of the asymptotic solution to the wave function will be zero. One remedy for this problem is to follow the procedure followed by Birmingham et.al. [24] in computing the low frequency absorption cross section of the BTZ black hole for scalar perturbations. There, they combined the two independent solutions of the wave equation to give a complex function with positive and negative flux at infinity. We will leave this for further study. Now, the decay rate for this black hole is, Γ_{decay} = σ_{abs} e^{ω/T} − 1 (66)

Here the temperature T =^π_Λ for the uncharged black hole. Hence,

Γ_{decay} = e^{2π} √_{(ω2 −8m2Λ)}

4Λ2 −1 − 1

ω e^{πω2Λ +π} √_{(ω2 −8m2 Λ)}

4Λ2 −1 + 1

2 (67)

Figure 4. The behavior of Γ with ω for Λ = 1

The three graphs are for m = 0, 1, 2. Γ becomes smaller for increasing m.

4.7 Quasi normal modes of uncharged black hole

Quasi normal modes of a classical perturbation of black hole space-times are defined as the solutions to the related wave equations with purely ingoing waves at the horizon. In addition, one has to impose boundary conditions on the solutions at the asymptotic regions as well. In asymptotically flat space-times, the second boundary condition is the solution to be purely outgoing at spatial infinity. For asymptotically AdS space times, various boundary conditions have been chosen in the current literature. One of the choices is the Dirichelet boundary condition. Another condition for AdS spaces is to make the energy-momentum flux density to vanish asymptotically [37]. Here, we will show that both condition leads to the same values for quasi normal modes. First, by the Dirichelet condition, the amplitude of the ingoing wave has to be zero. This leads to, D_2 = 0. Second, the vanishing of incoming flux at infinity F_∞ computed in eq.(62) leads to |D_2|^2 = 0. Hence, the quasi normal modes are obtained for,

D_2 =

Γ(1 + 2α)Γ(−1 + 2β) Γ(α + β)^2

= 0 (68)

Note that the Gamma function Γ(x) has poles at x = −n for n = 0, 1, 2... Hence the function D_2 will vanish at the poles of Γ(α + β) given by,

α + β = −n (69)

By combining eq.(32), eq.(33) and eq.(69) leads to the quasi normal frequency ω as, ω = −2i 2n + 1 ( 2Λn(1 + n) − m^2 ) (70) Note that the QNM’s of this black holes have the interesting property being “pureimaginary”. Another interesting point to note is that the Hawking temperature of the uncharged black hole, T_H = Λ/π is independent of the black hole mass. |ω| is also independent of the black hole mass. Furthermore, |ω| ∼ Λ for small m values leading to a linear relation between ω and T_H . The quasi normal modes are discussed in detail in [38].

5 Charged dilaton black hole

In this section we will focus on the charged black hole with two horizons at r = r_−, r_+. The radial equation in eq.(15) simplifies into z(1 − z) d^2F dz^2 + (1 + 2α − (1 + 2α + 2β)z) dF dz + (Ā z + B̄ −1 + z + C̄ ) F = 0 (71)

similar to the one in the uncharged case. Here, Ā = A + α^2 B̄ = B + β − β^2 C̄ = C − (α + β)^2 (72) The above equation resembles the hypergeometric differential equation of the format given in eq.(29) in the previous section. By comparing the coefficients of eq.(29) and eq. (71), one can obtain the following identities, c = 1 + 2α (73) a + b = 2α + 2β (74) Ā = A + α^2 = 0; ⇒ α = iωr^+ 4Λ(r_+ − r_−)

(75)

B̄ = B − β + β^2 = 0; ⇒ β = 1 + i √ (^{ω2 −8m2Λ}_{4Λ} − 1) 2 (76) ab = −C̄ = (α + β)^2 − C (77) From eq.(74) and eq.(77), a = α + β + γ b = α + β − γ (78) Here, γ = i √ |C| = iωr_− 4Λ(r_+ − r_−)

(79)

5.1 Solution at the near-horizon region

First, the solution of the wave equation closer to the horizon is analyzed. For the charged black hole, z = (r − r_+) (r − r_−) (80) and as the radial coordinate r approaches the horizon, z approaches 0. In the neighborhood of z = 0, the hypergeometric function has two linearly independent solutions given by [36]

F (a, b; c; z) and (1 − z)^{(1−c)}F (a − c + 1, b − c + 1; 2 − c; z) (81) Substituting the values of a, b, c in terms of α, β, and γ, the general solution for R(z) can be written as, R(z) = C_1z^α(1 − z)^βF (α + β + γ, α + β − γ, 1 + 2α, z) + C_2z^{−α}(1 − z)^β F (−α + β + γ, −α + β − γ, 1 − 2α, z) (82) Here, C_1 and C_2 are constants to be determined. Since closer to the horizon z → 0, the above solution approaches, R(z → 0) = C_1z^α + C_2z^{−α} (83) Closer to the horizon, r → r_+. Hence, z can be approximated with z = r − r_+ r_+ − r_−

(84)

The “tortoise” coordinate for the charged black hole is given in eq.(20). Near the horizon r → r_+, the “tortoise” coordinate can be approximated to be r_∗ ≈ r_+ 4Λ(r_+ − r_−) ln(r − r_+) (85)

Hence eq.(83) can be re-written in terms of r_∗ as,

R(r → r_+) = C_1 ( 1 (r_+ − r_−) )_α e^{iωr∗} + C_2 ( 1 (r_+ − r_−) )_{−α} e^{−iωr∗} (86) The first and the second term corresponds to the ingoing and the outgoing wave respectively. Now, one can impose the condition that the wave is purely ingoing at the horizon. Hence we pick C_1 ≠ 0 and C_2 = 0. Therefore the solution closer to the horizon is, R(z → 0)) = C_1z^α(1 − z)^β F (α + β + γ, α + β − γ, 1 + 2α, z) (87)

5.2 Solution at asymptotic region

When r → ∞, the behavior of the wave function is similar to the one for the uncharged case given in section 4. Note that the value of β in R(r → ∞) is the same for both the uncharged and charged case.

5.3 Matching the solutions at the near horizon and the asymptotic region

In this section we match the asymptotic solution given in eq.(48) to the large r limit (or the z → 1 ) of the near-horizon solution given in eq.(87). To obtain the z → 1 behavior of eq.(87), one can follow similar procedure as for the uncharged case given in section 4. Substituting for the values of a, b, c for the charged black hole, one can obtain the solution to the wave equation in the asymptotic region as follows;

R(z) = C_1z^α(1−z)^β

Γ(1 + 2α)Γ(1 − 2β) Γ(1 + α − β − γ)Γ(1 + α − β + γ) F (α+β+γ, α+β−γ; 2β; 1−z)

+C_1z^α(1−z)^{1−β}

Γ(1 + 2α)Γ(−1 + 2β) Γ(α + β + γ)Γ(α + β − γ) F (1+α−β −γ, 1+α−β +γ; 2−2β; 1−z) (88) Now we can take the limit of the above R(z) as z → 1 which will lead to,

R(z → 1) = C_1(1 − z)^β

Γ(1 + 2α)Γ(1 − 2β) Γ(1 + α − β − γ)Γ(1 + α − β + γ)

+ C_1(1 − z)^{1−β}

Γ(1 + 2α)Γ(−1 + 2β) Γ(α + β + γ)Γ(α + β − γ)

(89)

Since, 1 − z = r_+ − r_− r − r_− (90)

R(r) for large r can be written as, R(r → ∞) = C_1 ( r_+ − r_− r − r_− )_β Γ(1 + 2α)Γ(1 − 2β) Γ(1 + α − β − γ)Γ(1 + α − β + γ

+ C_1 ( r_+ − r_− r − r_− )_{1−β} Γ(1 + 2α)Γ(−1 + 2β) Γ(α + β + γ)Γ(α + β − γ)

(91)

By comparing eq.(48) and eq.(91), the coefficients D_1 and D_2 can be written as,

D_1 = C_1

Γ(1 + 2α)Γ(1 − 2β) Γ(1 + α − β + γ)Γ(1 + α − β − γ)

(92)

D_2 = C_1

Γ(1 + 2α)Γ(−1 + 2β) Γ(α + β + γ)Γ(α + β − γ)

(93)

To determine the ingoing and outgoing wave at large r ( or large r_∗), we will rewrite the R(r) in terms of (r_∗ ω ) as follows: R(r → ∞) → D_1e^{−iωr∗} √ 1−^{4Λ2}_{ω2} (^{2m2}_Λ +1)−2Λr_∗

(r_+−r_−)^β +D_2e^{iωr∗} √ 1−^{4Λ2}_{ω2} (^{2m2}_Λ +1)−2Λr_∗

(r_+−r_−)^{(1−β)} (94) Note that we have taken r ≈ e^{4Λr∗} at large r. From the above it is clear that D_1 and D_2 represents the outgoing and ingoing wave respectively.

5.4 Reflection Coefficient

The reflection coefficient ℜ for the charged black hole is,

ℜ = | | | | D_2 D_1 | | | | 2 = Cosh (_{πω} 4Λ −^π_2

√_{(ω2 −8m2Λ)}

4Λ^2 − 1 ) Cosh (_{πω(r} + +r_−) 4Λ(r_+ −r_−) − π 2 √_{(ω2−8m2 Λ)}

4Λ^2 − 1 )

Cosh (_{πω} 4Λ +^1_2

√_{(ω2−8m2Λ)}

4Λ^2 − 1 ) Cosh (_{πω(r+ +r−)} 4Λ(r_+ −r_−) + π 2 √_{(ω2−8m2 Λ)}

4Λ^2 − 1 ) (95) In the limit of large energies or large ω, the reflection coefficient approaches zero as shown below. This is in agreement with the fact that at high energies the black hole absorbs more than at smaller energies.

Figure 5. The behavior of ℜ with ω for Λ = 1, m = 0, r_− = 1, r_+ = 3

5.5 Flux calculation

The absorption cross section can be obtained by computing the flux at the horizon and infinity. The procedure is similar to what was described for the uncharged black hole in section 4. The ingoing flux at the horizon is,

F (r → r_+) = 8π|C_1|^2ω(r_+ − r_−) (96)

Using the eq.(94) for the function R(r) at infinity, the incoming flux at infinity is given by,

F (r → ∞) = 16π|D_2|^2Λ √ (ω^2 − 8m^2Λ)

4Λ^2

− 1 (97)

The partial wave absorption is, σ = F (r → r_+) F (r → ∞) = ω 2Λ √_{(ω2−8m2 Λ)}

4Λ^2 − 1

| | | | Γ(α + β + γ)Γ(α + β − γ) Γ(1 + 2α)Γ(−1 + 2β) | | | | 2 (98)

By substituting the values of α, β and γ the above expression simplifies to,

σ = Sinh ( π √_{(ω2−8m2 Λ)}

4Λ^2 − 1 ) Sinh (_{πωr+} 2Λ(r_+−r_−) ) Cosh (_{πω} 4Λ +^π_2

√_{(ω2−8m2 Λ)}

4Λ^2 − 1 ) Cosh (_{πω(r+ +r−)} 4Λ(r_+−r_− ) + π 2 √_{(ω2−8m2 Λ)}

4Λ^2 − 1

) (99)

Note that we will take the absolute value of the expression

(_{(ω2−8m2Λ)}

4Λ^2 − 1 ) when computing the cross sections. Otherwise β would be real and the flux at infinity would be zero.

5.6 Absorption cross sections and decay rates

The absorption cross section( or the grey body factor) in three dimensions σ_{abs} = σ/ω.

σ_{abs} = ( e πωr+ Λ(r+ −r+ ) − 1 ) e^{2π} √_{(ω2 −8m2 Λ)}

4Λ2 −1 − 1

ω e πω(r+ +r− ) 2Λ(r+ −r− ) +π √_{(ω2 −8m2 Λ)}

4Λ2 −1 + 1 e πωr+ Λ(r+ −r−) +π √_{(ω2−8m2 Λ)}

4Λ2 −1 + 1

(100)

We will plot σ_{abs} as follows:

Figure 6. The behavior of σ_{abs} with ω for Λ = 1

Finally the decay rate for this black hole is given by, Γ = σ_{abs} e^{ω/T} − 1 (101)

The temperature for the charged black hole is T = Λ(r_+ − r_−) πr_+ (102)

Hence Γ simplifies to,

Γ = e^{2π} √_{(ω2−8m2 Λ)}

4Λ2 −1 − 1

ω e πω(r++r− ) 2Λ(r+ −r− ) +π √_{(ω2−8m2 Λ)}

4Λ2 −1 + 1 e πωr+ Λ(r+−r− ) +π √_{(ω2 −8m2Λ)}

4Λ2 −1 + 1

(103)

Figure 7. The behavior of Γ with ω for Λ = 1

5.7 Quasi normal modes of charged black hole

Similar to the uncharged case, quasi normal modes are obtained by imposing the Dirichelet condition or the vanishing flux at infinity. Both leads to D_2 = 0. Observation of D_2 shows that it will be zero at the poles of Γ(α + β + γ) and Γ(α + β − γ) leading to, α + β ± γ = −n (104) Due to the possibility of “ ± ” in the eq.(104), there are two possibilities for κ given in the following equations;

β + κω = −n (105) where, κ = 1, ( r_+ + r_− r_+ − r ) (106)

By eliminating β from eq.(104) and eq.(105) leads to the quasinormal frequency ω as, ω = −2i (κ^2 − 1) ( κΛ(1 + 2n) ± √ Λ √ 2m^2(κ^2 − 1) + Λ(κ^2 + 4n(1 + n)) ) (107)

Note that ω for κ = 1 is same as for the uncharged case. Hence it was eliminated without loss of generality. Since κ > 1, ω will always be pure imaginary. Hence for the charged black hole the QNM’s are pure imaginary similar to the uncharged one.

6 Conclusion

We have computed the grey body factors, reflection coefficients and decay rates of the static dilaton black holes in 2+1 dimensions. We have also discussed the QNM’s of both black holes. The special property of this computation as compared to other work in which decay rates were computed is that this is an exact calculation.

The work here motivate studies in various directions. The decay rates of the BTZ black hole was shown to match exactly with the conformal field theoretical description by Birmingham et. al. [24]. It would be interesting to compute the decay rates from the related conformal theoretical description of this black hole and to compare with the semi classical results given in this paper. Also as mentioned in the section 4 and 5 of this paper, the computations done in this paper imposes a lower bound on ω. The next step is to compute the low energy decay rates for this black hole. The steps followed by Birmingham et.al. [24] would lead to low energy decay rates.

As noted in section 2, the uncharged black hole and the charged black hole considered in this paper are dual to each other. Since duality plays an important role in string theory it may interesting to study the relation of the semi classical results of the charged and uncharged black holes.

Another suggestion for further study directs towards the charged black hole obtained in Horowitz and Welch [35]. This was obtained by applying a duality transformation to the BTZ black hole. A natural question is how the decay rates of the charged black hole discussed here and the one in [35] are related.

In this work supersymmetry has been ignored. An important issue is to find the appropriate supergravity theory in which dilaton black hole could be embedded. If such a theory exists does extremality play a role in it ?. If so how does the extreme black hole decay ?. Along these lines, one may study the decay rates of fermionic and vector perturbations around extreme black holes to understand any relation among them.

References

[1] S. Hawking, Nature 248 (1974) 30

[2] S. Hawking, Comm. Math. Phys. 43 (1975) 199 [3] A.A. Starobinskii, Sov. Phys. JETP 38 (1974) 1 [4] G.W. Gibbons, Comm. Math. Phys. 44 (1975) 245 [5] D.N. Page, Phys. Rev D13 (1976) 198 [6] W.G. Unruh, Phys. RevD14 (1976) 3251 [7] A. Strominger and C. Vafa, Phys. Lett. B379, (1996) 99 [8] C.G. Callan and J. Maldacena, Nucl. Phys. B472 (1996) 591 [9] A. Dhar, G. mandal and J. Maldecena, Phys. Lett B388 (1996) 51 [10] S.R. Das and S.D. Mathur, Nucl. Phys. B478 (1996) 561 [11] S.S. Gubser and I. R. Klebanov, Nucl. Phys. B 482 (1996) 173 [12] J. Maldacena and A. Strominger, Phys. Rev. D55 (1997) 4491 [13] S.S. Gubser and I. R. Klebanov, Phys. Rev. Lett. 77 (1996) 4491 [14] C.G. Callan, S.S. Gubser and I. R. Klebanov, Nucl. Phys. B 489 (1997) 65 [15] I.R. Klebanov, A. Rajaraman and A.A. Tseytlin, Nucl. Phys. 501 (1997) 547 [16] J.A. Garcia and A. Guijosa, JHEP 027 (2004) 0409 [17] S.R. Das, G.W. Gibbons and S.D. Mathur, Phys. Rev. Lett. 78 (1997) 471 [18] R. Emparan, Nucl.Phys. B516 (1998) 297 [19] J. Maldacena and A. Strominger, Phys. Rev D56 (1997) 4975 [20] M. Cvetic and F. larson, Phys. Rev. D56 (1997) 4994 [21] A. Higuchi, Class. Quan. Grav. 18 (2001) L139 [22] E. Jung, S. Kim and D.K. Park, hep-th/0311036 [23] M. Bañados, C. Teitelboim, J. Zanelli, Phys. Rev. Lett. 69 (1992) 1849; M.

Bañados, M. Henneaux, C. Teitelboim, J. Zanelli, Phys. Rev. D 48 (1993) 1506. [24] D.B. Birmingham, I. Sachs and S. Sen, Phys. Lett. B413 (1997) 281 [25] H.W. Lee, N.J. Kim and Y.S. Myung, Phys. Lett. B441 (1998) 83 [26] S. Das and A. Dasguptha, JHEP 9910 025 (1999) 025

[27] H.W. Lee and Y.S. Myung, Phys. Rev. D58 (1998) 104013 [28] H.W. Lee, N.J. Kim, Y.S. Myung and J. Y. Kim, Phys. Rev. D57 (1998) 7363 [29] Y.S. Myung, Mod. Phys. Lett. A18 (2003) 617 [30] K.C.K. Chan, R.B. Mann, Phys. Rev. D50 (1994) 6385.

[31] G. Mandal, A. M. Senguptha and S. R. Wadia, Mod. Phys. Lett. A6, (1991) 1685 [32] E. Witten, Phys. Rev. D44, (1991) 314 [33] G. Horowitz, “The Dark Side of String Theory: Black Holes and Black Strings”, hep-th/9210119.

[34] S. Hassan and A. Sen, Nucl. Phys. B 375, (1992) 103. [35] G. Horowitz and D. Welch, Phys.Rev.Lett. 71 (1993) 328-331 [36] “Handbook of Mathematical Functions”, M. Abramowitz and A. Stegun, Dover, (1977) [37] D. Birmingham, I. Sachs & S.N. Solodukhin, Phys. Rev .Lett. 88 (202) 151301. [38] S. Fernando, Gen. Rel. Grav. 36 (2004) 71