arXiv:hep-th/0408074 v2 18 Sep 2004

Explicit formula for singular vectors of the Virasoro algebra with central charge less than 1

Reiho Sakamoto

Department of Physics, Graduate School of Science University of Tokyo, Hongo, Bunkyo-ku, Tokyo, 113-0022, Japan

reiho@monet.phys.s.u-tokyo.ac.jp

September 18, 2004

Abstract We calculate explicitly the singular vectors of the Virasoro algebra with the central charge c ≤ 1. As a result, we have an infinite sequence of the singular vectors for each Fock space with given central charge and highest weight, and all its elements can be written in terms of the Jack symmetric functions with rectangular Young diagram.

Since the paper of Belavin, Polyakov and Zamolodchikov [1], singular vectors of the Virasoro algebra attract a lot of attention because of its relationship with correlation functions. Many attempts were done to make the explicit expression of these vectors in the Verma module (see for example [2-4]), however it remains to be unclear what is the structure of these vectors. On the other hand, singular vectors on the Fock space are known to have relationships with symmetric functions. Goldstone, Wakimoto and H. Yamada showed that when the central charge c is equal to 1, then the singular vectors of smallest degree are proportional to the Schur symmetric functions with rectangular Young diagram [5, 6]. Using the actions of the Virasoro generators on the Schur symmetric functions, [7] generalized this result to the case c < 1 and expressed the singular vectors as a sum of the Schur symmetric functions. Mimachi and Y. Yamada extended these results to the general value of c and showed that the singular vector of the Fock space F_{Ar+1,s+1} (see below for definition) with degree rs is proportional to the Jack symmetric function with rectangular Young diagram (s^r) [8, 9]. However, as is well known, there are infinitely many singular vectors in each Fock space F_{Ar+1,s+1} if c ≤ 1, and all above results determine only the singular vectors of smallest degree. Recently, [10] demonstrated that the set of all the bosonized Jack symmetric functions forms a natural basis of the Fock space, and conjectured explicitly the actions of the Virasoro generators on this Jack basis. In this paper, applying these results, we determine the explicit expression of all the singular vectors of the Fock space F_{Ar+1,s+1} when central charge is less than 1. As a result, we found that all the singular vectors are proportional to the Jack symmetric functions with rectangular Young diagram, which indicates further deep relationships between the Jack symmetric functions and the representations of the Virasoro algebra.

The set-up is as follows. Denote the Virasoro generators as usual by L_n (n ∈ Z) and the central charge as c, with commutation relations

[L_n, L_m] = (n − m)L_{n+m} + n(n^2 − 1) 12 c δ_{n+m,0}. (1) As a representation space, we take the Fock space F_A defined by F_A := C[a_{−1}, a_{−2}, a_{−3}, · · · ]|A⟩, (2) where we use the bosonic operators [a_n, a_m] = n δ_{n+m,0} (n, m ∈ Z), and a vacuum vector |A⟩ defined by a_0|A⟩ = A|A⟩, a_n|A⟩ = 0 (n ∈ Z_{>0}) (3) Then the bosonic representation of L_n’s is given as follows — the Feigin-Fuchs representation [11], L_n = 1 2 ∑ k∈Z : a_{n−k} a_k : −A_{1,1}(n + 1)a_n, (4) here we use the notation A_{r,s} = 1 √ 2 ( r √ β − s √ β ) . (5) This β is related to the central charge c as

c = 1 −

6 (1 − β)^2 β . (6)

Note that by the universality of the Verma module, we have a map from the Verma module with highest weight h_{r,s} = (rβ − s)^2 − (β − 1)^2 4β , (7)

to the Fock space F_{Ar+1,s+1} (we have L_0|A_{r+1,s+1}⟩ = h_{r,s}|A_{r+1,s+1}⟩).

Another ingredient of this study is the Jack symmetric function. Consider the Hamiltonian H_β := N∑ i=1 ( x_i ∂ ∂x_i )_2 + β ∑ i<j x_i + x_j x_i − x_j ( x_i ∂ ∂x_i − x_j ∂ ∂x_j ) , (8) where N is a number of variables. Then the Schrödinger equation

H_β J_λ(x_1, x_2, · · · , x_N ) = ϵ_λJ_λ(x_1, x_2, · · · , x_N ), (9) ϵ_λ = N∑ i=1 ( λ^2_i + β (N + 1 − 2i)λ_i ) , (10)

is known to be exactly solvable and its wave functions are called the Jack symmetric polynomials [12, 13]. These J_λ’s are the N variable symmetric polynomials parameterized by partitions λ = (λ_1, λ_2, λ_3, · · ·). Physically, Jack polynomials express the excited states of the Calogero-Sutherland model [14-17] with periodic boundary condition. Ujino, Hikami and Wadati investigated the complete quantum integrability of these systems [18, 19] (see also [20]).

Instead of using the coordinates x_i, we can express symmetric polynomials uniquely in terms of power sums p_n := ∑ x^n_i , if the number of variables is sufficiently large. After expressing the Jack polynomials by power sums, we can take the number of variables as infinity. These Jack symmetric polynomials with infinitely many variables are called Jack symmetric functions.

To characterize Jack symmetric functions by orthogonality, we define the inner product on the space of symmetric functions as ⟨p_λ, p_μ⟩ := δ_{λ,μ}z_λβ^{−l(λ)}, (11) p_λ := l(λ)∏

i=1 p_{λi} , (12) z_λ := ∏ i i^{mi} · m_i!. (13) Here, l(λ) is a length of partition λ and m_i’s are the multiplicity of i in partition λ, i.e. we have λ = (· · · 3^{m3} , 2^{m2} , 1^{m1} ). We also denote the weight of partition λ as |λ| and define the coordinate of partition like a matrix, i.e. if the box is on row i and column j, then the coordinate is (i, j). Using this coordinate, define the arm length a(s) and leg length l(s) of the box s = (i, j) ∈ λ by a(s) := λ_i − j, l(s) := λ^′_j − i, (14) where λ^′_j is the j-th element of the transposed partition λ^′ .

Then our normalization J_λ is characterized by its norm [13] ⟨J_λ, J_μ⟩ = δ_{λ,μ} 1 β^{2|λ|} ∏ s∈λ (a(s) + (l(s) + 1)β) ((a(s) + 1) + l(s)β), (15) especially we set the coefficient in front of p^{|λ|}_1 to be unity. See [21] for rigorous discussion about uniqueness. As an example, we give a list of Jack symmetric function with degree 3 (here we set α := 1/β), J = 2α^2p_3 + 3αp_2p_1 + p^3_1, J = −αp_3 + (α − 1)p_2p_1 + p^3_1, J = 2p_3 − 3p_2p_1 + p^3_1.

From this characterization, we can identify the Jack symmetric function and element of the Fock space [22, 23]. To do this, we use the following two identifications, p_n ←→ √ 2 β a_{−n}|a⟩, (16) p_n ←→ ⟨A|a_n 1 √ 2β . (17)

In [10], it was proposed that we should take the basis of the Fock space as a set of all the bosonized Jack symmetric functions, F_A = span { J_λ|A⟩ | | |any partition λ } . (18) Since [10] deals with only the leftwards action of L_n operators on this Jack basis, we need to rewrite the formula for rightwards action. In subsequent discussion, we write J_λ|A_{r+1,s+1}⟩ = |J_λ⟩ for simplicity, and also denote the action of L_n as ⟨J_λ|L_n = ∑ |μ|−|λ|=n ⟨J_μ|c_{λμ}, (19) L_n|J_μ⟩ = ∑ |μ|−|λ|=n d_{μλ}|J_λ⟩. (20) Note that c_{λμ}’s can be determined from the formula in [10]. Then from the identity (⟨J_λ|L_n)|J_μ⟩ = c_{λμ}⟨J_μ|J_μ⟩ = ⟨J_λ|(L_n|J_μ⟩) = d_{μλ}⟨J_λ|J_λ⟩, (21) we have the following relation, d_{μλ} = ⟨J_μ|J_μ⟩ ⟨J_λ|J_λ⟩ c_{λμ}. (22) First we consider the action of L_1 on Jack symmetric function with rectangular partition. In this case, we have c_{(n}m−1_{,n−1),(n}m_) = c = √ 2β 1 · β (1 + (m − 1)β)((n − 1) + β) A_{r−m,s−n}, (23) ⟨J_{(n}m_)|J_{(n}m_)⟩ ⟨J_{(n}m−1_{,n−1)}|J_{(n}m−1_{,n−1)}⟩ = 1 β^2 · (0 + mβ)(1 + (m − 1)β)((n − 1) + β)(n + 0β) (0 + β)(1 + 0β)

.(24) Note that the leftward action ⟨J_λ|L_1 is amount to the addition of one box to the partition λ. Then from the orthogonality of the Jack symmetric functions, we conclude that the rightward action L_1|J_λ⟩ amount to subtract one box from the partition λ. Thus we obtain the formula for J_{(n}m_) as

L_1|J_{(n}m_)⟩ = c_{(n}m−1_{,n−1),(n}m_)

⟨J_{(n}m_)|J_{(n}m_)⟩ ⟨J_{(n}m−1_{,n−1)}|J_{(n}m−1_{,n−1)}⟩ |J_{(n}m−1_{,n−1)}⟩ = √ 2 β · 1 β mnβ A_{r−m,s−n}|J_{(n}m−1_{,n−1)}⟩. (25)

Next we consider the action of L_2. In this case, we have the following equalities, c_{(n}m−1_{,n−2),(n}m_) = c = √ 2β β 2 β (2 + (m − 1)β)((n − 2) + β) × 1 (1 + (m − 1)β)((n − 1) + β) A_{r−m,s−n}, (26) ⟨J_{(n}m_)|J_{(n}m_)⟩ ⟨J_{(n}m−1_{,n−2)}|J_{(n}m−1_{,n−2)}⟩ = 1 β^4 · 1 (1 + β)(2 + 0β)(0 + β)(1 + 0β)

(27) ×(1 + mβ)(2 + (m − 1)β)(0 + mβ)(1 + (m − 1)β) ×((n − 1) + β)(n + 0β)((n − 2) + β)((n − 1) + 0β), c_{(n}m−2_{,(n−1)}2_{),(n}m_) = c = − √ 2β 1 · 2β (1 + (m − 2)β)((n − 1) + 2β) × β (1 + (m − 1)β)((n − 1) + β) A_{r−m,s−n}, (28) ⟨J_{(n}m_)|J_{(n}m_)⟩ ⟨J_{(n}m−2_{,(n−1)}2_)|J_{(n}m−2_{,(n−1)}2_)⟩ = 1 β^4 · 1 (0 + 2β)(1 + β)(0 + β)(1 + 0β)

(29) ×(0 + mβ)(1 + (m − 1)β)(0 + (m − 1)β)(1 + (m − 2)β) ×((n − 1) + 2β)(n + β)((n − 1) + β)(n + 0β).

Combining these equalities, we have

L_2|J_{(n}m_)⟩ = c_{(n}m−1_{,n−2),(n}m_)

⟨J_{(n}m_)|J_{(n}m_)⟩ ⟨J_{(n}m−1_{,n−2)}|J_{(n}m−1_{,n−2)}⟩ |J_{(n}m−1_{,n−2)}⟩ + c_{(n}m−2_{,(n−1)}2_{),(n}m_)

⟨J_{(n}m_)|J_{(n}m_)⟩ ⟨J_{(n}m−2_{,(n−1)}2_)|J_{(n}m−2_{,(n−1)}2_)⟩

|J_{(n}m−2_{,(n−1)}2_)⟩ = √ 2 β · 1 β^2 ( mnβ · (n − 1)(1 + mβ)

(1 + β) A_{r−m,s−n} |J_{(n}m−1_{,n−2)}⟩ −mnβ · (m − 1)β(n + β) (1 + β) A_{r−m,s−n}|J_{(n}m−2_{,(n−1)}2_)⟩ ) . (30)

From now on, we restrict the value of β as follows, β = p q > 0, (31)

where p and q are mutually prime positive integers. When we use this value of β, the central charge of the Virasoro algebra satisfies c ≤ 1. If we rewrite the definition of A_{r,s} in this case as A_{r,s} = 1 √ 2β ( pr q − s ) , (32) we have the equality A_{m−(m+aq),n−(n+ap)} = A_{−aq,−ap} = 0, a ∈ Z_{>0}. (33) Combining this simple equality with equations (25) and (30), we obtain the following remarkable result.

Theorem If β = p/q > 0, then the Fock space F_{Am+1,n+1} (m, n ∈ Z_{>0}) have the following infinite sequence of singular vectors; |J_{(n}m_)⟩, |J_{(n+p)}(m+q) ⟩, |J_{(n+2p)}(m+2q) ⟩, · · · , |J_{(n+ap)}(m+aq) ⟩, · · · . (34) To verify this, we consider the action of L_1 and L_2 on |J_{(n+ap)}(m+aq) ⟩. Then from equations (25) and (30), we have the term A_{m−(m+aq),n−(n+ap)}, which is equal to 0 by (33).

We remark that the first element of the sequence (34) coincide with the result given in [9] (see also [24, 25] for the structure of the Verma modules). We also remark that in (34), we do not take care of the precise normalization.

Example We consider the case β = 3/4. This amount to c = 1/2 to which the critical Ising model corresponds. If we choose the highest weight as A_{1+1,2+1}, then we have a sequence of singular vectors

|J_{(2)}⟩, |J_{(5}5_)⟩, |J_{(8}9_)⟩, |J_{(11}13_)⟩, · · · . (35)

Acknowledgments: The author is grateful to Miki Wadati for helpful discussions and careful reading of the manuscript. The author is also grateful to Boris Feigin for valuable comments on this manuscript.

References

[1] Belavin AA, Polyakov AM, Zamolodchikov AB. Infinite conformal symmetry in twodimensional quantum field theory. Nucl. Phys. 1984;B241:333-380.

[2] Benoit L, Saint-Aubin Y. Degenerate conformal field theories and explicit expressions for some null vectors. Phys. Lett. 1988;B215:517-522.

[3] Bauer M, Di Francesco P, Itzykson C, Zuber J-B. Covariant differential equations and singular vectors in Virasoro representations. Nucl. Phys. 1991;B362:515-562.

[4] Di Francesco P, Mathieu P, Senechal D. Conformal Field Theory (Graduate texts in contemporary physics). New York; Springer; 1997.

[5] Goldstone J. unpublished; Segal G. Unitary representations of some infinite dimensional groups. Commun. Math. Phys. 1981;80:301-342.

[6] Wakimoto M, Yamada H. The Fock representations of the Virasoro algebra and the Hirota equations of the modified KP hierarchies. Hiroshima Math. J. 1986;16:427-441.

[7] Chair N, Dobrev VK, Kanno H. SO(2, C) invariant ring structure of BRST cohomology and singular vectors in 2D gravity with c < 1 matter. Phys. Lett. 1992;B283:194- 202.

[8] Tsuchiya A, Kanie Y. Fock space representations of the Virasoro algebra — Intertwining operators —. Publ. RIMS Kyoto Univ. 1986;22:259-327.

[9] Mimachi K, Yamada Y. Singular vectors of the Virasoro algebra in terms of Jack symmetric polynomials. Commun. Math. Phys. 1995;174:447-455.

[10] Sakamoto R, Shiraishi J, Arnaudon D, Frappat L, Ragoucy E. Correspondence between conformal field theory and Calogero-Sutherland model. Preprint: hep-th/0407267; 2004.

[11] Feigin B, Fuchs D. Invariant skew-symmetric differential operators on the line and Verma modules over the Virasoro algebra. Funct. Anal. and Appl. 1982;16:114-126.

[12] Jack H. A class of symmetric polynomials with a parameter. Proc. R. Soc. Edinburgh 1970;(A)69:1-18.

[13] Stanley RP. Some combinatorial properties of Jack symmetric functions. Adv. in Math. 1989;77:76-115.

[14] Calogero F. Ground state of a one-dimensional N-body system. J. Math. Phys.

1969;10:2197-2200.

[15] Sutherland B. Exact results for a quantum many-body problems in one dimension.

Phys. Rev. 1971;A4:2019-2021.

[16] Sutherland B. Exact results for a quantum many-body problems in one dimension II. Phys. Rev. 1972;A5:1372-1376.

[17] Forrester PJ. Addendum to ‘Selberg correlation integrals and the 1/r^2 quantum many body system’. Nucl. Phys. 1994;B416:377-385.

[18] Ujino H, Hikami K, Wadati M. Integrability of the quantum Calogero-Moser model.

J. Phys. Soc. Japan 1992;61:3425-3427.

[19] Ujino H, Wadati M, Hikami K. The quantum Calogero-Moser model: algebraic structures. J. Phys. Soc. Japan 1993;62:3035-3043.

[20] Hikami K, Wadati M. Topics in quantum integrable systems. J. Math. Phys.

2003;44:3569-3594.

[21] Macdonald IG. Symmetric functions and Hall polynomials, 2nd edition. Oxford University Press; 1995.

[22] Awata H, Matsuo Y, Odake S, Shiraishi J. Collective field theory, Calogero- Sutherland model and generalized matrix models. Phys. Lett. 1995;B347:49-55.

[23] Awata H, Matsuo Y, Odake S, Shiraishi J. Excited states of the Calogero-Sutherland model and singular vectors of the W_N algebra. Nucl. Phys. 1995;B449:347-374.

[24] Dobrev VK. Multiplets of indecomposable highest weight modules over infinitedimensional Lie algebras: The Virasoro - A^{(1)}_1 correspondence, in “Proc. XIII Int. Conf. Diff.-Geom. Math. Theor. Phys. (Shumen, 1984)”. Eds. Doebner HD, Palev TD. World Scientific; 1986:348-370.

[25] Feigin B, Fuchs D. Representations of the Virasoro algebra, in “Representations of infinite-dimensional Lie groups and Lie algebras”. Eds. Vershik AM, Zhelobenko DP. Gordon and Breach; 1990:465-554.