arXiv:hep-th/0408144 v1 19 Aug 2004

UCTP-112-04 UK-04-14 August 2004 hep-th/0408144

The Nuts and Bolts of Brane Resolution

Justin F. Vázquez-Poritz

Department of Physics and Astronomy, University of Kentucky, Lexington, KY 40506

Department of Physics, University of Cincinnati, Cincinnati OH 45221-0011

ABSTRACT

We construct various non-singular p-branes on higher-dimensional generalizations of Taub-NUT and Taub-BOLT instantons. Among other solutions, these include S^1- wrapped D3-branes and M5-branes, as well as deformed M2-branes. The resulting geometries smoothly interpolate between product spaces which include Minkowski elements of different dimensionality. The new solutions do not preserve any supersymmetry.

Contents

1 Introduction 2

2 S^1 wrapped D3-brane 3 2.1 On Taub-NUT/BOLT with B = C P^2 . . . . . . . . . . . . . . . . . . 4 2.2 On Taub-BOLT with B = S^2 × S^2 . . . . . . . . . . . . . . . . . . . . 6 2.3 On generalized Taub-NUT/BOLT . . . . . . . . . . . . . . . . . . . . 7 2.4 On Schwarzchild instanton . . . . . . . . . . . . . . . . . . . . . . . . 9

3 Deformed M2-brane 10 3.1 On Taub-NUT/BOLT with B = C P^3 . . . . . . . . . . . . . . . . . . 10 3.2 On Taub-BOLT with B = S^2 × S^2 × S^2 or C P^2 × S^2 . . . . . . . . . 12 3.3 On generalized Taub-NUT . . . . . . . . . . . . . . . . . . . . . . . . 13

4 Deformed and S^1-wrapped 5-brane 15 4.1 Deformed heterotic 5-brane . . . . . . . . . . . . . . . . . . . . . . . 15 4.2 S^1-wrapped 5-brane . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

5 Resolved D4/M5/NS5-branes 18 5.1 On Schwarzchild instanton . . . . . . . . . . . . . . . . . . . . . . . . 18 5.2 On Schwarzchild on Taub-NUT . . . . . . . . . . . . . . . . . . . . . 19

6 Conclusions 20

1 Introduction

Regular p-brane solutions can be constructed by a process which has been referred to as “resolution via transgression” [1]. The first step is to replace the standard flat transverse space by a smooth space of special holonomy, which is Ricci-flat and has fewer covariantly constant spinors. Next, the p-brane solution is deformed by additional flux such that the Chern-Simons terms modify the equation of motion and/or Bianchi identity of the field strength. If the new transverse space has a noncollapsing n-cycle, then it can support a harmonic n-form which is square integrable at short distance. The result is a completely non-singular geometry^1.

This procedure was applied to the D3-brane, for which the six-dimensional transverse space was replaced by the deformed conifold [4, 5, 6]. Since the new transverse space has a non-collapsing 3-cycle, it supports a square integrable three-form flux, which serves to resolve the singularity. This singularity resolution procedure has been applied to many other p-branes, including D2-branes on spaces of G_2 holonomy [1], M2-branes on spaces of Spin(7) holonomy [15, 1, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25], and others [7, 8], to give a small sample.

Since the standard flat transverse space is replaced by a space of special holonomy, the supersymmetry is reduced to a minimum. In fact, the main motivation for considering such solutions is because they may constitute viable gravity duals of strongly-coupled Yang-Mills field theories with reduced supersymmetry. This indicates that they may shed light on confinement and chiral-symmetry breaking. This was explored for the case of the D3-brane and the dual N = 1, D = 4 superconformal Yang-Mills theory in [3, 4, 5, 6].

Previous work on brane resolution has incorporated transverse spaces of special holonomy, in order to study dual gauge theories of minimal supersymmetry. However, resolved brane solutions are certainly of interest in their own right. Unlike typical brane solutions which require a source term that is beyond supergravity, resolved branes are complete purely within the framework of supergravity. An interesting point is that the procedure of resolving singularities does not depend on the presence of

1The latter portion of this procedure was first applied to the heterotic 5-brane, for which the singularity could be smoothed out by Yang-Mills fluxes [2]. Curiously, the standard flat transverse space did not need to be replaced.

supersymmetry. In this paper, we illustrate this point by considering p-brane solutions on higher-dimensional generalizations of Taub-NUT and Taub-BOLT instanton spaces [11, 12, 23] which do not preserve any supersymmetry.

2 S^1 wrapped D3-brane

The D3-brane of type IIB supergravity is supported by the self-dual 5-form field strength, with a six-dimensional Ricci-flat transverse space. Due to the Bianchi identity dF_{(5)} = F^{NS}_{(3)} ∧ F^{RR}_{(3)} , one can construct a fractional D3-brane if the transverse space has a self-dual 3-cycle. If instead the transverse space has a 2-cycle L_{(2)}, we can construct an S^1-wrapped D3-brane with one of the world-volume coordinates fibred over the transverse space [13, 14]. The solution is given by

ds^2_{10} = H^{− 1}2 ( − dt^2 + dx^2_1 + dx^2 + (dx_3 + A_{(1)})^2 ) + H^12 ds^2_6 , F_{(5)} = dt ∧ dx_1 ∧ dx_2 ∧ (dx_3 + A_{(1)}) ∧ dH^{−1} − ∗_6dH +m ∗_6L_{(2)} ∧ (dx_3 + A_{(1)}) + dt ∧ dx_1 ∧ dx_2 ∧ L_{(2)} , dA_{(1)} = m L_{(2)} , (2.1)

where L_{(2)} is a harmonic 2-form in the transverse space of the metric ds^2_6, and ∗_6 is the Hodge dual with respect to ds^2_6. The equations of motion are satisfied, provided that H = −^1_2 m^2L^2_{(2)} , (2.2) where is the Laplacian in ds^2_6.

Note that one can also have a fibred time-like direction, in which case the D3-brane solution is given by

ds^2_{10} = H^{−1/2} ( − (dt + A_{(1)})^2 + dx^2_1 + dx^2 + dx^2_3 ) + H^{1/2} ds^2_6 , F_{(5)} = (dt + A_{(1)}) ∧ dx_1 ∧ dx_2 ∧ dx_3 ∧ dH^{−1} + d^3x ∧ L_{(2)} + dual terms, (2.3)

which can be interpreted as a rotating D3-brane.

2.1 On Taub-NUT/BOLT with B = C P^2

The six-dimensional Taub-NUT/BOLT instanton metric with base space C P^2 is given by [11, 23] ds^2_6 = F^{−1} dr^2 + 4N^2 F (dτ + A)^2 + R^2 dΣ^2_4 , (2.4) where R^2 = r^2 − N^2. dΣ^2_4 is the metric over C P^2, given by

dΣ^2 = du^2 V^2 + u^2 4V^2

(dψ + cos θ dϕ)^2 + u^2 4V (dθ^2 + sin^2 θ dϕ^2) . (2.5)

A = u^2 2V (dψ + cos θ dϕ) , (2.6) and V = 1 + u^2/6 . (2.7) The function F is given by F = 1 3 r^4 − 2N^2 r^2 − 2M r − N^4 R^4

. (2.8)

For the appropriate periodicity of the fibre coordinate τ , we can avoid a conical singularity. In fact, for the base space C P^2, the six-dimensional Taub-NUT (M = −^4_3 N^3 and r ≥ N) and Taub-BOLT (M =^4_3 N^3 and r ≥ 3N) are free of singularities. At short distance, the Taub-NUT approaches R^8 while the Taub-BOLT approaches R^2×C P^2. At large distance, they both are asymptotically cylindrical, having the form of an S^1 bundle over a cone with the base C P^2, which we shall denote as C(C P^2)⋉S^1.

We are interested in finding a harmonic 2-form supported by the metric (2.4). The most general ansatz for a 2-form with respect to the isometry of (2.4) is given by L_{(2)} = u_1 e^0 ∧ e^5 + u_2 e^1 ∧ e^2 + u_3 e^3 ∧ e^4 , (2.9) expressed in the vielbein basis

e^0 = 1 √ F dr , e^1 = R u 2 √ V dθ , e^2 = R u 2 √ V sin θ dϕ , e^3 = R V du , e^4 = R u 2V (dψ + cos θ dϕ) , e^5 = √ F [dτ + u^2 2V (dψ + cos θ dϕ)] . (2.10)

The closure and co-closure of L_{(2)} yield the following solutions:

u_1 = (r + N r − N )_±^√8+N^2_{2N}

(r^2 − N^2)^{−3/2} , −u_2 = u_3 = 1 4 (r ∓ √ 8 + N^2) u_1 . (2.11)

It has a non-trivial flux and is not normalizable at large distance. For the Taub- BOLT metric (M =^4_3 N^3 and r ≥ 3N), both two-forms are square integrable at short distance. On the other hand, for the Taub-NUT metric (M = −^4_3 N^3 and r ≥ N) only the two-form with the negative sign is square integrable at short distance. We solve for the corresponding H in the case N = 1.

First, we consider the Taub-NUT metric. For the top sign in (2.11), there are only singular solutions. This can be seen a priori, since the corresponding two-form is not square integrable. On the other hand, for the bottom sign in (2.11), there is a regular solution to H. For this first example, we will show explicit details. In this case, (2.2) can be written as 1 (r − 1)^2

∂_r (r − 1)^3 (r + 3) ∂_r H = −

3m^2 (r^2 + 6r + 17) 8(r + 1)^4

. (2.12)

The solution is given by

H = 1 +

3m^2 16(r + 1)^2 + ( c − 9 512 m^2 )[ 4 r − 1 − 8 (r − 1)^2

+ log (r − 1 r + 3 )] . (2.13)

Choosing the integration constant c =^9_{512} m^2 yields a regular solution given by

H = 1 +

3m^2 16(r + 1)^2

. (2.14)

For future examples given in this paper, we will only present the regular solution that results from the appropriate choice of the integration constant.

At both short and large distances, H asymptotes to a constant. Therefore, the D3-brane geometry smoothly interpolates between M_3 × R^6 ⋉ S^1 (a product space of three-dimensional Minkowski spacetime and a U(1) bundle over R^6) at short distance to M_4 × C(C P^2) ⋉ S^1 (a product space of four-dimensional Minkowski spacetime and a U(1) bundle over a cone with base C P^2) at large distance.

Next, we turn to the Taub-BOLT metric. In this case, since the two-form is square integrable for both signs in (2.11), both of the corresponding solutions are regular. These are given by

H = 1 +

3m^2 (±6 + 5r ± 25r^2 + 10r^3) 160(r ± 1)^5

. (2.15)

As before, H is asymptotically constant at short and large distances. The D3-brane geometry smoothly goes from M_3 ×(R^2×C P^2)⋉S^1 at short distance to M_4 ×C(C P^2)⋉ S^1 at large distance.

Since the Taub-BOLT instanton supports two independent harmonic two-forms, these can be superimposed to form a more general S^1-wrapped D3-brane. It is also possible to have a regular T^2-wrapped D3-brane, for which two of the worldvolume directions are fibred over the two two-forms respectively. The resulting short distance geometry of the D3-brane would then be M_2 × (R^2 × C P^2) ⋉ T^2.

2.2 On Taub-BOLT with B = S^2 × S^2

The six-dimensional Taub-NUT/BOLT instanton metric with base space S^2 × S^2 is given by [11]

ds^2_6 = F^{−1} dr^2 + 4N^2 F σ^2 + (r^2 − N^2)(dΩ^2 + dΩ̃^2) , (2.16)

where

dΩ^2 = dθ^2 + sin^2 θ dϕ^2 , dΩ̃^2 = dθ̃^2 + sin^2 θ̃ dϕ̃^2 , σ = dψ + cos θ dϕ + cos θ̃ dϕ̃ , (2.17)

The function F is given by (2.8). For the base space S^2 × S^2, the Taub-NUT has a curvature singularity. However, the Taub-BOLT (M =^4_3 N^3 and r ≥ 3N) is completely smooth, and goes from R^2 × S^2 × S^2 at short distance to C(S^2 × S^2) ⋉ S^1 at large distance.

The most general ansatz for a 2-form with respect to the isometry of (2.16) is given by (2.9) expressed in the vielbein basis e^0 = 1/ √ F dr, e^1 = R dθ, e^2 = R sin θ dϕ, e^3 = R dθ̃, e^4 = R sin θ̃ dϕ̃ and e^5 = 2N √ F σ. The closure and co-closure of L_{(2)} yield the following solutions:

u_1 = − 4N (r ± N)^3

, u_2 = u_3 = r ± 3N (r ± N)^3

. (2.18)

It has a non-trivial flux. The square of this form is

L^2_{(2)} =

32N^2 + 4(r ± 3N)^2 (r ± N)^6

. (2.19)

Thus, it is square integrable for r → 0 but not normalizable at large distance.

For the negative sign, for an appropriate choice of integration constant, there is a regular solution to H in (2.2) given by

H = 1 + m^2 (r − N)^2

. (2.20)

For the positive sign, an appropriate choice for the integration constant leads to the regular solution

H = 1 +

(6N^3 + 5N^2 r + 25N r^2 + 10r^3) m^2 10(N + r)^5

. (2.21)

All of these geometries smoothly interpolate from M_3 × (R^2 × S^2 × S^2) ⋉ S^1 at short distance to M_4 × C(S^2 × S^2) ⋉ S^1 at large distance. Again, we can superimpose the above solutions to get a regular T^2-wrapped D3-brane.

However, Taub-BOLT instantons with B = S^2 × S^2.. × S^2 do not admit a spin structure [10, 11]. This is because each S^2 factor generates an element of H_2 of odd self-intersection. This applies to the S^1-wrapped D3-brane on a Taub-BOLT with B = S^2 × S^2 of this section, as well as the deformed M2-brane on a Taub-BOLT with B = S^2 × S^2 × S^2 and the deformed or S^1-wrapped 5-brane on a Taub-BOLT with B = S^2, which we will discuss shortly. Nevertheless, these spacetimes may still admit a Spin^C structure^2.

2.3 On generalized Taub-NUT/BOLT

2.3.1 Taub-BOLT

Recently a family of Taub-NUT and Taub-BOLT metrics were found which have an additional spherical element [12]. Included is a six-dimensional Taub-BOLT solution with the topology S^2 times a R^2 bundle over the base space S^2. The metric is given by [12] ds^2_6 = F^{−1} dr^2 + 4F σ^2 + (r^2 − 1)dΩ^2 + r^2 dΩ̃^2 , (2.22) where

dΩ^2 = dθ^2 + sin^2 θ dϕ^2 , dΩ̃^2 = dθ̃^2 + sin^2 θ̃ dϕ̃^2 , σ = dψ + cos θ dϕ , (2.23)

The function F is given by F = (r + 1)(r − 2) 3r(r − 1) . (2.24)

2The author thanks Andrew Chamblin for clarifying this point.

Also, r > 2. This Taub-BOLT geometry goes from R^2 × S^2 × S^2 at short distance to C(S^2 × S^2) ⋉ S^1 at large distance.

We are interested in finding a harmonic 2-form supported by this metric. The most general ansatz for a 2-form with respect to the isometry of (2.22) is given by (2.9) expressed in the vielbein basis e^0 = 1/ √ F dr, e^1 = √ r^2 − 1 dθ, e^2 = √ r^2 − 1 sin θ dϕ, e^3 = r dθ̃, e^4 = r sin θ̃ dϕ̃ and e^5 = 2 √ F σ. The closure and co-closure of L_{(2)} yield three solutions. The first one is given by

u_1 =

3r^2 − 1 r^2 (r^2 − 1)^2

, u_2 = 2 r(r^2 − 1)^2

, u_3 = 0 , (2.25)

corresponding to the regular H given by H = m^2 (9 + 20r + 9r^2 − 12r^3 − 8r^4) 6r(r − 1)(r + 1)^3 + 4 3 m^2 log (r + 1 r ) . (2.26)

The second solution is given by

u_1 = r (r^2 − 1)^2

, u_2 =

3 − r^2 2(r^2 − 1)^2

, u_3 = 0 , (2.27)

with H = 1 + m^2 (11 + 18r − 3r^2 − 8r^3) 24(r − 1)(r + 1)^3 + 1 3 m^2 log (r + 1 r ) . (2.28) The third solution is u_1 = u_2 = 0 , u_3 = 1 r^2

, (2.29) with H = 1 −

3m^2 (1 + 4r) 2r(1 + r)

+ 6m^2 log (r + 1 r ) . (2.30) Notice that the second and third harmonic two-forms have non-trivial flux and are not normalizable at large distance. However, all three two-forms are square integrable for r → 2. All of the corresponding D3-brane geometries asymptotically approach M_4 ×C(S^2 ×S^2)⋉S^1 at large distance. However, they have different bundle structures at short distance. The first two solutions are M_3 ×S^2×(R^2×S^2)⋉S^1 at short distance, while the third is M_5 × S^2 × S^2 ⋉ S^1. These solutions can be superimposed to get, for example, a T^3-wrapped D3-brane.

2.3.2 Taub-NUT

Simply taking r → −r transforms the above six-dimensional Taub-BOLT metric into a Taub-NUT metric, where now r ≥ 1 [12]. This Taub-NUT metric is given by (2.22) with F = (r − 1)(r + 2) 3r(r + 1)

. (2.31) Thus, the same six-dimensional local metric form extends smoothly onto two different manifolds. This Taub-NUT geometry runs from R^4 × S^2 to C(S^2 × S^2) ⋉ S^1.

The three harmonic two-forms supported by these Taub-BOLT and Taub-NUT metrics are identical, since they do not depend on the function F . However, the resulting H for each case are not related by taking r → −r, and must be solved from scratch. In fact, only for the third harmonic two-form (2.29) does there exist a regular solution, given by H = 1 +

3m^2 2r − 3 4 m^2 log (r + 2 r ) . (2.32) The D3-brane geometry smoothly runs from M_3 × (R^4 × S^2) ⋉ S^1 to M_4 × C(S^2 × S^2) ⋉ S^1.

2.4 On Schwarzchild instanton

We will now consider the S^1-wrapped D3-brane solution given by (2.1) for which the six-dimensional transverse space is a Schwarzchild instanton, whose metric is given by ds^2_6 = f dx^2 + f^{−1} dr^2 + r^2 dΩ^2_4 , (2.33) where f = 1 − M r^3

, (2.34) and r^3 ≥ M. This geometry runs from R^2 × S^4 at short distance to R^6 at large distance.

This metric supports a harmonic two-form

L_{(2)} = 1 r^4 dx ∧ dr , (2.35) which is normalizable at large distance and square integrable as r → M^{1/3}. The corresponding regular solution to H in (2.2) is given by

H = 1 + m^2 9M r^3

. (2.36)

This D3-brane geometry smoothly interpolates between M_3 × S^4 × R^2 ⋉ S^1 and M_{10}.

3 Deformed M2-brane

The M2-brane of eleven-dimensional supergravity is supported by the 4-form field strength, with an eight-dimensional Ricci-flat transverse space. Due to the equation of motion d∗F_{(4)} =^1_2 F_{(4)} ∧F_{(4)}, one can construct a resolved M2-brane if the transverse space has a (anti)-self-dual 4-cycle. This type of modification to the M2-brane, which makes use of the interaction in d ∗ F_{(4)} =^1_2 F_{(4)} ∧ F_{(4)}, has been greatly studied, for example in [15, 1, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26]. The deformed M2-brane is given by

ds^2_{11} = H^{−2/3}dx^μdx^ν η_{μν} + H^{1/3}ds^2_8 , F_{(4)} = d^3x ∧ dH^{−1} + m G_{(4)} , (3.1)

where G_{(4)} is a harmonic self-dual 4-form in the Ricci-flat transverse space ds^2_8. The equations of motion are satisfied, provided that H = − 1 48 m^2 G^2_{(4)} , (3.2)

where is the Laplacian on ds^2_8.

Before discussing specific examples, we would like to mention that the deformed M2-brane can be dimensionally reduced along the worldvolume to give a deformed NS-NS string in type IIA theory, given by

ds^2_{10} = H^{−3/4} (−dt^2 + dx^2) + H^{1/4}ds^2_8 , F_{(4)} = m G_{(4)} , F_{(3)} = dt ∧ dx ∧ dH^{−1} , e^{2ϕ} = H . (3.3)

This solution can be T-dualized to a regular type IIB pp-wave given by

ds^2_{10} = −H^{−1} dt^2 + H ( dx + (H^{−1} − 1) dt

)_2 + ds^2_8 , F_{(5)} = m_4 ( dx + (H^{−1} − 1) dt ) ∧ (G_{(4)} + ∗_8G_{(4)} ) . (3.4)

3.1 On Taub-NUT/BOLT with B = C P^3

For the transverse space, we will consider an eight-dimensional Taub-NUT/BOLT instanton, whose metric is given by [23]

ds^2_8 = F^{−1} dr^2 + N^2 F (dτ + A)^2 + R^2 dΣ^2_6 , (3.5) where F = 8(r^6 − 5N^2 r^4 + 15N^4 r^2 − 10M r + 5N^6) 5(r^2 − N^2)^3

, (3.6) and R^2 = r^2 − N^2. dΣ^2_6 is the metric for C P^3 given by dΣ^2_6 = dξ^2 + 1 4 c^2 dΩ^2 + 1 4 s^2ξ dΩ̃^2 + 1 4 s^2ξ c^2ξ σ^2 , (3.7) where dΩ^2 = dθ^2 + sin^2 θ dϕ^2 , dΩ̃^2 = dθ̃^2 + sin^2 θ̃ dϕ̃^2 , σ = dψ − cos θ dϕ + cos θ̃ dϕ̃ , (3.8) and c = cos ξ and s = sin ξ. Also, A = 1 4 (c^2 − s^2) dψ − 1 2 c^2 cos θ dϕ − 1 2 s^2 cos θ̃ dϕ̃ . (3.9) For the appropriate periodicity in the fibre coordinate τ , there is no conical singularity. At short distance, the Taub-NUT geometry is R^8 while the Taub-BOLT geometry is R^2 × C P^3; both geometries asymptotically approach C(C P^3) ⋉ S^1 at large distance.

The veilbein for the 8-space described by (3.5) are given by e^0 = 1 √ F dr , e^1 = R 2 c dθ , e^2 = R 2 c sin θ dϕ , e^3 = R 2 s dθ̃ , e^4 = R 2 s sin θ̃ dϕ̃ , e^5 = R dξ , e^6 = R 2 sc (dψ − cos θ dϕ + cos θ̃ dϕ̃) , e^7 = N √ F (dτ + A) . (3.10) An (anti)self-dual 4-form on this 8-space is given by

G_{(4)} = u^±_1 (e^0 ∧ e^7 ∧ e^1 ∧ e^2 ± e^3 ∧ e^4 ∧ e^5 ∧ e^6)

+u^±_2 (e^0 ∧ e^7 ∧ e^3 ∧ e^4 ± e^1 ∧ e^2 ∧ e^5 ∧ e^6) +u^±_3 (e^0 ∧ e^7 ∧ e^5 ∧ e^6 ± e^1 ∧ e^2 ∧ e^3 ∧ e^4) . (3.11) The closure of G_{(4)} yields the (anti)self-dual solution u^±_1 = u^±_2 = −u^±_3 = 1 (r ∓ N)^4

, (3.12)

Both of these two-forms are normalizable at large distance. In the case of the Taub- NUT (M =^8_5 N^5 and r ≥ N), only the anti self-dual two-form is integrable at short distance. This has the corresponding regular solution for H given by H = 1 +

5m^2 (2N^2 + 3N r + 3r^2) 256N^5 (r + N)^3 + 15m^2 512N^6 arctan

((r + N)(r + 3N) 2N (r + 2N) ) . (3.13)

The M2-brane geometry smoothly interpolates from M_11 at short distance to M_3 × C(C P^3) ⋉ S^1 at large distance.

Both the anti self-dual and the self-dual two-forms are square integrable at short distance for the Taub-BOLT, which indicates that the there exists corresponding regular solutions for H. However, we have been unable to express these in a closed analytical form. We expect that such M2-brane geometries would smoothly run from M_5 × C P^3 at short distance to M_3 × C(C P^3) ⋉ S^1 at large distance.

3.2 On Taub-BOLT with B = S^2 × S^2 × S^2 or C P^2 × S^2

We can replace the base space C P^3 of the Taub-NUT/BOLT metric (3.5) by any other six-dimensional Einstein-Kähler space, such as S^2 × S^2 × S^2 or C P^2 × S^2 [11]. Since, in these cases, only the Taub-BOLT is free of singularities, we will not consider the Taub-NUT in this section.

In the case of B = S^2 × S^2 × S^2, the corresponding G^2_{(4)} is the same as in the previous section. This indicates that there is a corresponding regular solution for H though, again, there does not seem to be a closed form analytical expression for it. Presumably this M2-brane geometry would run from M_5 × S^2 × S^2 × S^2 to M_3 ×C(S^2 ×S^2 ×S^2)⋉S^1. However, as previously mentioned, Taub-BOLT instantons of this topology do not admit a spin structure, though they may still admit a Spin^C structure [11].

We will now consider B = C P^2 × S^2 explicitly, though we restrict ourselves to N = 1 for simplicity. In this case, the Taub-NUT/BOLT metric can be written as

ds^2_8 = F^{−1} dr^2 + 4F (dτ + A)^2 + R^2 (dΣ^2_4 + dΩ^2) , (3.14)

where F is given in (3.6) divided by a factor of 8, and R^2 = r^2 − 1. dΣ^2_4 is the metric for C P^2 given by (2.5) and (2.7). Also, A is given by (2.6), and dΩ^2 = dθ^2 +sin^2 θ dϕ^2. This Taub-BOLT geometry goes from R^2 × S^2 × C P^2 to C(S^2 × C P^2) ⋉ S^1.

An (anti)self-dual 4-form on this 8-space can be written as (3.11), in the veilbein basis

e^0 = 1 √ F dr , e^1 = u R 2 √ V dθ , e^2 = u R 2 √ V sin θ dϕ , e^3 = R V du , e^4 = u R 2V (dψ + cos θ dϕ) , e^5 = R dθ̃ , e^6 = R sin θ̃ dϕ̃ , e^7 = 2 √ F (dτ + A) . (3.15)

We will restrict ourselves to the case N = 1.

The closure of G_{(4)} yields the following self-dual solutions:

u_1 = −u_2 = 1 2(r + 1)^4

, u_3 = 1 (r + 1)^4

, (3.16) and u_1 = −u_2 =

1 − 9r + 3r^2 − 3r^3 24(r + 1)^4 (r − 1)^3

, u_3 =

3r^2 + 1 3(r + 1)^4 (r − 1)^3

. (3.17) There are also two anti self-dual solutions given by

u_1 = −u_2 = − 1 4(r + 1)^3 (r − 1)

, u_3 = 1 (r + 1)^3 (r − 1)

, (3.18) and u_1 = −u_2 =

1 + 9r + 3r^2 + 3r^3 24(r + 1)^3 (r − 1)^4

, u_3 =

3r^2 + 1 3(r + 1)^3 (r − 1)^4

. (3.19) All of these two-forms are normalizable at large distance. For the Taub-BOLT, all of them are also square integrable at short distance. This indicates that each two-form has a corresponding regular solution for H, even though we cannot express it in closed analytical form. These M2-brane geometries would smoothly go from M_5 × S^2 × C P^2 to M_3 × C(S^2 × C P^2) ⋉ S^1.

3.3 On generalized Taub-NUT

For the transverse space, we will now consider a generalized Taub-NUT instanton, whose metric is given by [12]

ds^2_8 = 5 U dr^2 + 4U 5 (τ + A)^2 + (r^2 − 1) dΣ^2_4 + r^2 dΩ^2 , (3.20)

where U = 1 −

4(r^3 − 3r + 2) 3r (r^2 − 1)^2

. (3.21) dΣ^2_4 is the metric for C P^2 given by (2.5) and (2.7). Also, A is given by (2.6). This Taub-NUT geometry goes from R^6 × S^2 to C(S^2 × C P^2) ⋉ S^1.

The veilbein for the 8-space described by (3.20) are given by

e^0 = √ 5 U dr , e^1 = u R 2 √ V dθ , e^2 = u R 2 √ V sin θ dϕ , e^3 = R V du , e^4 = u R 2V (dψ + cos θ dϕ) , e^5 = r dθ̃ ,

e^6 = r sin θ̃ dϕ̃ , e^7 = 2 √ U 5 (dτ + A) . (3.22)

An (anti)self-dual 4-form on this 8-space is given by

G_{(4)} = u_1 (e^0 ∧ e^7 ∧ e^1 ∧ e^2 ± e^3 ∧ e^4 ∧ e^5 ∧ e^6) +u_2 (e^0 ∧ e^7 ∧ e^3 ∧ e^4 ± e^1 ∧ e^2 ∧ e^5 ∧ e^6) +u_3 (e^0 ∧ e^7 ∧ e^5 ∧ e^6 ± e^1 ∧ e^2 ∧ e^3 ∧ e^4) . (3.23)

The closure of G_{(4)} yields the following solutions:

u_1 = ±

3r + 1 2r^2 (r + 1)^3

= −u_2 , u_3 = 1 r (r + 1)^3

, (3.24) and u_1 = ±

1 − 10r^2 − 15r^4 2r^2 (r^2 − 1)^5

= −u_2 , u_3 =

3r^2 + 1 r (r^2 − 1)^3

. (3.25) All of these four-forms are normalizable at large distance. However, only the (anti)selfdual pair given in (3.24) are square integrable as r → 1 and, thus, have a corresponding regular H given by

H = 1 +

15m^2 16r + 45m^2 8(r + 1) − 15m^2 8(r + 1)^2 + 207 128 √ 15 m^2 arctan [√3 5 (3 + 2r) ]

+ 15 256 m^2 log [ r34 (r + 1)^{16} (r^2 + 3r + 8/3)^9 ] . (3.26)

The geometry of this M2-brane interpolates from M_9 × S^2 at short distance to M_3 × C(S^2 × C P^2) ⋉ S^1 at large distance.

4 Deformed and S^1-wrapped 5-brane

4.1 Deformed heterotic 5-brane

The deformed heterotic 5-brane is given by [1]

ds^2_{10} = H^{−1/4} dx^2_μ + H^{3/4} ds^2_4 , e^{−ϕ} ∗ F_{(3)} = d^6x ∧ dH^{−1} , ϕ = 1 2 logH , F_{(2)} = m L_{(2)} , (4.1)

where ∗ is the Hodge dual with respect to ds^2_{10} and L_{(2)} is a harmonic two-form on ds^2_4. The equations of motion are satisfied, provided that L_{(2)} is a self-dual two-form and H = − 1 4 m^2 L^2_{(2)} , (4.2) where is the Laplacian on ds^2_4. Note that an overlapping 5-brane configuration can also be resolved [14].

We will consider the case in which ds^2_4 is the metric for the Taub-NUT instanton, given by

ds^2_4 = F^{−1} dr^2 + F (dψ − 2N cos θ dϕ)^2 + (r^2 − N^2)(dθ^2 + sin^2 θ dϕ^2) , (4.3)

where F = r^2 − 2M r + N^2 r^2 − N^2

. (4.4) Harmonic 2-forms supported by this metric are given by

L^±_{(2)} = 2 (r ± N)^2

(e^0 ∧ e^3 ± e^1 ∧ e^2) , (4.5)

expressed in the vielbein basis e^0 =^{1√}_F dr, e^1 = √ r^2 − N^2 dθ, e^2 = √ r^2 − N^2 sin θ dϕ, and e^3 = √ F (dψ − 2N cos θ dϕ). It has a non-trivial flux, and the square of this form is L^{± 2}_{(2)} = 16 (r ± N)^4

. (4.6) We will now break up further analysis for the cases of the Taub-NUT and Taub-BOLT instantons.

Taub-NUT

In the BPS limit, M = N, for which the four-dimensional metric (4.3) is that of the Taub-NUT instanton. In this case, r ≥ N. The geometry goes from R^4 to C(S^2) ⋉ S^1.

Only L^+_{(2)} is square integrable for r → N. Neither two-form is normalizable at large distance for any of the three instantons. For L^+_{(2)} , a regular solution is given by

H = 1 + m^2 N(N + r) . (4.7)

For L^−_{(2)} , the unavoidably singular solution is given by

H = 1 + c r − N − 2m^2 (r − 3N) 3(r − N)^3

. (4.8)

The geometry of this 5-brane interpolates from M_{10} at short distance to M_6 ×C(S^2)⋉ S^1 at large distance. This solution preserves minimal supersymmetry [1].

Taub-BOLT In this case, M =^5_4 N and r ≥ 2N. The geometry goes from R^2×S^2 to C(S^2)⋉S^1. Both L^±_{(2)} are square integrable for r → 2N. Regular solutions are given by

H = 1 +

8m^2 9N(N + r) , (4.9) and H = 1 +

8m^2 N(r − N) , (4.10) for L^+_{(2)} and L^−_{(2)}, respectively. Both of these 5-brane geometries run from M_8 × S^2 to M_6 × C(S^2) ⋉ S^1. L^+_{(2)} and L^−_{(2)} can be linearly superimposed to yield a more general deformed 5-brane solution. However, as we previously mentioned, the fourdimensional Taub-NUT instanton does not admit a spin structure, though it may still admit a Spin^C structure [10].

Schwarzchild instanton For N = 0, r ≥ 2M. L^±_{(2)} are square integrable as r → 2M. This geometry goes from R^2 × S^2 to R^4.

Both L^±_{(2)} have a regular solution given by

H = 1 +

2m^2 M r . (4.11)

The corresponding 5-brane geometry go from M_8 × S^2 to M_{10}.

4.2 S^1-wrapped 5-brane

The above resolution of the heterotic 5-brane requires the presence of matter Yang- Mills fields which are absent in the type II theories. However, a resolved type II 5- brane can be constructed by wrapping worldvolume directions around the transverse space. For example, a regular S^2-wrapped 5-brane was obtained in [27] by lifting the four-dimensional SU(2) gauged black hole [28]. This solution can apply for both type II and heterotic 5-branes.

Another example of a regular 5-brane solution of both type II and heterotic theories is the S^1-wrapped 5-brane given by [13]

ds^2_{10} = H^{−1/4} ( − dt^2 + dx^2_1 + · · · + dx^2_4 + (dx_5 + A_{(1)})^2 ) + H^{3/4}ds^2_4 ,

F^{RR}_{(3)} = ∗_4dH − m L_{(2)} ∧ (dx_5 + A_{(1)}) , ϕ = − 1 2 log H , (4.12)

where dA_{(1)} = m L_{(2)} . L_{(2)} is a harmonic 2-form on ds^2_4 and ∗_4 is the Hodge dual with respect to ds^2_4. The equations of motion are satisfied, provided that (4.2) and L_{(2)} is a self-dual two-form. Note that overlapping S^1-wrapped 5-branes can also be resolved [14].

We can also consider a rotating 5-brane, given by

ds^2_{10} = H^{−1/4} ( − (dt + A_{(1)})^2 + dx^2_1 + · · · + dx^2_5 ) + H^{3/4}ds^2_4 ,

F^{RR}_{(3)} = ∗_4dH − m L_{(2)} ∧ (dt + A_{(1)}) , ϕ = − 1 2 log H . (4.13)

For the Taub-NUT/BOLT metric given by (4.3), the computation of L_{(2)} and H carry over from the deformed 5-brane of the previous section. Since the Taub- BOLT and Schwarzchild instantons both support two independent harmonic twoforms, these can be superimposed to form a regular T^2-wrapped 5-brane. In the case of the Schwarzchild instanton, for example, the resulting T^2-wrapped 5-brane geometry goes from M_4 × (R^2 × S^2) ⋉ T^2 to M_{10}.

5 Resolved D4/M5/NS5-branes

The deformed D4-brane solution is given by

ds^2_{10} = H^{−3/8} dx^2_μ + H^{5/8} ds^2_5 , F_{(4)} = ∗ dH , ϕ = − 1 4 logH , F_{(2)} = m L_{(2)} , F_{(3)} = m ∗ L_{(2)} , (5.1)

where ∗ is the Hodge dual with respect to ds^2_5. The equations of motion are satisfied provided that H is given by (2.2), where L_{(2)} is a harmonic two-form on the fivedimensional transverse space.

5.1 On Schwarzchild instanton

The D = 5 Schwarzchild instanton metric is given by

ds^2_5 = f dz^2 + f^{−1} dr^2 + r^2 dΩ^2_3 , (5.2)

where f = 1 − M r^2

, (5.3) and r ≥ √ M. This geometry goes from R^2 × S^3 to R^5.

This metric supports a harmonic two-form

L_{(2)} = 1 r^3 dz ∧ dr , (5.4) which is normalizable at large distance and square integrable at short distance. The corresponding regular solution to H is given by

H = 1 + m^2 4M r^2

. (5.5)

The geometry of this D4-brane smoothly interpolates from M_7 × S^3 at short distance to M_{10} at large distance.

The above deformed D4-brane can be lifted to eleven dimensions as an S^1-wrapped M5-brane solution given by

ds^2_{11} = H^{−1/3} ( dx^2_μ + (dx_5 + m 2r^2 dz)^2 ) + H^{2/3} ds^2_5 , F_{(4)} = ∗dH + m ( dx_5 + m 2r^2 dz ) ∧ Ω_{(3)} , (5.6) where Ω_{(3)} is the volume-form of the transverse S^3 corresponding to the metric dΩ^2_3. The M5-brane geometry runs from M_5 × S^3 × R^2 ⋉ S^1 to M_{11}.

We can now reduce back to ten dimensions along one of the non-fibred spatial directions of the M5-brane. The result is the S^1-wrapped D4-brane solution

ds^2_{10} = H^{−3/8} ( dx^2_μ + (dx_4 + m 2r^2 dz)^2 ) + H^{2/3} ds^2_5 ,

F_{(4)} = ∗dH + m (dx_4 + m 2r^2 dz) ∧ Ω_{(3)} . (5.7)

Alternatively, we can express the transverse S^3 metric as a fibre bundle over S^2:

dΩ^2_3 = 1 4 (dψ + cos θ dϕ)^2 + 1 4 dΩ^2 , (5.8)

where dΩ^2 = dθ^2 + sin^2 θ dϕ^2. reducing over the fibre bundle direction yields the type IIA S^1-wrapped NS5-brane solution

ds^2_{10} = (r 2 )_{1/4}[ H^{−1/4} ( dx^2_μ + (dx_5 + m 2r^2 dz)^2 ) + H^{3/4}(f dz^2 + f^{−1} dr^2 + r^2 4 dΩ^2) ] , F_{(3)} = r 2 ∗ dH + m 8 ( dx_5 + m 2r^2 dz ) ∧ Ω_{(2)} , F_{(2)} = Ω_{(2)} , (5.9)

where Ω_{(2)} is the volume-form corresponding to the metric dΩ^2.

All of the above solutions are regular, since r ≥ √ M . 5.2 On Schwarzchild on Taub-NUT

A metric that resembles a D = 5 Schwarzchild instanton superimposed with a D = 4 Taub-NUT instanton can be written as

ds^2_5 = f dz^2 + f^{−1} dr^2 + 2N(2N + M) W (dψ + cos θ dϕ)^2 + (r^2 − N^2) dΩ^2 , (5.10)

where f = 1 − M r − N , W = r − N r + N , (5.11)

and dΩ^2 = dθ^2 + sin^2 θ dϕ^2. Also, r ≥ M + N.

A harmonic two-form supported by this metric is given by

L_{(2)} = 1 √ W (r^2 − N^2) dz ∧ dr . (5.12) which is normalizable at large distance and square integrable at short distance. The corresponding regular solution to H is given by

H = 1 + m^2 M N log [√M(M + 2N)(r_2 − N_2) + [(M + N) r − N 2] ( √ M(M + 2N) + M + N)(r − N) ] . (5.13)

As in the previous section, we can obtain regular S^1-wrapped M5, D4 and NS5- branes from the above solution.

6 Conclusions

We have constructed many regular p-brane solutions on higher-dimensional generalizations of Taub-NUT and Taub-BOLT instantons. These new solutions do not preserve any supersymmetry, which serves to demonstrate that the resolution of brane singularities works without the presence of supersymmetry. The resulting geometries smoothly interpolate between two phases of Minkowski spacetime of differing dimensionality. Since these new solutions do not preserve any supersymmetry, the stability is not assured. We leave this issue for future work.

ACKNOWLEDGMENT

It is a pleasure to thank Hong Lü for helpful correspondence. Research is supported in part by DOE grant DE-FG01-00ER45832

References

[1] M. Cvetič, H. Lü and C.N. Pope, Brane resolution through transgression, Nucl.

Phys. B600 (2001) 103, hep-th/0011023.

[2] A. Strominger, Heterotic solitons, Nucl. Phys. B343 (1990) 167, Erratum-ibid.

B353 (1991) 565.

[3] I.R. Klebanov and A.A. Tseytlin, Gravity duals of supersymmetric SU(N) × SU(N + m) gauge theories, Nucl. Phys. B578 (2000) 123, hep-th/0002159.

[4] I.R. Klebanov and M.J. Strassler, Supergravity and a confining gauge theory:

duality cascades and χSB-resolution of naked singularities, JHEP 0008 (2000) 052, hep-th/0007191.

[5] M. Graña and J. Polchinski, Supersymmetric three-form flux perturbations on AdS_5, Phys. Rev D63 (2001) 026001, hep-th/0009211.

[6] S. Gubser, Supersymmetry and F-theory realization of the deformed conifold with three-form flux, hep-th/0010010.

[7] C.P. Herzog and P. Ouyang, Fractional D1-branes at finite temperature, Nucl.

Phys. B610 (2001) 97, hep-th/0104069.

[8] P. Herzog, I.R. Klebanov and P. Ouyang, D-branes on the conifold and N = 1 gauge/gravity dualities, published in Les Houches 2001 Proceedings, hep-th/0205100.

[9] F.A. Brito, M. Cvetič and A. Naqvi, Brane resolution and gravitational Chern- Simons terms, Class. Quant. Grav. 20 (2003) 285, hep-th/0206180.

[10] A. Chamblin, R. Emparan, C.V. Johnson and R.C. Myers, Large N phases, gravitational instantons and the nuts and bolts of AdS holography, Phys. Rev. D59 (1999) 064010, hep-th/9808177.

[11] A. Awad and A. Chamblin, A bestiary of higher dimensional Taub-NUT-AdS spacetimes, Class. Quant. Grav 19 (2002) 2051, hep-th/0012240.

[12] H. Lü, D.N. Page and C.N. Pope, New inhomogeneous Einstein metrics on sphere bundles over Einstein-Kähler manifolds, hep-th/0403079.

[13] H. Lü and J.F. Vázquez-Poritz, Resolution of overlapping branes, Phys. Lett. B 534 155 (2002) hep-th/0202075.

[14] H. Lü and J.F. Vázquez-Poritz, S^1-wrapped D3-branes on conifolds, Nucl. Phys.

B 633 114 (2002), hep-th/0202175.

[15] M. Cvetič, G.W. Gibbons, H. Lü and C.N. Pope, Supersymmetric nonsingular fractional D2-branes and NS-NS 2-branes, Nucl. Phys. B606 (2001) 18, hep-th/0101096.

[16] M. Cvetič, G.W. Gibbons, H. Lü and C.N. Pope, Ricci-flat metrics, harmonic forms and brane resolutions, Commun. Math. Phys. 232 (2003) 457, hep-th/0012011.

[17] K. Becker and M. Becker, M-theory on eight-manifolds, Nucl. Phys. B477 (1996) 155, hep-th/9605053.

[18] M.J. Duff, J.M. Evans, R.R. Khuri, J.X. Lu and R. Minasian, The octonionic membrane, Phys. Lett. B412 (1997) 281, hep-th/9706124.

[19] S.W. Hawking and M.M. Taylor-Robinson, Bulk charges in eleven dimensions, Phys. Rev. D58 (1998) 025006, hep-th/9711042.

[20] K. Becker, A note on compactifications on spin(7) manifolds, JHEP 0105 (2001) 003, hep-th/0011114.

[21] C.P. Herzog and I.R. Klebanov, Gravity duals of fractional branes in various dimensions, Phys. Rev. D63 (2001) 126005, hep-th/0101020.

[22] M. Cvetič, G.W. Gibbons, H. Lü and C.N. Pope, Hyper-Kähler Calabi metrics, L^2 harmonic forms, resolved M2-branes, and AdS_4/CFT_3 correspondence, Nucl. Phys. B617 (2001) 151, hep-th/0102185.

[23] M. Cvetič, G.W. Gibbons, H. Lü and C.N. Pope, New complete non-compact Spin(7) manifolds, Nucl. Phys.B620 (2002) 29, hep-th/0103155.

[24] M. Cvetič, G.W. Gibbons, J.T. Liu, H. Lü and C.N. Pope, A new fractional D2-brane, G_2 holonomy and T-duality, Class. Quant. Grav. 19 (2002) 5163, hep-th/0106162.

[25] S. Gukov and J. Sparks, M-theory on Spin(7) manifolds, Nucl. Phys. B625 (2002) 3, hep-th/0109025.

[26] C.-M. Chen and J.F. Vázquez-Poritz, Resolving the M2-brane, hep-th/0403109.

[27] J.M. Maldacena and C. Núñez, Towards the large N limit of pure N = 1 super Yang Mills, Phys. Rev. Lett. 86 (2001) 588, hep-th/0008001.

[28] A.H. Chamseddine and M.S. Volkov, Non-Abelian BPS monopoles in N = 4 gauged supergravity, Phys. Rev. Lett. 79 (1997) 3343, hep-th/9707176.