arXiv:hep-th/0408121 v2 6 Sep 2004

YITP-04-45 hep-th/0408121

Heterotic on Half-flat

Sebastien Gurrieri^{1∗}, André Lukas^{2§} and Andrei Micu^{2¶,‖}

1Yukawa Institute for Theoretical Physics, Kyoto University Kyoto 606-8502, Japan

2Department of Physics and Astronomy, University of Sussex Brighton BN1 9QJ, UK

Abstract

We study the effective action of the heterotic string compactified on particular half-flat manifolds which arise in the context of mirror symmetry with NS-NS flux. We explicitly derive the superpotential and Kähler potential at lowest order in α^′ by a reduction of the bosonic action. The superpotential contains new terms depending on the Kähler moduli which originate from the intrinsic geometrical flux of the half-flat manifolds. A generalized Gukov formula, valid for all manifolds with SU(3) structure, is derived from the gravitino mass term. For the half-flat manifolds it leads to a superpotential in agreement with our explicit bosonic calculation. We also discuss the inclusion of gauge fields.

August 2004

∗email: gurrieri@yukawa.kyoto-u.ac.jp §email: A.Lukas@sussex.ac.uk ¶email: A.Micu@sussex.ac.uk ‖On leave from IFIN-HH Bucharest.

1 Introduction

The stabilization of moduli remains one of the central problems when trying to relate string theory to low-energy particle physics. Recently, flux compactifications were intensively studied as a method to tackle this problem, mostly in the context of type II strings or M-theory [1]–[39]. The analysis is particularly straightforward within the context of type IIB strings on Calabi-Yau spaces where a combination of NS-NS and RR flux can be used to fix all complex structure moduli as well as the axion-dilaton [8]. If all moduli are successfully stabilized in such models [40] the radius of the internal space is usually not much larger than the string scale. This excludes very large additional dimensions and a low string scale and means that low-energy supersymmetry remains as the only known option to stabilize the electroweak scale. Explicit examples for type II brane models can be found, for example, in Refs. [41]–[49]. The construction of phenomenologically attractive supersymmetric type II brane models has so far proven difficult, however, see Ref. [50].

The situation is somewhat reversed in the context of heterotic string models. It has been known for a long time that supersymmetric models with broadly the right phenomenological properties can be obtained easily and in large numbers [51, 52]. NS-NS flux in heterotic compactifications has been introduced some time ago [53, 54, 55, 56, 57] and there are also a number of more recent discussions [58, 59, 60, 61, 62] of the subject. However, discarding the E_8 × E_8 or SO(32) gauge fields whose vacuum expectation values are tied to the curvature via the Bianchi identity, the NS-NS three-form field strength is the only antisymmetric tensor field in heterotic theories which implies an apparent lesser degree of flexibility in fixing moduli through flux, as compared with type II theories. In particular, no even-degree form field strength is available whose flux could fix the Kähler moduli.

In this paper, we are going to address this problem by considering the heterotic string on particular six-dimensional manifolds with SU(3) structure and non-vanishing (intrinsic) torsion. We will see that these manifolds encode even-degree flux “geometrically” and we will compute the resulting Kähler moduli superpotential explicitly. The existence of these manifolds is suggested by type II mirror symmetry with NS-NS flux, as has been argued in Ref. [17, 20]. This conjecture was generalized and further evidence was provided for it in Refs. [63, 64]. Explicit non-compact examples were constructed in Refs. [65, 66]. Also, consistency of embedding such backgrounds in string/ M-theory was discussed in Ref. [67].

In Ref. [17], it was proposed that type IIB (IIA) on a Calabi-Yau three-fold with NS-NS flux is mirror-symmetric to IIA (IIB) on a particular class of six-dimensional half-flat manifolds with SU(3) structure. In the following, we will refer to these manifolds as half-flat mirror manifolds. Under the mirror map, the original odd-degree NS-NS flux, which generates a superpotential for the complex structure moduli, is mapped to even-degree geometrical flux of the half-flat mirror manifolds, which generates a superpotential for the Kähler moduli. In this paper, we are not interested in type II mirror symmetry by itself but merely as a means of “defining” the half-flat mirror manifolds. Our goal is to consider the heterotic string on the so-defined manifolds with torsion.

The heterotic string on non-Kähler manifolds was already discussed in a number of papers [68, 69, 70, 71, 72, 73] and the supersymmetric solutions were classified in terms of the five torsion classes of manifolds with SU(3) structure. However, the lack of knowledge of internal properties (such as the moduli space) of general manifolds with SU(3) structure makes it difficult to derive the effective action for such theories and, so far, general properties of the superpotentials have been discussed [69, 70, 71].

In comparison, we can see a number of advantages in our approach. First of all, type II mirror symmetry strongly suggests the existence of the half-flat mirror manifolds and it imposes very strong constraints on them. In fact, mirror symmetry provides us with a concrete set of relations describing half-flat mirror manifolds, which allows the calculation of much of the low-energy effective action. Their mirror symmetry origin implies that a half-flat mirror manifold should exist for each Calabi-Yau three-fold with a mirror and for each set of NS flux parameters. Hence, we are dealing with a large class of manifolds which is closely linked to Calabi-Yau three-folds. This will hopefully lead to models preserving many of the attractive features of heterotic Calabi-Yau compactifications while at the same time enhancing the flexibility for moduli stabilization through flux.

In this paper, we will mainly focus on zeroth order in α^′, that is, on the gravitational sector of the heterotic string and we will discuss only some aspects of including gauge fields. The full gauge field sector will be included in a forthcoming publication [74]. Our main aim is to derive the effective four-dimensional N = 1 supergravity for the heterotic string on half-flat mirror manifolds to this order in α^′. In particular, we will compute the superpotential which will be done in two largely independent ways, namely from the bosonic action and the gravitino mass term. We also obtain a general Gukov-type formula for the superpotential which we expect to hold for all heterotic compactifications on manifolds with SU(3) structure and to first order in α^′.

The outline of the paper is as follows. In the next section, we present a brief review of the 10-dimensional action of the heterotic string and of the half-flat mirror manifolds on which we are going to carry out the dimensional reduction. Section 3 reduces the bosonic part of the action on half-flat mirror manifolds at zeroth order in α^′, at first without and eventually including NS-NS flux. In section 4, we present an alternative derivation of the superpotential from fermionic terms in the action. Based on the gravitino mass term, we first derive a Gukov-type formula for the heterotic string on SU(3) structure manifolds and then show that, specialized to half-flat mirror manifolds, it reproduces the previous result for the superpotential. Section 5 discusses some steps necessary to include gauge fields and we conclude in Section 6. Two appendices present some relevant results in special geometry and the calculation of the potential from the superpotential in the general case.

2 Review of background material

In this section, we present some background material in order to set up our notation and conventions. Firstly, we review the 10-dimensional effective action of the heterotic string [52] which is the action we would like compactify to four dimensions. Then we describe the half-flat mirror manifolds [17] on which we are going to carry out the dimensional reduction.

2.1 Ten-dimensional effective action for the heterotic string

The 10-dimensional effective action for the heterotic string is given, to leading order in α^′, by 10-dimensional N = 1 supergravity coupled to 10-dimensional super-Yang-Mills theory with gauge group E_8 × E_8 or SO(32). In this paper, we will focus on the E_8 × E_8 case for definiteness but most of our considerations will directly apply to the SO(32) case as well. Ten-dimensional coordinates are denoted by (x^M ), labeled by curved indices M, N, · · · = 0, . . ., 9.

The 10-dimensional N = 1 supergravity multiplet consists of the metric ĝ_{M N} , the dilaton ϕ̂, the NS-NS two-form B̂_{M N} and their fermionic partners, the gravitino Ψ̂_M and the dilatino λ̂, both 10-dimensional Majorana-Weyl spinors which we take to be of positive chirality. Here and in the following a hat denotes a 10-dimensional quantity. To lowest (zeroth) order in the α^′ expansion the bosonic part of the effective action is given by [52]

S_{0,bosonic} = − 1 2κ^2_{10} ∫ M_{10} e^{−2ϕ̂} [ R̂ ⋆ 1 − 4dϕ̂ ∧ ⋆dϕ̂ + 1 2 Ĥ ∧ ⋆Ĥ ] , (2.1)

where Ĥ = dB̂ is the three-form field strength of B̂ and R̂ is the Riemann curvature scalar. We will later find it useful to consider some of the fermionic terms. To zeroth order in α^′ they read

S_{0,fermionic} = − 1 2 ∫ M_{10}

d^{10}x √ −ĝ e^{−2ϕ̂} { Ψ̂_M Γ^{M N P} D_NΨ̂_P (2.2)

− 1 24 ( Ψ̂_M Γ^{M N P QR}Ψ̂_R + 6 e^{−ϕ̂} Ψ̂^N Γ^P Ψ̂^Q ) Ĥ_{N P Q} + . . . } , where the dots stand for additional four-fermion terms and terms which involve the dilatino. Here, Γ_M are the 10-dimensional gamma matrices which are taken to be real, conjugation is defined as ψ̄ = ψ†Γ_0 for a spinor ψ and multi-indexed Γ symbols denote anti-symmetrized products of gamma matrices with unit norm, as usual. For convenience we have chosen the overall dilaton factor to be the same as in the bosonic part of the action by appropriately rescaling the gravitino field.

The 10-dimensional Yang-Mills multiplet consists of the gauge field Â_M , with field strength F̂_{M N} , and its superpartner, the gaugino, both in the adjoint E_8 × E_8 (or SO(32)). The kinetic terms for these fields along with R̂^2 terms and additional four-fermion terms involving the gauginos arise at order α^′. The bosonic among those terms are given by

S_{1,bosonic} = − α^′ 16κ^2_{10} ∫ M_{10}

d^{10}x √ −ĝe^{−ϕ̂} { Tr(F̂^2) − tr(R̃^2) } (2.3)

where tr(R̃^2) really stands for the Gauss-Bonnet combination. The curvature two-form R̃ is computed in terms of the modified connection

ω̃_{IJ}^K = ω_{M N}^P + 1 2 Ĥ_{M N}^P , (2.4)

where ω is the Levi-Civita connection. The other modification to the action at this order appears in the definition of the field strength Ĥ which now becomes Ĥ = dB̂ + α^′ 4 (ω_L − ω_{YM}) . (2.5)

Here, ω_L and ω_{YM} are the usual Lorentz and Yang-Mills Chern-Simons three-forms defined by

ω_L = tr ( R̃ ∧ ω̃ − 1 3 ω̃ ∧ ω̃ ∧ ω̃ ) (2.6)

ω_{YM} = Tr ( F̂ ∧ Â − 1 3 Â ∧ Â ∧ Â ) (2.7)

The trace Tr denotes 1/30 of the trace in the adjoint for E_8 ×E_8 or the trace in the fundamental for SO(32), as usual. These are the only corrections to the action at order α^′. Further terms appear at order α^{′2} which, however, will not concern us here. In fact, throughout most of the paper we will focus on the leading, zeroth order in α^′ for which we present a complete analysis. In addition, we discuss some aspects related to the gauge fields.

2.2 Half-flat manifolds

We will now briefly describe the particular six-dimensional manifolds on which we are going to carry out the reduction of the 10-dimensional heterotic effective action. In general terms, these manifolds arise as the mirrors of Calabi-Yau manifolds with (a particular type of) NS-NS flux, as constructed in Ref. [17]. Before we get to this specific definition in terms of mirror symmetry it is useful to review the main properties of the general manifolds with SU(3) structure and their classification in terms of torsion classes following [75] and then specialize to the case of half-flat mirror manifolds.

A six-dimensional manifold is said to have SU(3) structure if it admits a globally defined spinor^1 which we denote η. From a physical point of view this is the most practical definition as this globally defined spinor ensures that the action obtained by compactifying on such manifolds preserves some supersymmetry.

The geometric properties of manifolds with SU(3) structure are better described in terms of two invariant forms J and Ω which can be defined as bi-linears in the spinor η as follows J_{mn} = − iη^†γ_{mn}η , Ω_{mnp} = − i||Ω|| √ 8 η^†γ_{mnp} η^∗ . (2.8)

Here, γ_m, with indices m, n · · · = 5, . . ., 9 are six-dimensional Euclidean gamma matrices which are chosen to be purely imaginary. As before, multiple indices denote antisymmetrisation. Note that the normalization of Ω is different from what can be found in the literature and was chosen in order to agree with the usual moduli space conventions. Indeed, it is easy to check using gamma matrix algebra and Fierz identities that Ω_{mnp}Ω̄^{mnp} = 3!||Ω||^2 , (2.9)

provided the spinor η satisfies η^†η = 1.

Manifolds with SU(3) structure can be classified by their intrinsic torsion and it will be useful to briefly review this. For a more complete account see, for example, Refs. [75]. It is well known that the SU(3) structure induces a metric on the manifold [76]. The Levi-Civita connection associated to this metric violates in general the structure, but there always exists a connection which we denote ∇^{(T)} which does preserve it. In other words, denoting any of the invariant objects η, J or Ω by ξ we have ∇^{(T)}ξ = 0 . (2.10)

Any connection, and in particular ∇^{(T)} defined above, can be expressed in terms of the Levi-Civita connection ∇ as ∇^{(T)}_m = ∇_m + κ_m , (2.11)

where κ_m are matrices whose entries constitute the contorsion tensor κ_{mnp}. Unlike the Levi-Civita connection, this connection has a torsion T_{mnp} = κ_{[mn]p}. Note that the contorsion tensor is antisymmetric in its last two indices and can be thought of as a one-form taking values in so(6), the Lie-algebra of SO(6). Thus, we can decompose it under the SU(3) structure group as

κ_m = κ^0_m + κ^{su(3)}_m , (2.12)

where κ^{su(3)}_m takes values in su(3) = 8, the Lie-algebra of SU(3) and κ^0_m takes values in the complement su(3)^⊥ = 1 ⊕ 3 ⊕ ¯3 of su(3) within so(6). The action of κ^{su(3)} on the SU(3) invariant tensors

1For definiteness we will take this spinor to be Weyl, but one can as well work with Majorana spinors.

ξ vanishes and, hence, the left-hand side of the compatibility condition (2.10) only depends on κ^0 which is called the “intrinsic contorsion”. This intrinsic contorsion can be used to classify SU(3) structures and it is useful, in this context, to analyze its SU(3) representation content. From what has been said above, the intrinsic contorsion κ^0 is an element of the SU(3) representation

(3 ⊕ ¯3) ⊗ (1 ⊕ 3 ⊕ ¯3) = (1 ⊕ 1) ⊕ (8 ⊕ 8) ⊕ (6 ⊕ ¯6) ⊕ (3 ⊕ ¯3) ⊕ (3 ⊕ ¯3)^′ . (2.13)

The five terms on the right-hand side of this relation correspond to the five torsion classes [75], denoted by W_1, . . ., W_5, of six-dimensional manifolds with SU(3) structure. These classes are a useful tool to characterize the intrinsic torsion and the associated SU(3) structure. The intrinsic torsion can also be read off from the exterior derivatives dJ and dΩ since Eq. (2.10) implies that

(dJ)_{mnp} = 6 κ^0_{[mn}^rJ_{r|p]} (2.14)

(dΩ)_{mnpq} = 12 κ^0_{[mn}^rΩ_{r|pq]} . (2.15)

Therefore, a practical way to specify the intrinsic torsion of an SU(3) structure is to explicitly write down expressions for dJ and dΩ. As can be seen from Eqs. (2.14) and (2.15), these expressions contain information about various of the five torsion classes, namely

dJ ∈ W_1 ⊕ W_3 ⊕ W_4 , dΩ ∈ W_1 ⊕ W_2 ⊕ W_5 . (2.16)

It will turn out that the first torsion class W_1 plays a special role in the case we address in this paper. Thus we define the corresponding contorsion to be κ_{mnp} | |_{W1} = κ1Ωmnp + κ̄1Ω̄mnp , (2.17)

where κ_1 is given by

κ_1 = i ∫ √ g (dJ)_{mnp}Ω̄^{mnp} 6 ∫ √ g Ω_{mnp}Ω̄^{mnp} , (2.18)

and we have used Eq. (2.14).

In this paper, we are interested in a more special class of manifolds with SU(3) structure, namely half-flat manifolds. They are defined as six-dimensional SU(3) structure manifolds with the invariant forms J and Ω satisfying

dΩ_− = 0 , dJ ∧ J = 0 , (2.19)

where Ω_− is the imaginary part of Ω. Comparison with Eq. (2.16) reveals [75] that these conditions are equivalent to vanishing torsion classes W^−_1 , W^−_2 (these being the imaginary parts of the classes W_1 and W_2), W_4 and W_5.

The specific half-flat manifolds considered in this paper arise in the context of mirror symmetry with NS-NS flux [17]. Let us briefly review how this comes about. Consider a mirror pair X and Y of Calabi-Yau manifolds and introduce a standard symplectic basis (α̃_I , β̃^I ), where I = 0, . . .h^{2,1}(X), of the third cohomology on X. We start with, say, type IIB on X in the presence of NS-NS flux H̃ = e_iβ̃^i, where i = 1, . . ., h^{2,1}(X) and ζ = (e_i) are real flux parameters. Is there any compactification on the IIA side which is mirror-symmetric to this configuration? Evidence for this has been presented in Ref. [17, 20] and it has been shown that the mirror configuration is given by IIA on a half-flat manifold Ŷ_ζ , closely related to the original mirror Calabi-Yau Y , but without

NS-NS flux. Moreover, it has been argued that the moduli spaces of metrics on Y and Ŷ_ζ are identical for all values of the flux ζ.

Let us now describe the structure of these half-flat mirror manifolds Ŷ_ζ in more detail. Matching of the moduli spaces of metrics, together with the correspondence between metrics and SU(3) structures implies that the forms J and Ω have expansions

J = v^iω_i (2.20) Ω = z^Aα_A − G_Aβ^A (2.21)

similar to the ones on the associated Calabi-Yau manifold Y . Here (ω_i), where i, j, · · · = 1, . . ., h^{1,1}(Y ) are (1, 1)-forms and (α^A, β_A), where A, B, · · · = 0, . . ., h^{2,1}(Y ), are three-forms, suitable for the expansion of J and Ω while the coefficients v^i and z^A are the analog of Kähler and complex structure moduli. For simplicity, we will continue to use Calabi-Yau terminology and refer to Kähler and complex structure moduli and moduli spaces, although the manifolds Ŷ_ζ are generally neither Kähler nor complex. The three-forms (α^A, β_A) satisfy the standard normalizations ∫ Ŷ_ζ α_A ∧ β^B = δ^B_A , ∫ Ŷ_ζ α_A ∧ α_B = ∫ Ŷ_ζ β^A ∧ β^B = 0 , (2.22)

and we also introduce dual four-forms ω̃^i such that ∫ Ŷ_ζ ω_i ∧ ω̃^j = δ^j_i . (2.23)

So far, all relations are identical to the corresponding Calabi-Yau ones. However, unlike in the Calabi-Yau case the forms ω_i and (α_A, β^B) are not all closed and, in particular, do not form a basis of the second and third cohomology. Rather, as shown in Ref. [17], mirror symmetry requires them to satisfy the differential relations

dα_0 = e_iω̃^i , dα_a = 0 , dβ^A = 0 , dω_i = e_iβ^0 , dω̃^i = 0 , (2.24)

where we have introduced indices a, b, · · · = 1, . . ., h^{2,1}(Y ). The real parameters e_i are precisely the NS-NS flux parameters on the mirror side mentioned earlier and they encode the degree to which the half-flat mirror manifold Ŷ_ζ “deviates” from the associated Calabi-Yau manifold Y . Using the above relations together with the expansions (2.20) and (2.21) for J and Ω it is easy to show that

dJ = v^ie_iβ^0 (2.25) dΩ = e_iω̃^i . (2.26)

As discussed, the right-hand sides of these relations specifies the intrinsic torsion and the SU(3) structure of the manifolds Ŷ_ζ . Comparison with the conditions (2.19) shows that they are indeed half-flat manifolds.

The point of view taken in this paper is that mirror symmetry with NS-NS flux provides us with a practical “definition” of the half-flat manifolds Ŷ_ζ as well as with a set of relations which allows us to deal with them. The evidence for mirror symmetry with NS-NS flux was obtained in the context of IIA and IIB supergravity [17] and one should, hence, expect the above relations to be valid only in the large complex structure limit. We will, therefore, work in this limit, in addition to the large radius limit in Kähler moduli space which is mandatory whenever supergravity theories are considered. In this paper we are not interested primarily in mirror symmetry itself but in using the so-defined manifolds in the context of the heterotic string. We can see a number of advantages in this method compared to, for example, working with the heterotic string on general manifolds of SU(3) structure or even general half-flat manifolds. Firstly, mirror symmetry strongly suggests that the manifolds Ŷ_ζ actually exist although we are not aware that examples of these manifolds have been explicitly constructed except for the non-compact cases considered in Ref. [65]. Secondly, we have a relatively simple and explicit set of differential relations, describing these half-flat mirror manifolds, which facilitates concrete calculations. And finally, from mirror symmetry one expects a half-flat mirror manifold Ŷ_ζ for each Calabi-Yau space X with a mirror Y and each set of flux parameters ζ. This means we are dealing with a large class of manifolds closely related to Calabi-Yau manifolds. Hopefully this allows one to keep some of the phenomenologically attractive features of heterotic Calabi-Yau compactifications [51] while gaining additional benefits, for example in terms of moduli stabilization through flux.

3 Heterotic on half-flat: the bosonic action to lowest order in α^′

We will now carry out the dimensional reduction of the heterotic string on the half-flat mirror manifolds^2 Ŷ described in the previous section. We only consider the reduction of the bosonic part of the action which should be sufficient to obtain all the relevant information about the fourdimensional effective action. However, the reduction of some of the fermionic terms provides some additional insights and confirmation of the bosonic results and we will come back to this in the following section. For now, we restrict the calculation to lowest (zeroth) order in α^′ which, in particular, means we will not deal with gauge fields at this stage. We will discuss the inclusion of gauge fields later.

3.1 The reduction

We would now like to compactify the zeroth order bosonic action (2.1) on a half-flat mirror manifold Ŷ . As usual in flux compactifications, the collective modes are taken to be the same as for the corresponding case without flux, that is, as for the reduction on the associated Calabi-Yau manifold Y , in our case. This approach is in line with the earlier statement that the moduli spaces of the half-flat mirror manifolds Ŷ and the associated Calabi-Yau manifolds Y are identical. Of course, one expects the flux to induce a low-energy potential and, potentially, masses for some of the previously massless fields. The idea will be that this “flux” scale is sufficiently lower than the string and Kaluza-Klein scales. Only then can heavy string/Kaluza-Klein modes be neglected while modes acquiring masses from flux effects can be kept. This can be achieved by sufficiently small flux parameters e_i and/or large radii of the internal manifold. At any rate, this separation of scales can be consistently checked once the low-energy potential has been computed. Although one expects the flux parameters e_i to be quantized (since the NS-NS flux of the mirror is quantized) we will here work in a supergravity approximation and view them as continuous parameters. We also adopt the general principle that our low-energy effective theory should reduce to the standard one, obtained from the reduction on the associated Calabi-Yau manifold Y , in the limit of vanishing flux parameters, e_i → 0.

We split 10-dimensional coordinates as (x^M ) = (x^μ, x^m) with external indices μ, ν, · · · = 0, 1, 2, 3 and internal indices m, n, · · · = 4, . . .9. The 10-dimensional metric for our reduction then takes the form ds^2_{10} = e^{2ϕ}g_{μν} dx^μdx^ν + g_{mn}dx^mdx^n , (3.1)

2For convenience, we will drop the index ζ on Ŷζ from here on.

where g_{mn} is the metric on the half-flat mirror manifold Ŷ induced by the SU(3) structure and g_{μν} is the four-dimensional metric. We have also introduced the zero mode ϕ = ϕ̂ − 1 2 ln V , (3.2)

of the dilaton where V is the volume V = 1 v ∫ Ŷ d^6x √ g (3.3)

of the internal space Ŷ , measured relative to a fixed reference volume v. The dilaton factor in front of the four-dimensional part of the metric (3.1) has been chosen so that we arrive at a canonically normalized Einstein-Hilbert term in four dimensions. As we have already explained, the moduli space of internal metrics g_{mn} on Ŷ is parameterized by Kähler moduli v^i, where i, j, · · · = 1, . . ., h^{1,1}(Y ) and complex structure moduli z^a, where a, b, · · · = 1, . . ., h^{2,1}(Y ). More specifically, we can write the following standard equations for the deformations of the metric δg_α¯_β = − iω_{iα}¯_β δv^i δg_ᾱ¯_β = − 1 ||Ω||^2 Ω̄_ᾱ^{γδ}(χ_a)_{γδβ̄} δz^a , (3.4)

where we have introduced a set of (2, 1)–forms χ_a and holomorphic (anti-holomorphic) indices α, β, . . . (ᾱ, β̄, . . .) on the internal space. Finally, we have the following zero mode expansion for the NS-NS two-form

B̂ = B + b^iω_i (3.5) Ĥ = H + db^i ∧ ω_i + (b^ie_i)β^0 , (3.6)

where B is a four-dimensional two-form with field strength H = dB and b^i are h^{1,1}(Y ) real scalar fields. Note that the last term in the Ansatz (3.6) for the field strength Ĥ is new compared to the Calabi-Yau case and results, via Eq. (2.24), from the fact that the (1, 1)–forms ω_i are no longer closed. This term does have the form of (a particular type of) H–flux, although it should be kept in mind that it originates from the intrinsic “flux” encoded in the half-flat mirror manifolds. For now we will not include genuine H–flux into the calculation but defer this until later in the section.

Inserting the Ansatz (3.1)–(3.6) into the 10-dimensional bosonic action (2.1) one finds, after integrating over the internal space

S_4 = − 1 2κ^2_4 ∫ { R ⋆ 1 + 2dϕ ∧ ⋆dϕ + 1 2 da ∧ ⋆da + 2h^{(1)}_{ij̄} dt^i ∧ ⋆dt̄^{j̄} +2h^{(2)}_{ab̄} dz^a ∧ ⋆dz̄^{b̄} + 2κ^2_4V ∗ 1 } , (3.7)

with the four-dimensional Newton constant κ^2_4 = κ^2_{10}/v and the scalar potential

V = 4κ^{−2}_4 e^{2ϕ+K(1) +K(2)} [ e_ie_j h^{ij}_{(1)} + 4(e_ib^i)^2 ] . (3.8)

The complex Kähler moduli t^i are defined by

t^i = b^i + iv^i , (3.9) and the four-dimensional two-form B has been dualized to the scalar a. The Kähler and complex structure moduli space metrics are defined as usual by

h^{(1)}_{ij} = 1 4vV ∫ Ŷ ω_i ∧ ⋆ω_j (3.10)

h^{(2)}_{ab̄} = −

∫_^ Y χ_a ∧ χ̄¯_b ∫_^ Y Ω ∧ Ω̄

, (3.11)

with inverse metrics h^{ij}_{(1)} and h^{ab̄}_{(2)} and associated Kähler potentials

K^{(1)} = − ln(8V)

K^{(2)} = − ln ( i ∫ Ŷ Ω ∧ Ω̄ ) . (3.12)

In this calculation, we have used the following result for the integrated scalar curvature of half-flat mirror manifolds ∫ Ŷ √ g R_{hf} = v exp ( K^{(2)} ) e_ie_j h^{ij}_{(1)} , (3.13)

which was proven in Ref. [17], as well as the special geometry relations (A.11) and (A.20) in order to evaluate the integral

∫_^ Y β^0 ∧ ⋆β^0. The two contributions to the four-dimensional potential (3.8) originate from this non-vanishing scalar curvature and the additional term in the Ansatz for the NS-NS 3-form field strength Ĥ in Eq. (3.6), respectively.

3.2 Four-dimensional supergravity

The four-dimensional action derived in the previous subsection should be the bosonic part of an N = 1 supergravity theory. We would now like to make this explicit comparing it to the standard N = 1 supergravity action [77].

The kinetic terms in (3.7) are easy to deal with since they are identical to the ones arising in standard Calabi-Yau compactifications. We introduce chiral superfields S, T^i and Z^a satisfying

S | = a + ie^{−2ϕ} (3.14) T^i | = t^i (3.15) Z^a | = z^a , (3.16)

where the bar denotes the lowest component of the multiplet. Then the Kähler potential reproducing the kinetic terms in Eq. (3.7) can be written as

K = κ^{−2}_4 ( K^{(S)} + K^{(1)} + K^{(2)} ) , (3.17)

where K^{(S)} = − ln ( i(S̄ − S) ) , (3.18)

and K^{(1)} and K^{(2)} are given in (3.12). In order to perform a concrete calculation one needs to express these Kähler potentials in terms of the low energy fields. This is done via holomorphic pre-potentials F and G and the respective equations are given in (A.4) and (A.10).

Having fixed the Kähler potential and the superfields in terms of component fields via Eqs. (3.14)– (3.16) we now have to check whether the potential (3.8), obtained from dimensional reduction, can be reproduced from the standard supergravity expression

V = κ^{−4}_4 e^{κ24 K} ( K^{XȲ} D_X W D¯_Y W̄ − 3κ^2_4|W |^2 ) , (3.19) for a suitable choice of superpotential W . In this expression, we have used indices X, Y, . . . to label all chiral superfields (Φ^X ) = (S, T^i, Z^a) and D_X denotes the Kähler-covariant derivative defined by

D_X W = ∂_X W + κ^2_4K_X W . (3.20)

Further K^{XȲ} is the inverse of the Kähler metric K_X¯_Y .

The potential (3.8) is quadratic in the axionic fields b^i which are part of the chiral multiplets T^i. This suggest that the superpotential may be a linear function in the fields T^i. In fact, we claim that W is given by W = √ 8 e_iT^i . (3.21)

Let us now verify this claim. We first note that, using the expression (3.17) for the Kähler potential, the pre-factor in the reduction potential (3.8) can be re-written as

4 exp ( 2ϕ + K^{(1)} + K^{(2)} ) = 8e^{κ24 K} . (3.22)

This correctly matches the e^{κ24 K} pre-factor of the supergravity potential (3.19). With the superpotential (3.21), the various Kähler-covariant derivatives are given by D_S W = − 1 2 e^{2ϕ}W (3.23) D_iW = √ 8e_i + K^{(1)}_i W (3.24) D_aW = K^{(2)}_a W . (3.25)

For the non-vanishing components of the Kähler metric we have K_S¯_S = e^{2ϕ}/4, K_i¯_j = h^{(1)}_{ij̄} and

K_a¯_b = h^{(2)}_{ab̄} . Using these, and Eq. (A.4) we find

D_S W D¯_SW̄ K^{SS̄} = |W |^2 (3.26) D_iW D¯_jW̄ K^{ij̄} = 8e_ie_j h^{ij}_{(1)} − 32(e_iv^i)^2 + 3|W |^2 (3.27)

D_aW D¯_bW̄ K^{ab̄} = 3|W |^2 . (3.28)

In the second line, we have used (A.7) which holds for special geometries with a cubic pre-potential. The result in the third line can be proved using a similar cubic pre-potential (A.18) for the complex structure moduli which is justified in the large complex structure limit. Inserting the relations (3.22) and (3.26)–(3.28) into the supergravity potential (3.19), using the explicit form (3.21) of W we indeed correctly reproduce the potential (3.8) obtained from the reduction.

To summarize our results so far, we have derived, to lowest order in α^′, the bosonic part of the four-dimensional effective action of the heterotic string on half-flat mirror manifolds Ŷ . We have shown that this action is indeed the bosonic part of a four-dimensional N = 1 supergravity theory with Kähler potential (3.17) and superpotential (3.21). This latter statement has been proved for large complex structure since we have used the relation (3.28) which, as far as we know, only holds in this limit. Given that the relations which define the half-flat mirror manifolds can only be expected to hold for large complex structure this is perhaps not surprising. However, our result indicates that the definition of the half-flat mirror manifolds indeed has to be modified away from the large complex structure limit.

3.3 Including H-flux

Our previous calculation can be generalized by adding an arbitrary three-form H_{flux}, harmonic on the internal space, to the Ansatz (3.6) for the NS-NS field strength Ĥ. In the analogous Calabi-Yau case, the forms (α_A, β^B) constitute a basis of harmonic three-forms and the most general NS-NS flux is simply given by an arbitrary linear combination of these forms. Here, we have to be more careful. From Eq. (2.24) we know that α_0 is not even closed which means it does not define a cohomology class. All other forms (α_a, β^b) are closed but not necessarily co-closed. However, we know that d ⋆ α_a = O(e_i) , d ⋆ β^b = O(e_i) , (3.29)

since these forms are harmonic in the Calabi-Yau limit e_i → 0. Hence, the forms (α_a, β^b) define cohomology classes and they differ from the harmonic representative by exact forms of the order e_i. This understood, we write the following Ansatz for the NS-NS flux

H_{flux} = ϵ_Aβ^A + μ^Aα_A , (3.30)

where ϵ_A = (0, ϵ_a) , μ^A = (0, μ^a) . (3.31)

We have allowed indices in (3.30) to run over all values to keep expressions covariant but we have set μ^0 = 0 in accordance with the above discussion. Also we note that dealing with the flux parameter ϵ_0 is a bit more subtle as it was argued in [17] that it reproduces the mirror of the zero-NS-flux. For this reason, we have also set ϵ_0 = 0. However, all other flux parameters (ϵ_a, μ^a) are kept arbitrary. The so-defined NS-NS flux satisfies

dH_{flux} = 0 , d ⋆ H_{flux} = (second order in flux) . (3.32)

For the second relation, we have used Eq. (3.29) and, here and in the following, “n^{th} order in flux” refers to a quantity proportional to a product of n of the flux parameters e_i, ϵ_a or μ^a.

We would now like to repeat our reduction of the lowest order bosonic action (2.1), using the Ansatz (3.1)–(3.6), but modifying the expression for Ĥ by adding to it the NS-NS flux (3.30). The kinetic terms are, of course, unmodified by the additional NS-NS-flux and the four-dimensional effective action is still of the form (3.7), where only the potential V has a different form. Combining our earlier expression (3.6) for the field strength Ĥ with the H-flux (3.30) we have

Ĥ = H + db^i ∧ ω_i + (b^ie_i)β^0 + ϵ_aβ^a + μ^aα_a . (3.33)

The contribution to the potential which originates from the non-vanishing scalar curvature (3.13) of the half-flat mirror manifolds remains the same. However, we have to consider the additional terms which arise from this new form of Ĥ when inserted into the form field kinetic term. To do this, we note, the term proportional to β^0 in the above expression looks like an ordinary H–flux and can be treated on the same footing. To this end, we define the modified flux parameters ϵ̃_A = (e_ib^i, ϵ_a). With these, the potential takes the form

V = 4e^{2ϕ+K(1)+K(2)} e_ie_j h^{ij}_{(1)} − 2e^{2ϕ+K(1)} (ϵ̃_A + μ^cM_{cA})(ImM)^{−1 AB} (ϵ̃_B + μ^dM̄_{dB}) . (3.34)

To obtain the last term we have used (A.11) and (A.12) and the matrix M is defined in Eq. (A.19). Since we have neglected second order flux terms in H_{flux} this potential is correct up to quadratic terms in the flux and there are possible corrections of cubic and higher order in flux which we have not calculated. Let us also note that despite the explicit minus sign which appears in the above formula, this potential is manifestly positive definite as the matrix (Im(M))^{−1} is negative definite. When deriving the potential from the superpotential, this feature will arise from the no-scale structure which annihilates the negative contribution in (3.19). We note that Eq. (3.34) reduces to the previous formula (3.8) for the potential in the absence of H–flux by setting ϵ_a = 0 and μ^a = 0, remembering that ϵ̃_0 = e_ib^i.

As before, it has to be checked that the above result can be embedded into four-dimensional N = 1 supergravity. Since the kinetic terms are unmodified, the definition of superfields is still given by (3.14)–(3.16) and the Kähler potential is the standard one, Eq. (3.17). Given these results, is the modified potential (3.34) of the supergravity form (3.19) for a suitable superpotential W ? It is shown in Appendix B that this is indeed the case, provided one is working in the large complex structure limit. The superpotential then reads W = √ 8(e_iT^i + ϵ_aZ^a + μ^aG_a) , (3.35)

with arbitrary flux parameters e_i, ϵ_a and μ^a.

4 Gravitino mass and the superpotential

In this section we propose another approach to compute the superpotential which will turn out to be more suitable for further generalizations and for obtaining some more insight when α^′ corrections are taken into account. Previously, we have derived the moduli superpotential by dimensional reduction of the bosonic action and by comparing the result with the standard form of four-dimensional N = 1 supergravity. However, there is also a more direct method using Gukov’s formula [78, 79] which, in the appropriate form, has led to the correct result for a number of different compactifications. In this section, we are going to explore this second approach and its relation to the results of the previous section, for the case of heterotic string on half-flat mirror manifolds.

We will proceed in two steps. Firstly, we will derive the appropriate version of Gukov’s formula from the four-dimensional gravitino mass term which we obtain as a dimensional reduction of the appropriate terms in the 10-dimensional action, an approach also considered in Refs. [59, 69]. As we will see, the resulting Gukov-type formula applies to the heterotic string on all manifolds of SU(3) structure and is valid to first order in α^′. As a second step, we then apply this general formula to our particular half-flat mirror manifolds and show that it specializes to the superpotential (3.35), derived in the previous section.

4.1 A Gukov formula from the gravitino mass term

The mass term for the gravitino Ψ in four dimensions is given by

S_{Ψ,mass} = − 1 2 ∫ M_4

d^4x √ −g { M_{3/2}Ψ^†_μγ^0γ^{μν} Ψ^∗_ν + h.c. } , (4.1)

where the four-dimensional gamma matrices γ_μ are chosen to be real and the chirality matrix γ = − i 4! ϵ^{μνρσ} γ_{μνρσ} , (4.2) is purely imaginary. In the context of N = 1 four-dimensional supergravity the gravitino mass can be written as M_{3/2} = exp(κ^2_4K/2)W , (4.3) and the invariant function G = K + ln |W |^2 can be computed from the gravitino mass using the relation e^G = |M_{3/2}|^2 . (4.4)

If the Kähler potential has been computed independently or the holomorphic part of M_{3/2} can be identified then the superpotential can be obtained directly from M_{3/2}. We are now going to apply these facts to the gravitino mass term which descends from the 10-dimensional theory.

A quick inspection of the ten dimensional action (2.2) reveals which parts potentially contribute to the gravitino mass terms in four dimensions. The most obvious one is the “flux” term Ψ_M Γ^{M N P QR}Ψ_N H_{P QR}. This term was also considered in Ref. [59, 69, 62] and, as we will show, it gives rise to the well known superpotential W ∼ ∫ H ∧ Ω which was proposed in Refs. [78, 79].

This result for W is definitely correct for Calabi-Yau manifolds, but if the internal manifold has only SU(3) structure there will be a further contribution from the gravitino kinetic term in tendimensions. This additional contribution will turn out to be proportional to the first torsion class, W_1, of the SU(3) structure manifold. The reason this term appears in four dimensions is that on such manifolds the globally defined spinor η is no longer covariantly constant with respect to the Levi-Civita connection.

Let us now see how this works in detail. We first have to decompose the 10-dimensional gamma matrices (γ_M ) = (γ_μ ⊗ 1, γ ⊗ γ_m) . (4.5)

Note that we have chosen the four-dimensional gamma matrices, γ_μ, real and the six-dimensional ones, γ_m, imaginary so that the above decomposition leads to real 10-dimensional gamma matrices. Furthermore, we have to decompose the 10-dimensional gravitino Ψ̂_M in a way compatible with its Majorana-Weyl nature. The unique possibility, up to overall rescalings, for the case of a manifold with SU(3) structure is Ψ̂_M = e^ϕ_2 ( ψ_M ⊗ η + ψ^∗_M ⊗ η^∗ ) . (4.6)

where ψ_M is a four dimensional Weyl spinor of positive chirality. We recall that η is the sixdimensional globally defined Weyl spinor which exists on manifolds with SU(3) structure. The external components ψ_μ correspond to the four-dimensional gravitino while ψ_m represent spin 1/2 fields. In fact, in order not to have cross kinetic terms between the gravitino and the spin 1/2 fields one needs to redefine ψ_μ by some particular combination of ψ_m. However, this subtlety does not effect the gravitino mass which can be read off as the coefficient of the term^1_2 ψ^†_μγ^0γ^{μν} ψ^∗_ν . On the other hand the normalization of the gravitino field is important since its kinetic term needs to be in canonical form in order to read off the correct gravitino mass. For this reason we have chosen the overall factor e^{ϕ/2} in Ansatz (4.6) and one can easily check that this leads to the correct kinetic term for the gravitino in four dimensions. Let us quickly sketch how this works. Inserting (4.6) and (4.5) into the ten-dimensional kinetic term from (2.2) and keeping only the terms involving the four-dimensional space-time indices we obtain

Ψ̂_μΓ^{μνρ}D_νΨ̂_ρ = e^ϕ ( ψ_μγ^{μνρ}D_ν ψ_ρ (η^†η) + ψ^T_μ γ^{μνρ}D_ν ψ^∗_ρ (η^T η^∗) ) . (4.7)

Note that due to our conventions the above terms are the only combinations which survive as η^T η = η^†η^∗ ≡ 0. Also recall that we have normalized the spinor η requiring η^†η = 1 so that the terms above do not depend on the internal manifold. Consequently the integration over the six-dimensional space will only produce a volume factor which combines with the dilaton factor in

Eq. (2.2) into the four dimensional dilaton (3.2). Finally, taking into account the rescaling of the space-time metric (3.1) we obtain for the four-dimensional gravitino kinetic term

S 3_{2 kin} = 1 2 ∫ M_4

d^4x √ −g [ ψ_μγ^{μνρ}D_ν ψ_ρ + ψ^T_μ γ^{μνρ}D_ν ψ^∗_ρ ] , (4.8)

which is indeed the correct kinetic term for the gravitino in four dimensions [77].

Having normalized the gravitino field correctly we can go ahead and derive the gravitino mass term. This can be done by inserting the decompositions (4.5) and (4.6), along with the Ansatz (3.1) for the 10-dimensional metric into the fermionic action (2.2) and keeping the terms with two fourdimensional gamma matrices and no space-time derivatives. Let us consider the two relevant terms in (2.2) separately, starting with the kinetic term. We obtain

Ψ̂_μΓ^{μnν} D_nΨ̂_ν = −(ψ_μ ⊗ η + ψ^∗_μ ⊗ η^∗)^T [γ^0γ^{μν} ⊗ γ^nD_n](ψ_ν ⊗ η + ψ^∗_ν ⊗ η^∗) . (4.9)

From compatibility condition (2.10) we know that the spinor η is covariantly constant with respect to the connection with torsion. This implies D_nη − 1 4 κ_{npq} γ^{pq}η = 0 , (4.10)

which, applied to Eq. (4.9), yields

Ψ̂_μΓ^{μnν} D_nΨ̂_ν = 1 4 ψ^†_μγ^0γ^{μν} ψ^∗_ν (η^†γ^nγ^{pq}η^∗)κ_{npq} − 1 4 ψ^T_μ γ^0γ^{μν} ψ_ν (η^T γ^nγ^{pq}η)κ_{npq} . (4.11)

As before, we have discarded terms like η^†γ^nγ^{pq}η which vanish identically. Moreover, the properties of six-dimensional spinors and gamma matrices assure that only the totally antisymmetric part of η^†γ^nγ^{pq}η^∗ survives. Using (2.8) and taking care to include all the dilaton factors in Eqs. (3.1) and (4.6), we conclude that the torsion contribution to the gravitino mass term can be written as

M^{(T )}_{32} = e^ϕ 4V ∫ Ŷ √ g η^†γ^{npq}η^∗κ_{npq} = ie^ϕ √ 8 4V||Ω|| ∫ Ŷ √ g Ω^{ᾱβ̄γ̄} κ_ᾱ¯_{βγ̄} . (4.12)

With Eq. (2.14) and the relation J_m^nΩ_{npq} = iΩ_{mpq} one can also write the above expression in the following form

M^{(T )}_{32} = e^ϕ √ 8 24V||Ω|| ∫ Ŷ √ g Ω^{ᾱβ̄γ̄} (dJ)_ᾱ¯_{βγ̄} = ie^ϕ √ 8 4V||Ω|| ∫ Ŷ Ω ∧ dJ . (4.13)

We recall from Eq. (2.13) that the torsion κ decomposes into five classes according to the various SU(3) representations it contains. Evidently, contracting with Ω in the above relation projects out the SU(3) singlet part which corresponds to the torsion class W_1.

For the Ĥ-dependent term in the fermionic action (2.2) the calculation is similar and was also discussed in Refs. [59, 60, 69, 62]. One finds

Ψ̄_μΓ^{μnpqν} Ψ_νĤ_{npq} = −(ψ_μ ⊗ η + ψ^∗_μ ⊗ η^∗)^T [γ^0γ^{μν} γ^5 ⊗ γ^{npq}](ψ_ν ⊗ η + ψ^∗_ν ⊗ η^∗) , (4.14)

and comparison with Eq. (4.1) leads to the gravitino mass contribution

M^{(H)}_{32} = − ie^ϕ √ 8 24V||Ω|| ∫ Ŷ √ g Ω^{ᾱβ̄γ̄}Ĥ_ᾱ¯_{βγ̄} = e^ϕ √ 8 4V||Ω|| ∫ Ŷ Ω ∧ H . (4.15)

Adding up the two contributions (4.13) and (4.15) one finds for the gravitino mass

M_{3/2} = √ 8e^ϕ 4V||Ω|| ∫ Ŷ Ω ∧ (H + idJ) . (4.16)

From Eq. (4.4) this determines the supergravity function G.

Of course we do not know the Kähler potential for general manifolds with SU(3) structure. However, it is suggestive to identify the integral in Eq. (4.16) as the holomorphic part and, hence, the superpotential and the pre-factor as the Kähler potential. Accepting this we find by comparison with Eq. (4.3) that^3 W ∼ ∫ Ŷ Ω ∧ ( Ĥ + idJ ) . (4.17)

Note that Ĥ + idJ = d(B̂ + iJ) is precisely the holomorphic combination which determines the scalar components (3.15) of the superfields T^i. Equivalently, following the notation of Ref. [64] we can write the superpotential as W ∼ H_1 + κ_1 , (4.18)

where the SU(3) singlet component of the torsion, κ_1, was defined in (2.17). Likewise, H_1 is the SU(3) singlet component of Ĥ defined by

Ĥ_{mnp} |_{singlet} = −6H_1(Ω + Ω̄)_{mnp} . (4.19)

Comparing again with (4.3) we can argue that the pre-factor in Eq. (4.16) should determine the Kähler potential. Thus we can write e^K ∼ e^{2ϕ} V^2||Ω||^2 (4.20)

We stress that one expects these results for G, W and K to be valid for heterotic compactifications on all manifolds with SU(3) structure. In addition, they hold up to and including correction of order α^′ since the relevant 10-dimensional gravitino terms in Eq. (2.2) do not receive corrections at this order. This latter fact can be illustrated for standard Calabi-Yau compactifications. In this case it is straightforward to show that the formula (4.17) correctly reproduces the cubic gauge matter superpotential [52] which arises at order α^′. We expect the relation (4.17) will be quite useful when computing the gauge matter superpotential in more general cases, such as for half-flat mirror manifolds.

4.2 Application to half-flat mirror manifolds

If the Kähler potential has been fixed by other means, the superpotential can be obtained from Eq. (4.16) exactly, including the pre-factor. For example, using the Calabi-Yau Kähler potential (3.17) which, as we have seen, also applies to half-flat mirror manifolds one finds W = √ 8 ∫ Ŷ Ω ∧ ( Ĥ + idJ ) , (4.21)

3A similar formula for the superpotential was first proposed in Ref. [17] in the context of type II theories. In heterotic string compactifications it appears in Ref. [71], but to our knowledge it was never derived before in a systematic way as we do in this paper.

It is now just a simple exercise to obtain the expression of the superpotential in terms of the component fields in four dimensions. We recall from Eqs. (3.6) and (3.30) that the complete Ansatz for the NS-NS field strength, including NS-NS flux, is given by

Ĥ = H + db^iω_i + (b^ie_i)β^0 + e_Aβ^A + m^aα_a . (4.22)

Using the expansion of the (3, 0) form Ω in terms of the complex structure moduli (2.21), the particular expression for dJ, (2.25), and the integration rules (2.22) one immediately obtains W = √ 8 ( e_iT^i + ϵ_aZ^a + μ^aG_a ) , (4.23)

which precisely coincides with (3.35). In summary, we have verified this result in two, largely independent ways, namely by a reduction of the bosonic term and from a generalized Gukov-type formula which we have derived from the gravitino mass term.

5 Including gauge fields

Let us now discuss some properties of the heterotic E_8 × E_8 string on half-flat mirror manifolds at first order in α^′. At this order, the Bianchi identity (2.5) for Ĥ receives its gauge field and gravitational Chern-Simons correction and finding its solution becomes a non-trivial task. With

dω_{YM} = Tr ( F̂ ∧ F̂ ) , dω_L = tr ( R̃ ∧ R̃ ) (5.1)

the Bianchi-identity leads to the well-known relation dĤ = α^′ 4 ( tr(R̃ ∧ R̃) − Tr(F̂ ∧ F̂ ) ) . (5.2)

It implies, as a condition for the Bianchi identity to be soluble, that the right-hand side has to be cohomologically trivial and, hence, that [ tr(R̃ ∧ R̃) ] = [ Tr(F̂ ∧ F̂ ) ] , (5.3)

where the bracket [. . .] denotes the cohomology class. Traditionally, the way to satisfy this condition has been the standard embedding [51] although more general possibilities have been discussed in the literature [80, 81, 82].

Here, we will consider the simplest possibility, a generalization of the standard embedding to our compactifications. Let us first recall the standard Calabi-Yau case. The spin connection ω^{(CY)}_m of the Calabi-Yau manifold Y takes values in SU(3) which means its non-vanishing components are of the form ω^{(CY)αβ̄}_m . The standard embedding then amounts to setting the internal Yang-Mills connection equal to the Calabi-Yau spin connection, that is A_m^{αβ̄} | | background

= ω^{(CY)αβ̄} m . (5.4)

Here, the indices (α, β̄) on A refer to an SU(3) sub-group of one of the E_8 factors of the gauge group. The trace of the square of such an SU(3) generator in the adjoint of E_8 is 30 times the trace of the square of an SU(3) generator in the fundamental. With the definition of Tr as 1/30 of the trace in the adjoint of E_8 × E_8, this means that the standard embedding indeed solves the cohomology constrain (5.3) and, even more strongly, leads to the right-hand side of Eq. (5.2) to vanish identically. Note that, at the level of background fields, the internal part of Ĥ is vanishing so that the modification (2.4) of the spin connection does not contribute for Calabi-Yau manifolds. The surviving low-energy gauge group is the maximal commutant of SU(3) within E_8 × E_8 which is E_6 × E_8. In addition, one obtains h^{1,1}(Y ) chiral multiplets in the 27 of E_6 and h^{2,1}(Y ) chiral multiplets in the 27 of E_6.

Can this picture be adapted to half-flat mirror manifolds? There are two essential modifications. First of all, the spin connection ω^{(hf)}_m of the half-flat manifold generally takes values in SO(6) rather than SU(3). Secondly, the internal background value of Ĥ is no longer vanishing due to the additional term in Eq. (3.6) and, if present, H–flux in Eq. (3.30). Therefore, we have to work with the modified connection w̃ which is the correct object that enters the Bianchi identity. From Eqs. (2.4), (3.6) and (3.30) it is given by

ω̃_m^{np} = ω^{(hf)np}_m + ( b^ie_iβ^0 + ϵ_aβ^a + μ^aα_a ) m np . (5.5)

This connection still generically takes values in SO(6). The generalization of the standard embedding to half-flat mirror manifolds is then characterized by

A_m^{np} = ω̃_m^{np} , (5.6)

where the index pair (np) on A refers to an SO(6) sub-group of one of the E_8 gauge factors. The trace of the square of an SO(6) generator in the adjoint of E_8 is still 30 times that of the trace in the fundamental of SO(6) and, hence, the above choice indeed provides a solution to the cohomology constraint (5.3). As for the Calabi-Yau case it sets the right-hand side of Eq. (5.2) identically zero.

However, the low-energy gauge group is now the commutant of SO(6) within E_8 × E_8 which (modulo global issues) is given by SO(10) × E_8. It is interesting to compare this to the standard Calabi-Yau case. Apparently, switching on flux has broken the gauge group from E_6 to SO(10). From the decomposition 78 → 45 + 16 + 16 + 1 . (5.7)

of the adjoint 78 of E_6 under SO(10) we conclude that the additional gauge bosons in the 16, 16 and 1 representations of SO(10) must have picked up a mass proportional to the flux parameters e_i, ϵ_a and μ^a. For this to happen the additional gauge multiplets must pair up with chiral multiplets in the same SO(10) representations. To see how this works let us examine the decomposition of the fundamental of E_6 under SO(10) which is given by

27 → 16 + 10 + 1 . (5.8)

In the standard Calabi-Yau case, we therefore have h^{1,1}(Y ) chiral multiplets in 16 and h^{2,1}(Y ) chiral multiplets in 16. One 16 and one 16 (and one singlet) chiral multiplet have to paired up with the additional gauge bosons, so they will pick up a mass proportional to flux parameters. It is reasonable to expect, therefore, that h^{1,1}(Y ) − 1 anti-families in 16 and h^{2,1}(Y ) − 1 families in 16 are left massless. This expectation should be confirmed by an explicit calculation of the fourdimensional effective theory including gauge matter. We remark that the general formula (4.17) for the superpotential should be valid including gauge matter and its evaluation should, hence, lead to the correct gauge matter superpotential. This will be discussed in detail in a forthcoming publication [74].

A final remark concerns the gauge kinetic function f of the low-energy gauge group. From a simple reduction of the 10-dimensional gauge field action (2.2) it is clear that, to order α^′, this function is given by the dilaton, as in the standard Calabi-Yau case. More precisely, fixing the normalization of the gauge field kinetic term by − 1 4g^2_{YM} ∫ M_4

d^4x √ −g Re(f)Tr ( F^2 ) , (5.9)

where F is the low-energy gauge field strength, and

g^2_{YM} =

4κ^2_{10} α^′v , (5.10)

one finds that f = S . (5.11)

This result can be expected to receive threshold corrections at order (α^′)^2 which result from terms at that order in the 10-dimensional effective action [83]. It would be interesting to calculate these corrections for half-flat mirror manifolds.

6 Conclusion and outlook

In this paper, we have considered the heterotic string on half-flat mirror manifolds which arise in the context of mirror symmetry with flux. More precisely, given a mirror pair (X, Y ) of Calabi-Yau three-folds, the associated half-flat mirror manifolds Ŷ_ζ are the mirror duals of X with NS-NS flux ζ = (e_i).

Our main result is the complete derivation of the four-dimensional N = 1 effective action to lowest order in α^′ on such manifolds. We find that the Kähler potential for the dilaton S, the Kähler moduli T^i and the complex structure moduli Z^a is the same as for the reduction on the associated Calabi-Yau manifolds Y while the superpotential is given by W = √ 8 ( e_iT^i + ϵ_aZ^a + μ^aG_a ) . (6.1)

Here, the first term arises from the intrinsic, geometrical flux of the half-flat mirror manifold and the other two terms arise from NS-NS flux with electric and magnetic parameters ϵ_a and μ^a, respectively. The structure of this result certainly invites speculations about more general half-flat mirror manifolds which also contain intrinsic magnetic flux and generate the “missing” term m^iF_i in Eq. (6.1). Unfortunately, at present, there is no explicit description available for such manifolds.

We have confirmed the above result for W by two largely independent methods, namely by a reduction of the bosonic action and via a reduction of some fermionic terms leading to the fourdimensional gravitino mass term. As a by-product, we have also obtained a Gukov-type formula for the superpotential which we expect to be valid for the heterotic string on all manifolds of SU(3) structure and includes order α^′ effects. It is given by W ∼ ∫ Ŷ Ω ∧ ( Ĥ + idJ ) , (6.2)

where J is the two-form which, along with the three-form Ω, characterizes the SU(3) structure.

We have also argued that the standard embedding can be generalized to the heterotic string on half-flat mirror manifolds and leads to (in the case of E_8 ×E_8) a low-energy gauge group SO(10)×E_8 rather than E_6 × E_8. We also expect h^{1,1}(Y ) − 1 anti-families in the 16 representation of SO(10) and h^{2,1}(Y ) − 1 families in the 16 representation.

There certainly remains substantial work to be done concerning the inclusion of gauge and gauge matter fields. In particular, one would like to derive the four-dimensional effective theory for these fields, understand the way in which the flux parameters break E_6 to SO(10) and compute the gauge matter superpotential explicitly. For this latter task the general formula (6.2) will be quite useful. All these issues are currently under investigation [74].

An important application of our results concerns moduli stabilization in heterotic models. The superpotential (6.1) is independent of S so, as stands, at least the dilaton still represents a runaway direction. However, we have seen that the gauge kinetic function is still proportional to S and, hence, gaugino condensation would generate a non-perturbative superpotential [53]

W_{gaugino} ∼ exp(−cS) (6.3)

for some appropriate constant c. Studying the combined effect of this gaugino superpotential and (6.1) is an interesting problem which we are currently investigating.

Acknowledgments S. G. is supported by the JSPS fellowship P03743. A. L. is supported by a PPARC Advanced Fellowship. A. M. is supported by PPARC. This work is supported in part by a Royal Society Japan-UK Joint Project, reference no. NC/Japan/JP/15207. The authors would like to thank Mariana Graña, Yukiko Konishi, Taichiro Kugo, Jan Louis and Dan Waldram for helpful discussions.

Appendix

A Some useful results on special geometry

In order to make the paper self-contained we add this appendix on special Kähler geometry and their particular realizations on Calabi-Yau manifolds. Our discussion will be carried out for a Calabi-Yau space Y with occasional reference to its mirror X. For an extensive cover of the subject see Ref. [84, 85].

A Kähler manifold of complex dimension n is called special Kähler if its geometry is completely determined in terms of a holomorphic function H, called the pre-potential. When written in terms of projective coordinates, which we denote by X^P , where P, Q, · · · = 0, . . ., n the pre-potential is a homogeneous function of degree two which implies that X^P H_P = 2H with derivatives H_P =^{∂H}_{∂X P} . In terms of the pre-potential, the Kähler potential has the form

K = − ln i (¯ X^P H_P − X^pH̄_P ) . (A.1)

It is also useful to introduce a (n + 1) × (n + 1) matrix Q

Q_{P Q} = H̄_{P Q} + 2i

Im(H_{P R})Im(H_{QS} )X^QX^S Im(H_{RS} )X^RX^S

, (A.2)

which plays the role of gauge coupling matrix in type II compactifications and which satisfies H_P = Q_{P Q}X^Q.

It is well-known that the moduli space of Calabi-Yau manifolds is governed by two such special Kähler geometries: one for the complexified Kähler moduli and one for the complex structure moduli. Let us now describe these two moduli spaces in turn.

We start with the Kähler moduli space of the Calabi-Yau manifold Y which has dimension n = h^{1,1}(Y ). We denote its projective coordinates by T^I with indices I, J, · · · = 0, . . ., h^{1,1}(Y ). It is also useful to introduce indices i, j, · · · = 1, . . ., h^{1,1}(Y ).

In the large radius limit of the Calabi-Yau space, the pre-potential, which we call F, is known explicitly and given by F = − 1 6 d^{(Y )}_{ijk} T^iT^j T^k T^0

, (A.3)

where d^{(Y )}_{ijk} are the triple intersection numbers of the manifold Y . Introducing affine coordinates t^i = T^i/T^0, one finds from Eq. (A.1) for the associated Kähler potential

K^{(1)} = − ln ( id^Y_{ijk}(t^i − t̄^i)(t^j − t̄^j )(t^k − t̄^k ) ) ≡ − ln 8V , (A.4)

where V can be interpreted as the volume of the Calabi-Yau space. It is useful to describe the moduli space in terms of the Kähler form J which can be expanded as

J = v^iω_i , (A.5)

where v^i = Im(t^i) and (ω_i) is a basis of the second cohomology of Y . Then, the metric h^{(1)}_{ij} on the Kähler moduli space can be written as

h^{(1)}_{ij} = ∂_i ¯∂_j K^{(1)} = 1 4V ∫ Y ω_i ∧ ⋆ω_j . (A.6)

A useful relation which can be derived from the explicit Kähler potential (A.4) is

h^{ij}_{(1)}K^{(1)}_j = (t^i − t̄^i) = 2iv^i , (A.7)

where K^{(1)}_i denote the derivatives of the Kähler potential (A.4) with respect to the fields t^i and h^{ij}_{(1)} is the inverse of the Kähler metric.

One can also explicitly compute the coupling matrix defined in (A.2) which we denote by N . The components of N together with the ones of (Im(N ))^{−1} are given by

Re(N_{ij} ) = −d^{(Y )}_{ijk} b^k , Im(N_{ij} ) = −4Vh^{(1)}_{ij} , (Im(N ))^{−1 ij} = − h^{ij}_{(1)} 4V − b^ib^j V . Re(N_{i0}) = 1 2 d^{(Y )}_{ijk} b^j b^k , Im(N_{i0}) = 4Vh^{(1)}_{ij} b^j , (Im(N ))^{−1 i0} = − b^i V Re(N_{00}) = − 1 3 d^{(Y )}_{ijk} b^ib^j b^k , Im(N_{00}) = −V − 4Vh^{(1)}_{ij} b^ib^j , (Im(N ))^{−1 00} = − 1 V . (A.8)

Let us now pass to the complex structure moduli space of the same Calabi-Yau manifold Y which has dimension n = h^{2,1}(Y ). We denote the projective coordinates on this moduli space by Z^A, where A, B, · · · = 0, . . ., h^{2,1}(Y ) and also introduce lower-case indices a, b, · · · = 1, . . ., h^{2,1}(Y ). The pre-potential is called G. In general, an explicit expression for this pre-potential cannot be written down. However, one can still derive some useful formulae when working with a generic G. Most of the properties of this space can be described in terms of the holomorphic (3, 0) form Ω. Recall that in a real, symplectic basis (α_A, β^B) of three-forms it can be expanded as

Ω = Z^Aα_A − G_Aβ^A . (A.9)

It follows immediately that the Kähler potential can be written as

K^{(2)} = − ln ( i(Z̄^AG_A − Z^AḠ_A) ) = − ln ( i ∫ Y Ω ∧ Ω̄ ) . (A.10)

Let us here denote the coupling matrix (A.2) by M. It turns out that, for the complex structure moduli space, this matrix has a proper geometric interpretation in terms of the integrals B_{AB} = ∫ Y_3 α_A ∧ ∗α_B = ∫ Y_3 α_B ∧ ∗α_A = B_{BA} , C^{AB} = − ∫ Y_3 β^A ∧ ∗β^B = − ∫ Y_3

β^B ∧ ∗β^A = C^{BA} , (A.11)

A_A^B = − ∫ Y_3 β^B ∧ ∗α_A = − ∫ Y_3 α_A ∧ ∗β^B , which can be expressed as [86, 87]

A = Re(M) (Im(M))^{−1} , B = −Im(M) − Re(M) (Im(M))^{−1} Re(M) , (A.12) C = (Im(M))^{−1} .

A particularly useful insight can be obtained by choosing a different basis for the third cohomology of Y . One can define complex (2, 1) forms χ_a via Kodaira’s formula [88] ∂Ω ∂z^a = −K^{(2)}_a Ω + χ_a (A.13)

where z^a = Z^a/Z^0 are the affine coordinates and K^{(2)}_a denote the derivatives of the complex structure Kähler potential (A.10) with respect to z^a. Then the forms (Ω, χ_a, χ̄_a, Ω̄) form a basis for the third cohomology of Y . In this new basis, the metric h^{(2)}_{ab} on the complex structure moduli space has the simple form

h^{(2)}_{ab̄} ≡ ∂_a∂¯_bK^{(2)} = −

∫_^ Y χ_a ∧ χ̄¯_b ∫_^ Y Ω ∧ Ω̄

. (A.14)

The transformation from the symplectic basis (α_A, β^A) to the complex basis defined above can be summarized as β^A =f̃^AΩ + f̃^{Aa}χ_a + h.c. ,

α^A =f_AΩ + f_A^aχ_a + h.c. ,

(A.15)

where f̃^A = − Z̄A ∫ Y Ω ∧ Ω̄ , f̃^{Aa} = h^{ab̄}_{(2)} ∫ Y Ω ∧ Ω̄

D̄_{b̄}Z̄^A ,

f_A = − Ḡ_A ∫ Y Ω ∧ Ω̄

, f_A^a = h^{ab̄}_{(2)} ∫ Y Ω ∧ Ω̄

D̄_{b̄}Ḡ_A ,

(A.16)

and by h^{ab̄}_{(2)} we denote the inverse of the metric (A.14). The Kähler covariant derivatives D are defined by D̄_{b̄}Z̄^A = ∂_{b̄}Z̄^A + K^{(2)}_{b̄} Z̄^A ,

D̄_{b̄}Ḡ_A = ∂_{b̄}Ḡ_A + K^{(2)}_{b̄} Ḡ_A .

(A.17)

Until now all the formulae for the complex structure moduli space were generic and can be applied to any Calabi-Yau manifold. However, in the limit of large complex structures one can be somewhat more explicit. For this we rely on mirror symmetry which relates the complex structure deformations of the Calabi-Yau manifold Y to Kähler deformations on the mirror X. As a result, the pre-potential G is now given by a cubic formula similar to Eq. (A.3), that is, G = − 1 6 d^{(X)}_{abc} Z^aZ^bZ^c Z^0

. (A.18)

Here, d^{(X)}_{abc} are the triple intersection numbers of the mirror Calabi-Yau manifold X. The matrix M can be computed explicitly in this limit and is given by

Re(M_{00}) = − 1 24 d^{(X)}_{abc} (Z^a + Z̄^a)(Z^b + Z̄^b)(Z^c + Z̄^c) ,

Im(M_{00}) = − e^{−K(2)} 8 [1 + h^{(2)}_{ab} (Z^a + Z̄^a)(Z^b + Z̄^b)] ,

Re(M_{a0}) = 1 8 d^{(X)}_{abc} (Z^b + Z̄^b)(Z^c + Z̄^c) ,

Im(M_{a0}) = e^{−K(2)} 4 h^{(2)}_{ab} (Z^b + Z̄^b) , (A.19)

Re(M_{ab}) = − 1 2 d^{(X)}_{abc} (Z^c + Z̄^c) ,

Im(M_{ab}) = − e^{−K(2)} 2 h^{(2)}_{ab} .

The components of (Im(M))^{−1} read

(Im(M))^{−1 ab} = −2e^{K(2)} [ h^{ab}_{(2)} + (Z^a + Z̄^a)(Z^b + Z̄^b) ] , (Im(M))^{−1 a0} = −4e^{K(2)} (Z^a + Z̄^a) , (A.20) (Im(M))^{−1 00} = −8e^{K(2)} .

As a simple application of the above formulae and as a warm-up for the next section we can rewrite the potential [5], obtained by turning on H–fluxes in Calabi-Yau compactifications, in a more suggestive way which makes it easier to read off the superpotential. As in Eq. (3.30), the H–flux^4 H = ϵ_Aβ^A + μ^Aα_A . (A.21) can be expanded in terms of the symplectic basis (α_A, β^B). With Eqs. (A.11), this potential can be written as

e^{−K} V_H = 4e^{−K(2)} ∫ H ∧ ∗H = −4e^{−K(2)} (ϵ_A + μ^C M_{AC} )ImM^{−1AB}(ϵ_B + μ^DM̄_{BD}). (A.22)

On the other hand, writing the H–flux in the complex basis defined in (A.15) the above formula reads

e^{−K} V_H = 8e^{−K(2)} (ϵ_Af̃^{Aa} + μ^Af_A^a)(ϵ_B ¯f̃^{Bb} + μ^Bf̄_B^b) ∫ χ_a ∧ ∗χ̄_b +8e^{−K(2)} |ϵ_Af̃^A + μ^Af_A|^2 ∫ Ω ∧ ∗Ω̄. (A.23)

4Unlike in the main part of the paper, ϵA and μ^A denote arbitrary flux parameters, that is, we allow ϵ0 ≠ 0 and μ^0 ≠ 0.

Inserting the relations (A.16) and using (A.14) we obtain

e^{−K} V_H = 8h^{ab}_{(2)}(ϵ_AD_aZ^A + μ^AD_aG_A)(ϵ_BD̄_bZ̄^B + μ^BD̄_bḠ_B)

+8|ϵ_AZ^A + μ^AG_A|^2 (A.24)

Thus we can write V_H = h^{ab̄}_{(2)}(D_aW_H )(D_bW_H ) + |W_H |^2 , (A.25)

where we have defined W_H = √ 8 ( ϵ_AZ^A + μ^AG_A ) . (A.26)

Let us stress that, at this level, Eq. (A.25) does not yet have the structure of the usual supergravity relation (3.19) between the potential and the superpotential since the term −3|W |^2 is not correctly reproduced. However, for heterotic strings compactified on Calabi-Yau manifolds in the presence of H–fluxes also the dilaton and the Kähler moduli have to be included in calculating the potential. Their contribution is precisely 4|W_H |^2 which cancels against −3|W |^2 leaving behind precisely the factor |W_H |^2 present in (A.25).

B Superpotential including NS-NS flux

Having defined all the technical tools in the previous section, we are now ready to show that the scalar potential in Eq. (3.34) can be indeed obtained from the superpotential (3.35) using the general supergravity formula (3.19). To do this it will be useful to replace ϵ̃_0 = e_ib^i in the potential (3.34) and pull apart the contributions to the potential coming from the torsion of the half-flat mirror manifold and the one coming from the H–flux, writing the potential as

V = V_T + V_H + V_{mix} . (B.1)

Here, V_T arises from the torsion of the internal manifold, V_H is due to H–flux and V_{mix} is the mixed term which is present when both are taken into account simultaneously. Explicitly, these parts are given by

V_T = −2e^{2ϕ+K(2)} e_i (Im(N ))^{−1ij} e_j ,

V_H = −2e^{2ϕ+K(1)} (ϵ_A + μ^C M_{AC} ) (Im(M))^{−1AB} (ϵ_B + μ^DM̄_{BD}) , (B.2)

V_{mix} = −4(e_ib^i)e^{2ϕ+K(1)} [ ϵ_a (Im(M))^{−1 0a} + μ^c (Im(M))^{−1 0A} ReM_{Ac} ] , where, in the second line, we have used the convention

ϵ_A = (0, ϵ_a) , μ_A = (0, μ_a) . (B.3)

Taking into account Eq. (A.8) one finds that V_T defined above is precisely the potential obtained in Eq. (3.8) while V_H is the potential we have discussed in Eq. (A.22).

Let us split the superpotential in its two main pieces

W = W_T + W_H , (B.4)

where W_T was defined in Eq. (3.21) and W_H is taken from Eq. (A.26) with the specific flux parameters (B.3) inserted. Note that W_T depends only on the Kähler moduli T^i while W_H depends only on the complex structure moduli Z^a. We would like to reproduce the potential (B.1) by inserting this superpotential, as well as the standard Kähler potential (3.17), into the general supergravity formula (3.19).We start by evaluating the Kähler covariant derivatives which now read D_S W = − 1 2 e^ϕ W , D_iW = √ 8e_i + K^{(1)}_i W , D_aW = D_aW_H + K^{(2)}_a W_T .

(B.5)

Using the Kähler metric h^{(1)}_{ij} in terms of the fields t^i, to be derived from the Kähler potential (A.4), we obtain

D_S W (D_S W )K^{S̄S} = |W |^2 D_iW (D_jW )K^{j̄i} = 8e_ie_j h^{ij}_{(1)} − 2i √ 8(e_iv^i)(W − W̄ ) + 3|W |^2 (B.6)

D_aW (D_bW )K^{b̄a} = D_aW_H (D_bW_H )h^{b̄a}_{(2)} + (K^{(2)}_a K^{(2)}_b h^{b̄a}_{(2)})|W_T |^2 + [ D_aW_H (K^{(2)}_b W_T )h^{b̄a}_{(2)} + h.c. ] , where we have used K^{(1)}_i K^{(1)}_j h^{ij}_{(1)} = 3 , (B.7)

which follows for the cubic pre-potential (A.3).

In the large complex structure limit, the pre-potential for the complex structure moduli space is given by (A.18) and thus, in analogy with the Kähler moduli space, we have K^{(2)}_a (K^{(2)}_b )h^{b̄a}_{(2)} = 3. Using this relation and further splitting W as in Eq. (B.4) we obtain from the supergravity formula (3.19)

e^{−K} V = 8e_ie_j h^{ij}_{(1)} − 32(e_iv^i)^2 + 4|W_T |^2

+D_aW_H (D_bW_H )h^{b̄a}_{(2)} + |W_H |^2 (B.8)

+(W_T − W̄_T )(W_H − W̄_H ) + 4(W_T W̄_H + W̄_T W_H ) + [ ∂_aW_H (K^{(2)}_b )h^{b̄a}_{(2)}W̄_T + h.c. ] . It was shown in the main part of the paper that the first line in the above equation reproduces the potential V_T from Eq. (B.2) while we have proved in Eq. (A.25) that the second line gives rise to the potential V_H .

In order to evaluate the mixed terms in the last line which contain half-flat as well as H–flux, we need to compute the expressions ∂_aW_H (K^{(2)}_b )h^{b̄a}_{(2)}. In general this is a complicated task, but in our case, as we work in the large complex structure limit, this computation is fairly easy. First of all note that in this case we can derive a formula similar to Eq. (A.7), namely

h^{ab̄}_{(2)}(K^{(2)}_b ) = −(z^a − z̄^a) . (B.9)

Then, making explicit use of the cubic formula for the pre-potential G, Eq. (A.18), one can rewrite the potential (B.8) into the following form

V = V_T + V_H + 32(e_ib^i)e^K ϵ_a(Z^a + Z̄^a) (B.10) +8e^K [ e_iT̄^iμ^a(Ḡ_a + 3G_a + (Z̄^b − Z^b)G_{ba}) + h.c. ] .

Working from the other end, we now rewrite the mixed part of the potential V_{mix} in Eq. (B.2), obtained from the reduction, by using the explicit form of the matrix M given in Eq. (A.19). One can easily show that

(Im(M))^{−1 0A} Re(M)_{Ac} = −2e^{K(2)} (Ḡ_a + 3G_a + (Z̄^b − Z^b)G_{ba}) . (B.11)

Inserting this relation into Eq. (B.2) and using the expression for (Im(M))^{−1 0a} from (A.20) one obtains

V_{mix} = 32(e_ib^i)e^K ϵ_a(Z^a + Z̄^a) + 8e^K [ e_iT̄^iμ^a(Ḡ_a + 3G_a + (Z̄^b − Z^b)G_{ba}) + h.c. ] . (B.12)

Comparing the result (B.10) from the supergravity side with the reduction result (B.1), where V_{mix} is given by the formula above, we see that the two potentials are indeed the same. This proves that the potential obtained by compactifying the heterotic string on half-flat mirror manifolds with H–flux (3.34), can be obtained from the N = 1 supergravity formula (3.19) with the superpotential given by (3.35).

References

[1] J. Polchinski and A. Strominger, “New Vacua for Type II String Theory,” Phys. Lett. B 388 (1996) 736 [arXiv:hep-th/9510227].

[2] K. Becker and M. Becker, “M-Theory on Eight-Manifolds,” Nucl. Phys. B 477 (1996) 155 [arXiv:hep-th/9605053].

[3] J. Michelson, “Compactifications of type IIB strings to four dimensions with non-trivial classical potential,” Nucl. Phys. B 495 (1997) 127 [arXiv:hep-th/9610151].

[4] K. Dasgupta, G. Rajesh and S. Sethi, “M theory, orientifolds and G-flux,” JHEP 9908 (1999) 023 [arXiv:hep-th/9908088].

[5] T. R. Taylor and C. Vafa, “RR flux on Calabi-Yau and partial supersymmetry breaking,” Phys. Lett. B 474 (2000) 130 [arXiv:hep-th/9912152].

[6] P. Mayr, “On supersymmetry breaking in string theory and its realization in brane worlds,” Nucl. Phys. B 593 (2001) 99 [arXiv:hep-th/0003198].

[7] G. Curio, A. Klemm, D. Lust and S. Theisen, “On the vacuum structure of type II string compactifications on Calabi-Yau spaces with H-fluxes,” Nucl. Phys. B 609 (2001) 3 [arXiv:hepth/0012213].

[8] S. B. Giddings, S. Kachru and J. Polchinski, “Hierarchies from fluxes in string compactifications,” Phys. Rev. D 66 (2002) 106006 [arXiv:hep-th/0105097].

[9] G. Curio, A. Klemm, B. Kors and D. Lust, “Fluxes in heterotic and type II string compactifications,” Nucl. Phys. B 620 (2002) 237 [arXiv:hep-th/0106155].

[10] G. Dall’Agata, “Type IIB supergravity compactified on a Calabi-Yau manifold with H-fluxes,” JHEP 0111 (2001) 005 [arXiv:hep-th/0107264].

[11] T. Ali, “M-theory on seven manifolds with G-fluxes,” arXiv:hep-th/0111220.

[12] J. Louis and A. Micu, “Type II theories compactified on Calabi-Yau threefolds in the presence of background fluxes,” Nucl. Phys. B 635 (2002) 395 [arXiv:hep-th/0202168].

[13] S. Gukov and M. Haack, “IIA string theory on Calabi-Yau fourfolds with background fluxes,” Nucl. Phys. B 639 (2002) 95 [arXiv:hep-th/0203267].

[14] J. P. Gauntlett, D. Martelli, S. Pakis and D. Waldram, “G-structures and wrapped NS5- branes,” Commun. Math. Phys. 247 (2004) 421 [arXiv:hep-th/0205050].

[15] P. Kaste, R. Minasian, M. Petrini and A. Tomasiello, “Kaluza-Klein bundles and manifolds of exceptional holonomy,” JHEP 0209 (2002) 033 [arXiv:hep-th/0206213]; P. Kaste, R. Minasian, M. Petrini and A. Tomasiello, “Nontrivial RR two-form field strength and SU(3)-structure,” Fortsch. Phys. 51 (2003) 764 [arXiv:hep-th/0301063].

[16] O. DeWolfe and S. B. Giddings, “Scales and hierarchies in warped compactifications and brane worlds,” Phys. Rev. D 67 (2003) 066008 [arXiv:hep-th/0208123].

[17] S. Gurrieri, J. Louis, A. Micu and D. Waldram, “Mirror symmetry in generalized Calabi-Yau compactifications,” Nucl. Phys. B 654 (2003) 61 [arXiv:hep-th/0211102].

[18] S. Kachru, M. B. Schulz, P. K. Tripathy and S. P. Trivedi, “New supersymmetric string compactifications,” JHEP 0303 (2003) 061 [arXiv:hep-th/0211182].

[19] M. Berg, M. Haack and H. Samtleben, “Calabi-Yau fourfolds with flux and supersymmetry breaking,” JHEP 0304 (2003) 046 [arXiv:hep-th/0212255].

[20] S. Gurrieri and A. Micu, “Type IIB theory on half-flat manifolds,” Class. Quant. Grav. 20 (2003) 2181 [arXiv:hep-th/0212278].

[21] K. Behrndt and C. Jeschek, “Fluxes in M-theory on 7-manifolds and G structures,” JHEP 0304 (2003) 002 [arXiv:hep-th/0302047].

[22] J. P. Gauntlett, D. Martelli and D. Waldram, “Superstrings with intrinsic torsion,” Phys. Rev.

D 69 (2004) 086002 [arXiv:hep-th/0302158].

[23] R. Blumenhagen, D. Lust and T. R. Taylor, “Moduli stabilization in chiral type IIB orientifold models with fluxes,” Nucl. Phys. B 663 (2003) 319 [arXiv:hep-th/0303016].

[24] J. F. G. Cascales and A. M. Uranga, “Chiral 4d N = 1 string vacua with D-branes and NSNS and RR fluxes,” JHEP 0305 (2003) 011 [arXiv:hep-th/0303024].

[25] P. Kaste, R. Minasian and A. Tomasiello, “Supersymmetric M-theory compactifications with fluxes on seven-manifolds and G-structures,” JHEP 0307 (2003) 004 [arXiv:hep-th/0303127].

[26] J. F. G. Cascales and A. M. Uranga, “M5-brane geometries, T-duality and fluxes,” JHEP 0401 (2004) 021 [arXiv:hep-th/0307156].

[27] K. Behrndt and M. Cvetic, “Supersymmetric intersecting D6-branes and fluxes in massive type IIA string theory,” Nucl. Phys. B 676 (2004) 149 [arXiv:hep-th/0308045].

[28] G. Dall’Agata and N. Prezas, “N = 1 geometries for M-theory and type IIA strings with fluxes,” Phys. Rev. D 69 (2004) 066004 [arXiv:hep-th/0311146].

[29] J. F. G. Cascales and A. M. Uranga, “Chiral 4d string vacua with D-branes and moduli stabilization,” arXiv:hep-th/0311250.

[30] J. F. G. Cascales, M. P. Garcia del Moral, F. Quevedo and A. M. Uranga, “Realistic D-brane models on warped throats: Fluxes, hierarchies and moduli stabilization,” JHEP 0402 (2004) 031 [arXiv:hep-th/0312051].

[31] M. Berg, M. Haack and B. Kors, “Brane / flux interactions in orientifolds,” Fortsch. Phys. 52 (2004) 583 [arXiv:hep-th/0312172].

[32] M. Grana, T. W. Grimm, H. Jockers and J. Louis, “Soft supersymmetry breaking in Calabi-Yau orientifolds with D-branes and fluxes,” Nucl. Phys. B 690 (2004) 21 [arXiv:hep-th/0312232].

[33] J. P. Gauntlett, D. Martelli, J. Sparks and D. Waldram, “Supersymmetric AdS(5) solutions of M-theory,” arXiv:hep-th/0402153.

[34] K. Behrndt and M. Cvetic, “General N = 1 supersymmetric flux vacua of (massive) type IIA string theory,” arXiv:hep-th/0403049.

[35] G. Dall’Agata, “On supersymmetric solutions of type IIB supergravity with general fluxes,” Nucl. Phys. B 695 (2004) 243 [arXiv:hep-th/0403220].

[36] A. Lukas and P. M. Saffin, “M-theory compactification, fluxes and AdS(4),” arXiv:hepth/0403235.

[37] M. Berg, M. Haack and B. Kors, “Loop corrections to volume moduli and inflation in string theory,” arXiv:hep-th/0404087.

[38] L. Gorlich, S. Kachru, P. K. Tripathy and S. P. Trivedi, “Gaugino condensation and nonperturbative superpotentials in flux compactifications,” arXiv:hep-th/0407130.

[39] K. Behrndt and M. Cvetic, “General N = 1 supersymmetric fluxes in massive type IIA string theory,” arXiv:hep-th/0407263.

[40] S. Kachru, R. Kallosh, A. Linde and S. P. Trivedi, “De Sitter vacua in string theory,” Phys.

Rev. D 68 (2003) 046005 [arXiv:hep-th/0301240].

[41] G. Aldazabal, L. E. Ibanez and F. Quevedo, “Standard-like models with broken supersymmetry from type I string vacua,” JHEP 0001 (2000) 031 [arXiv:hep-th/9909172].

[42] G. Aldazabal, L. E. Ibanez and F. Quevedo, “A D-brane alternative to the MSSM,” JHEP 0002 (2000) 015 [arXiv:hep-ph/0001083].

[43] G. Aldazabal, L. E. Ibanez, F. Quevedo and A. M. Uranga, “D-branes at singularities: A bottom-up approach to the string embedding of the standard model,” JHEP 0008 (2000) 002 [arXiv:hep-th/0005067].

[44] S. Forste, G. Honecker and R. Schreyer, “Supersymmetric Z(N) x Z(M) orientifolds in 4D with D-branes at angles,” Nucl. Phys. B 593 (2001) 127 [arXiv:hep-th/0008250].

[45] R. Blumenhagen, B. Kors, D. Lust and T. Ott, “The standard model from stable intersecting brane world orbifolds,” Nucl. Phys. B 616 (2001) 3 [arXiv:hep-th/0107138].

[46] D. Bailin, G. V. Kraniotis and A. Love, “Standard-like models from intersecting D4-branes,” Phys. Lett. B 530 (2002) 202 [arXiv:hep-th/0108131].

[47] G. Aldazabal, S. Franco, L. E. Ibanez, R. Rabadan and A. M. Uranga, “D = 4 chiral string compactifications from intersecting branes,” J. Math. Phys. 42 (2001) 3103 [arXiv:hepth/0011073].

[48] M. Cvetic, P. Langacker and G. Shiu, “A three-family standard-like orientifold model: Yukawa couplings and Nucl. Phys. B 642 (2002) 139 [arXiv:hep-th/0206115].

[49] R. Blumenhagen, L. Gorlich and T. Ott, “Supersymmetric intersecting branes on the type IIA T**6/Z(4) orientifold,” JHEP 0301 (2003) 021 [arXiv:hep-th/0211059].

[50] F. Marchesano and G. Shiu, “MSSM vacua from flux compactifications,” arXiv:hepth/0408059.

[51] P. Candelas, G. T. Horowitz, A. Strominger and E. Witten, “Vacuum Configurations For Superstrings,” Nucl. Phys. B 258 (1985) 46.

[52] For an overview see: M. B. Green, J. H. Schwarz and E. Witten, “Superstring theory”, vol. 2, Cambridge University Press (1986).

[53] M. Dine, R. Rohm, N. Seiberg and E. Witten, “Gluino Condensation In Superstring Models,” Phys. Lett. B 156 (1985) 55.

[54] R. Rohm and E. Witten, “The Antisymmetric Tensor Field In Superstring Theory,” Annals Phys. 170 (1986) 454.

[55] X. G. Wen and E. Witten, “Electric And Magnetic Charges In Superstring Models,” Nucl.

Phys. B 261 (1985) 651.

[56] A. Strominger, ”Superstrings With Torsion,” Nucl. Phys. B 274 (1986) 253. [57] C. M. Hull, “Superstring Compactifications With Torsion And Space-Time Supersymmetry,” Print-86-0251 (CAMBRIDGE) [58] S. Gukov, S. Kachru, X. Liu and L. McAllister, “Heterotic moduli stabilization with fractional Chern-Simons invariants,” Phys. Rev. D 69 (2004) 086008 [arXiv:hep-th/0310159].

[59] K. Becker, M. Becker, M. Haack and J. Louis, “Supersymmetry breaking and alpha’-corrections to flux induced potentials,” JHEP 0206 (2002) 060 [arXiv:hep-th/0204254].

[60] M. Becker and D. Constantin, “A note on flux induced superpotentials in string theory,” JHEP 0308 (2003) 015 [arXiv:hep-th/0210131].

[61] K. Becker and K. Dasgupta, “Heterotic strings with torsion,” JHEP 0211 (2002) 006 [arXiv:hep-th/0209077].

[62] H. P. Nilles, “Gaugino condensation and SUSY breakdown,” arXiv:hep-th/0402022. [63] S. Fidanza, R. Minasian and A. Tomasiello, “Mirror symmetric SU(3)-structure manifolds with NS fluxes,” arXiv:hep-th/0311122.

[64] M. Grana, R. Minasian, M. Petrini and A. Tomasiello, “Supersymmetric backgrounds from generalized Calabi-Yau manifolds,” arXiv:hep-th/0406137.

[65] M. Becker, K. Dasgupta, A. Knauf and R. Tatar, “Geometric transitions, flops and non-Kaehler manifolds. I,” arXiv:hep-th/0403288.

[66] S. Alexander, K. Becker, M. Becker, K. Dasgupta, A. Knauf and R. Tatar, “In the realm of the geometric transitions,” arXiv:hep-th/0408192.

[67] C. Mayer and T. Mohaupt, “Domain walls, Hitchin’s flow equations and G(2)-manifolds,” arXiv:hep-th/0407198.

[68] G. L. Cardoso, G. Curio, G. Dall’Agata, D. Lust, P. Manousselis and G. Zoupanos, “Non- Kaehler string backgrounds and their five torsion classes,” Nucl. Phys. B 652 (2003) 5 [arXiv:hep-th/0211118].

[69] K. Becker, M. Becker, K. Dasgupta and P. S. Green, “Compactifications of heterotic theory on non-Kaehler complex manifolds. I,” JHEP 0304 (2003) 007 [arXiv:hep-th/0301161].

[70] K. Becker, M. Becker, K. Dasgupta and S. Prokushkin, “Properties of heterotic vacua from superpotentials,” Nucl. Phys. B 666 (2003) 144 [arXiv:hep-th/0304001].

[71] G. L. Cardoso, G. Curio, G. Dall’Agata and D. Lust, “BPS action and superpotential for heterotic string compactifications with fluxes,” JHEP 0310 (2003) 004 [arXiv:hep-th/0306088], G. L. Cardoso, G. Curio, G. Dall’Agata and D. Lust, “Heterotic string theory on non-Kaehler manifolds with H-flux and gaugino condensate,” Fortsch. Phys. 52 (2004) 483 [arXiv:hepth/0310021].

[72] K. Becker, M. Becker, P. S. Green, K. Dasgupta and E. Sharpe, “Compactifications of heterotic strings on non-Kaehler complex manifolds. II,” Nucl. Phys. B 678 (2004) 19 [arXiv:hepth/0310058].

[73] M. Becker and K. Dasgupta, “Kaehler versus non-Kaehler compactifications,” arXiv:hepth/0312221.

[74] S. Gurrieri, A. Lukas and A. Micu, in preparation.

[75] S. Chiossi and S. Salamon, ”The intrinsic torsion of SU(3) and G_2 structures” Differential Geometry, Valencia 2001, World Sci. Publishing, 2002, pp 115, [arXiv:math.DG/0202282].

[76] N. Hitchin, “Stable forms and special metrics,” arXiv:math.dg/0107101.

[77] J. Wess and J. Bagger, “Supersymmetry And Supergravity,” Princeton, USA: Univ. Pr. (1992).

[78] S. Gukov, C. Vafa and E. Witten, “CFT’s from Calabi-Yau four-folds,” Nucl. Phys. B 584 (2000) 69 [Erratum-ibid. B 608 (2001) 477] [arXiv:hep-th/9906070].

[79] S. Gukov, “Solitons, superpotentials and calibrations,” Nucl. Phys. B 574 (2000) 169 [arXiv:hep-th/9911011].

[80] J. Distler and B. R. Greene, “Aspects Of (2,0) String Compactifications,” Nucl. Phys. B 304 (1988) 1.

[81] R. Friedman, J. Morgan and E. Witten, “Vector bundles and F theory,” Commun. Math. Phys.

187 (1997) 679 [arXiv:hep-th/9701162].

[82] R. Donagi, A. Lukas, B. A. Ovrut and D. Waldram, “Non-perturbative vacua and particle physics in M-theory,” JHEP 9905 (1999) 018 [arXiv:hep-th/9811168].

[83] L. E. Ibanez and H. P. Nilles, “Low-Energy Remnants Of Superstring Anomaly Cancellation Terms,” Phys. Lett. B 169 (1986) 354.

[84] P. Candelas and X. de la Ossa, “Moduli Space Of Calabi-Yau Manifolds,” Nucl. Phys. B 355 (1991) 455.

[85] L. Andrianopoli, M. Bertolini, A. Ceresole, R. D’Auria, S. Ferrara, P. Fre and T. Magri, “N = 2 supergravity and N = 2 super Yang-Mills theory on general scalar manifolds: Symplectic covariance, gaugings and the momentum map,” J. Geom. Phys. 23 (1997) 111 [arXiv:hepth/9605032].

[86] H. Suzuki, “Calabi-Yau compactification of type IIB string and a mass formula of the extreme black holes,” Mod. Phys. Lett. A 11

[87] A. Ceresole, R. D’Auria and S. Ferrara, “The Symplectic Structure of N=2 Supergravity and its Central Extension,” Nucl. Phys. Proc. Suppl. 46 (1996) 67 [arXiv:hep-th/9509160].

[88] G. Tian, ”Mathematical aspects of String Theory”, World Scientific, S.T. Yau ed. (1987) Singapore.