arXiv:hep-th/0407238 v2 20 Sep 2004

FTUV–04-0727 IFIC–04–39 July 27, 2004

Spacetime scale-invariant super-p-brane actions on enlarged superspaces and the geometry of κ-symmetry

José A. de Azcárraga^{†a}, José M. Izquierdo^{‡b}, C. Miquel-Espanya^{† c}

† Departamento de Física Teórica and IFIC (Centro Mixto CSIC-UVEG), 46100-Burjassot (Valencia) Spain

‡ Departamento de Física Teórica, Facultad de Ciencias, E-47011-Valladolid, Spain

Abstract

We use the additional variables of suitably enlarged superspaces to write new actions for extended objects, with κ-symmetry, in such a way that the tension emerges from them as an integration constant. Our actions correspond to the spacetime scale-invariant ones previously considered by Bergshoeff et al. once the worldvolume forms introduced there are reinterpreted in terms of fields associated with the coordinates of the enlarged superspaces. It is shown that the κ-symmetry of the new actions is given by a certain type of right local transformations of the extended superspace groups. Further, we also show that the enlarged superspaces that allow for strictly invariant Wess-Zumino terms also lead to strict κ-invariance i.e., the Lagrangian itself (not only the action) is both supersymmetry- and κ-invariant.

a E-mail: j.a.de.azcarraga@ific.uv.es
bE-mail: izquierd@fta.uva.es
cE-mail: Cesar.Miquel@ific.uv.es

1 Introduction

Super-p-brane actions in rigid superspace contain a kinetic term, that supersymmetrizes the Nambu-Goto-Dirac action, plus a Wess-Zumino (WZ) term. This last is the integral of a supersymmetry quasi-invariant Lagrangian (i.e., invariant but for a total derivative) [1, 2]. The WZ term has to be present, with the appropriate normalization factor, for the complete action to be invariant under κ-symmetry (see [1] for a general analysis). The quasi-invariance of the WZ terms leads to central terms in the algebra of charge densities and to topological ‘central’ charges [3]^1(in connection with super-p-brane charges, see also [5, 6, 7, 8, 9]). These charges bypass Witten’s ‘no-go’ theorem [10] and allow for the partial breaking of rigid supersymmetry (PBRS) [11], as implied by the presence of κ-symmetry: WZ terms, κ-invariance of the action and PBRS are all related. In fact, it is possible to see all these phenomena already for the massive superparticle in [12] which, due to its WZ term, is the p = 0 analogue [13, 14] of the super-p-branes [1]; their tension T , of dimensions [T ]=ML^{−p} (c=1), corresponds to the superparticle mass m for p = 0, and one might rather write T (p) for T with T (0) = m. Furthermore, the appearance of the central mass term in the algebra of Noether charges [12] constitutes the simplest example of the classical ‘anomalies’ that are present in the higher p superbrane case, where T enters [15]. Notice, nevertheless, that the properties of the κ-symmetry of the scalar branes [1] and of the massive superparticle [12, 13] are different in so far as this last allows for a covariant fixing of κ-symmetry (as for other D-branes see [16, 17, 18]).

The WZ term of the massive superparticle may be written in a strictly invariant form^2 (see [19]) by using a new coordinate that corresponds to the central generator of the, say, D = 4, N = 2 supersymmetry, the mass being the central charge. This is seen to be equivalent to the reverse of the dimensional reduction procedure that may be used to obtain the massive superparticle action from that of the massless superparticle, the mass appearing as the integration constant that fixes the value of the extra momentum component. For the scalar super-p-branes one may also obtain invariant WZ terms [20, 7] by using suitable extensions^3 Σ̃ of the standard superspaces Σ [7]. Moreover, for all p ≥ 0 cases one may find that the contribution to the Noether charges resulting from the quasi-invariance of the original WZ terms, responsible for the topological charges [3], is provided by that coming from the additional extended superspace group variables once the WZ terms become invariant. Both contributions are equal, but have a different origin: one results from the quasi-invariance, the other from the additional variables that make the WZ terms invariant under the extended symmetry group. This reflects the connection between the quasi-invariance of the Lagrangians under symmetry groups and their (central) extensions (see also [19] for the general theory).

However, in spite of the above similarities with the massive superparticle, the derivation of the string or of a higher p superbrane action from a scale-invariant one, where T does not enter, is more involved since p ≠ 0. Indeed, for p ≥ 1 it is not obvious how to derive by dimensional reduction the super-p-brane action from that of a null p-brane in such a way

1 The p-brane WZ terms are associated [4] with p + 2-cocycles on the standard graded translations algebra, and therefore produce extensions of the superalgebra of (p-dimensional) charge densities that have to be integrated (central extensions of the algebras of charges are directly produced by two-cocycles, the p=0 case).

2 In spite of being a somewhat self-contradicting terminology, we still refer to these invariant terms as WZ terms._3

Throughout this paper the word ‘extension’ is used in its (super)group/algebra extension theory meaning, not in a ‘N-extended’ supersymmetry sense.

that the tension appears as an integration constant. Two possible solutions to this problem were put forward in the past. The first [21] introduced a new variable x_∗(τ) depending on the first of the coordinates ξ = (τ, σ^i), i = 1, . . ., p of the worldvolume W, playing the role of the extra variable of the particle case. The second [22, 23] (see [24] for D-branes and also [25, 26]) avoided using variables not locally defined on the worldvolume, but was based on the introduction of an independent p-form gauge potential A(ξ), directly defined on W, such that the variation of its field strength dA(ξ) cancels exactly the variation of the WZ part of the Lagrangian. In both cases spacetime scale-invariant actions were written in such a way that the tension arose as an integration constant.

In this paper we present a third possibility, although related to the second case above. We construct new rigid superspace actions for p = 1, 2 (although there is no obstacle for higher p) by adding worldvolume fields associated with the extra variables of suitably extended superspace groups, generically denoted Σ̃. In this way, we adhere to the enlarged superspace variables/worldvolume fields correspondence principle for superbranes [7], by which all branes worldvolume fields (and not only x^μ(ξ), θ^α(ξ)) originate from the (enlarged) superspace Σ̃ variables i.e., are obtained from pull-backs by the map ϕ : W → Σ̃ that locates the p-brane worldvolume in the enlarged superspace^4. The rigid superspace Σ̃ is the group manifold of an extension of the standard supersymmetry group Σ that is in general non-central (except in the case of the string Green algebra [29]) and that contains new odd, spinorial generators. These extended superspace group manifolds Σ̃ (see [7, 20]) trivialize the Chevalley-Eilenberg (CE) cohomology (p+2)−cocycles on the ordinary supersymmetry algebra that characterize [4] the quasi-invariant WZ terms of the scalar super-p-branes [1], making Lie (super)algebras [20] of the original free differential algebras. The new actions also reduce to the ordinary super-p-brane actions when the field equations of the additional superspace variables, that appear only in the WZ term (see also [7] for other cases), are used. They may be seen to correspond to those in [22, 23] once the worldvolume p-form A(ξ) introduced there is expressed as the pull-back of a p-form on the appropriate enlarged superspace, much in the same way that the world-volume Born-Infeld fields of the D-branes, directly introduced in their actions, may be obtained from forms on suitably enlarged superspaces [7, 30] (for an analysis of the D-p-brane Noether charges see [5, 6, 24, 7]). The above fact is perhaps not surprising because for p = 1 the actions of [23] can be written in a Born-Infeld form, and the relation of dA there with the invariant form F , F = dA − b, where db = dF is also invariant (and a CE cocycle), is that of a Born-Infeld field^5.

It was early noticed that the fermionic gauge symmetry found in [12] for the massive and in [34] for the massless superparticle (p = 0) cases, called κ-symmetry, had its origin in a kind of ‘right’ local supersymmetry transformation (with one-half spinor independent parameters). This was exhibited [12, 13, 15] by the fact that the fermionic constraints of the super-p-branes (half of which are first class, generating the local fermionic invariance that removes the unphysical fermionic degrees of freedom) correspond to supercovariant derivatives (the

4 The idea of a ‘fundamental symmetry between coordinates and fields’ is explicitly stated in Berezin [27] and is implicit in earlier work of D. V. Volkov; see also [28].

5 There are other examples where fields introduced initially ‘by hand’ find an interpretation in terms of variables of a suitably enlarged superspace, as that of the three-form A3(x) field of D = 11 supergravity [31, 32, 33], that support the idea of an extended superspace variables/fields correspondence. That the three form A3 can be ‘trivialized’ is not surprising: the D = 11 supermembrane WZ term is the pull-back to W of the potential of the (CE four-cocycle on superspace) dA3, and we know that the WZ terms may be trivialized on extended superspaces. The above [32, 33] trivializations are, however, different.

”D’s”) that generate the right supersymmetry transformations (see [35]), a fact also seen in [36] for the p=0 case and considered in a general framework in [37] for super-p-branes. Another treatment of κ-symmetry was given in a twistor-like doubly supersymmetry formulation of the massless superparticle action [38], in which κ-symmetry was identified with proper time (worldline) supersymmetry. This was extended to super-p-branes (see, e.g. [26]) in the superembedding approach (see [39] and [40] for a review and further references.). Here we exhibit the geometrical character of κ-symmetry as right local transformations when enlarged superspaces Σ̃ are considered. We shall devote a special attention to the role and definition of κ-transformations for the new actions on these enlarged superspaces (explicitly for p = 0, 1, 2). It will be shown that these actions have both strict supersymmetry and κ-symmetry, the latter being given in terms of the standard one-half spinor local transformations ϵ(κ) plus additional local bosonic b(κ)-translations.

The paper is organized as follows. In Sec. 2 we first review the massive particle case and consider in Sec. 2.2 an action in the first order formalism (which is actually that of a massless superparticle in one more dimension) defined on the superspace of a centrally extended supersymmetry algebra, to recall how the mass appears. In Secs. 3 and 4 we consider the p = 1, 2 super-p-brane actions in enlarged superspaces Σ̃ on which the Wess- Zumino terms are strictly invariant under supersymmetry. We rewrite them as counterparts of the first order action of the superparticle, suitable for our purposes, and then present in Secs. 3.2 and 4.2 new actions for p = 1 and p = 2 respectively in a way analogous to the p = 0 case. Next we show in Secs. 3.3 and 4.3 that these actions are κ-invariant, and study the geometry of the κ-symmetry transformations, both fermionic and bosonic, in the context of the extended supersymmetry groups.

We note that all considerations in this paper are made for actions on rigid superspaces which, in that case, are supergroup manifolds. For supergravity backgrounds (curved superspaces), κ-transformations may be related to one-half of the fermionic general coordinate transformations of standard superspace (pulled-back to the worldvolume) preserved by the brane action. The group-theoretical structure appears there when the supergravity constraints describing the standard rigid superspace are considered. We shall not discuss this here and refer instead to e.g. [41] and references therein, where the local symmetries of the dynamical supergravity-superbrane interacting system are also considered.

2 The massive superparticle and its κ-symmetry

2.1 The massive superparticle action with invariant WZ term

The action for the massive superparticle [12] is I = ∫ dτ{−m √ −ω_μω^μ + λϵ_{IJ} C_{αβ}θ^α_I θ̇^β_J } (1) where m is the mass of the particle, I = 1, 2 (N=2), ϵ_{IJ} = −ϵ_{JI} , ϵ_{12} = 1, θ_I are Majorana spinors, ω_μ is given by ω_μ = ẋ_μ + θ^α_I (CΓ_μ)_{αβ}θ̇^β_I (2)

and λ is fixed so that the action has the required κ-invariance [12, 13, 36]; we use mostly plus signature. The key feature of the WZ term in (1) is that it is the worldline expression of the superspace quasi-invariant one-form ϵ_{IJ} C_{αβ}θ^α_I dθ^β_J , the differential of which, ϵ_{IJ} C_{αβ}dθ^α_I ∧ dθ^β_J , is a non-trivial two-cocycle^6 (here, for the N=2 supersymmetry algebra cohomology; we shall omit wedge products henceforth). By construction, the potential WZ one-form ϵ_{IJ} C_{αβ}θ^α_I dθ^β_J cannot be an exact differential. This non-trivial two-cocycle property [12] is the property that determines all massive superparticle (0-brane) actions in any dimension D, much in the same way as the non-trivial higher order CE cocycles characterize [4] (see also [7]) other p > 0 branes. For instance, for D = 4 the charge conjugation matrix C is antisymmetric, and the bilinears θ̄_1θ_2, θ̄_1γ^5θ_2, where θ_{1,2} are Majorana spinors, are symmetric under the exchange 1↔2. This is already sufficient to discard mθ̄θ̇, mθ̄γ^5θ̇ as N=1, D=4, p=0 WZ terms (they are total derivatives). Hence a N=2 superspace was used for the original massive superparticle action with WZ term [12] since it was specifically written for D = 4. In contrast, since C is symmetric for D=9, md̄θdθ is a non-trivial two-cocycle and mθ̄θ̇ a suitable N=1, D=9 massive superparticle WZ term. Similarly, in the D=10, IIA case, θ is a Majorana spinor made out of two Majorana-Weyl ones of opposite chirality and θ̄_1γ^{11}θ_2 is antisymmetric; hence, md̄θγ^{11}dθ is a non-trivial two-cocycle and mθ̄γ^{11}θ̇ the D=10, IIA massive superparticle (actually, a D0-brane) WZ term. All other cases follow analogously.

To look for the value of λ in the action (1) we shall first introduce a new coordinate φ in such a way that the second (WZ) term in (1) becomes invariant. The action (1) is built using the pull-backs of the left-invariant Maurer-Cartan (MC) one-forms, Π^μ ≡ dx^μ +θ^α_I (CΓ^μ)_{αβ}dθ^β_I and Π^α_I ≡ dθ^α_I , defined on N = 2 superspace Σ^2, to the particle worldline. These forms satisfy the MC equations of the standard N = 2 supersymmetry algebra

dΠ^α_I = 0 , dΠ^μ = Π^α_I (CΓ^μ)_{αβ}Π^β_I (I = 1, 2) . (3)

This superalgebra can be centrally extended, a fact that is equivalent to the existence of a closed invariant two-form on Σ^2, Ω_2 = ϵ_{IJ} C_{αβ}Π^α_I Π^β_J , which is not the exterior differential of a left-invariant one-form. However, its quasi-invariant potential one-form ϵ_{IJ} C_{αβ}θ^α_I Π^β_J can be supplemented with a piece dφ in such a way that the transformation properties of φ make the resulting one-form left-invariant. In this way, a larger superspace group (a central extension of the N = 2 superspace) is defined, on which the one-form Π^φ ≡ dφ+ϵ_{IJ} C_{αβ}θ^α_I Π^β_J , dΠ^φ = Ω_2, is the MC form associated with the central charge coordinate φ of the N = 2 enlarged superspace Σ̃^2. The one-form Π^φ can be pulled back to the worldline to define an invariant WZ term for the massive superparticle: I = ∫ dτ{−m √ −ω_μω^μ + λω^φ} (4)

where ϕ^∗(Π^φ) ≡ ϕ^∗(dφ + ϵ_{IJ} C_{αβ}θ^α_I Π^β_J ) = (φ̇ + ϵ_{IJ} C_{αβ}θ^α_I θ̇^β_J )dτ ≡ ω^φdτ . (5)

It is easy to see here that κ-symmetry is a right local supersymmetry translation depending of one-half of the parameters. The MC forms Π^α, Π^μ of (3) and Π^φ of (5) are all left-invariant under rigid extended supersymmetry transformations. Under right local transformations, the MC forms transform as gauge fields. Indeed, the canonical left-invariant form on a Lie group G, g^{−1}dg = ω^i ∘ T_i (where T_i is a basis of G), transforms under local right translations h of coordinates h^i as g^{−1}dg −→ (gh)^{−1}d(gh) = h^{−1}(g^{−1}dg)h + h^{−1}dh , (6) 6 A non-trivial (p+2)-cocycle is given by a closed and left-invariant (p+2)-form that it is not the exterior derivative of a left-invariant (p+1)-form.

and the component MC forms ω^i as

δ_hω^j ≃ dh^j + C^j_{ik}ω^ih^k (7)

So we do not need to write the explicit form of Π^α, Π^μ and Π^φ in terms of the Σ̃^2 coordinates θ^α, x^μ and φ to know the gauge transformation of the Lagrangian; it suffices to know the extended superalgebra structure constants.

Here we need the transformation of the MC one-forms under the local fermionic supertranslation ϵ^α_I (κ),

δ_κΠ^α_I = dϵ^α_I (κ) , δ_κΠ^μ = 2ϵ^α_I (κ)(CΓ^μ)_{αβ}Π^β_I , δ_κΠ^φ = 2ϵ_{IJ} C_{αβ}ϵ^α_I (κ)Π^β_J . (8)

Using (8) in (4), one obtains δI = ∫ dτ2ϵ^α_I (κ) { m ω_μ √ −ω^ν ω_ν (CΓ^μ)_{αβ}δ_{IJ} + λϵ_{IJ} C_{αβ} } θ̇^β_J , (9)

It is then straightforward to check that if λ = ±m and

ϵ^α_I = ω_μ √ −ω^ν ω_ν (Γ^μ)^α_γ κ^γ_I ∓ ϵ_{IJ} κ^α_J = ∓ϵ_{IK} ( δ_{KJ} δ^α_β ± ϵ_{KJ} ω_μ √ −ω^2 (Γ^μ)^α_β ) κ^β_J , (10)

where the expression in brackets is twice a projector with one-half eigenvalues equal to zero (its second term squares to unity and is traceless), the variation of I vanishes identically. Therefore the κ-invariant action is I = ∫ dτ{−m √ −ω^μω_μ ± mω^φ} . (11) It is interesting to note that the bosonic and fermionic first class constraints for the Lagrangian in eq. (11), that produce the Klein-Gordon and Dirac equation for the fields of the first quantized model [12, 13, 36], give fields of equal mass (as required by supersymmetry) due to the presence of κ-symmetry, which requires λ = ±m.

Let us now write the action in first order form by introducing p_μ(τ) and the einbein E(τ) = e(τ)dτ: I = ∫ dτ{p^μω_μ − 1 2 e(p^μp_μ + m^2) ± mω^φ} . (12)

This action is classically equivalent to (11). Indeed, the p^μ equation gives p^μ = ω^μ/e. This can be substituted into the action, which now depends on ω^μ, e, ω^φ. The e-dependence can be removed by using its Lagrange equation. Choosing the positive sign, e =^1_m √ −ω_μω^μ, and introducing this again into the action gives (11).

2.2 The superparticle mass as an integration constant The new variable φ appears in the action (12) as a total derivative, but if we write instead the action I_∗ = ∫ dτ{p^μω_μ − 1 2 e(p^μp_μ + p^2_∗) + p_∗ω^φ} (13)

φ is no longer dynamically trivial, and its Lagrange equation gives ṗ_∗ = 0. Then, setting p_∗ = ±m and substituting in (13), one recovers (12): the mass of the particle can be viewed as an integration constant. By doing this, we restrict the variable p_∗ to a particular classical solution, so that in moving to (12) we have lost a dynamical degree of freedom present in (13); obviously, the massive superparticle action (12) is not equivalent to the action (13). This is clear at the quantum level, where one has to integrate over all degrees of freedom. The same observation will apply to the higher order branes to be considered later.

The action I_∗ of (13) can be re-interpreted as an action for a massless superparticle in one dimension higher, if φ is treated as the (D + 1)-th new spatial coordinate and p_∗ as its associated momentum. Inserting the p^μ and p_∗ equations

p^μ = ω^μ e , p_∗ = ω^φ e , (14)

into (13), we obtain

I_∗ = ∫ dτ 1 2e {ω^μω_μ + (ω^φ)^2} ≡ ∫ dτ 1 2e ω^{μ̃}ω_{μ̃} . (15)

3 The N = 1, p = 1 superstring case

3.1 Superstring actions in enlarged superspace As in the massive superparticle case, the Lagrangian of the D = 10, N = 1 superstring has a quasi-invariant Wess-Zumino term, which also can be made strictly invariant by enlarging the standard superspace to one Σ̃ with coordinates x^μ, θ^α, φ_α, the variables of the extended superspace group corresponding to the Green algebra [29] . Its MC equations are^7

dΠ^α = 0 ,

dΠ^μ = 1 2 (CΓ^μ)_{αβ}Π^αΠ^β ,

dΠ_α = (CΓ_μ)_{αβ}Π^μΠ^β . (16)

Notice that Π^α and Π_α are associated with the different (Majorana-Weyl) fermionic variables θ^α and φ_α and that are hence unrelated (no charge conjugation matrix is used to move the index α). Since we shall use them to construct the new action, we give below the MC equations ([7], eq. (48)) of a generalization of the above Green algebra

dΠ^α = 0 , dΠ^μ = 1 2 (CΓ^μ)_{αβ}Π^αΠ^β ,

dΠ^μ_φ = 1 2 (CΓ^μ)_{αβ}Π^αΠ^β ,

dΠ_α = (CΓ_μ)_{αβ}Π^μΠ^β + (CΓ_μ)_{αβ}Π^μ_φΠ^β . (17)

Adding the Lorentz automorphisms part, eqs. (17) determine an enlarged N = 1 super- Poincaré group ~sP parametrized by (x^μ, θ^α, φ_α, φ_μ, α^{μν} ). Thus, (x^μ, θ^α, φ_α, φ_μ) parametrize an extended D = 10 superspace group manifold Σ̃ (= ~sP /L).

Using the MC forms in (17), we may construct a strictly invariant WZ term for the superstring following [46]. Writing ϕ^∗(Π^μ) = Π^μ_i dξ^i, ϕ^∗(Π^μ_φ) = Π^μ_{φi}dξ^i, ϕ^∗(Π^α) = Π^α_i dξ^i,

7 In Sec. 3 all appropriate expressions have the chiral projector understood, so that all spinors are Majorana- Weyl (θ^α ≡ P+θ^α, CΓ^μ corresponds to σ^μ, etc).

ϕ^∗(Π_α) = Π_{αi}dξ^i for the pull-backs of the MC forms on the worldsheet, and M_{ij} = Π^μ_i Π_{μj} for the induced metric on W, the invariant superstring action is (see [7]) I = − ∫ d^2ξ{T √ −detM + λϵ^{ij} (Π_{μi}Π^μ_{φj} − 1 2 Π_{αi}Π^α_j )} , (18)

where again λ is to be fixed by κ-symmetry. Note that in this action the new variables φ_α, φ^μ (i.e., those beyond the standard superspace Σ coordinates (x^μ, θ^α)) appear only in the invariant WZ term and through a total derivative. This is evident once one computes its exterior differential with the help of (16), since the result involves only Π^α and Π^μ:

d(Π_μΠ^μ_φ − 1 2 Π_αΠ^α) ≡ dB = −(CΓ_μ)_{αβ}Π^μΠ^βΠ^α . (19)

To show that κ-symmetry is a right local supersymmetry depending on one-half of the fermionic parameters, we need to know the form of these transformations. Either taking

δ_κθ^α = ϵ^α(κ)

δ_κx^μ = − 1 2 (CΓ^μ)_{αβ}θ^αϵ^β (κ)

δ_κφ^μ = − 1 2 (CΓ^μ)_{αβ}θ^αϵ^β (κ)

δ_κφ_α = − 1 2 (CΓ^μ)_{αβ}x_μϵ^β (κ) − 1 2 (CΓ^μ)_{αβ}φ_μϵ^β (κ) + 1 6 (CΓ_μ)_{αβ}(CΓ^μ)_{γδ}θ^{(γ} θ^{β)}ϵ^δ (κ) (20)

(see [7] for the extended superspace group law corresponding to the superalgebra (17)) or directly from the transformation properties of the left invariant MC one-forms under local right supertranslations, eq. (7), we obtain

δ_κΠ^α = d(ϵ^α(κ)) , δ_κΠ^μ = −(CΓ^μ)_{αβ}Π^αϵ^β (κ) , δ_κΠ^μ_φ = −(CΓ^μ)_{αβ}Π^αϵ^β (κ) δ_κΠ_α = −(CΓ_μ)_{αβ}Π^μϵ^β (κ) − (CΓ_μ)_{αβ}Π^μ_φϵ^β (κ) . (21)

The κ-variation of the action may now be calculated from eq. (21) as follows. For the kinetic (‘Dirac’) part one may use δ det M = det MM^{ij} δM_{ij} . That of the WZ term is calculated by noticing that the second term in (18) is the pull-back ϕ^∗(λB) to the worldsheet, where B is defined in (19), and that the variations (21) are given by Lie derivatives L_X where the vector field has only the ϵ^α(κ) components, i_X (Π^α) = ϵ^α(κ) (the other contractions are zero). Then, the relevant term of δ_κB = L_X B = (i_X d + di_X )B in the action is i_X dB which, by (19), is given by 2(CΓ_μ)_{αβ}Π^μϵ^β (κ)Π^α. It is useful to introduce the worldvolume Dirac matrices and their antisymmetrized products by the definitions

Γ_i ≡ Π^μ_i Γ_μ ({Γ_i, Γ_j } = 2M_{ij} ) , Γ_{ij} = Γ_{μν} Π^μ_i Π^ν_j . (22)

Then, δ_κI = − ∫ d^2ξ{−T √ −detM M^{ij} (CΓ_i)_{αβ}Π^α_j ϵ^β (κ) + 2λϵ^{ij} (CΓ_i)_{αβ}ϵ^β (κ)Π^α_j } . (23)

If we now set

ϵ^α(κ) = 1 2 ( δ^α_β ± 1 2 ϵ^{ij} (Γ_{ij} )^α_β √ −detM ) κ^β , (24)

the matrix acting on κ is again a projection operator since^1_2^{ϵij (Γij )αβ√}_{−detM} squares to unity, and, being traceless, ϵ(κ) depends on half of the κ parameters. Then, choosing λ = ±^1_2 T we see that δ_κI = 0, and the κ-invariant action reads I = − ∫ d^2ξ { T √ −detM ± T 2 ϵ^{ij} ( Π_{μi}Π^μ_{φj} − 1 2 Π_{αi}Π^α_j )} . (25)

We can now write the action (25) in a ‘first order-like’ form analogous to (12) by introducing p^{μν} (ξ) = p^{[μν]}(ξ) and e(ξ), which nevertheless lacks the interpretation in terms of the canonical formalism that is applicable to the particle case: I = − ∫ d^2ξ 1 2 { p^{μν} ϵ^{ij} Π_{μi}Π_{νj} + 1 2 e(p^{μν} p_{μν} + 2T^2) ± T ϵ^{ij} ( Π_{μi}Π^μ_{φj} − 1 2 Π_{αi}Π^α_j )} . (26)

In differential form language, and using B (eq. (19)), I reads I = − ∫ 1 2 {p^{μν} Π_μΠ_ν + 1 2 Ep^{μν}p_{μν} + T^2E ± T B} , (27) where e(ξ) = 1 2 ϵ^{ij} E_{ij}(ξ) , E(ξ) = 1 2 E_{ij}(ξ)dξ^idξ^j . (28) It is easy to prove that this action is classically equivalent to (25). First, the Euler- Lagrange (E-L) equation for p^{μν} tells us that p_{μν} = −^1_e ϵ^{ij} Π_{μi}Π_{νj} . Substituting this into the action (26), solving for e, e =^1_T √ −detM , and substituting again yields (25). In the process, one uses the identity ϵ^{ij} ϵ^{rl}Π_{μi}Π_{νj} Π^μ_r Π^ν_l = 2detM . (29) We conclude this subsection with a remark on one more form of the action (27). The evident (‘rest-like system’) solution p_{(a)(b)} = T δ^{++}_{[(a)}δ^{−−}_{(b)]} (δ^{±±}_{(a)} = δ^0_{(a)}±δ^{(D−1)}_{(a)} ) of the constraint p_{μν} p^{μν} = −2T^2 (provided by the E-L equation for e) may be made covariant by means of the Lorentz group matrix

Λ_μ^{(a)} = [ 1/2(u^{++}_μ + u^{−−}_μ ) , u^i_μ , 1/2(u^{++}_μ − u^{−−}_μ ) ] ∈ SO(1, D − 1) , (30)

where u^{++}_μ (u^{−−}_μ ) corresponds to u^0 + u^{(D−1)} (u^0 − u^{(D−1)}) and i = 1, . . ., D − 2. Inserting the solution p_{μν} = p_{(a)(b)}Λ^{(a)}_μ Λ^{(b)}_ν = T u^{++}_{[μ} u^{−−}_{ν]} , (31)

into the action (27) we arrive at I = −T ∫ ( 1 2 Π^μu^{++}_μ Π^ν u^{−−}_ν ± B) . (32)

This is the so-called Lorentz-harmonics formulation of the superstring action [42] (see also [43, 39]), but now with a strictly invariant WZ term.

3.2 A new action in the superstring case In Sec. 2.2 we substituted a new momentum p_∗ for m to obtain the generalized action (13). Here we shall do something similar, by adding to the action a new worldsheet field (also denoted p_∗ but obviously different, p_∗ = p_∗(ξ)) that will replace the tension. This new, spacetime scale-invariant form I_∗ of the action (27) has the expression

I_∗ = − ∫ d^2ξ{ 1 2 p^{μν} ϵ^{ij} Π_{μi}Π_{νj} + 1 4 e(p^{μν} p_{μν} + 8p^2_∗) + p_∗Φ} , (33)

where, for convenience, we have written ϕ^∗(B) =^1_2 B_{ij}dξ^idξ^j = Φd^2ξ Φ ≡ 1 2 ϵ^{ij} B_{ij} = ϵ^{ij} (Π_{μi}Π^μ_{φj} − 1 2 Π_{αi}Π^α_j ) (34)

(recall that Π_α and Π^α are unrelated).

Let us show now that T in (26) appears as an integration constant (see the comment after (13)). To this aim, let us first compute the E-L equations for the enlarged superspace worldsheet fields. These result from setting equal to zero the coefficients of i_X Π^α, i_X Π^μ, i_X Π_α, i_X Π^μ_φ in a general variation δ = L_X = di_X + i_X d ∼ i_X d of the Lagrangian, where i_X is the inner derivation with respect to the vector field that determines an arbitrary variation δ

X = Π(δ)^α D_α + Π(δ)^μ D_μ + Π(δ)_α D^α + Π(δ)^μ_φ D^φ_μ , (35)

where the D’s are the left-invariant vector fields on Σ̃ (so that Π^A(D_B) = δ^A_B ) and the Π(δ)’s are the corresponding MC forms in which dθ, dx^μ, dφ_α, dφ^μ have been replaced by the variations δθ, δx^μ, δφ_α, δφ^μ. Adding the equations for p^{μν} , p_∗ and E, the complete set of E-L equations in differential form is given by − 1 2 d(p_∗Π_α) + p^{μν} Π_ν (CΓ_μ)_{αβ}Π^β − 1 2 p_∗(CΓ_μ)_{αβ}Π^β Π^μ_φ − 3 2 p_∗(CΓ_μ)_{αβ}Π^μΠ^β = 0 (36)

−d(p^{μν} Π_ν ) − d(p_∗Π^μ_φ) − 1 2 p_∗(CΓ^μ)_{αβ}Π^αΠ^β = 0 (37) dp_∗Π^α = 0 (38) dp_∗Π^μ = 0 (39) Π^μΠ^ν + Ep^{μν} = 0 (40)

Π_μΠ^μ_φ − 1 2 Π_αΠ^α + 4Ep_∗ = 0 (41)

p^{μν} p_{μν} + 8p^2_∗ = 0 . (42)

Equation (39) in worldsheet coordinates is ϵ^{ij} ∂_ipΠ^μ_j = 0, which contracted with Π_{μk} gives

ϵ^{ij} ∂_ipM_{jk} = 0 . (43)

If the induced metric M_{ij} is non-degenerate, one immediately concludes that p_∗ is a constant; if not, eqs. (42) and (40) (or (45) below) tell us that p_∗ = 0 necessarily, so in any case p_∗ is a constant that we can set equal to ±^T_2 (with T = 0 for p_∗ = 0). If we use this solution in I_∗, the result is (26). When p^{μν} and p_∗ are eliminated using their E-L equations, the resulting action is I_∗ = ∫ d^2ξ 1 e { detM 2 + Φ^2 8 } , (44)

where Φ is given in (34). This recovers the action of [22] although there Φ involves the field strength of an independent worldsheet field A_i(ξ). In the present framework, A_i(ξ) is expressed as a composite of fields associated with the enlarged superspace coordinates in the spirit of the mentioned extended superspace group variables/fields correspondence principle for branes [7].

To see that (33) leads to (44) explicitly, let us solve the algebraic equations for p^{μν} and p_∗, p_{μν} = − 1 e ϵ^{ij} Π_{μi}Π_{νj} (45)

p_∗ = − 1 4e ϵ^{ij} ( Π_{μi}Π^μ_{φj} − 1 2 Π_{αi}Π^α_j ) . (46)

Inserting eqs. (45), (46) into I_∗ (eq. (33)) one obtains

I_∗ = − ∫ d^{p+1}ξ { − 1 2e ϵ^{ij} Π^μ_i Π^ν_j ϵ^{kl}Π_{μk}Π_{νl} + 1 4e ϵ^{ij} Π^μ_i Π^ν_j ϵ^{kl}Π_{μk}Π_{νl} − 1 4e ϵ^{ij} ( Π_{μi}Π^μ_{φj} − 1 2 Π_{αi}Π^α_j ) ϵ^{kl} ( Π_{μk} Π^μ_{φl} − 1 2 Π_{αk}Π^α_l )

+ 1 8e ϵ^{ij} ( Π_{μi}Π^μ_{φj} − 1 2 Π_{αi}Π^α_j ) ϵ^{kl} ( Π_{μk} Π^μ_{φl} − 1 2 Π_{αk}Π^α_l ) }

= ∫ d^{p+1}ξ { 1 4e ϵ^{ij} ϵ^{kl}M_{ik} M_{jl} + 1 8e Φ^2 } , (47)

which is eq. (44). We note, for later use, the E-L for e,

det M + Φ^2/4 = 0 . (48)

3.3 κ-invariance of the new actions We now exhibit the κ-symmetry of the new superstring action on the enlarged superspace both in the forms of eq. (33) and (44).

(a) κ-invariance of the action (33)

To see that this action is invariant under the κ-symmetry transformations, one may prove that the equations for θ^α, eqs. (36), are not independent from the other E-L equations. This, by virtue of the second Noether’s theorem, reflects the presence of a fermionic gauge symmetry of the action.

The first step is to realize that p^{μν} Γ_{μν} + 4p_∗ (49) is (8p_∗) times a projector. One has to compute the square of the matrix p^{μν} Γ_{μν} , which has a piece proportional to p_{μν} p^{μν} which by eq. (42) is equal to −8p^2_∗, but also has contributions of the form Γ^{μνρσ} p_{μν} p_{ρσ} and Γ^{μν} p_{μρ}p^ρ_ν . These two types of contributions vanish, due to index symmetry arguments, if one takes into account eq. (40) in the form p^{μν} = − 1 e ϵ^{ij} Π^μ_i Π^ν_j . (50)

Next, after using dp_∗ = 0 and the last equation of (17), the fermionic equation (36) reads

[2p_∗(CΓ_μ)_{αβ}Π^μ + p^{μν} (CΓ_ν )_{αβ}Π_μ] Π^β = 0 . (51)

To show that some of these equations (actually half of them) are trivially satisfied we multiply them by (49). Again, there are terms that vanish due to index symmetry considerations once (50) is used. The only two surviving terms are proportional to p^2_∗Γ_μΠ^μ and p^ρ_ν p^{μν} Γ_ρΠ_μ respectively. The latter may, for instance, be re-expressed as a term of the form p_{μν} p^{μν} Γ_ρΠ^ρ by making the substitution (50), then using that the antisymmetrization of three worldsheet indices vanishes, and finally going back to an expression involving p_{μν} . Then both terms cancel each other due to eq. (42). This shows the presence of the standard number of fermionic gauge (κ-)symmetries under which the action is invariant.

(b) κ-invariance of the action (44)

We now find explicitly the form of the gauge κ-transformations under which the action (44) is invariant, in order to exhibit its geometrical nature as right local supersymmetries in the context of our enlarged superspace. We could do this in the case of action (33), but the transformation of the auxiliary field p^{μν} (ξ) is non-trivial, and this obscures the geometrical interpretation.

Under a local right translation of parameters ϵ^α(κ), b^μ(κ) associated with the right transformations of θ^α, φ^μ, the variation of the MC forms is read from the structure constants of the extended algebra,

δ_κΠ^α = dϵ^α(κ) (52) δ_κΠ^μ = −(CΓ^μ)_{αβ}Π^αϵ^β (κ) (53) δ_κΠ^μ_φ = −(CΓ^μ)_{αβ}Π^αϵ^β (κ) + db^μ(κ) (54) δ_κΠ_α = −(CΓ_μ)_{αβ}Π^μϵ^β (κ) − (CΓ_μ)_{αβ}Π^μ_φϵ^β (κ) + (CΓ^μ)_{αβ}Π^β b_μ(κ) . (55)

Using these variations we may now compute δM_{jl} = −(CΓ_l)_{αβ}Π^α_j ϵ^β (κ)+(l ↔ j), from which we obtain

δ_κ det M = ϵ^{ij} ϵ^{kl}M_{ik}δ_κM_{jl} = 2ϵ^{ij} ϵ^{kl}M_{ik}Π_{μj} δ_κΠ^μ_l = −2ϵ^{ij} ϵ^{kl}M_{ik}(CΓ_j )_{αβ}Π^α_l ϵ^β (κ) . (56)

There are no terms in δ_κ det M containing b^μ(κ), exactly as in the standard superstring action. But since Φ does depend on the the new variables, there are contributions both from ϵ^α(κ) and b^μ(κ) to δ_κΦ. The ϵ^α(κ) contribution gives δ_{ϵ(κ)}Φ = ϵ^{ij} ( − (CΓ_μ)_{αβ}Π^α_j ϵ^β (κ)Π^μ_{φj} − Π_{μi}(CΓ^μ)_{αβ}Π^α_j ϵ^β (κ) + 1 2 (CΓ_μ)_{αβ}Π^μ_i ϵ^β (κ)Π^α_j + 1 2 (CΓ_μ)_{αβ}Π^μ_{φi}ϵ^β (κ)Π^α_j − 1 2 Π_{αi}∂_j ϵ^α(κ) )

= ϵ^{ij} [2(CΓ_μ)_{αβ}Π^μ_i ϵ^β (κ)Π^α_j − 1 2 ∂_j (Π_{αi}ϵ^α(κ))] . (57)

In the standard superstring action the total derivative term in eq. (57) is dealt with integrating by parts, which is not possible here. To cancel it we shall use instead the b^μ(κ) part of the transformation in (52) - (55) associated with φ^μ, which is δ_{b(κ)}Φ = ϵ^{ij} ( Π_{μi}∂_j b^μ(κ) − 1 2 (CΓ^μ)_{αβ}b_μ(κ)Π^β_i Π^α_j )

= ϵ^{ij} ∂_j (Π_{μi}b^μ(κ)) (58)

Let us assume that there is a b^μ(κ) such that Π_{μi}b^μ(κ) =^1_2 Π_{αi}ϵ^α(κ). Then,

δ_κΦ = 2ϵ^{ij} (CΓ_i)_{αβ}ϵ^β (κ)Π^α_j . (59)

Using eqs. (56) and (59) we obtain δ_κ ( det M + 1 4 Φ^2 ) = −2ϵ^{ij} ϵ^{kl}M_{ik} (CΓ_j )_{αβ}Π^α_l ϵ^β (κ) + Φϵ^{ij} (CΓ_i)_{αβ}ϵ^β (κ)Π^α_j , (60)

and we see that if^8 ϵ^β (κ) = 1 e ( Φδ^β_γ − ϵ^{ij} (Γ_{ij} )^β_γ ) κ^γ , (61)

then δ_κ ( det M + 1 4 Φ^2 ) = − 2 e ϵ^{ij} ϵ^{kl}M_{ik}(CΓ_j )_{αβ}Π^α_l Φ κ^β + 2 e ϵ^{ij} ϵ^{kl}M_{ik}(CΓ_j )_{αβ}Π^α_l ϵ^{rs}(Γ_{rs})^β_γ κ^γ + Φ^2 e ϵ^{ij} (CΓ_i)_{αβ}κ^βΠ^α_j − 1 e Φϵ^{ij} (CΓ_i)_{αβ}ϵ^{kl}(Γ_{kl})^β_γ κ^γ Π^α_j = − 4 e ϵ^{ij} (CΓ_i)_{αβ}Π^α_j κ^β ( det M + 1 4 Φ^2 ) , (62)

where the terms linear in Φ cancel each other. Therefore, the variation of the Lagrangian density is δ_κ { − 1 2e ( det M + 1 4 Φ^2 )} = 1 2e^2 (δ_κe) ( det M + 1 4 Φ^2 ) + 2 e^2 ϵ^{ij} (CΓ_i)_{αβ}Π^α_j κ^β ( det M + 1 4 Φ^2 ) , (63)

which is equal to zero if δ_κe = −4ϵ^{ij} (CΓ_i)_{αβ}Π^α_j κ^β . (64) Let us return to the question of solving

Π_{μi}b^μ(κ) = 1 2 Π_{αi}ϵ^α(κ) = Π_{αi} 2e ( Φκ^α − ϵ^{jk} Γ^α_{jk β} κ^β ) . (65)

8 For Φ ≠ 0, eq. (61) gives ϵ^β (κ) =^Φ_e ( δ^β_γ − ϵ^{ij (Γij )βγ}_Φ ) κ^γ which exhibits its projector structure: the second

term squares to unity on account of (ϵ^{ij} Γij )^2 = −(2!)^2 det M and eq. (48). Since (Γij )^β_γ is traceless, half of the parameters are removed.

One might take b^μ(κ) = 1 2 Π^μ_i M^{ij} Π_{αj} ϵ^α(κ) . (66)

because then

Π_{μs}b^μ(κ) = 1 2 M_{si}M^{ij} Π_{αj} ϵ^α(κ) = 1 2 δ^j_s Π_{αj} ϵ^α(κ) = 1 2 Π_{αs}ϵ^α(κ) , (67)

which holds provided M^{ij} exists. This is not always the case because some solutions of the E-L equations (those corresponding to the tensionless string case) have degenerate induced metric. But these solutions also imply Φ = 0 by virtue of the E-L equation for e (eq. (48)) so in that case we can write (65) with Φ = 0. The solution of the resulting equation is

b^μ(κ) = 1 e (Γ^μ_j )^α_βΠ_{lα}κ^β ϵ^{jl} . (68)

This completes the proof of the κ-symmetry for the form (44) of the action. We notice that the projector nature of the bracket in (61) (as it was the case for (10) and will be for (95) below) requires using the E-L eqs. for e, eq. (28), although the κ-symmetry of the action itself does not. The full set of κ-symmetry transformations are expressed by eqs. (52)-(55) and (64) with the fermionic ϵ(κ) and the bosonic b^μ(κ) given by (61) and (66) or (68) respectively, and again we see that they correspond to right local transformations depending on a fermionic parameter κ^9. Furthermore, we see that the κ-symmetry of (44) is strict or manifest: the Lagrangian, and not only the action, is κ-invariant.

4 The N = 1 p = 2 D = 11 supermembrane case

4.1 The supermembrane with invariant WZ term As we did in the last section, we consider here the rigid supermembrane action with an invariant WZ term written as a product of MC one-forms on an enlarged superspace. The particular superspace needed to do this is the group manifold (parametrized by θ^α, x^μ, φ^{μν} , φ^{μα}, φ_{αβ}) [7] associated with the extended supersymmetry algebra defined by the MC equations

dΠ^α = 0 , dΠ^μ = 1 2 (CΓ^μ)_{αβ}Π^αΠ^β ,

dΠ^{μν} = 1 2 (CΓ^{μν} )_{αβ}Π^αΠ^β ,

dΠ_{μα} = (CΓ_{νμ})_{αβ}Π^ν Π^β + (CΓ^ν )_{αβ}Π_{νμ}Π^β , dΠ_{αβ} = − 1 2 (CΓ_{μν} )_{αβ}Π^μΠ^ν − 1 2 (CΓ^μ)_{αβ}Π_{μν} Π^ν + 1 4 (CΓ^μ)_{αβ}Π_{μδ}Π^δ + (CΓ^μ)_{δα}Π_{μβ} Π^δ + (CΓ^μ)_{δβ} Π_{μα}Π^δ . (69)

9 The presence of additional bosonic gauge transformations beyond reparametrization invariance is a feature of superspaces with additional bosonic coordinates; cf. [12] and [44, 45] for the case of the Σ^{(n(n−1)/2|n)} superspaces, and references therein. The additional bosonic gauge ‘b’-symmetries there should not be confused, however, with the κ-symmetry bosonic transformations discussed in the present paper, since the former depend on bosonic parameters that are κ-independent; they are, rather, bosonic superpartners of κ-symmetry.

Using these equations, it is straightforward to see that the CE three-cocycle on the standard supersymmetry algebra that characterizes the membrane, (CΓ_{μν} )_{αβ}Π^μΠ^ν Π^αΠ^β , can be written as dB, where B is now the three-form [20, 7] B = 2 3 Π^μΠ^ν Π_{μν} + 3 5 Π^μΠ^αΠ_{μα} − 2 15 Π_{αβ}Π^αΠ^β . (70)

Since the three-form B is constructed out of MC forms of a (enlarged) supersymmetry algebra [20] it provides an invariant WZ term.

Let us now show that the κ-symmetry gauge transformations are also here a special type of right local transformations with parameters ϵ^α(κ). From the change (see [7]) of the group variables θ^α, x^μ, φ^{μν} , φ_{μα} and φ_{αβ} under local, right transformations δ_κ, we obtain

δ_κθ^α = ϵ^α(κ) ,

δ_κx^μ = − 1 2 (CΓ^μ)_{αβ}θ^αϵ^β (κ) , δ_κφ_{μν} = − 1 2 (CΓ_{μν} )_{αβ}θ^αϵ^β (κ) , δ_κφ_{μα} = − 1 2 (CΓ^ν )_{αβ}φ_{μν} ϵ^β (κ) − 1 2 (CΓ_{μν} )_{αβ}x^ν ϵ^β (κ) + 1 12 (CΓ^ν )_{αβ}(CΓ_{μν} )_{γδ}θ^β θ^γ ϵ^δ(κ) + 1 12 (CΓ^ν )_{γδ}(CΓ_{μν} )_{αβ}θ^β θ^γ ϵ^δ (κ) ,

δ_κφ_{αβ} = −(CΓ^μ)_{βγ}φ_{μα}ϵ^γ (κ) − 1 8 (CΓ^μ)_{αβ}φ_{μγ} ϵ^γ (κ) − 1 48 (CΓ^μ)_{αβ}(CΓ^ν )_{γδ}φ_{μν} θ^γ ϵ^δ(κ) + 1 48 (CΓ^μ)_{αβ}(CΓ_{μν} )_{γδ}x^ν θ^γ ϵ^δ (κ) − 1 6 (CΓ^μ)_{αγ} (CΓ^ν )_{βδ}φ_{μν} θ^γ ϵ^δ(κ) − 1 6 (CΓ^μ)_{αγ} (CΓ_{μν} )_{βδ}x^ν θ^γ ϵ^δ(κ) + 1 12 (CΓ^μ)_{γδ}(CΓ_{μν} )_{αβ}x^ν θ^γ ϵ^δ(κ) . (71)

From eq. (71) or from the usual transformation properties of the left-invariant MC one-forms under right transformations (eqs. (69), (7)), it follows that

δ_κΠ^α = dϵ^α(κ) , δ_κΠ^μ = −(CΓ^μ)_{αβ}Π^αϵ^β (κ) , δ_κΠ^{μν} = −(CΓ^{μν} )_{αβ}Π^αϵ^β (κ) , δ_κΠ_{μα} = −(CΓ_{νμ})_{αβ}Π^ν ϵ^β (κ) − (CΓ^ν )_{αβ}Π_{νμ}ϵ^β (κ) ,

δ_κΠ_{αβ} = − 1 4 (CΓ^μ)_{αβ}Π_{μδ}ϵ^δ (κ) − (CΓ^μ)_{δα}Π_{μβ} ϵ^δ(κ)

−(CΓ^μ)_{δβ}Π_{μα}ϵ^δ (κ) , (72)

for an appropriate ϵ^α(κ) to be determined from the invariance of the action.

Let us start by computing δ_κB. To do that, one may use (70) and (72) or notice that the right transformations are generated by the left-invariant vector fields (dual to the MC forms in (69)). Thus, δ_κ is nothing but the Lie derivative L_X with respect to a vector field X = X(κ) such that i_X Π = 0 for all Π’s in eq. (69) but for i_X Π^α ≡ Π^α(X) = ϵ^α(κ), so that only ϵ^α(κ) enters in the components of X. Then, δ_κB = L_X B = i_X dB + di_X B = 2(CΓ_{μν} )_{αβ}Π^μΠ^ν ϵ^α(κ)Π^β +d ( − 3 5 Π^μϵ^α(κ)Π_{μα} + 4 15 Π_{αβ}ϵ^α(κ)Π^β ) . (73)

Let the strictly invariant supermembrane action be given by (cf. eq. (18) for p=1) I = − ∫ d^3ξ { T √ −detM + λ 1 3! ϵ^{ijk} B_{ijk} } , (74)

where M_{ij} = Π^μ_i Π_{μj} , i, j = 0, 1, 2, B_{ijk} are the coordinates of ϕ^∗(B) = B(ξ) =^1_{3!} B_{ijk}dξ^idξ^j dξ^k, and again λ is a constant to be fixed. Using the second equation in (72) and eq. (73) (ignoring the total derivative term) we obtain δ_κI = − ∫ d^3ξ { −T √ −detM (CΓ^l)_{αβ}Π^α_l [ ϵ^β (κ) + 2λ 3T √ −detM ϵ^{ijk} (Γ_{ijk} )^β_γ ϵ^γ (κ) ]} . (75)

The expression between square brackets in (75) can be written as P^β_γ ϵ^γ (κ), where^1_2 P^β_γ is a projector that projects into half the spinor space if the square of the (traceless) matrix 2λ 3T √ −detM ϵ^{ijk} Γ_{ijk} (76)

is the unit matrix. This is the case when λ = ±^T_4 . Then one constructs ϵ(κ) as for p = 1, and gets ϵ^α(κ) = 1 2 ( δ^α_β ∓ 1 6 √ − det M ϵ^{ijk} (Γ_{ijk} )^α_β ) κ^β . (77)

We remark that we differ from [20] in that the new coordinates of the appropriate enlarged superspace group ([7], eqs. (63)-(67)) are not inert under κ-symmetry, as seen in eqs. (71) or (72). We also note that we could have cancelled the second term in (73) to obtain strict κ-invariance by adding to the transformations in (72) a term in b^{μν} (κ). We will do this in Sec. 4.3, where this bosonic contribution to κ-symmetry will turn out to be necessary.

In order to obtain below the new action from that in eq. (74), we give its ‘first order-like’ formulation (cf. eq. (26) for p = 1) by introducing p_{μνρ} and e : I = − ∫ d^3ξ { 1 3! ϵ^{ijk} p_{μνρ}Π^μ_i Π^ν_j Π^ρ_k + e(p^{μνρ}p_{μνρ} + 6T^2) ± T 4 Φ } , (78)

where (cf. eq. (34)) Φ = (1/3!) ϵ^{ijk}B_{ijk} . (79)

This action is classically equivalent to (74) with λ = ±^T_4 , as can be checked by eliminating p_{μνρ} and e via their algebraic E-L equations.

4.2 A new p = 2 action in enlarged superspace Equation (78) suggests introducing a new action by the following expression

I_∗ = − ∫ d^3ξ { 1 3! ϵ^{ijk} p_{μνρ}Π^μ_i Π^ν_j Π^ρ_k + e(p^{μνρ}p_{μνρ} + 96p^2_∗) + p_∗Φ } . (80)

The E-L equations are computed as in Sec 3.2, eq. (35) and below. To show that dp_∗ = 0 so that p_∗ is constant it is sufficient to use the E-L equations corresponding to φ^{μν} . Specifically, we only need in the variation δI_∗ the coefficient accompanying i_X Π^{μν} . Since Π^{μν} appears only in B (or Φ, eqs. (70), (79)), we only require

L_X (p_∗B) = i_X d(p_∗B) + d(p_∗i_X B) ≃ i_X d(p_∗B) , (81)

where the total derivative is ignored under the integral sign. From the explicit form of B, we find that the i_X Π_{μν} relevant term is − 2 3 dp_∗Π^μΠ^ν (i_X Π_{μν} ) (82)

so that, moving from differential forms to worldvolume fields, the φ^{μν} -associated E-L equation reads ϵ^{ijk} ∂_ip_∗Π^μ_j Π^ν_k = 0 . (83) If we now contract this expression with Π_{μr}Π_{νs}, we obtain

ϵ^{ijk} ∂_ip_∗M_{jr}M_{ks} = 0 . (84)

Then, as in the case of the string, if detM = 0 the δe and δp^{μνρ} equations

p_{μνρ}p^{μνρ} + 96p^2_∗ = 0 , p_{μνρ} = − 1 12e ϵ^{ijk} Π_{μi}Π_{νj} Π_{ρk} , (85)

together with the fact that

det M = 1 3! ϵ^{ijk} ϵ^{rst}M_{ir}M_{js}M_{kt}, (86) tell us that p_∗ = 0; if detM ≠ 0 we may contract (84) with M^{rr′} M^{ss′} , to arrive at dp_∗ = 0. Thus, p_∗ is a constant in any case. Setting p_∗ = ±^T_4 and introducing it into the action (80), one recovers the standard one, (78).

We now write the action that results from using the algebraic equations for the δp_∗ and δp^{μνρ} variations in eq. (80). It is given by

I_∗ = ∫ d^3ξ 1 24e { detM + Φ^2 16 } . (87)

to be compared with that for the superstring, eq. (44). The E-L eq. for e is

det M + Φ^2/16 = 0 . (88)

4.3 κ-symmetry of the new action The κ-symmetry for the new form (80) of the action goes along the lines described in Sec. 3.3(a). We are more interested here, however, in the proof for the action (87) (the case of Sec. 3.3(b) above), since this allows us to give more easily the explicit variations of the enlarged superspace variables and to check that these variations are again right local transformations depending on ϵ(κ). The novelty here is that, for p = 2, they also depend on b^{μν} (κ), b^{μν} being the infinitesimal parameter associated with the new variable φ^{μν} . So we now add to (72) the transformations that include the new b^{μν} parameter; the κ-symmetry vector field now has non-zero components δ_κθ^α = ϵ^α(κ), δ_κφ^{μν} = b^{μν} (κ). This gives

δ_κΠ^α = dϵ^α(κ) , δ_κΠ^μ = −(CΓ^μ)_{αβ}Π^αϵ^β (κ) , δ_κΠ^{μν} = db^{μν} (κ) − (CΓ^{μν} )_{αβ}Π^αϵ^β (κ) , δ_κΠ_{μα} = (CΓ^ν )_{αβ}b_{νμ}(κ)Π^β − (CΓ_{νμ})_{αβ}Π^ν ϵ^β (κ) − (CΓ^ν )_{αβ}Π_{νμ}ϵ^β (κ) ,

δ_κΠ_{αβ} = − 1 2 (CΓ^μ)_{αβ}b_{μν} (κ)Π^ν − 1 4 (CΓ^μ)_{αβ}Π_{μδ}ϵ^δ (κ)

−(CΓ^μ)_{δα}Π_{μβ} ϵ^δ(κ) − (CΓ^μ)_{δβ}Π_{μα}ϵ^δ(κ) . (89)

Note that the variations of Π^α and Π^μ are exactly the same as in the standard, unextended algebra case. This implies, in particular, that the variation of det M in eq. (86) is given by (cf. (56)) δ_κdet M = −ϵ^{ijk} ϵ^{rst}M_{ir}M_{js}(CΓ_k)_{αβ}Π^α_t ϵ^β (κ) , (90) since δ det M =^1_{2!} ϵ^{ijk} ϵ^{rst}M_{ir}M_{js}δM_{kt}. The variation of Φ is now given by (cf. (73)) δ_κΦ = ϵ^{ijk} ∂_i ( 3 2 Π^μ_j Π^ν_k b_{μν} (κ) − 3 5 Π^μ_j ϵ^α(κ)Π_{μακ} + 4 15 Π_{αβj} ϵ^α(κ)Π^β_k )

+2ϵ^{ijk} (CΓ_{ij} )_{αβ}ϵ^α(κ)Π^β_k . (91)

However, in contrast with the action in Sec. 4.1, the total derivative in (91) cannot be ignored because it does not produce a total derivative in the action (87), since it depends on Φ^2 and e. This is precisely why a non-vanishing b^{μν} (κ) is now needed: its role is to cancel the first term in (91). At the same time, we see that the use of enlarged superspaces not only produces strictly invariant WZ terms; it also leads to strict κ-invariance.

If we assume that we have found a b^{μν} (κ) such that the variation of Φ in eq. (91) reduces to its second term, one checks that writing

ϵ^α(κ) = 1 e ( Φδ^α_β + 2 3 ϵ^{ijk} (Γ_{ijk} )^α_β ) κ^β (92)

the variation of the terms between brackets in (87) is given by δ_κ ( detM + Φ^2 16 ) = 4 e ϵ^{ijk} (CΓ_{ij} )_{αβ}κ^αΠ^β_k ( detM + Φ^2 16 ) , (93)

so that choosing suitably the variation of the auxiliary field e,

δ_κe = 4ϵ^{ijk} (CΓ_{ij} )_{αβ}κ^αΠ^β_k , (94) the action remains invariant.

Again, for Φ ≠ 0 eq. (92) has a projector structure,

ϵ^α(κ) = Φ e ( δ^α_β + 2 3Φ ϵ^{ijk} (Γ_{ijk} )^α_β ) κ^β (95)

which follows from (ϵ^{ijk} Γ_{ijk} )^2 = −(3!)^2 det M and eq. (88).

To complete the proof of κ-invariance, we now have to show that the equation ϵ^{ijk} ( 3 2 Π^μ_j Π^ν_k b_{μν} (κ) − 3 5 Π^μ_j ϵ^α(κ)Π_{μαk} + 4 15 Π_{αβj} ϵ^α(κ)Π^β_k ) = 0 (96)

does indeed have a solution for b^{μν} when ϵ^α(κ) is given by eq. (92). As in Sec. 3.3, we shall consider separately the det M ≠ 0 and det M = 0 cases. When M_{ij} is non-degenerate eq. (96) has the solution

b^{μν} (κ) = 1 3detM Π^μ_r Π^ν_s ϵ^{rst}M_{tl}ϵ^{lmn} ( 3 5 Π^ρ_mϵ^α(κ)Π_{ραn} − 4 15 Π_{αβm}ϵ^α(κ)Π^β_n ) . (97)

We also have to worry about the κ-variation of configurations with detM = 0, because these appear in the space of solutions of the E-L equations of the action (87), when eq. (88) gives Φ = 0. In this case we have to solve eq. (96) for an ϵ^α(κ) given by eq. (92) for Φ = 0. It is then seen that

b_{μν} (κ) = 2 3e ϵ^{ijk} ( − 6 5 Π^ρ_j Π_{ραk} + 8 15 Π_{αγj} Π^γ_k ) (Γ_{μνi})^α_β κ^β , (98)

where Γ_{μνk} = Γ_{μνρ}Π^ρ_k, cancels the first term in eq. (91), and the rest of the proof follows as for Φ ≠ 0. So the action (87) is κ-invariant, the variation of the Lagrangian components being given by (89), (92), (94) and (97) or (98).

5 Conclusions

We have obtained new rigid superspace actions explicitly for p = 1, 2 super-p-branes, starting from the usual superstring and supermembrane ones in which their WZ terms have been rewritten in a strictly invariant form by using MC forms defined on suitably extended superspace groups [20, 7]. The procedure generalizes the case of the massive superparticle as obtained from the massless superparticle in one higher dimension, by viewing the mass as an integration constant of this last one E-L equations. Specifically, 1) We present a ‘tension generating mechanism’ in a kind of first order formulation that extends the true first order formulation of the p = 0 case (cf. [22, 23]). 2) We do not include in the super-p-brane action any higher form fields directly defined on the worldvolume, only the auxiliary scalar ones. We achieve this by suitably enlarging ordinary superspace i.e., by adhering to the enlarged superspace variables/worldvolume fields correspondence for branes [7] as it is also done for the D-branes in [7, 30]. 3) The use of the above enlarged superspaces allows us to characterize κ-symmetry transformations as local, κ-dependent right translations associated with the corresponding extended superspace group coordinates, as it is the case for the standard superspaces. κ-symmetry gauge transformations also include in our case κ-dependent bosonic transformations.

4) The new super-p-brane actions on the enlarged superspaces possess strict κ-invariance: their Lagrangian is itself κ-invariant. This requires that the additional field variables in Σ̃ be non-inert under κ-transformations. This strict κ-invariance is analogous to the strict supersymmetry invariance [20, 7] of the standard Lagrangians (WZ terms) constructed on the enlarged superspaces. Strict κ-invariance is, however, optional for these super-p-brane actions (which explains why the new variables in Σ̃ may be inert under κ-symmetry, as in [20]) and is a necessary result for the new actions and Lagrangians discussed here.

Finally, we mention that our results may be generalized to p > 2. The actions (33) and (80) can be extended to higher p (a) using the appropriate higher p enlarged superspaces for the contribution of Φ from a manifestly invariant WZ form and (b) keeping the same structure of (33) and (80) but now with auxiliary variables p^{μ1 ...μp+1} , E =^1_{(p+1)!} e_{i1 ...ip+1} dξ^{i1} . . .dξ^{ip+1} .

Acknowledgments. This work has been partially supported by the research grants BFM2002- 03681 and BFM2002-02000 from the Spanish Ministerio de Educación y Ciencia, VA085-02 from the Junta de Castilla y León and from EU FEDER funds. C.M.-E. wishes to thank the Ministerio de Educación y Ciencia for his FPU research grant. Discussions with I. Bandos and D. Sorokin are gratefully acknowledged.

References

[1] A. Achúcarro, J.M. Evans, P.K. Townsend and D.L. Wiltshire, Super p-branes, Phys.

Lett. 198B, 441-446 (1987)

[2] J.M. Evans, Super p-branes Wess-Zumino terms, Class. Quantum Grav. 5, L87-L90 (1988)

[3] J.A. de Azcárraga, J. Gauntlett, J.M. Izquierdo and P.K. Townsend, Topological extensions of the supersymmetry algebra for extended objects, Phys. Rev. Lett. 63, 2443-2446 (1989)

[4] J.A. de Azcárraga and P.K. Townsend, Superspace geometry and classification of supersymmetric extended objects, Phys. Rev. Lett. 62, 2579-2512 (1989)

[5] D. Sorokin and P. Townsend, M-theory superalgebra from the M-5-brane, Phys. Lett.

412, 265-273 (1997) [hep-th/9708003]

[6] H. Hammer, Topological extensions of Noether charge algebras carried by D-p-branes, Nucl. Phys. B521, 503-546 (1998) [hep-th/9711009]

[7] C. Chryssomalakos, J.A. de Azcárraga, J.M. Izquierdo and J.C. Pérez Bueno, The geometry of branes and extended superspaces, Nucl. Phys. B567, 293-330 (2000) [hep-th/9904137]; J.A. de Azcárraga and J.M. Izquierdo Superalgebra cohomology, the geometry of extended objects ans supermembranes, AIP Conf. Proc. 589, 3-17 (2001) [hep-th/0105125]

[8] M. Hatsuda and M. Sakaguchi, BPS states carrying fermionic brane charges, Mucl. Phys.

B577, 183-193 (2000) [hep-th/0001214]

[9] E. J. Hackett-Jones, D. C. Page and D. J. Smith, Topological charges for branes in M-theory, JHEP 0310, 005 (2003) [hep-th/0306267]

[10] E. Witten, Dynamical breaking of supersymmetry, Nucl. Phys. B188, 513–554 (1981)

[11] J. Hughes and J. Polchinski, Partially broken global supersymmetry and the superstring, Nucl. Phys. B278, 147-169 (1986); J. Hughes, J. Liu and J. Polchinski, Supermembranes, Phys. Lett. B180, 370-374 (1986);

[12] J.A. de Azcárraga and J. Lukierski, Supersymmetric particles with internal symmetries and central charges, Phys. Lett. 113B, 170-174 (1982)

[13] J.A. de Azcárraga and J. Lukierski, Supersymmetric particles in N = 2 superspace:

phase-space variables and Hamiltonian dynamics, Phys. Rev. D28, 1337-1345 (1983); Gupta-Bleulee quatization og massive superparticle models in 6,8, and 10 dimensions, Phys. Rev. 38, 509-513 (1988)

[14] J.M. Evans, Massive superparticles with Siegel symmetry and their covariant canonical quantization, Nucl. Phys. B331, 711-743, (1990)

[15] J.A. de Azcárraga, J.M. Izquierdo and P.K. Townsend, Classical anomalies of supersymmetric extended objects, Phys.Lett. B267, 366-373 (1991)

[16] M. Aganagic, C. Popescu and J. H. Schwarz, Gauge-invariant and gauge-fixed D-brane actions, Nucl. Phys. B495, 99-126 (1997) [hep-th/9612080].

[17] R. Kallosh, Covariant quantization of D-branes, Phys. Rev. D56, 3515-3522 (1997) [hep-th/9705056]; Quantization of p-branes, D-p-branes and M-branes, Nucl. Phys. (Proc. Suppl.) 68, 197-205 (1998) [hep-th/9709202].

[18] L. Angelova and P.A. Grassi, Super D-branes from BRST symmetry, JHEP 0311, 010 (2003)

[19] J.A. de Azcárraga and J.M. Izquierdo, Lie groups, Lie algebras, cohomology and some applications in physics, Camb. Univ. Press (1985), Sec. 8.7

[20] E. Bergshoeff and E. Sezgin, Super p-brane theories and new spacetime superalgebras, Phys. Lett. B 354, 256-263 (1995) [hep-th/9504140]

[21] J.A. de Azcárraga, J.M. Izquierdo and P.K. Townsend, Kaluza-Klein origin for the superstring tension, Phys. Rev. D45, R3321-R3325 (1992)

[22] P.K. Townsend, World sheet electromagnetism and the superstring tension, Phys. Lett.

B277, 285-288 (1992)

[23] E. Bergshoeff, L.A.J. London and P.K. Townsend, Space-time scale invariance ans the super p-brane, Class. Quantum Grav. 9, 2545-2556 (1992) [hep-th/9206026]

[24] E. Bergshoeff and P. K. Townsend, Super D-branes revisited, Nucl. Phys. B531, 226-238 (1998) [hep-th/9804011]

[25] E. Bergshoeff, D. P. Sorokin and P.K. Townsend, The M5-brane hamiltonian, Nucl. Phys.

B533, 303-316 (1998) [hep-th/9805065]

[26] F. Delduc, A. Galperin, P. S. Howe and E. Sokatchev, A Twistor formulation of the heterotic D = 10 superstring with manifest (8,0) world sheet supersymmetry, Phys. Rev. D47, 578-593 (1993) [hep-th/9207050]

[27] F.A. Berezin,The mathematical basis of supersymmetric theories, Sov. J. Nucl. Phys. 29, 857-866 (1979), Sec. 5.

[28] A. S. Schwarz, Are the field and space variables on an equal footing?, Nucl. Phys. B171, 154-166 (1980); A.V. Gayduk, V.N. Romanov and A.S. Schwarz, Supergravity and field space democracy, Commun. Math. Phys. 79, 507-528 (1981)

[29] M.B. Green, Super-translations, superstrings and Chern-Simons forms, Phys. lett. B223, 157-164 (1989)

[30] M. Sakaguchi, Type II superstrings and new spacetime superalgebras, Phys. Rev. D59, 046007 (1999) [hep-th/9809113]; IIB branes and new spacetime superalgebras, JHEP 0004, 019 (2000) [hep-th/9909143]

[31] E. Cremmer, B. Julia and J. Scherk, Supergravity theory in eleven dimensions, Phys.

Lett. B76, 409-412 (1978)

[32] R. D’Auria and P. Fré, Geometric supergravity in D = 11 and its hidden supergroup, Nucl. Phys. B201, 101-140 (1982) [E.: ibid. B206, 496 (1982)]

[33] I.A. Bandos, J.A. de Azcárraga, J.M. Izquierdo, M. Picón, O. Varela, On the underlying gauge group structure of D = 11 supergravity [hep-th/0406020] (to appear in Phys. Lett. B) [34] W. Siegel, Hidden local supersymmetry in the supersymmetric particle action, Phys. Lett.

128B, 397-399 (1983); Spacetime-supersymmetric quantum mechanics, Class. Quantum Grav. 2, L95-L97 (1985)

[35] V. Aldaya and J.A de Azcárraga, Supergroup extensions: from central charges to quantization through relativistic wave equations, Phys. Lett. 121B, 331-334 (1983); A note on the meaning of covariant derivatives in supersymmetry, J. Math. Phys. 26,1818-1821 (1985)

[36] A. Frydryszak, N-extended free superfields (N = 2, 4, 6, 8) from quantization of a supersymmetric particle model, Phys. Rev. D30, 2172-2180 (1984)

[37] I.N. McArthur, Kappa-symmetry of Green-Schwarz actions in coset superspaces, Nucl.

Phys. B573, 811-829 (2000) [hep-th/9908045]

[38] D.P. Sorokin, V.I Tkach and D.V. Volkov, Superparticles, twistors and Siegel supersymmetry, Mod. Phys. Lett. A4, 901-908 (1989); D. Sorokin, Double supersymmetric particle theories, Fortschr. Phys. 38, 923-943 (1990)

[39] I. A. Bandos, D. P. Sorokin, M. Tonin, P. Pasti and D. V. Volkov, Superstrings and supermembranes in the doubly supersymmetric geometrical approach, Nucl. Phys. B446, 79-118 (1995) [hep-th/9501113]

[40] D.P. Sorokin, Superbranes and superembeddings, Phys. Rep. 329, 1-101 (2000) [hep-th/9906142]

[41] I.A. Bandos, J.A. de Azcárraga, J.M. Izquierdo and J.Lukierski, On dynamical supergravity interacting with super-p-brane sources, in Proc. of the 3rd International Sakharov Conference, Moscow 2002, A. Semikhatov et al. eds., Scientific World Publ. Co. Vol. 2, pp. 312-324, 2003 [hep-th/0211065]

[42] I.A. Bandos and A.A. Zheltukhin, Green-Schwarz superstrings in spinor moving frame formalism, Phys. Lett. B288, 77-84 (1992)

[43] I.A. Bandos, D.P. Sorokin and D.Volkov, On the generalized action principle for superstrings and supermembranes, Phys. Lett. B352, 269-275 (1995) [hep-th/9502141]

[44] I.A. Bandos and J. Lukierski, Tensorial central charges and new superparticle models with fundamental spinor coordinates, Mod. Phys. Lett. A14, 1257-1272 (1999) [hep-th/9811022].

[45] I.A. Bandos, J.A. de Azcárraga, M. Picón and O. Varela, D = 11 superstring model with 30 kappa-symmetries and 30/32 BPS states in an extended superspace, Phys. Rev. D69, 085007 (2004) [hep-th/0307106]

[46] W. Siegel, Randomizing the superstring, Phys. Rev. D50, 2799-2805 (1994) [hep-th/9403144]