arXiv:hep-th/0407231 v4 20 Jan 2005

Benign vs. malicious ghosts in

higher-derivative theories

A.V. Smilga

SUBATECH, Université de Nantes, 4 rue Alfred Kastler, BP 20722, Nantes 44307, France.^1

Abstract

Interacting theories with higher-derivatives involve ghosts. They correspond to instabilities that display themselves at the classical level. We notice that comparatively “benign” mechanical higher-derivative systems exist, where the classical vacuum is stable with respect to small perturbations and the problems appear only at the nonperturbative level. We argue the existence of benign higher-derivative field theories which are stable with respect to small fluctuations with nonzero momenta. A particular example is the 6D N = 2 higher-derivative SYM theory, which is finite and unitary at the perturbative level. The instability with respect to small fluctuations of zero-momentum modes is always present, however.

1 Motivation.

There are two common contexts where the theories with higher-derivative terms in the lagrangian are usually considered: (i) they appear in effective low–energy lagrangians; (ii) they can be introduced to regularize theory in the ultraviolet. If treating such a theory as a fundamental one, ghosts appear. Ghosts usually spoil unitary and/or causality of the theory and this is the reason by which higher-derivative theories are not usually considered as candidates for the Theory of Everything.

1On leave of absence from ITEP, Moscow, Russia.

We think, however, that, ghosts nontwithstanding, the idea to have a higher-derivative theory at the fundamental level is not altogether stupid, and one should continue to think in this direction. There are two considerations which make this idea rather suggestive.

• The first one comes from the half-a-century efforts to quantize gravity.

It is well known that the ordinary Einstein gravity involves a dimensionful coupling constant and is not renormalizable. This refers also to supergravity, even the maximally extended one. On the other hand, the (quartic in the derivatives of the metric) action S = 1 2α ∫ C_{μνρσ} C^{μνρσ} √ −g d^4x , (1)

where C_{μνρσ} = R_{μνρσ} + 1 2 [g_{μσ} R_{νρ} + g_{νρ}R_{μσ} − g_{μρ}R_{νσ} − g_{νσ} R_{μρ}] + R 6 [g_{μρ}g_{νσ} − g_{μσ} g_{νρ}] (2) is the Weyl tensor, involves a dimensionless coupling constant α and is renormalizable. The same is true in conformal supergravity. The N = 1 conformal supergravity enjoys asymptotic freedom, while a version of N = 4 conformal supergravity is finite so that the symmetry of the classical action (1) with respect to local conformal transformations g_{μν} (x) → λ(x)g_{μν} (x) is also the symmetry of the quantum theory [1]. Conformal gravity has also a comparatively benign behavior in the non–perturbative region. At least, the Euclidean action is positive definite there (in contrast to the Einstein case). This allows one to give a sensible physical intepretation to gravitational instantons. Similar to usual BPST Yang–Mills instantons, the Eguchi–Hanson instanton can be interpreted as a tunneling trajectory connecting flat vacua with opposite orientation [2]. A more detailed discussion of this and related questions was given in recent [3]. One can add that conformal supergravity pops up as an effective action for the twistor–string theory, which attracted recently a considerable interest [4].

• Another reason by which higher-derivative theories may be attractive is also associated with attempts to quantize gravity. In four dimensions this does not work not only because of nonrenormalizability, but also due to a known conceptional difficulty: any theory, like gravity, where no universal flat time can be introduced is intrinsically acausal, which makes its quantization problematic [3, 5]. A rather popular modern idea is that the world has actually more than four dimensions and our Universe represents a thin curved 4D brane embedded in flat higherdimensional bulk [6]. Then one should understand what is the fundamental theory in the bulk. If it is a field theory^2, it cannot be an ordinary theory, with the lagrangian containing at most two derivatives. All such theories involve a dimensionful coupling in higher dimensions and are not renormalizable. Note that nonrenormalizability is a more serious trouble than just difficulties in calculating the perturbative series. Nonrenormalizability also means that the continuous limit of the path integral does not exist and quantum theory simply cannot be defined. On the other hand, a higher-derivative higher-dimensional theory may involve a dimensionless coupling and be renormalizable. The simplest example is a 6D YM theory with the action^3 1 2g^2 Tr ∫ d^6x F_{μν} D^2F_{μν} . (3)

As was mentioned, the theories like (1, 3) involve ghosts. This paper represents a simple observation concerning the nature of these ghosts. Note first of all that ghosts are not specific for quantum field theory. They are seen also in quantum mechanics. Moreover, the origin of the ghosts is clearly

2A modern paradigm is that the TOE is not a field theory, but rather a version of string theory. However, in spite of intense studies during the last 20 years, we still lack a consistent non–perturbative formulation of the latter.

3Let us comment about the sign in Eqs. (1) (3). In Minkowski space with path integral ∼ ∫ exp{iS_M }, the choice of sign for S_M is a pure convention. We could try to fix it by requiring that, after the usual Euclidean rotation t → −iτ is done, the path integral has the form ∫ exp{−S_E }, where the Euclidean action S_E is positive definite for small fluctuations. This would give the negative signs in Eqs. (1) (3). Unfortunately, we will see that, in supersymmetric higher-derivative models we are about to consider, the Euclidean action cannot be made positive definite: the contributions of the fields of different spin have different signs. Thus, we have done another choice of sign based on the requirement for the Minkowskian highest-time-derivative kinetic term to be positive. In contrast to what happens in conventional theories, it does not change sign after Euclidean rotation.

seen at the classical level. It turns out that interactive dynamic systems with higher derivatives in the lagrangian involve instabilities. When the system is quantized, these instabilities make Hamiltonian non–Hermitean and S– matrix non–unitary (see e.g. a recent discussion in [7]). The instabilities can be, however, of two types: the perturbative malicious instabilities and comparatively benign nonperturbative ones. A perturbative instability is the instability of vacuum with respect to small fluctuations. Whenever it is present, perturbation theory makes little sense, which is troublesome. On the other hand, in a theory involving only benign instabilities, the vacuum state is metastable and problems appear only when the amplitude of the fluctuations reaches some threshold. In the vicinity of vacuum, the classical trajectories are smooth and regular. On the other hand, there is a region in the phase space, where the trajectories become singular. This phenomenon is well known in usual quantum (and classical !) mechanics with a strong attractive potential and is called falling on the center or collapse. Note that processes with black hole formation in conventional Einstein gravity have exactly the same nature.

Most higher-derivative systems have malicious ghosts. However, in the next section we present a classical mechanical model which is quartic in derivatives and involve only benign nonperturbative ghosts. Field theories are discusses in Sect. 3. We show that a theory like (3) is almost benign: the vacuum is stable there with respect to fluctuations with a finite wavelength and is unstable only with respect to certain homogeneous field fluctuations. One can speculate on the relevance of this observation for the inflation scenario. We dwell on a special class of theories, the finite conformal 6D theories. They have many attractive features and make the strongest bid to enjoy a vacuum state that is stable with respect to small fluctuations of the modes with nonzero momenta. (Instability with respect to the fluctuations of the zero-momentum mode is a family feature of all such theories.) Finally, we briefly discuss conformal supergravity and notice that N = 4 conformal supergravity is stable in the linearized approximation.

2 Toy models.

Consider the lagrangian L = 1 2 q̈^2 −

Ω^4 2 q^2 . (4)

The canonical equations of motion for a lagrangian involving second derivatives is

d^2 dt^2 δL δq̈ − d dt δL δq̇ + δL δq = 0 . (5)

For (4) this gives q^{(4)} − Ω^4q = 0. The characteristic equation λ^4 − Ω^4 = 0 has both real and imaginary solutions. The latter give conventional oscillatory solutions and the former — exponential solutions ∼ exp{λt} = exp{±Ωt}. The exponentially rising mode signalizes the instability of the vacuum^4 q = 0 and is a malicious ghost in our terminology.

Consider now another system, L = 1 2 (q̈ + Ω^2q)^2 − α 4 q^4 . (6)

The corresponding equations of motion are ( d^2 dt^2 + Ω^2

)_2 q − αq^3 = 0 . (7)

Note first of all that in the linear approximation, α = 0, the characteristic equation (λ^2 + Ω^2)^2 has degenerate imaginary roots. This may give linearly rising with time solutions, but not exponentially rising ones. The nonlinear term ∝ α brings about instabilities, however. To understand why it does, recall first why in many conventional dynamic nonlinear systems, there is no instability. The point is that the energy integral q̇^2/2 + V (q) represents a sum of the positive definite kinetic term and the potential. If the latter is bounded from below, the kinetic energy is bounded from above and so is |q̇|.

The equation of motion (5) has also a conserved energy integral [8] E = ( q̈ − q̇ d dt ) δL δq̈ + q̇ δL δq̇ − L , (8) 4We have to comment on what vacuum in higher-derivative theories means. In usual theories, classical vacuum is a static solution to the equations of motion with minimal energy. However, we will shortly see that, in higher-derivative theories, the energy functional is not bounded from below (neither it is bounded from above) and vacuum will be simply understood as a static classical solution. In field theories, we will call vacuum a spatially homogeneous static solution.

but this does not restrict the derivatives q̇, q̈, q^{(3)} to be arbitrary high. For the lagrangian (6), the energy is

E = q̈(q̈ + Ω^2q) − q̇(q^{(3)} + Ω^2q̇) − 1 2 (q̈ + Ω^2q)^2 + α 4 q^4 . (9)

There are the terms of different sign and a reachable by classical trajectories corner in the phase space exists, where the derivatives grow exponentially and even much faster than that, reaching singularity in a finite time. This is the collapse phenomenon. Actually, one can just observe this singularity solving the equation (7) with Mathematica. One can formulate a conjecture:

Any nonlinear lagrangian system involving higher derivatives can collapse. In other words, some of the classical trajectories can hit a singularity^5 Our second crucial observation is that though the system can collapse, it does not have to. The equation (7) admits benign regular orbits in the vicinity of the stationary point q = q̇ = q̈ = q^{(3)} = 0. Only fluctuations of large enough amplitude go astray. There is a separatrice between the benign perturbative and the wild nonperturbative regions. If posing the initial conditions

q(0) = c; q̇(0) = q̈(0) = q^{(3)}(0) = 0

and turning the computer on, one can find that the threshold amplitude is c_{crit} ≈ 0.3 Ω^2/ √ α. The dependence on Ω and α follows, of course, from simple scaling arguments.

For illustration, we plotted in Fig.1 the solution to the equation (7) for Ω = α = 1 and q(0) just above c_{crit}. After some quasiharmonic oscillations, the solution finally goes astray and hits the singularity. For q(0) < c_{crit}, it keeps oscillating.

Note that the positive sign of α is crucial for such a restricted stability to take place. If the kinetic and the potential term in the lagrangian have the same sign, the vacuum is always unstable with respect to small fluctuations, though it is not a Lyapunov type of instability, seen for linearized equations.

Another example is L = 1 2 (q̈ + Ω^2q)^2 − β 2 q^2q̇^2 . (10)

5We do not know whether this conjecture can be (or maybe already has been) proven by mathematicians.

Figure 1: Oscillating and collapsing

Also for this system the trajectories are stable, provided β is positive and q(0) ≤ 0.47Ω/ √ β. They collapse for larger values of q(0).

Our final example (important for the future discussion) is L = 1 2 (q̈ + Ω^2q)^2 − α 4 q^4 − β 2 q^2q̇^2 . (11)

The lagrangian involves two kind of nonlinear terms: ∼ q^4 and ∼ q^2q̇^2. We have seen that the system is benign if the nonlinear terms in the lagrangian have opposite sign, compared to the quadratic one. Thus, we expect that the system is benign if both α and β are positive and malicious if both α and β are negative. If α and β have opposite signs, it depends. A phase diagram in the (α, β) plane that reveals benign and malicious regions of parameters is drawn in Fig.2.

3 Field theories.

In the effective theories usually considered, higher-derivative terms in the lagrangian appear as an admixture to the standard kinetic term. If treating such a theory as a fundamental one, ghosts of malicious variety appear. Indeed, consider the lagrangian L = − 1 2 ϕ□ϕ + κ 2 ϕ□^2ϕ − m^2 2 ϕ^2 + interactions . (12)

Figure 2: Benign and malicious parameter regions

The dispersive equation k^2 + κk^4 = m^2 has complex solutions, signalizing vacuum instability. This is true also for the lagrangian ϕ□^2ϕ/2 − m^2ϕ^2/2 involving only the higher-derivative term and the mass term. Consider, however, the massless lagrangian L = 1 2 ϕ□^2ϕ − α 4 ϕ^4 . (13)

If suppressing the interaction term, the dispersive equation (ω^2 −k^2)^2 = 0 has only real solutions as was the case for the model lagrangian (6) without the quartic term. In fact, the interactive lagrangian (6) can be thought of as the field theory lagrangian (13) restricted on a sector with given momentum k.^6 We see that the momentum |k| plays the role of the dimensionful parameter Ω in (6). We have learned that the modes with the amplitude below a threshold, proportional to Ω^2 = k^2, are stable, but there are unstable modes with the amplitude exceeding this threshold. On the other hand, vacuum is unstable with respect to small fluctuations of the constant mode. This is an

6Of course, this is not exact. The lagrangian (13) involves the terms describing interactions between the modes with different momenta. But a qualitative behavior of the two lagrangians is the same.

“almost benign” situation.

There might be certain cosmological implications of this observation. The inflation scenario implies the coherent initial conditions where the constant mode of a certain scalar field has a large nonzero value, while the modes with nonzero momentum are suppressed. It is not trivial, however, to suggest a natural mechanism providing for such coherence. We see that, in the theory (13), the field becomes, indeed, more and more coherent as the instability develops. Of course, very soon this quasicoherent field becomes singular, and the situation is no longer under control.

The lagrangian (13) is massless, but this masslessness is accidental and disappears when radiative corrections are taken into account. Let us ask two questions:

1. Do there exist naturally massless theories with “almost benign” ghosts ? 2. Do there exist theories with exclusively benign ghosts such that vacuum is stable with respect to small fluctuations with all momenta including k = 0 ?

The answer to the first question is positive and to the second — probably negative.

A simple observation is that there is a class of theories where certain scalar v.e.v.’s play the role of momenta and may stabilize the ghosts. Recall what happens in N = 4 SYM theory. It involves six real adjoint scalar fields ϕ_i. The potential ∼ ∑ ij Tr [ϕ_i, ϕ_j ]^2 vanishes if [ϕ_i, ϕ_j ] = 0 for all i, j. This gives an infinite set of classical vacua (the vacuum valley or vacuum moduli space ). Using gauge freedom, all ϕ_i can be put into the Cartan subalgebra. For SU(2) this gives ϕ_i = c_iτ^3 and the valley is parametrized by six real numbers c_i. Supersymmetry dictates that the degeneracy along the valley is not lifted after quantum corrections are taken into account.

The N = 4 SYM theory has the vanishing β function. Thus, classical conformal symmetry is not broken by quantum effects and the theory does not have an intrinsic scale parameter. However, scale parameters are introduced by the dimensionful v.e.v.’s c_i . Recall now that the N = 4 4D SYM theory can be obtained by dimensional reduction from the ten–dimensional one. In ten dimensions, ϕ_i played the role of extra dimensional components of the 10D gauge potential A_M . And we know that gauge potentials “come together” with momenta in the lagrangian.

For sure, N = 4 4D SYM is a standard quadratic theory, not the one we need. Our point is that a six–dimensional quartic in derivatives SYM theory exists whose properties are similar to those of quadratic N = 4 one. In particular,

• It is finite.

• It involves the vacuum valley associated with the v.e.v.’s of scalar fields.

• The theory can be obtained by the dimensional reduction from ten dimensions such that the scalar fields parametrizing the vacuum appear as extra dimensional components of the 10D gauge potential and “come together” with momenta in the lagrangian.

We are talking here about N = 2 (in six-dimensional sense; it gives a N = 4 theory in four dimensions) 6D higher-derivative SYM theory^7. We will describe now how its lagrangian looks like, display the presence of the vacuum valley and argue that β function vanishes there.

Supersymmetric lagrangians are best written in superfield language. Unfortunately, N = 1 6D superfields are more complicated than N = 1 superfields in four dimensions. They are related to N = 2 4D superfields and are best described in harmonic superspace formalism [9]. For D = 6, this was implemented in [10]. Let us, however, think in 4–dimensional terms and write some higher-derivative N = 2 supersymmetric lagrangians in four dimensions. First, let the theory be Abelian. The lagrangian of the pure N = 2 4D photodynamics with higher derivatives is easily written as L = 1 2e^2 ∫ d^8θ W̄W , (14)

where the N = 2 chiral superfield W is expressed via the conventional N = 1 superfields Φ(x_L, θ) and W_α(x_L, θ) as

W(x_L, θ_α, θ̃_α) = Φ + i √ 2θ̃^αW_α − θ̃2 4 D̄^2 Φ̄ . (15)

The component form of the lagrangian is

e^2L = 1 4 F_{μν} □F_{μν} + ϕ̄□^2ϕ − 1 2 D□D − F̄ □F − i(σ_μ)_α˙_β ∑ f =1,2 λ^α_f ∂_μ□λ̄^{β̇}_f . (16)

7To the best of our knowledge, this theory has never been studied. Even conventional 6D supersymmetric gauge theories did not attract an enormous attention of theorists and almost nothing can be found in the literature about higher-derivative 6D theories.

Note that the former auxiliary fields D, F, F̄ become dynamical. The leadingorder kinetic terms for the spin 1 field F_{μν} and for the spin 0 fields D, F, F̄ have the same sign in the Minkowski lagrangian. Note, however, that after Euclidean rotation the signs become different.

The coupling of the gauge sector with the matter hypermultiplet can be written in terms of the analytic superfield q^+(x, θ^+, θ̄^+, u) , where θ^+_α = u^+_i θ^i_α, θ̄^+_α = u^+_i θ̄^i_α and u^+_i , i = 1, 2, are harmonic variables parametrizing CP^1 ≡ S^2. (See [9] for details). For the conventional N = 2 QED, the coupling is written ( cf. Eq.(7.17) of Ref. [9] ) as

L^{N =2}_{matter} = − ∫ du d^4θ^+ ⌣ q^+ ∇^{++}q^+ , (17)

where ∇^{++} = D^{++} + iV^{++}, D^{++} is a harmonic derivative (in a certain, so called central basis it is just D^{++} = u^{+i ∂}_{∂u−i} , u^{−i} being the complex conjugate of −u^+_i ), the “smile” operator ⌣ is a special analiticity preserving conjugation (if q^+ = ϕ^iu^+_i + . . ., then^⌣q^+= ϕ̄_iu^{i+} + . . . ) and V^{++} is an analytic superfield related to N = 2 chiral superfield W roughly in the same way as the N = 1 superfield V relates to W_α. A possible choice for the higher-derivative matter term is

L^{N =2}_{matter}(high der) = − 1 2 ∫ du d^8θ ⌣ q^+ (∇^{−−})^2∇^{++}q^+ , (18)

where ∇^{−−} = D^{−−} + iV^{−−} and V^{−−}(X, u) = ∫ dv V^{++}(X, v) (u^+v^+)^2 . Note that the integral in Eq.(18) is written over the whole superspace, not over its analytic subspace and this gives extra dimension ∼ m^2, provided by the box operator in the component language. Note also that a more simple trial expression for the action

L^{N =2}_{matter} ∼ ∫ du d^8θ ⌣ q^+ ∇^{−−}q^+ , (19)

would not work as such. Indeed, the kinetic part of (19) just vanishes (cf. Eq.(8.78) of Ref. [9]): ∫ d^8θ ⌣ q^+ D^{−−} q^+ = ∫ d^4θ^+(D^+)^2(D̄^+ )^2 ⌣ q^+ D^{−−} q^+ = 0 due to analiticity of q^+ and^⌣q^+, D^+_α q^+ = D̄^+_{α̇} q^+ = D^+_α^⌣q^+= D̄^+_{α̇}^⌣q^+= 0, and to commutation relations

[D^+_α , D^{−−}] = D^−_α , {D^+_α , D^−_β } = 0 .

The interaction term in Eq.(19) does not vanish, however. We will show in Ref. [11] that the requirement for the action to be conformally invariant distinguishes a certain linear combination of Eq.(18), Eq.(19) and of the terms involving higher powers of harmonic derivatives: calL = ∫ du d^8θ ∑ n=0 c_n ⌣ q^+ (∇^{−−})^{n+1}(∇^{++})^nq^+ (20)

Adding (14) and (20) and lifting this up to 6 dimensions (one can do it at the component level or else use the formalism of Ref. [10] to obtain the explicit 6D harmonic superspace expressions [11] ) , one obtains an Abelian 6D gauge theory with dimensionless coupling. Its perturbative properties are similar to those of the conventional QED. It is renormalizable. The one–loop renormalization of the effective charge is^8 1 e^2(μ) = 1 e^2_0 + c 64π^3 ln Λ μ . (21)

It is not so trivial to write down in superfields a non-Abelian N = 2 4D higher-derivative theory. The problem is that, in non–Abelian case, the superfield W is not gauge invariant, but transforms as W → e^{iΛ}We^{−iΛ} and W̄ → e^{iΛ̄}W̄e^{−iΛ̄} . A naive generalization of (14) with W̄W → Tr {¯ WW } is not gauge invariant.

To make it gauge invariant, one should introduce the “bridge” superfield b which is transformed as e^{ib} → e^{iΛ}e^{ib}e^{−iΛ̄} and write L = 1 g^2 Tr ∫ d^8θ {¯ We^{−ib}We^{ib} } . (22)

8The calculation of the numerical coefficient c is under way now. A positive sign of c corresponds to the Landau pole situation and negative to asymptotic freedom. Very preliminary results [11] suggest that the second possibility is realized.

In N = 1 case, this bridge is none other than the vector superfield V . In N = 2 case, we meet a problem that no simple explicit expression of the bridge via the harmonic potential V^{++} is known.^9

Anyway, the theory exists and can be explicitly written in terms of N = 1 superfields and in components. The part of the action depending only on N = 1 gauge superfields has the form i g^2

(σ_μ)_α˙_βTr ∫ d^4θ { e^V W^αe^{−V} ∇_μW̄^{β̇} } , (23)

where W_α = (1/8)D̄^2 ( e^{−V} D_αe^V ) and ∇_μ = − i 4 (σ̄_μ)^{β̇α} [ e^{−V} D_αe^V D̄˙_β + D̄˙_β ( e^{−V} D_αe^V )] is the covariant derivative. Lifting this up to 6D, we obtain a renormalizable theory with dimensionless coupling constant. In contrast to the Abelian 6D theory considered above and very much similar to what is known for 4D non-Abelian gauge theories, the non-Abelian 6D N = 1 theory is asymptotically free. We have not yet calculated the β function accurately, but rather suggestive arguments lead to the following result for the effective coupling 1 g^2(μ) = 1 g^2_0 − c 32π^3 ln Λ μ (24)

with the same coefficient c as in Eq.(21) (we restrict ourselves by the SU(2) case).

They are based on the analogies with what is known for 4D theories. Probably, the simplest way to calculate the β function in the ordinary 4D SYM theory is to use the supersymmetric background field technique [12]. Fixing the gauge in supersymmetric way brings about three adjoint chiral ghost multiplets. Two of them have nontrivial interactions with the quantum fields, while the third one (the Nielsen-Kallosh ghost [13] ) is sterile in the quantum sense. But all three ghosts interact with the background field in the same way as usual matter chiral multiplets, only the sign of their contribution to the effective action is negative due to their ghost nature. And this is the only contribution as the loop of quantum vector superfield vanishes in this formalism. This gives the coefficient −3 in the N = 1 theory in SQED units.

9The problem is there in 4D, but, remarkably, an explicit superfield expression for the higher-derivative action can be written in six dimensions [11].

The N = 2 theory involves an extra ordinary adjoint chiral multiplet, which gives −3 + 1 = −2. The N = 4 theory involves three such multiplets and −3 + 3 makes zero.

The N = 2 and N = 4 theories can also be described in the language of N = 2 harmonic superfields. The N = 4 theory involves the gauge supermultiplet coupled to an adjoint matter hypermultiplet. The corresponding background field formalism was developed in [14]. Also in this case the contribution of the quantum gauge superfield loop vanishes. Also in this case, three ghost hypermultiplets: two Faddeev-Popov ghosts and the third Nielsen-Kallosh one, appear and contribute in the one-loop effective action. The difference with the N = 1 case is that the NK ghost is now bosonic rather than fermionic and it contributes to S^{eff} with the same sign as the usual matter hypermultiplet. In N = 2 theory, the contribution is 2[(−2)_{FP} + 1_{NK} ] = −2 in Abelian units. The total N = 4 contribution is proportional to (−2)_{FP} + 1_{NK} + 1_{MAT} = 0.

Unfortunately, an adequate background field supergraph technique in six dimensions has not been developed yet even for ordinary SYM theories, not speaking of higher-derivative ones. Still, one can suppose that this can be done. By analogy with N = 2 4D SYM, the full lagrangian should involve two fermionic Faddeev-Popov and one bosonic Nielsen-Kallosh ghost hypermultiplets, and the net contribution to S_{eff} in 6D N = 1 theory should coincide with the contribution of an adjoint hypermultiplet with the opposite sign. This gives the result (24).

Let us couple now this theory to an ordinary adjoint matter hypermultiplet. The β function should vanish in this case. Such a theory should enjoy extended N = 2 supersymmetry (in the 6D sense) and should be liftable up to ten dimensions (note that the hypermutiplet has 4 real scalar degrees of freedom for each color index and that 6 + 4 = 10) so that scalar fields enter the lagrangian in the same way as the components of the vector potential. One can conjecture that the extended supersymmetry entails a nonrenormalization theorem, killing higher-loop contributions to the β function. As a result, the theory is finite.

This theory involves a vacuum valley. Indeed, by 10D gauge invariance, the part of the lagrangian depending on the bosonic gauge field A_M should have the form

g^2L_{bos} = 1 2 Tr { F_{M N} D^2F_{M N} } + iγTr {F_{M N} F_{N P} F_{P M} } , (25)

M, N, P = 0, 1, . . . , 9 are 10–dimensional indices. The parameter γ can be fixed by restricting M, N, P = 0, 1, 2, 3 and comparing (25) with the component expansion of (23). We find γ = 2. Consider now the potential part of the lagrangian (25) in the scalar sector M, N, P = 6, 7, 8, 9,

g^2V_{scalar} = − 1 2 Tr {[A_P , [A_M , A_N ]][A_P , [A_M , A_N ]]}

−2 Tr {[A_M , A_N ][A_N , A_P ][A_P , A_M ]} . (26)

We see that the static equations of motion δV/δA_N = 0 is satisfied, provided [A_M , A_N ] = 0 for all M, N = 6, 7, 8, 9. Thus, the vacuum moduli space is characterized by adjoint scalars living in the Cartan subalgebra of the Lie algebra, the situation familiar from the ordinary SYM studies. Note that the presence of the second term is important here. One would obtain without it some extra exotic valleys, like A_{6,7,8} = cτ^{1,2,3}, A_9 = 0.

Now let vacuum be chosen (for SU(2)) as A_M = c_M τ^3 and consider small fluctuations on this background. Our main point is that nonzero expectation values c_M of vacuum scalars enter the lagrangian in the same way as the parameter Ω enters the lagrangian (6). One can illustrate this on a model example. Consider the 2D lagrangian L = 1 4 F_{μν} □F_{μν} + ϕ̄ [ (∂_μ − iA_μ)^2

]_2 ϕ (27)

and reduce it to 0+1 dimensions. By a gauge transformation, A_0 can be brought to zero. After this, a nonzero expectation value of A_1 enters the reduced lagrangian exactly in the same way as Ω in Eq.(6).

For the actual lagrangian of interest (25), the situation is roughly the same. Let us expand A^a_N = c_N δ^{3a} + Φ^a_N , where c_N δ^{3a} is the classical vacuum field, gauge-rotated along the third color axis, and Φ^a_N is the quantum fluctuation. To make the latter a genuine “fast” quantum fluctuation, which is charged with respect to the background and is not reduced to shifting the moduli variable c_N or gauge rotation, the constraints Φ^3_N = 0, c_N Φ^a_N = 0 have to be imposed (see e.g. [15]).

Consider only the zero momentum mode of Φ^a_N (we have seen that the zero mode is more viable to be unstable than the others). The quadratic in Φ^a_N part of the lagrangian has the form 1 2g^2 Φ [ d^2 dt^2 + C^2

]_2 Φ , as in the toy model above.

Thus, linearized equations of motion are benign, they invoke no instability. It is not so easy to see, however, whether the full nonlinear theory is stable or not. At the level ∼ Φ^4, there are different terms, some of which involve a couple of extra time derivatives. Besides, there are the terms ∼ Φ^6. Different terms enter with different signs and only a special study [like the one we performed for the toy model (11) ] can determine whether the system exhibits the benign or malicious behavior. We are laying our bets on the first, benign option.

Up to now, we only discussed the dynamics of fast charged fluctuations. The theory involves, however, also neutral fields, which do not interact with the v.e.v.’s. There is no reason to believe that the zero modes of these fields would not grow. In all probability, they would. Let us consider the following model lagrangian L = 1 2 (q̈ + y^2q)^2 + 1 2 ÿ^2 − 1 4 q^4 . (28)

We have just substituted the constant Ω in (6) by the dynamic variable y(t) and added the higher-derivative kinetic term for this variable. The potential part of the lagrangian (28) vanishes if q = 0, y = anything, which simulates the vacuum valley of the real lagrangian. The equations of motion are

q^{(4)} + 2y^2q̈ + 2(ẏ^2 + yÿ)q + 4yẏq̇ + y^4q − q^3 = 0 , y^{(4)} + 2yqq̈ + 2y^3q^2 = 0 (29)

The numerical solutions to these equations with initial conditions

y(0) = 1, ẏ(0) = ÿ(0) = y^{(3)} = 0; q(0) = 0.1, q̇(0) = q̈(0) = q^{(3)} = 0 (30)

are shown in Fig.3. We see that the “charged” variable q does not grow while instability with respect to drifting along the valley is present, indeed. It shows up however small the initial value q(0) is. Only the zero mode of the valley scalar field grows and this again could be associated with inflation. But as we are in six dimensions now, we do not dare to speculate further in this direction. Note that this instability does not spoil the unitarity of the scattering matrix. Asymptotic states have always nonzero momenta and the absence of instabilities with respect to small perturbations in this sector means that the dispersion law for the asymptotic states has a normal form

Figure 3: q(t) and y(t) for the system (29) with the initial conditions (30).

with only real solutions for the energies. There are no malicious ghosts !^{10} Bearing in mind this and renormalizability of the theory, one can conclude that perturbation theory is absolutely OK there. The problems associated with the growth of the zero “inflationary” mode and with the danger of collapse due to large nonperturbative perturbations remain. But,

10A tacit assumption here was that the physical asymptotic states coincide with the states extracted from the fundamental lagrangian. This is the place where the finiteness of our theory is used. We know that an asymptotically free theory, like (22), involves dimensional transmutation and confinement phenomenon. In this case, it is not quite clear for us whether the benign nature of ghosts can be preserved.

as was mentioned before, the latter is an intrinsic problem for any theory that includes gravity, and we do not pretend to know how to solve it.

We started this article with discussing higher-derivative gravity in four dimensions, in particular, conformal supergravity. It is natural to ask now whether our mechanism for taming the ghosts works there, as it works in higher-derivative 6D SYM. The finite N = 4 conformal supergravity involves the gravity supermultiplet coupled to the N = 4 SYM multiplet. There are vacuum valleys associated with the scalars from SYM supermultiplet and also the valleys associated with certain scalar superpartners E_{(ij)} (i, j = 1, . . . , 4 is the SUSY flavour index) to the graviton. Nonzero vacuum expectation values of these scalars provide for the induced Einstein term ∼ R in the action.^{11} On the other hand, the cosmological term is not generated. Indeed, a nonzero induced cosmological term would mean a nontrivial potential along the valley. The whole point, however, is that such potential is absent.

If we choose the positive sign of the Weyl term C^2_{μνρσ} in the Minkowski action, the scalars E enter with the usual sign ∼ (∂_μE)^2. The fields E couple to the metric in a conformally invariant way ∼ 1 2 (∂_μE)^2 − 1 12 RE^2 . We see that a nonzero vacuum expectation value ⟨E⟩ generates the Einstein term with the negative coefficient [1]. The expectation values of the scalar superpartners of SYM gauge fields also give a negative contribution to the effective Einstein constant. In other words, the effective lagrangian in the gravity sector is L_{grav} ∼ C^2_{μνρλ} − κ^2R. The corresponding dispersive equation p^2(p^2 − κ^2/2) = 0 has only real solutions and the linearized theory is benign ! One notices that the negative coefficient of R is crucial here. The theory C^2 + κ^2R would be badly malicious.

Of course, a negative gravity constant is not what one observes in experiment. Apples fall down to Earth rather than fly up to sky. In principle, this can be handled by reversing the overall sign of the lagrangian, which is a pure convention. The price one has to pay for that is rather high, however: all usual spin 0 and spin 1 fields become ghosts (see [1] for more detailed

11Here the Einstein term appears at the classical level. Long time ago Sakharov noticed that the Einstein term in the effective action is induced in large class of theories if taking loops into account [16]. In particular, it is generated in higher-derivative gravity and conformal supergravity [17].

discussion). Thus, a direct phenomenological relevance of the finite N = 4 conformal supergravity is not yet clear.

Leaving aside phenomenology, a legitimate question to ask is whether the N = 4 conformal supergravity is benign or malicious, whether the vacuum is stable or not there with respect to small spatially-dependent fluctuations of the metric. To answer this, one should study again the full nonlinear classical field equations in the vicinity of the vacuum. It is not a simple but feasible study.

4 Conclusions.

Our main observations are the following.

1. All the trouble associated with ghosts is clearly seen at the classical level. It suffices to study classical equations of motion to understand whether the trouble is serious or it can be cured, and to what extent.

2. We have constructed toy mechanical higher-derivative models where this trouble is present in a weakened benign form: vacuum is stable with respect to small perturbations, thereby perturbation theory is well defined, but, being shaken by a large perturbation, the system might collapse.

3. We argued that certain finite higher-derivative field theories, involving nontrivial vacuum moduli spaces, namely, the 6D N = 2 higherderivative SYM theory and maybe also a finite version of 4D N = 4 conformal supergravity, have similar properties. They are stable with respect to small perturbations with nonzero momenta. If so, this makes perturbation theory in these theories perfectly well defined. In particular, S-matrix is unitary order by order.

4. These theories always involve, however, instability of certain zero-momentum field modes associated with drifting along the vacuum valley. Large coherent field thereby produced is a prerequisit for inflation and one can speculate that the physical inflation is, indeed, associated with such an instability in a higher-derivative theory.

Is the TOE a form of higher-derivative field theory, indeed ? We do not know, but maybe it is. We would sound more enthusiastically if the theories discussed in this paper could be consistently formulated in Euclidean space. Unfortunately, for supersymmetric higher-derivative theories, this is not the case. Their Euclidean action involves the terms of different sign. This is true for 6D SYM [see Eq.(16)], this is true for conformal supergravity, and this seems to be a family feature of all such theories. In other words, a sensible nonperturbative definition of path integral in these theories is absent.

On the other hand, purely bosonic higher-derivative theories with positive definite Euclidean action exist. Such is the pure Weyl gravity. The Euclidean action of the toy model (10) is also positive definite (as is written, it is rather negative definite, but this can be fixed by reversing the overall sign of the lagrangian). The model (10) suffers from collapse, but all Euclidean correlators are well defined there and the consistent nonperturbative quantum theory, based on the lagrangian (10), can probably be constructed. We are not ready, however, to discard supersymmetry as a guiding principle for TOE. In particular, the mechanism for eradicating the malicious nature of ghosts studied in this paper depends crucially on supersymmetry. Nonsupersymmetric theories are not finite, vacuum valleys are distorted there by quantum correction, etc

The last remark is that the conformal 6D N = 2 theory considered in Sect.3 has an additional nice feature. Assuming, as we did when writing (25), that the bosonic part of the action can be obtained from the action of the 6D N = 1 theory by lifting it to 10 dimensions (to derive accurately (25) in the framework of the 6D superfield formalism it is a separate not yet solved problem), one can be convinced [11] that familiar BPS monopole configurations (they represent 2-branes being localized in three dimensions and not depending on two remaining spatial coordinates) satisfy the equations of motion. A new remarkable feature compared to what is known for 4D extended SYM theories is that the energy density of such a brane vanishes identically. If thinking about this brane as of a (2+1)-dimensional Universe, zero energy density implies the zero value for the induced cosmological term in this Universe ! For sure, we live in the (3+1)-dimensional Universe, not (2+1) dimensional one and the model we are discussing is not phenomenologically acceptable, but one can still speculate that the absence (or a very small value) of the cosmological term in our Universe might have a similar explanation.^{12}

12Another wild speculation is the following. Suppose that for some reason only the first term of the potential (26) is present and the second is not. Then, as was mentioned, a

One thing is quite clear: more work in this direction is necessary. I am indebted to E. Ivanov and A. Tseytlin for illuminating discussions and many valuable remarks before and after reading the manuscript and to I. Buchbinder for very useful comments.

References

[1] E.S. Fradkin and A.A. Tseytlin, Phys. Repts. 119, 233 (1985), and references therein.

[2] A.V. Smilga, Nucl. Phys. B234, 402 (1984).

[3] A.V. Smilga, Phys. Atom. Nuclei 66 2092 (2003) [hep-th/0212033].

[4] N. Berkovits and E. Witten, Conformal Supergravity in Twistor-String Theory, hep-th/0406051.

[5] See e.g. S. Hawking, Comm. Math. Phys. 87, 395 (1982); C.J. Isham, Canonical Quantum Gravity and the Problem of Time, gr-qc/9210011, published in the Proceedings of GIFT Int. Seminar on Theor. Physics, Salamanca, 15-27 June, 1992; A. Carlini and I.D. Novikov, Int. J. Phys. D5, 445 (1996) [gr-qc/9607063].

[6] it was expressed first in [V.A. Rubakov and M.E. Shaposhnikov, Phys.

Lett. B125 (1983) 136].

[7] S. Hawking and T. Hertog, Phys. Rev. D65:103515 (2002) [hep-th/0107088].

[8] M. Ostrogradsky, Mem. Ac. St. Petersburg VI 4 385 (1850).

[9] A.S. Galperin, E.A. Ivanov, V.I. Ogievetsky and E. Sokatchev, Harmonic superspace, Cambridge, 2001.

[10] B.M. Zupnik, Yad. Fiz. 48 (1986) 794.

[11] E.A. Ivanov, A.V. Smilga, B.M. Zupnik, in preparation.

new non-Abelian scalar vacuum valley like A_{6,7,8} = cτ^{1,2,3} is present. In such a case, π_1 of the corresponding coset is nontrivial and Abrikosov string solutions might exist [18]. These strings become 4D branes in the 6D bulk [19]...

[12] S.J. Gates, Jr., M.T. Grisaru, M. Roĉek and W. Siegel, Superspace:

or 1001 lessons in supersymmetry, Frontiers in physics: v.58 (Benjamin/Cummings, 1983) [hep-th/0108200].

[13] N.K. Nielsen, Nucl. Phys. B140, 499 (1978); R.E. Kallosh, Nucl. Phys.

B141, 141 (1978).

[14] I.L. Buchbinder, E.L. Buchbinder, S.M. Kuzenko and B.A. Ovrut, Phys.

Lett. B417 61 (1998) [hep-th/9704214].

[15] A.V. Smilga, Super-Yang-Mills Quantum Mechanics and Supermembrane Spectrum, in Proc. Int. Workshop on Supermembranes and Physics in 2+1 - dimensions (Trieste, July, 1989), eds. M.J. Duff, C.N. Pope and E. Sezgin, (World Scientific, 1990).

[16] A.D. Sakharov, Sov. Phys. Doklady 12, 1040 (1968).

[17] A.V. Smilga, Spontaneous Generation of the Newton Constant in a Renormalisable Gravity Theory, preprint ITEP-63-1982, published in “Zvenigorod 1982, Proceedings, Group theoretical methods in physics, v.2, p.73”;

S. Adler, Rev. Mod. Phys. 54, 729 (1982).

[18] V. Markov, A. Marshakov and A. Yung, Non-Abelian vortices in N = 1^∗ gauge theory, hep-th/0408235.

[19] J. Hughes, J. Liu and J. Polchinski, Phys. Lett. B180 (1986) 370.