arXiv:hep-th/0408179 v1 23 Aug 2004

Proceedings of Symposia in Pure Mathematics

Supersymmetry, supergravity, superspace and BRST symmetry in a simple model

Peter van Nieuwenhuizen

Contents

1. Introduction 1 2. Rigid N = 1 supersymmetry in x-space 3 3. N = 1 supergravity in x-space 10 4. Rigid and local N = 1 superspace 17 5. Extended rigid supersymmetries 26 6. BRST quantization in a Hamiltonian approach 30 References 38

1. Introduction

In these lectures we shall introduce rigid supersymmetry, supergravity (which is the gauge theory of supersymmetry) and superspace, and apply the results to BRST quantization. We assume that the reader has never studied these topics. For readers who want to read more about these “super” subjects, we give a few references at the end of this contribution, but the whole point of these lectures is that one does not need additional references for a self-contained introduction. The reader should just sit down with paper and pencil. We could have decided to begin with the usual models in 3 + 1 dimensional Minkowski space with coordinates x, y, z and t; this is the standard approach, but we shall instead consider a much simpler model, with only one coordinate t. We interpret t as the time coordinate. For physicists, the 3 + 1 dimensional models are the ones of interest because they are supposed to describe the real world. For mathematicians, however, the simpler model may be of more interest because the basic principles appear without the dressing of physical complications. Let us begin with three definitions which should acquire meaning as we go on.

2000 Mathematics Subject Classification. 81T60.

Key words and phrases. Supersymmetry, superspace, action, Hamiltonian, spinors, conserved charges, constraints, gauge fixing, Faddeev-Popov ghosts, supergravity, BRST quantization.

© 2000 American Mathematical Society 1

Supersymmetry is a symmetry of the action (to be explained) with a rigid (constant) anticommuting parameter^1 (usually denoted by ϵ) between bosonic (commuting) and fermionic (anticommuting) fields (again to be explained). It requires that for every bosonic particle in Nature there exists a corresponding fermionic particle, and for every fermionic particle there should exist a corresponding bosonic particle. So supersymmetry predicts that there are twice as many particles as one might have thought. One may call these new particles supersymmetric particles. These supersymmetric particles will be looked for at CERN (the European high-energy laboratory) in the coming 8 years. So far not a single supersymmetric particle has been discovered: supersymmetry is a theoretical possibility, but whether Nature is aware of this possibility remains to be seen.^2 Supergravity is the gauge theory of supersymmetry. Its action is invariant under transformation rules which depend on a local (space- and time-dependent) anticommuting parameter ϵ(x, y, z, t), and there is a gauge field for supersymmetry which is called the gravitino field. It describes a new hypothetical particle, the gravitino. The gravitino is the fermionic partner of the graviton. The graviton is the quantum of the gravitional field (also called the metric). The astonishing discovery of 1976 was that a gauge theory of supersymmetry requires gravity: Einstein’s 1916 theory of gravity (called general relativity) is a product of local supersymmetry. Phrased differently: local supersymmetry is the “square root of general relativity”, see (3.18). (Likewise, supersymmetry is the square root of translation symmetry, see (2.26)).

Superspace. In Nature fields can be divided into bosonic (commuting) fields and fermionic (anti-commuting) fields. This is one of the fundamental discoveries of the quantum theory of the 1920’s. The anticommuting fields are described by spinors and the bosonic fields by tensors according to the spin-statistics theorem of the 1930’s. (Spinors and tensors refers to their transformation properties under Lorentz transformations). One can also introduce in addition to the usual coordinates x^μ anticommuting counterparts θ^α. The space with coordinates x and θ is called superspace. In the case of a four-dimensional Minkowski space (our world) there are four coordinates (x, y, z and t) and also four θ’s, namely θ^1, θ^2, θ^3 and θ^4, but in other dimensions the number of x’s and θ’s are not the same.^3 These θ’s are Grassmann variables [1], for example θ^1θ^2 = −θ^2θ^1 and θ^1θ^1 = 0. In our case we shall have one x^μ (namely t) and one θ^α (which we denote by θ). In superspace one can introduce superfields: fields which depend both on x and θ.Because θ^2 = 0, the superfields we consider can be expanded as ϕ(t, θ) = φ(t) + θψ(t). This concludes the three definitions.

Supersymmetric quantum field theories have remarkable properties. Leaving aside the physical motivations for studying these theories, they also form useful toy models. We present here an introduction to supersymmetric field theories with rigid

1Technically: a Grassmann variable. “Constant” means “independent of the spacetime co-

ordinates x, y, z and t”.

2This is not the first time a doubling of the number of particles has been predicted. In

1931 Dirac predicted that for every fermionic particle a fermionic antiparticle should exist, and these antiparticles were discovered in 1932. We consider in these lectures only real fields, and the particles corresponding to real fields are their own antiparticles. Hence in these lectures the notion of antiparticles plays no role.

3The xμ transform as vectors under the Lorentz group while the θα transform as spin 1/2

spinors.

and local supersymmetry, both in x-space and in superspace, in the simplest possible model^4. To avoid the complications due to “Fierz rearrangements” (recoupling of four fermionic fields A, B, C, D from the structure (AB)(CD) to (AD)(CB))^5 we consider one-component (anticommuting) spinors. Then (AB)(CD) is simply equal to −(AD)(CB). The simplest case in which spinors have only one component is a one-dimensional spacetime, i.e., quantum mechanics. The corresponding superspace has one commuting coordinate t and one anticommuting coordinate θ. Both are real.

We repeat and summarize: one can distinguish between rigidly supersymmetric field theories, which have a constant symmetry parameter, and locally supersymmetric field theories whose symmetry parameter is an arbitrary space-time dependent parameter. For a local symmetry one needs a gauge field. For supersymmetry the gauge field has been called the gravitino. (The local symmetry on which Einstein’s theory of gravitation is based is diffeomorphism invariance. The gauge field is the metric field g_{μν} (x)). Gauge theories of supersymmetry (thus theories with a local supersymmetry containing the gravitino) need curved spacetime. In other words, gravity is needed to construct gauge theories of supersymmetry, and for that reason local supersymmetry is usually called supergravity. In curved space the quanta of the metric g_{μν} are massless particles called gravitons. They are the bosonic partners of the gravitinos. Neither gravitons nor gravitinos have ever been directly detected. Classical gravitational radiation may be detected in the years ahead, but the gravitons (the quantized particles of which the gravitational field is composed) are much harder to detect individually. The detection of a single gravitino would have far-reaching consequences.

In the last chapter we quantize the supergravity action which we obtained in chapter 3. There are several methods of quantization, all in principle equivalent, but we shall only discuss the BRST method. It yields the “quantum action”, which is the action to be used in path integrals. This method has a beautiful and profound mathematical structure, and that is one of the reasons we chose to include it.

The author wrote in 1976 with D.Z. Freedman and S. Ferrara the first paper on supergravity, soon followed by a paper by S. Deser and B. Zumino. However, we will not discuss past work and give references; rather, the present account may serve as a simplified introduction to that work. For readers who want to read further, we include a few references at the end.

2. Rigid N = 1 supersymmetry in x-space

The model we consider contains in x-space (or rather t-space) two point particles which correspond to a real bosonic field φ(t) and a real fermionic field λ(t). We view them as fields whose space-dependence (the dependence on x, y, z) is suppressed. The function φ(t) is a smooth function of t, so its derivative is welldefined, but for every value of t the expression λ(t) is an independent Grassmann

4Actually, an even simpler model than the one we present in these lectures exists. It contains

constant fields, so fields which do not even depend on t and θ. These so-called matrix models are important in string theory, but they do not have enough structure for our purposes, so we do not discuss them.

5Here (AB) means contraction of spinor fields A and B.

number [1].^6 So λ(t_1)λ(t_2) = −λ(t_2)λ(t_1). We assume that the concept of a derivative of λ(t) with respect to t can be defined, and that we may partially integrate. As action for these “fields” we take S = ∫ Ldt with L (rigid) = 1 2 φ̇^2 + i 2 λλ̇. (2.1)

The λ̇ =^d_{dt} λ are independent Grassmann variables, so λ̇(t)λ(t) = −λ(t)λ̇(t) and λ̇(t_1)λ̇(t_2) = −λ̇(t_2)λ̇(t_1). In particular they anticommute with themselves and with each other at equal t: {λ(t), λ(t)} = 0, {λ(t), λ̇(t)} = 0, {λ̇(t), λ̇(t)} = 0. (2.2)

The symbol {A, B} is by definition AB+BA. Later we shall define Poisson brackets and Dirac brackets, which we denote by {A, B}_P and {A, B}_D to avoid confusion. At the quantum level the Poisson and Dirac brackets are replaced by commutators for commuting fields and anticommutators for anticommuting fields, which we denote by [A, B] and {A, B}, respectively, and which are defined by [A, B] = AB−BA and {A, B} = AB + BA. We introduce a concept of hermitian conjugation under which φ(t) and λ(t) are real: φ(t)^† = φ(t) and λ(t)^† = λ(t). Also λ̇(t) is real. Furthermore (AB)^† = B^†A^† for any A and B. We define the action by S = ∫ L(t)dt. The action should be hermitian according to physical principles (namely unitarity^7). We need then a factor i in the second term in (2.1) in order that (^i_2 λλ̇)^† = −^i_2 λ̇λ be equal to^i_2 λλ̇. In the action we need λ(t) at different t. We repeat that for different t the λ(t) are independent Grassmann variables. Thus we need an infinite basis for all Grassmann variables.^8

Physical intermezzo which can be skipped by mathematicians: The term^1_2 φ̇^2 is a truncation of the Klein-Gordon action to an xyz independent field, and the term i 2 λλ̇ is the truncation of the Dirac action for a real^9 spinor to one of its components. In higher dimensions the Dirac action in curved space reads (as discussed in detail in 1929 by H. Weyl)

L (Dirac) = −(det e_μ^m)λ̄γ^me_m^μD_μλ,

(2.3)

where D_μλ = ∂_μλ +^1_4 ω_μ^{mn}γ_{mn}λ with γ_{mn} ≡^1_2 [γ_m, γ_n] the Lorentz generators (constant matrices) and ω_μ^{mn} the spin connection (a complicated function of the vielbein fields e_μ^m). The matrices γ^m (with m = 0, 1, 2, . . ., d − 1) in d spacetime dimensions satisfy Clifford algebra relations, {γ^m, γ^n} = 2η^{mn}. The “vielbein” fields e_μ^m are the square root of the metric g_{μν} in the sense that e_μ^me_ν^nη_{mn} = g_{μν}, where η_{mn} is the Lorentz metric (a diagonal matrix with constant entries (−1, +1, +1, · · · , +1)). Furthermore, e_m^μ is the matrix inverse of e_μ^m, and λ̄ is defined by λ^†iγ^0. However, in one dimension there are no Lorentz transformations,

6For a more recent mathematical treatment, see “Five Lectures on Supersymmetry” by D. Freed (AMS) and articles by Deligne & Morgan and by Deligne & Freed in “Quantum Fields and Strings: A course for mathematicians” (AMS)

7“Unitarity” means “conservation of probability”: the total sum of the probabilities that a given system can decay into any other system should be one.

8In some mathematical studies one takes a finite-dimensional basis for the Grassmann vari-

ables. This is mathematically consistent, but physically unacceptable: it violates unitarity.

9Real spinors are called Majorana spinors, and complex spinors are called Dirac spinors.

Already at this point one can anticipate that λ must be real because we took φ to be real, and we shall soon prove that there exists a symmetry between λ and φ.

hence in our toy model D_μλ is equal to λ̇. Furthermore, det e_μ^m = e_μ^m in one dimension, and this cancels the factor e_m^μ. Thus even in curved space, the Dirac action in our toy model reduces to^i_2 λλ̇ (for real λ; the factor^1_2 is used for real fields, just as for^1_2φ̇^2 in (2.1)). As a consequence, the gravitational stress tensor, which is by definition proportional to^δ_{δemμ (x)} S, vanishes in this model for λ(t). Also the canonical Hamiltonian^{10} H = q̇p − L vanishes for L given in (2.1) and q = λ(t). This will play a role in the discussions below. The sign of the term^1_2 φ̇^2 is positive because it represents the kinetic energy, but the sign of the fermion term could have been chosen to be negative instead of positive. (Requiring λ to be real, we cannot redefine λ → iλ in order to change the sign of the second term and still keep real λ.) The + sign in (2.1) will lead to the susy anticommutator {Q, Q} = 2H instead of {Q, Q} = −2H with a hermitian Q. End of physical intermezzo.

The supersymmetry transformations should transform bosons into fermions, and vice-versa, so φ into λ, and λ into φ. Since φ is commuting and λ anticommuting, the parameter must be anticommuting. We take it to be a Grassmann number ϵ, although other choices are also possible.^{11} One might then be tempted to write down δφ = iϵλ and δλ = φϵ (where the factor i is needed in order that δφ be real, taking ϵ to be real) but this is incorrect as one might discover by trying to prove that the action is invariant under these transformation rules. There is a more fundamental reason why in particular the rule δλ = φϵ is incorrect, and that has to do with the dimensions of the fields and ϵ as we now explain.

The dimension of an action S ≡ ∫ Ldt is zero (for ℏ = 1).^{12} Hence L =^1_2φ̇^2 should have dimension +1, taking the dimension of t to be −1 as usual for a coordinate. It follows that the dimension of φ is −1/2 and that of λ is 0

[φ] = −1/2; [λ] = 0.

(2.4)

From δφ = iϵλ we then conclude that ϵ has dimension −1/2 [ϵ] = −1/2. (2.5)

Thus δφ = iϵλ is dimensionally correct: [δφ] = −1/2 and [ϵλ] = −1/2. Consider now the law for δλ. The proposal δλ = φϵ has a gap of one unit of dimension: [δλ] = 0 but [φϵ] = −1/2 − 1/2 = −1. To fill this gap we can only use a derivative (we are dealing with massless fields so we have no mass available). Thus δλ ∼ φ̇ϵ. We claim that the correct factor is minus unity, thus δφ = iϵλ; δλ = −φ̇ϵ. (2.6)

By correct we mean that (2.6) leaves the action invariant as we now show. It is easy to show that S (rigid) is invariant under these transformation rules if ϵ is constant (rigid supersymmetry). Let us for future purposes already consider a local

10The momenta are defined by left-differentiation: p = ∂ ∂q̇ S. Hence p(ϕ) = ϕ̇ and π(λ) = −^i_2 λ, where π denotes the conjugate momentum of λ.

11The author has proposed long ago with J. Schwarz to consider θ’s which satisfy a Clifford

algebra, {θ^α, θ^β } = γ^{αβ}_μ x^μ. .

12More precisely, the dimension of H and L is an energy, and t has of course the dimension

of time. In quantum mechanics the Planck constant ℏ ≡ h/2π has the dimension of an energy × time (discovered by Planck in 1900). Since S has the dimension of an energy × time, one can define dimensionless exponents of the action by exp^i_ℏ S. Such exponents appear in path integrals. Physicists often choose a system of units such that ℏ = 1.

ϵ (meaning ϵ(t)) and also keep boundary terms due to partial integration. One finds then if one successively varies the fields in S according to (2.6) δS = ∫ ( φ̇δφ̇ + i 2 δλλ̇ + i 2 λδλ̇ ) dt = ∫ [ φ̇ d dt (iϵλ) − i 2 (φ̇ϵ)λ̇ − i 2 λ d dt (φ̇ϵ) ] dt = ∫ [ φ̇iϵ̇λ + φ̇iϵλ̇ − i 2 φ̇ϵλ̇ − i 2 d dt (λφ̇ϵ) + i 2 λ̇φ̇ϵ ] dt = ∫ [ ϵ̇(iφ̇λ) − i 2 d dt (λφ̇ϵ) ] dt. (2.7)

We performed a partial integration in the third line and used λ̇ϵ = −ϵλ̇ in the fourth line. We now assume that “fields” (and their derivatives) tend to zero at t = ±∞. (If there would also be a space dimension σ, we could consider a finite domain 0 ≤ σ ≤ π, and then we should specify boundary conditions at σ = 0, π. This happens in “open string theory”.) It is clear that neglecting boundary terms at t = ±∞, and taking ϵ constant (ϵ̇ = 0), the action is invariant. (A weaker condition which achieves the same result is to require that the fields at t → +∞ are equal to the fields at t → −∞). This assumption that fields vanish at t = ±∞ is not at all easy to justify, but we just accept it.

The algebra of rigid supersymmetry transformations reveals that supersymmetry is a square root of translations, in the sense that two susy tranformations (more precisely, a commutator) produce a translation. On φ this is clear [δ(ϵ_2), δ(ϵ_1)]φ = δ(ϵ_2)iϵ_1λ − δ(ϵ_1)iϵ_2λ = iϵ_1(−φ̇ϵ_2) − iϵ_2(−φ̇ϵ_1) = (2iϵ_2ϵ_1)φ̇.

(2.8) We recall that the symbol [A, B] is defined by AB − BA, so [δ(ϵ_2), δ(ϵ_1)] is a commutator of two supersymmetry transformations. We used in the last step that ϵ_1ϵ_2 = −ϵ_2ϵ_1. The result is a translation (φ̇) over a distance ξ = 2iϵ_2ϵ_1. The same result is obtained for λ [δ(ϵ_2), δ(ϵ_1)]λ = −δ(ϵ_2)φ̇ϵ_1 + δ(ϵ_1)φ̇ϵ_2 = − d dt (iϵ_2λ)ϵ_1 + d dt (iϵ_1λ)ϵ_2 = (2iϵ_2ϵ_1)λ̇.

(2.9)

We used that ϵ_2 is constant, so^d_{dt} ϵ_2 = 0, and λϵ_1 = −ϵ_1λ.

In higher dimensional theories this commutator on a fermion yields in addition to a translation also a term proportional to the field equation of the fermion, and to eliminate this extra term with the field equation, one introduces auxiliary fields. (Auxiliary fields are fields which appear in the action without derivatives; they are usually bosonic fields which enter as a(t)^2). Here, however, the translation λ̇ and the field equation of λ are both equal to λ̇. So the result could still have been a sum of the same translation as on φ, and a field equation, because both are proportional to λ̇. This is not the case: the coefficient of λ̇ is the same as the coefficient of φ̇. There is a simple counting argument that explains this and that shows that no auxiliary fields are needed in this model. Off-shell (by which physicists mean: when the field equations are not satisfied) the translation operator is invertible (the kernel of^∂_{∂t} with the boundary conditions mentioned before is empty), hence the commutator [δ(ϵ_2), δ(ϵ_1)] cannot vanish on field components. It follows that under rigid supersymmetry if “the algebra closes” (meaning if [δ(ϵ_2), δ(ϵ_1)] is uniformly equal to only a translation but no further field equations), each bosonic field component must be mapped into a fermionic one, and vice-versa. Then the number of bosonic field components must be equal to the number of fermionic field equations. In our toy model there is one bosonic field component (φ) and one fermionic field component (λ). Thus there are no auxiliary fields needed in this model.^{13} We can construct charges Q and H which produce susy and time-translation transformations. This requires equal-time Poisson brackets for φ, and Dirac brackets for λ, which become at the quantum level commutators and anticommutators. For φ these results are standard: the conjugate momentum p of φ is defined by p =^∂_{∂φ̇} S and this yields p = φ̇. The quantum commutator is given by p = φ̇; [p(t), φ(t)] = ℏ i . (2.10)

For λ the conjugate momentum is (we use left-derivatives) π =^∂_{∂λ̇} S = −^i_2 λ. The relation π = −^i_2 λ is a constraint between the coordinates and the conjugate momenta, called by Dirac a primary constraint

Φ = π + i 2 λ = 0. (2.11)

The naive Hamiltonian is H_L = Q̇P − L = q̇p −^1_2q̇^2 + λ̇π −^i_2 λλ̇ =^1_2 p^2. Here Q and P denote the total set of fields and their canonically conjugates. (We must put λ̇ in front of π, if we define π by left-differentiation, π =^∂_{∂λ̇} L, because only then H_L is independent of q̇ and λ̇. Namely δH_L contains no terms with δQ̇ but only with δQ and δP .) According to Dirac, one must then consider the naive Hamiltonian plus all possible primary constraints H = 1 2 p^2 + α ( π + i 2 λ ) , (2.12)

where α(t) is an arbitrary anticommuting parameter. Requiring that the constraint π +^i_2 λ = 0 be maintained in time requires [H, π +^i_2 λ] = 0 modulo the constraints, which is indicated by the symbol ≈ [ H, π + i 2 λ ] P ≈ 0. (2.13)

The subscript P indicates that we use here Poisson brackets. We define the Poisson bracket by {f(p, q), g(p, q)}_P = −∂f/∂p ∂ ∂q g + (−)^σ ∂g/∂p ∂ ∂q f, (2.14)

where σ = +1 except when both f and g are anticommuting, in which case σ = −1. The basic relations are {p, q}_P = −1 and {π, λ}_P = −1. Of course^1_2 p^2 commutes

13In the 4-dimensional Wess-Zumino model there are 2 propagating real scalars (A and B) and a real 4-component spinor. Hence there one needs two real bosonic auxiliary fields (F and G). In the 2-dimensional heterotic string the right-handed spinors λ_R do not transform under rigid supersymmetry, Qλ_R = 0. It follows that on the right-hand side of the susy commutator evaluated on λ_R the field equation (λ̇) exactly cancels the translation P λ = λ̇.

with π +^i_2 λ, but

{Φ, Φ}_P = { π + i 2 λ, π + i 2 λ } P = − i 2 − i 2 = −i. (2.15)

Note that the Poisson bracket {p, q}_P is −1 for bosons and fermions alike.^{14} It follows that [H, π +^i_2 λ] = −iα, and hence α = 0. Thus, with α = 0, there are no further (secondary) constraints, and we have H = 1 2 p^2.

(2.16)

Whenever a set of constraints ϕ^α satisfies {ϕ^α, ϕ^β} = M^{αβ} with sdetM^{αβ} ≠ 0, we call these constraints second class constraints.^{15} It follows that ϕ = π +^i_2 λ is a second class constraint. The Dirac bracket is defined by {A, B}_D = {A, B}_P − {A, Φ}_P {Φ, Φ}^{−1}_P {Φ, B}_P , (2.17)

where {A, B}_P denotes the Poisson bracket. Its definition is chosen such that {A, Φ}_D = 0 for any A and any second-class constraint Φ. Since in our toy model {Φ, Φ} = −i, we find {A, B}_D = {A, B}_P − i{A, π + i 2 λ}_P {π + i 2 λ, B}_P . (2.18)

We can now compute the basic equal-time Dirac brackets {λ(t), λ(t)}_D = 0 − i(−1)(−1) = −i, {π(t), λ(t)}_D = −1 − i ( −i 2 ) (−1) = − 1 2 , {π(t), π(t)}_D = 0 − i ( −i 2 ) ( −i 2 ) = i 4 . (2.19)

Recalling that π = −^i_2 λ, we see that these relations are consistent: we may replace π by −^i_2 λ on the left-hand side. At the quantum level, as first proposed by Dirac, we

14In quantum mechanics the sign of the quantum commutator [p, q] = −iℏ or the quantum anticommutator {π, λ} = −iℏ is not a matter of convention but follows from the compatibility of the field equations with the Heisenberg equations. For example, for a Dirac spinor ψ with mass m one has L = iψ^†ψ̇ + mψ^† ψ and π = −iψ^† . For ψ the field equation is iψ̇ + mψ = 0, and the Heisenberg equation is ψ̇ =^i_ℏ [H, ψ] with H = −mψ^† ψ. Compatibility of the field equation with the Heisenberg equation requires {ψ, π} = {ψ, −iψ^† } = −iℏ which agrees with {π, ψ} =^ℏ_i in quantum brackets.

15The expression sdetM denotes the superdeterminant of a supermatrix M = ( A B C D ) , where A and D contain commuting entries and B and C anticommuting entries. Any matrix can be written as the product of diagonal matrices ( A 0 0 B ) and triangular matrices ( I C 0 I ) and ( I 0 D I ) . Namely, ( A B C D ) = ( I BD^{−1} 0 I ) ( A − BD^{−1}C 0 0 D ) ( I 0 D^{−1}C I ) . The superdeterminant of the product of supermatrices is the product of the superdeterminants of these supermatrices, and sdet ( A 0 0 D ) = det A/ det D while sdet ( I B 0 I ) = 1. Hence

sdetM = det(A − BD^{−1}C)/ det D.

add a factor iℏ to the Poisson brackets to obtain the quantum (anti) commutators. Hence {λ(t), λ(t)} = ℏ, [p(t), φ(t)] = ℏ i . (2.20)

We now construct the susy charge Q as a Noether charge. A Noether charge is the space integral of the time component of the Noether current, but since there is no space in our toy model, the Noether current is equal to the Noether charge. We want to obtain an expression for the Noether charge in terms of p’s and q’s, and therefore we rewrite (2.1) in Hamiltonian form, namely as L = q̇p − H where H depends only on p, π, φ, λ but not on their time derivatives. Since, as we shall discuss, the terms proportional to a derivative of the symmetry parameter yield the Noether current, the latter will only be a function of p’s and q’s but not of derivatives of p’s and q’s.

The action in Hamiltonian form reads L = φ̇p + λ̇π − 1 2 p^2.

(2.21)

where we took the Dirac Hamiltonian H =^1_2 p^2 as discussed above. This action is invariant under δφ = i 2 ϵλ − ϵπ, δλ = −pϵ, δp = 0, δπ = i 2 pϵ. (2.22)

These rules follow by requiring invariance of the action, but one can also derive them by adding equation of motion symmetries to the original rules. For example, p = φ̇ leads to δp =^i_2 ϵλ̇−ϵπ̇, and to remove λ̇ one may add δ(extra)p =^i_2 ϵ^∂_{∂π} S and δ(extra)π = −^i_2^{δS}_{δp} ϵ. These extra transformation rules form a separate symmetry of any action, so we may add them to the original rules. Then δp = −ϵπ̇, and also δπ = δ(−^i_2 λ) =^i_2 φ̇ϵ is modified into δπ =^i_2 φ̇ϵ −^i_2 (φ̇ − p)ϵ =^i_2 pϵ. To also remove the term −ϵπ̇ in δp, one adds another equation of motion symmetry: δ(extra)p =^δ_{δλ} Sϵ and δ(extra)λ =^∂_{∂p} S. The final result is (2.22).

The standard way of obtaining the Noether charge follows from letting the rigid parameter become local and collecting terms proportional to ϵ̇. The terms with ϵ̇ in δL for local ϵ(t) are contained in δL = p d dt ( iϵ 2 λ − ϵπ ) − π d dt (−pϵ) + λ̇ ( i 2 pϵ )

= i 2 pϵ̇λ − pϵ̇π + d dt (πpϵ). (2.23)

So, defining Q as the coefficient of iϵ̇, we find Q = p ( 1 2 λ + iπ ) . (2.24)

This reproduces (2.22); for example,^1_ℏ [φ, ϵQ] = δφ follows from (2.20). Using the constraint π = −^i_2 λ we see that Q becomes equal to Q = pλ, and (2.22) reduces to (2.6). However, if one uses (anti) commutators one needs a Hamiltonian treatment, and then one needs (2.24).

The charge Q which appears in brackets such as [φ, ϵQ] is clearly an operator, so Q in (2.24) is an operator expressed in terms of Heisenberg fields. The latter satisfy their own equations of motion. On the other hand, in the action the fields are offshell. So, in principle one might need extra terms proportional to the equations of motion to obtain the correct off-shell transformations. In this case we do not need such terms. In section 6 we shall discuss the Hamiltonian approach with off-shell fields. This is a very general approach which yields the action in Hamiltonian form and the quantum BRST charge, starting only from the set of first class constraints.

The other way of obtaining Q (more precisely, iϵQ) is to write it as a sum of terms of the form δφp for all fields, plus −K where δL =^d_{dt} K. From (2.23) we read off that K = πpϵ. Hence iϵQ = δφp + δλπ − K = ( i 2 ϵλ − ϵπ ) p − pϵπ − πpϵ = iϵ ( 1 2 λ + iπ ) p, (2.25)

which is indeed the same result as in (2.24).

The supersymmetry algebra (rather a superalgebra with commutators and anticommutators) is now easy to evaluate. Using the quantum brackets of (2.20) finds {Q, Q} = {( 1 2 λ + iπ ) p, ( 1 2 λ + iπ ) p } = {λp, λp} = ℏp^2 = 2ℏH, [H, Q] = 0 (via Jacobi, or directly).

(2.26)

Thus the generators Q and H form a closed superalgebra, and supersymmetry is the square root of (the generator of time-) translations.

Dirac was the first to take the square root of the Laplace operator □, and this led to the famous Dirac equation of 1927. This equation led to the prediction that for every fermionic particle there is a fermionic antiparticle. These antiparticles have been found in the laboratories. Likewise, the square root Q ∼ √ H predicts that for every particle there should be a superpartner. Not a single superpartner has been found so far, but that may change.

3. N = 1 supergravity in x-space

Having discussed the rigid supersymmetry (= susy) of the action S (rigid) = ∫ Ldt with L =^1_2φ̇^2 +^i_2 λλ̇, we turn to local susy. We let ϵ become time-dependent and find then (see (2.7)).

δS (rigid) = ∞∫ −∞ ϵ̇(iφ̇λ)dt. (3.1)

The boundary terms at t = ±∞ vanish if we require that ϵ(t) vanishes at t = ±∞. To cancel this variation we introduce the gauge field for local susy, the gravitino ψ(t). The transformation rule of a gauge field begins always with a derivative of the local parameter. We then couple ψ to the Noether current of rigid supersymmetry, using δψ = ϵ̇ + · · · to fix the overall constant of this new term

S (Noether) = ∞∫ −∞ (−iψφ̇λ)dt; δψ = ϵ̇ + · · · (3.2)

If we vary ψ in (3.2), then the variation δS (Noether) cancels δS (rigid), but the fields φ̇ and λ in S (Noether) must also be varied. This yields two further variations

δS (Noether) = ∞∫ −∞ [ −iψ { d dt (iϵλ) } λ + iψφ̇ϵφ̇ ] dt. (3.3)

In the first variation the^d_{dt} must hit the field λ because otherwise one would be left with λλ which vanishes. Hence the remaining variations to be canceled are

δS (Noether) = ∞∫ −∞ iψ(φ̇φ̇ + iλλ̇)ϵdt. (3.4)

The last term can be canceled by adding a new term in δλ (because this variation is porportional to the field equation of λ). However, the first term can only be canceled by introducing a new field h (the graviton) and coupling it to φ̇φ̇. Thus the coupling of rigidly supersymmetric matter to the supergravity gauge fields requires for consistency (invariance of the whole action under local susy) also the coupling to gravity. Local susy is a theory of gravity, and this explains the name supergravity.

There appears, however, an ambiguity at this point: we can also couple this new field h to −iλλ̇, and the most general case is a linear combinations of both possibilities. Hence we add

S (stress) = − ∞∫ −∞ h[φ̇φ̇ − iλλ̇x]dt, δh = −iϵψ, δλ = −φ̇ϵ + i(1 + x)ψλϵ, (3.5)

where x is a free constant real parameter. We must now evaluate the old variations in the new action, the new variations in the old action, and the new variations in the new action. The aim is to use these variations to cancel (3.4).

The new variation δh = −iϵψ in the new action − ∫ hφ̇φ̇dt cancels the first term in (3.4). The new variation δλ = i(1 + x)ψλϵ in the old action^i_2 λλ̇ in (2.1) and the new variation δh = −iϵψ in the new action S (stress) cancel the variation −ψλλ̇ϵ of δS (Noether) iλ d dt [i(1 + x)ψλϵ] − iϵψ(iλλ̇x) − ψλλ̇ϵ = (1 + x)λλ̇ψϵ − ψϵλλ̇x − ψϵλλ̇ = 0. (3.6)

(We partially integrated the first term, and the last term comes from (3.4)). We find thus at this moment a free parameter x in the action and transformation rules; this frequently happens in the construction of supergravity models, and usually these parameters get fixed at a later stage, or they can be removed by field redefinitions. We demonstrate this later explicitly in our toy model.

We are again in the same situation as before: we canceled δS (Noether) by introducing a new term in the action, namely S (stress). We already took into account the variation of the gauge field h in this new term, but we must still vary the matter fields in S (stress). We first set x = 0 and later consider the case x ≠ 0. If x = 0, we need only vary the φ̇ in S (stress) and this yields

δL (stress) = −2hφ̇ d dt (iϵλ) = −2hφ̇iϵ̇λ − 2hφ̇iϵλ̇. (3.7)

The first term is proportional to the Noether current φ̇λ in (3.2) and can thus be canceled by a new term in the gravitino law δ (new) ψ = −2hϵ̇. (3.8) Substituting this vatiation into (3.2), the first term in (3.7) is cancelled. The second term in (3.7) is proportional to the free field equation of λ and can be canceled by adding a new term to the transformation law of λ, δλ = 2hφ̇ϵ, because then δ(^i_2 λλ̇) = −iλ̇(2hφ̇ϵ) cancels the second term in (3.7).

The new transformation law δλ = 2hφ̇ϵ produces a new variation in the Noether action (3.2) δL (Noether due to δλ = 2hφ̇ϵ) = −iψφ̇(2hφ̇ϵ).

(3.9) Since this term is proportional to φ̇φ̇ it can be canceled by a final extra term in δh, namely δh = 2ihϵψ. Then the new variation of h used in (3.5) cancels (3.9).

Because each time when we replace an ϵ̇ in a variation by ψ we loose a time derivative, this process of adding further terms to the action and transformation laws is guaranteed to stop. Of course it is not guaranteed that an invariant action exists. Examples are known where this process does not yield an invariant action, for example adding a cosmological constant to supergravity in 10 + 1 dimensions.

We have now canceled all variations for the case x = 0, hence we have constructed a locally susy action. The final results read L = 1 2 φ̇^2 + i 2 λλ̇ − iψφ̇λ − hφ̇^2, δφ = iϵλ, δλ = −φ̇ϵ + iψλϵ + 2hφ̇ϵ, δψ = ϵ̇ − 2hϵ̇, δh = −iϵψ + 2ihϵψ. (3.10)

Before going on, we make three comments.

1) There is no gauge action for gravity or local supersymmetry in one dimension as one might expect, since the scalar curvature R and its linearization, the Fierz-Pauli action,^{16} vanishes in one dimension. (Also the gravitino gauge action vanishes in one and 1 + 1 dimensions. The gravitational action is a total derivative in 1 + 1 dimensions, where it yields the Euler invariant). A gauge action for supergravity in one dimension would have to start with L =^1_2ḣḣ +^i_2 ψψ̇ and it is indeed invariant under the rigid symmetries δh = iϵψ, δψ = −ḣϵ, see (2.1) and (2.6). However, for local ϵ(t) the rules were already fixed by the matter coupling, see (3.10), and these rules do not leave this action invariant.

16The linearized form of the Einstein-Hilbert action eR is called the Fierz-Pauli action and is given in n-dimensions by L = − 1 2 φ^2_{μν,λ} + φ^2_μ − φ_μφ_{,μ} + 1 2 φ^2_{,μ}, where φ_μ = ∂^ν φ_{μν} , φ = η^{μν} φ_{μν} and the metric g_{μν} ≡ η_{μν} + κh_{μν} is related to φ_{μν} by ( √ −gg^{μν} )_{lin} − η^{μν} = −κ(h^{μν} −^1_2 η^{μν} h) = φ^{μν} . In one dimension the first term in L cancels the last term, and the second term cancels the third term.

2) The term ∫ gφ^ndt with g a coupling constant cannot be made supersymmetric.

Yukawa couplings do not exist in this model because λφλ vanishes. However, one can make λ a complex Dirac spinor and then supersymmetric interactions exist. One can also supersymmetrize a term f(φ)φ̇φ̇; the action becomes f(φ)(φ̇φ̇ + iλλ̇) and is called a susy nonlinear σ model because f(φ) can be nonlinear, for example exp φ.

3) One can also couple the first-order action in (2.21) to supergravity. Denoting the graviton and gravitino fields by H and Ψ, the result is L = φ̇p + λ̇π − 1 2 p^2 − iΨ ( 1 2 pλ + ipπ ) − Hp^2, δp = 0, δπ = i 2 pϵ, δλ = −pϵ, δφ = i 2 ϵλ − ϵπ, δΨ = ϵ̇, δH = −iϵΨ. (3.11)

Note that δ(π +^i_2 λ) = 0 agrees with the constraint π +^i_2 λ = 0. So we may replace π by −^i_2 λ in the action and transformation rules. Furthermore we can eliminate p by integrating in the path integral over a Gaussian with p^2 [2]. The result of these manipulations is the following action L = 1 2 1 1 + 2H φ̇^2 − i 1 + 2H φ̇Ψλ + i 2 λλ̇. (3.12)

Comparison with the second-order action in (3.10) (the action without conjugate momenta) we can read off how H is related to h, and Ψ to ψ. H = h 1 − 2h , Ψ = 1 1 − 2h ψ, or h = H 1 + 2H , ψ = 1 1 + 2H Ψ. (3.13)

The Jacobian for the change of variables from (H, Ψ) to (h, ψ) is^1_{1−2h} = 1 + 2H. (One needs a super Jacobian, in particular ∂δψ/∂ψ is equal to 1 − 2h, and not simply equal to (1 − 2h)^{−1}). The transformation rules in (3.11) go over into (3.10) if one uses these redefinitions.

For physicists: The Jacobian J = 1/1 − 2h can be exponentiated using a new kind of ghosts, introduced by Bastianelli and the author and playing the same role as the Faddeev-Popov ghosts. In order that the theories with h and ψ and H and Ψ are equivalent at the quantum level (by which we mean that they should give the same Feynman graphs) one needs those new ghosts. The propagators of h and ψ come from the gauge fixing terms.

We now return to the model in (3.10) and evaluate the local susy algebra. On φ one finds

[δ(ϵ_2), δ(ϵ_1)]φ = iϵ_1(−φ̇ϵ_2 + iψλϵ_2 + 2hφ̇ϵ_2) − iϵ_2(−φ̇ϵ_1 + iψλϵ_1 + 2hφ̇ϵ_1) = [2i(1 − 2h)ϵ_2ϵ_1]φ̇ + i[−2iϵ_2ϵ_1ψ]λ.

(3.14)

The right-hand side contains a general coordinate transformation δφ = ξ̂φ̇ with ξ̂ = 2i(1 − 2h)ϵ_2ϵ_1; this is clearly the gravitational extension of the nongravitational rigid translation with parameter ξ = 2iϵ_2ϵ_1 which we found in the rigid susy commutator. The second term is a local susy transformation iϵ̂λ of φ with parameter ϵ̂ = −2iϵ_2ϵ_1ψ. Note that the composite parameters ξ̂ and ϵ̂ are field- dependent. The structure constants are no longer constants! This has led to a new development in group theory.

On λ one finds after somewhat lengthy algebra [δ(ϵ_2), δ(ϵ_1)]λ = ξ̂λ̇ − φ̇ϵ̂ + 2hφ̇ϵ̂. (3.15) and the terms with ϵ̂ agree with (3.10) (because iψλϵ̂ = 0 due to ψψ = 0). The term with ξ̂ constitutes a general coordinate transformation on λ. Clearly, the same algebra is found on λ as on ψ!

On ψ one finds

[δ(ϵ_2), δ(ϵ_1)]ψ = −2(−iϵ_2ψ + 2ihϵ_2ψ)ϵ̇_1 + 2(−iϵ_1ψ + 2ihϵ_1ψ)ϵ̇_2 = −2i [ d dt (ϵ_2ϵ_1) ] ψ + 4ih [ d dt (ϵ_2ϵ_1) ] ψ = d dt ϵ̂ + 2iϵ_2ϵ_1ψ̇ − 2h d dt ϵ̂ − 4ihϵ_2ϵ_1ψ̇ = d dt ϵ̂ − 2h d dt ϵ̂ + ξ̂ψ̇. (3.16)

So also on ψ the same local algebra is realized.

Finally also on h the same algebra is realized^{17}

[δ(ϵ_2), δ(ϵ_1)]h = −iϵ_1(ϵ̇_2 − 2hϵ̇_2) − 2i[δ(ϵ_2)hψ]ϵ_1 − (1 ↔ 2) = −iϵ_1(ϵ̇_2 − 2hϵ̇_2) − 2i(−iϵ_2ψ + 2ihϵ_2ψ)ψϵ_1 − 2ih(ϵ̇_2 − 2hϵ̇_2)ϵ_1 − (1 ↔ 2) = −iϵ̂ψ + 2ihϵ̂ψ + ξ̂ḣ − ^̇ξh + 1 2 ^̇ξ. (3.17)

The terms with ϵ̂ clearly agree with (3.10). The terms with ξ̂ in (3.17) yield a general coordinate transformation of h as we shall discuss below. Hence, the local susy algebra closes on all fields uniformly. We can write this as (3.18) [δ_s(ϵ_2), δ_s(ϵ_1)] = δ_s(−2iϵ_2ϵ_1ψ) + δ_g ((1 − 2h)2iϵ_2ϵ_1). The commutator of δ_s with δ_g , and with itself, close (they are proportional to δ_s and δ_g).

We can understand the closure of the local supersymmetry algebra by using the same argument as used for the rigid supersymmetry algebra. There is one bosonic gauge field component (h) and one fermionic gauge field component (ψ), hence no auxiliary fields in the gauge sector are needed.

We now consider the case x ≠ 0. Here a simple argument suffices. Rescaling λ = (1 + 2hx)^{1/2}λ̃,

(3.19) we obtain as action from (3.10) L = 1 2 φ̇^2 + i 2 (1 + 2hx)λ̃ d dt λ̃ − iψ̃φ̇λ̃ − hφ̇^2, (3.20)

where we also rescaled ψ according to ψ(1 + 2hx)^{1/2} = ψ̃.

(3.21) We have produced the action with x ≠ 0 from the action with x = 0 by a simple rescaling of the fields λ and ψ. It follows that this action is also locally susy. The precise susy transformation rules follow from this rescaling δλ = (1 + 2hx)^{1/2}δλ̃ + (1 + 2hx)^{−1/2}xδhλ̃ = −φ̇ϵ + iψ̃λ̃ϵ + 2hφ̇ϵ. (3.22)

17Here and below “1 ↔ 2” means “switch indices 1 and 2 in the preceding expression.”

By dividing (3.22) by (1 + 2hx)^{1/2} and using δh = −iϵψ + 2ihϵψ we find δλ̃. It reads δλ̃ = −φ̇ϵ̃ + iψ̃λ̃ϵ̃ + 2hφ̇ϵ̃ − x(1 + 2hx)^{−1}(−iϵ̃ψ̃ + 2ihϵ̃ψ̃)λ̃, (3.23)

where we also rescaled ϵ according to (1 + 2hx)^{−1/2}ϵ = ϵ̃. (We used ϵψ = ϵ̃ψ̃ in δh). By rearranging these terms as δλ̃ = −(1 − 2h)φ̇ϵ̃ + i ( 1 + x − 2hx 1 + 2hx ) ψ̃λ̃ϵ̃ = −(1 − 2h)φ̇ϵ̃ + i ( 1 + x 1 + 2hx ) ψ̃λ̃ϵ̃, (3.24)

we find a polynomial result for x = −1 δλ̃ = −(1 − 2h)φ̇ϵ̃, δφ = iϵ̃(1 − 2h)λ̃. (3.25)

For δh and δψ̃ we find in a similar manner δh = −iϵ̃ψ̃ + 2ihϵ̃ψ̃, δψ̃ = √ (1 − 2h)δψ = √ (1 − 2h)(1 − 2h)ϵ̇ = (1 − 2h)[(1 − 2h) ˙ϵ̃ − ḣϵ̃].

(3.26) We used that δhψ vanishes. Thus for x = −1 all laws become again polynomial.

We can, in fact, apply the Noether method also directly to gravity. This will explain the ξ̂ terms in (3.17). Starting with

L (rigid) = 1 2 φ̇^2 + i 2 λλ̇, (3.27)

we find from the translation symmetry rules δφ = ξφ̇ and δλ = ξλ̇ for local ξ

δS (rigid) = ∫ [ φ̇ d dt (ξφ̇) + i 2 λ d dt (ξλ̇) + i 2 ξλ̇λ̇ ] dt. (3.28)

The third term vanishes as λ̇λ̇ = 0, and the second term vanishes after partial integration, whereas the first term yields after partial integration of one-half of this term (this^1_2 −^1_2 trick cancels the φ̈ terms)

δS (rigid) = ∫ [ 1 2 ξ̇φ̇φ̇ + d dt ( 1 2 ξφ̇φ̇ + i 2 ξλλ̇ )] dt. (3.29)

We see that φ̇φ̇ is the Noether current for translations for the (φ, λ) system. (Also the other way to construct the Noether current gives the same result).

Introducing the gauge field h for gravity and defining δh =^1_2ξ̇ + · · · we obtain

L (Noether) = −hφ̇φ̇, δh = 1 2 ξ̇. (3.30)

Note that there is no term of the form hλλ̇ in L (Noether). (However the field redefinition (3.19) produces a hλλ̇ term in the action in (3.20)). As Noether current for λ one might have expected πλ̇ where π is the conjugate momentum of λ, but λ̇ vanishes on-shell, and anyhow time-derivatives of fields should not appear in the Hamiltonian formalism.

Variation of φ̇ in L (Noether) yields

δS (Noether) = ∫ −2hφ̇ d dt (ξφ̇)dt, (3.31) which can be canceled, using the^1_2 −^1_2 trick, by δh = ξḣ − hξ̇. We could also have proceeded in another way: if we would partially integrate we would obtain 2ḣφ̇ξφ̇ + 2hφ̈ξφ̇, and the first variation could be removed by δh = 2ξḣ while the second variation could be eliminated by a suitable δφ = 2ξhφ̇ in^1_2 φ̇^2. However, the variation δφ = 2ξhφ̇ produces in S (Noether) with the^1_2 −^1_2 trick a new variation −2ξ̇hφ̇hφ̇, which can be canceled in two ways, etc. All these ambiguities (and more) are equivalent to field redefinitions.

We have thus shown that L = 1 2 φ̇^2 + i 2 λλ̇ − hφ̇^2 (3.32)

is invariant under δφ = ξφ̇, δλ = ξλ̇, δh = 1 2 ξ̇ + ξḣ − ξ̇h. (3.33)

In particular the result for δh shows that the ξ̂ dependent terms in (3.17) are indeed a general coordinate transformation.

In higher dimension the coupling of a scalar field to gravity is given by L = − 1 2 (− det g)^{12} g^{μν} ∂_μφ∂_ν φ,

so in one dimension e^μ_m corresponds to 1 − 2h. Then (3.33) agrees with the usual transformation rules of general relativity.

Adding the coupling to the gravitino −iψφ̇λ, we obtain invariance under ξ transformations, provided we choose δψ appropriately, δ(−iψφ̇λ) = −iδψφ̇λ − iψ [ d dt (ξφ̇) ] λ − iψφ̇ξλ̇. (3.34)

Partially integrating the last two terms, we obtain − iδψφ̇λ + iψ̇ξφ̇λ, (3.35)

and these two terms can be canceled by choosing δψ = ξψ̇. In general, Lagrangian densities in general relativity transform as coordinate densities, which means that δ(−iψφ̇λ) = d dt (−iξψφ̇λ). (3.36)

This is indeed achieved if ψ transforms like δψ = ξψ̇. (3.37)

Thus the model in (3.10) has now also been shown to be invariant under general coordinate transformation. The result in (3.37) can be explained by noting that the field ψ in the Noether coupling in (3.2) corresponds to (det g)^{12} g^{μν} ψ_ν ∼ e_m^μψ_μ in one dimension. This field e^μ_mψ_μ is a coordinate scalar, in agreement with (3.37).

Let us again rescale λ = √ 1 + 2hxλ̃ to obtain an action with a term hλ̃ ˙λ̃. We obtain from (3.32) L = 1 2 φ̇^2 + i 2 λ̃ ˙λ̃ − h ( φ̇^2 − ixλ̃ d dt λ̃ ) , δλ̃ = δλ √ 1 + 2hx − δhxλ (1 + 2hx)^{3/2} = ξ d dt λ̃ − 1 2 xξ̇ ( 1 − 2h 1 + 2hx ) λ̃. (3.38)

For x = −1 we find again a polynomial result δλ̃ = ξ ˙λ̃ +^1_2ξ̇λ̃. The second term indicates that λ̃ is a half-density, in agreement with our earlier observation that 1 − 2h = e_m^μ = det e_m^μ is a density, and λ̃ = √ 1 − 2hλ is a half-density.

We already saw that it is natural to rescale ψ as in (3.21). After the rescaling ψ √ 1 + 2hx = ψ̃ according to which −iψφ̇λ = −iψ̃φ̇λ̃, the field ψ̃ transforms for x = −1 as δψ̃ = ξ d dt ψ̃ − 1 2 ξ̇ψ̃. (3.39)

Collecting all results for x = −1, and dropping the tildas, we have found the following action and transformation rules for general coordinate transformations L = 1 2 φ̇^2 + i 2 λλ̇ − h(φ̇^2 + iλλ̇) − iψφ̇λ, δφ = ξφ̇, δλ = ξλ̇ + 1 2 ξ̇λ, δh = 1 2 ξ̇ + ξḣ − ξ̇h, δψ = ξψ̇ − 1 2 ξ̇ψ. (3.40)

The susy transformation rules for this model were given in (3.25) and (3.26), δφ = iϵ(1 − 2h)λ, δλ = −(1 − 2h)φ̇ϵ, δψ = (1 − 2h)[(1 − 2h)ϵ̇ − ḣϵ], δh = −(1 − 2h)iϵψ. (3.41)

Hence we have found two polynomial formulations of this supergravity model, one without a coupling hλλ̇ in (3.10), and one with it in (3.40). If one varies the susy Noether current φ̇λ in flat space under rigid susy, one finds δ(ϵ)φ̇λ = d dt (iϵλ)λ − φ̇φ̇ϵ = −(φ̇φ̇ + iλλ̇)ϵ. (3.42)

This is the current which couples to h in the model with a hλλ̇ coupling. The action of this model can suggestively be written as L = 1 2 (1 − 2h)(φ̇^2 + iλλ̇) − iψφ̇λ. (3.43)

It is this formulation of the model which is easiest to write in superspace.

4. Rigid and local N = 1 superspace We now turn to the superspace description. The coordinates of the superspace for our toy model are t and θ; both are real, and θ is a Grassmann variable. A superfield Φ depends on t and θ, but a Taylor expansion of Φ in terms of θ contains only two terms because θθ = 0. We begin with Φ = φ + iθλ, (4.1)

where φ and λ are arbitrary functions of t. Since φ is real, also Φ is real, and this requires the factor i. Susy transformations in flat space are generated by the hermitian^{18} generator Q Q = ∂ ∂θ + iθ ∂ ∂t , (4.2)

18To show that Q is hermitian, note that from the anticommutator { ∂ δθ , θ} = 1 if follows that ∂/∂θ is hermitian. Likewise, it follows from the commutator [^∂_{∂t} , t] = 1 that ∂/∂t is antihermitian.

because ϵQΦ = ϵ ( ∂ ∂θ + iθ ∂ ∂t ) (φ + iθλ) = iϵλ + iθ(−ϵφ̇) = δφ + iθδλ. (4.3)

The results for δφ and δλ agree with (2.6).

The susy covariant derivative, by definition, anticommutes with Q, {Q, D} = 0, and this determines D =^∂_{∂θ} − iθ^∂_{∂t} . The action can be written as S = i 2 ∫ dtdθ(∂_tΦ)(DΦ) = i 2 ∫ dtdθ(φ̇ + iθλ̇)(iλ − iθφ̇) = 1 2 ∫ [φ̇φ̇ + iλλ̇]dt. (4.4)

We used ∫ dθθ = 1 and ∫ dθc = 0 if c is independent of θ. This definition of integration is called the Berezin integral [1] and it follows from translational invariance in θ. Namely requiring that ∫ dθf(θ) = ∫ dθf(θ + c), and using that f(θ) = a + bθ because θθ = 0, one finds ∫ dθc = 0. We normalize θ such that ∫ dθθ = 1. The susy invariance of the action follows from δΦ = [ϵQ, Φ], ∂_tϵQ = ϵQ∂_t and DϵQ = ϵQD. One gets then for the variation of the action an expression of the form δS =^i_2 ∫ dtdθQ[...]. The^∂_{∂θ} in Q yields zero because ∂_θ[. . . ] contains no θ and ∫ dθc = 0. The iθ^∂_{∂t} in Q yields zero because of the total t-derivative. This shows that any action built from superfields and derivatives^∂_{∂t} and D is always supersymmetric.

After performing the θ integration, we have obtained the correct t-space action. We can also show before the θ integration that ∂_tϕDϕ is the correct Lagrangian density by checking that it has the correct dimension: the dimension of ϕ is that of φ, so [ϕ] = −1/2, and [dt] = −1 and dθ = 1/2. The action should be dimensionless, so we need derivatives acting on ϕ with dimension +3/2. The only derivatives we have available are^∂_{∂t} and D, so the Lagrangian density is unique. If one considers generalized unitary group elements e^{θQ+itH} , one finds by left-multiplication the vielbein fields e^{ϵQ+iaH} e^{θQ+itH} = e^{ϵQ+iaH+θQ+itH+ 12 [ϵQ,θQ]} ≡ exp[{z^Λ + dz^M E_M^Λ(Z)}]T_Λ.

(4.5)

We used the Baker-Campbell-Hansdorff formua, and z^Λ = (t, θ), T_Λ = (H, Q) and dz^M = (a, ϵ). Using [ϵQ, θQ] = −ϵ{Q, Q}θ = −2ϵHθ we find in the exponent (θ + ϵ)Q + i(t + a + iϵθ)H. Thus δ(ϵ)θ = ϵ and δ(ϵ)t = iϵθ. This is a nonlinear representation of the susy algebra {Q, Q} = 2H, [Q, H] = 0, and [H, H] = 0. (4.6)

in terms of coordinates. The field representation in (2.6) is induced by this coordinate representation, namely Φ^′(t^′, θ^′) = Φ(t, θ).^{19}

One can repeat the same procedure as in (4.5) but now using right multiplication. Right multiplication yields D, and now we understand why ϵ_1D and ϵ_2Q commute: because left and right multiplications commute.

19Actually, one finds in this way minus the result of (2.6). To get (2.6), we would have

replaced ϵ (and a) in (4.5) by −ϵ (and −a). In general, coordinates transform contragradiently (opposite) to fields.

In 4 dimensions it is better to define x-space components by D derivatives of Φ at θ = 0. Here this makes no difference since there are only two components in Φ Φ|_{θ=0} = φ(t), DΦ|_{θ=0} = iλ(t). (4.7)

Since ∫ dt ∫ dθ can be replaced by ∫ dtD (recall that ∫ dθ =^∂_{∂θ} and ∫ dtiθ^∂_{∂t} L = 0 because it is a total t-derivative) we get S = i 2 ∫ dt[(∂_tDΦ)DΦ + ∂_tΦDDΦ] = i 2 ∫ dt[(iλ̇)(iλ) − φ̇iφ̇]. (4.8)

The extended susy algebra of Q, D and H = i^∂_{∂t} reads {Q, Q} = 2H, {D, D} = −2H, {Q, D} = 0, [H, Q] = [H, D] = 0. (4.9)

To formulate also the supergravity model in superspace, the x-space action of (3.43) L = 1 2 (1 − 2h)(φ̇^2 + iλλ̇) − iψφ̇λ, (4.10)

suggests to introduce as superfield for the gauge fields of supergravity H = (1 − 2h) + 2iθψ, (4.11) and to write L = i 2 ∫ dθH(∂_tΦ)DΦ. (4.12)

This is the action in the so-called prepotential approach. This action is not manifestly covariant w.r.t. general coordinate transformations in superspace, but we shall soon give another formulation which is manifestly covariant and equivalent, giving the same t-space action. Let us first check that the expression in (4.12) yields indeed the t-space action L = i 2 ∫ dθ[(1 − 2h) + 2iθψ](φ̇ + iθλ̇)(iλ − iθφ̇) = 1 2 (1 − 2h)(φ̇φ̇ + iλλ̇) − iψφ̇λ. (4.13)

This agrees with (3.43).

We now turn to the covariant approach. One introduces “flat covariant derivatives” D¯_t = E¯_t^θD_θ + E¯_t^t∂_t, D¯_θ = E¯_θ^θD_θ + E¯_θ^t∂_t.

(4.14) The superfields E¯_t^θ etc are the inverse super vielbeins. The bars on θ̄ and t̄ denote that these are flat indices, while θ and t are curved indices. Because in rigid susy the natural derivatives are ∂_t and D_θ rather than ∂_t and ∂_θ, one introduces vielbeins and parameters on this basis. We introduce the notation D_Λ = {D_θ, ∂_t} and D_M = {D¯_θ, D¯_t} where Λ = {θ, t} and M = {θ̄, t̄}. Then the super-vielbeins on the basis ∂_Λ = (∂_θ, ∂_t) are related to the vielbeins on the basis D_Λ as follows Ẽ_M^Λ∂_Λ = E_M^ΛD_Λ, Ẽ_M^θ = E_M^θ, but Ẽ_M^t = E_M^t − E_M^θiθ, Ξ̃^Λ∂_Λ = Ξ^ΛD_Λ, Ξ̃^θ = Ξ^θ, but Ξ̃^t = Ξ^t − Ξ^θiθ.

(4.15)

A supercoordinate transformation of Φ becomes δΦ = Ξ̃^Λ∂_ΛΦ = Ξ^ΛD_ΛΦ. The (inverse) super vielbein Ẽ_M^Λ transforms as in ordinary general relativity. δẼ_M^Λ = Ξ̃^Π(∂_ΠẼ_M^Λ) − Ẽ_M^Π(∂_ΠΞ̃^Λ) = Ξ^Π(D_ΠẼ_M^Λ) − E_M^Π(D_ΠΞ̃^Λ).

(4.16) Contracting with ∂_Λ on both sides of the equation and then using (4.15) one obtains

δE_M^Σ = Ξ^ΠD_ΠE_M^Σ + E_M^ΠD_ΠΞ^Σ + E_M^ΠΞ^ΛT^{(0)}_{ΛΠ}^Σ,

(4.17)

where [D_Λ, D_Π} = T^{(0)}_{ΛΠ}^ΣD_Σ. In our case only the θθ component of the supertorsion is nonvanishing, T^{(0) t}_{θθ} = −2i (see (4.9)), and we get δE_M^t = Ξ^ΠD_ΠE_M^t − E_M^Π(D_ΠΞ^t + 2iΞ^θδ_Π^θ), δE_M^θ = Ξ^ΠD_ΠE_M^θ − E_M^ΠD_ΠΞ^θ.

(4.18)

In x-space we only have the field content of H. To reduce the extra superfields we shall now impose a constraint on the super-vielbein and choose a gauge. Afterward we shall come back to the general super coordinate transformations in the presence of this constraint and gauge.

To avoid cumbersome notation we write D for D¯_θ and parametrize D as follows

D = ED + Xi∂_t, with D = D_θ = ∂ ∂θ − iθ ∂ ∂t . (4.19)

Thus E¯_θ^θ is denoted by E, and E¯_θ^t by iX. The fields in D¯_t are determined in terms of the fields in D by imposing the following constraint. 1 2 {D, D} = −iD¯_t. (4.20)

This is the curved space extension of {D, D} = −2i∂_t. It is a so-called conventional constraint; in 4 dimensions it expresses the bosonic Lorentz connection in terms of the fermionic Lorentz connections, but here no connection is present, and the constraint expresses the super vielbeins with flat index t̄ in terms of those with flat index θ̄.

The anticommutator in (4.20) yields 1 2 {ED + Xi∂_t, ED + Xi∂_t} = [−E^2 + E(DX) + iXẊ ]i∂_t + [E(DE) + iXĖ]D ≡ −i[E¯_t^θD + E¯_t^t∂_t]. (4.21) Hence E¯_t^t = E^2 − E(DX) − iXẊ , E¯_t^θ = iE(DE) − XĖ. (4.22)

As a matrix, the inverse super vielbein is thus given by

E_M^Λ = ( E^2 − E(DX) − iXẊ iE(DE) − XĖ iX E ) . (4.23)

The superdeterminant of ( A B C D ) being given by^{20}

s det ( A B C D ) = 1 D (A − BD^{−1}C), (4.24)

and we find

s det E_M^Λ = 1 E { E^2 − E(DX) − iXẊ + [E(DE) + iXĖ] 1 E X }

= E − (DX) − i XẊ E + DE E X, (4.25)

where we used that XX = 0.

We now choose the gauge which sets iX = E¯_θ^t to zero. This will fix some of the gauge symmetries in superspace as we discuss later. In the covariant formalism, an invariant action (an action invariant under super general coordinate transformation, there are no Lorentz transformations) is given by (s det E_Λ^M ) times covariant derivatives on tensors (scalars in our case) with flat indices. We find then for the covariant action in superspace, which generalizes (4.12), S = i 2 ∫ dtdθ(s det E_Λ^M )(D¯_tΦ)(D¯_θΦ) = ∫ dtdθ ( i 2E ) (E^2∂_tΦ)(EDΦ).

(4.26)

(A term iE(DE)(DΦ) in D¯_tΦ cancels out). Identifying E^2 = H we find the same action as in (4.12).

Let us now discuss the local symmetries in superspace. On Φ a general supercoordinate transformation would read δΦ = Ξ̃^t∂_tΦ + Ξ̃^θ∂_θΦ.

(4.27) To incorporate rigid susy as the flat superspace limit E = 1, X = 0, we expand instead in terms of ∂_t and D_θ. Then

δΦ = Ξ^t∂_tΦ + Ξ^θD_θΦ = ΞΦ with Ξ = Ξ^t∂_t + Ξ^θD_θ.

(4.28) We used again (4.15). But Ξ^θ is not a free super parameter as we now show. We can also write ΞΦ as the operator equation [Ξ, Φ] = 0.

The transformation rules of the super vielbein follow from δD_M = [Ξ, D_M].

(4.29)

In particular for D¯_θ = D = ED + Xi∂_t we find δ[ED + Xi∂_t] = [Ξ^t∂_t + Ξ^θD, ED + Xi∂_t]. (4.30)

20Use ( A B C D ) = ( A − BD^{−1}C BD^{−1} 0 1 ) ( 1 0 C D ) and take the product of the

two superdeterminants.

If the gauge X = 0 has been reached, the terms with ∂_t on the right-hand side should vanish because they are absent on the left-hand side. This yields the following relation between Ξ^θ and Ξ^t − Ξ^θE2i∂_t − E(DΞ^t)∂_t = 0 ⇒ Ξ^θ = i 2 (DΞ^t).

(4.31) Expanding Ξ^t = ξ(t) − 2iθϵ(t), (4.32) we find Ξ^θ = i 2 (−2iϵ(t) − iθξ̇) = ϵ(t) + 1 2 θξ̇. (4.33)

The transformation of Φ becomes then

δΦ = (ξ − 2iθϵ)Φ̇ + ( ϵ + 1 2 θξ̇ ) DΦ, (4.34)

which reads in components δφ = ξφ̇ + iϵλ, δλ = ξλ̇ + 1 2 ξ̇λ − 2ϵφ̇ + ϵφ̇. (4.35)

These are the correct x-space results of (3.38) and (3.41) after defining ϵ = ϵ(x − space)(1 − 2h).

To obtain the transformation rules of the supergravity gauge fields in E, we return to δD_M = [Ξ, D_M] with Ξ = Ξ^t∂_t + Ξ^θD.

(4.36) From this relation δE follows if one takes D¯_θ = D = ED and collects all terms with D, (δE)D = (ΞE)D − E(DΞ^θ)D, δE = Ξ^tĖ + Ξ^θ(DE) − E(DΞ^θ), δH = 2EδE = Ξ^tḢ + Ξ^θDH − 2H(DΞ^θ).

(4.37) Substituting the component expressions of (4.11) leads to −2δh + 2iθδψ = (ξ − 2iθϵ)(−2ḣ + 2iθψ̇) + ( ϵ + 1 2 θξ̇ ) (2iψ + 2iθḣ) −2[(1 − 2h) + 2iθψ] ( 1 2 ξ̇ − iθϵ̇ ) . (4.38)

This leads to δ(−2h) = −2ξḣ + 2iϵψ − (1 − 2h)ξ̇, δ(2ψ) = 4ϵḣ + 2ξψ̇ + ξ̇ψ − 2ḣϵ −2ξ̇ψ + 2(1 − 2h)ϵ̇. (4.39) These results agree with (3.41) using again the identification ϵ = ϵ(x − space )(1 − 2h).

Instead of choosing a gauge we can also find a redefinition of the fields which leads to the same result. We could demonstrate this in the most general case, but to simplify the analysis we still impose the constraint^1_2 {D, D} = −iD¯_t. Hence E¯_t^t and E¯_t^θ are given in terms of E and X. The action in the gauge X = 0 is given by L = ∫ dθ ( i 2 ) E^2(∂_tΦ)(DΦ).

(4.40)

whereas the action without this gauge choice reads

L = i 2 ∫ dθ ( E − DX − iXẊ/E + DE E X )_{−1}

[(E^2 − E(DX) − iXẊ )Φ̇ + (iEDE − XĖ)DΦ)][EDΦ + iXΦ̇]. (4.41)

The question we ask is this: which field redefinition (redefinition of E, X, Φ) leads from (4.41) to (4.40)? The solution of this question is most easily found by first making a general symmetry transformation on the fields in (4.41) and then requiring that the new field X^′ vanishes. This will express the symmetry parameter in terms of E and X, and provide an explicit expression for the new field E^′ in terms of E such that the action takes the form in (4.40).

The symmetries of the theory are in this case general supercoordinate transformations. In classical general relativity a contravariant supervector F^Λ transforms, by definition, as follows: (F^Λ)^′(Z^′) = F^Π(Z)^∂_{∂ZΠ} (Z^′)^Λ. Since field redefinitions do not change Z into Z^′, we need a way to write general supercoordinate transformations as relations between (F^Λ)^′(Z) and F^Λ(Z) at the same point Z. Such a formalism exists and we now explain it and then will use it. One may call it the “operator approach to diffeomorphisms”.

For a scalar superfield (a scalar with respect to general supercoordinate transformations) we define, as it is customary for internal symmetries in Yang-Mills theory, ϕ^′(Z) = e^{X̂(Z)D}ϕ(Z). (4.42)

Here Z = {θ, t} and X̂(Z) is an arbitrary superfield parameter which we will later write as a complicated expression in terms of E and X. The most general transformation would be ϕ^′(Z) = e^{X̂D+Ŷ ∂t} ϕ(Z). (4.43)

but we will reach our aim with Ŷ = 0. There will then still remain superdiffeomorphisms with one superfield parameter which keep X^′ = 0. They correspond to ϵ and ξ transformations in x-space.

Usually one writes a general supercoordinate transformation as

ϕ^′(Z^′) = ϕ(Z), Z^′ = Z^′(Z).

(4.44)

The relation between (4.44) and (4.42) becomes clear if one writes the latter as e^{−X̂(Z)D}ϕ^′(Z) = ϕ^′(Z^′). (4.45)

A particular case is e^{−X̂(Z)D}Z = Z^′. This yields the relation between Z^′(Z) and X̂(Z). To work this out we expand

e^{X̂(Z)D} = 1 + X̂D + 1 2 X̂DX̂D + 1 3! X̂DX̂DX̂D = 1 + X̂D + 1 2 X̂(DX̂ )D + 1 3! X̂(DX̂)(DX̂ )D + · · · = 1 + X̂ ( e^{(DX̂)} − 1 (DX̂) ) D ≡ 1 + fX̂D, (4.46)

where f = f((DX̂ )) = (e^{(DX̂)} − 1)/(DX̂). We used that X̂X̂ = 0, because X̂ is anticommuting. It follows that Z^′ = e^{−X̂D}Z = (1 − f̄ X̂D)Z = Z − f̄ X̂(DZ), (4.47) where f̄ ≡ f(−(DX̂ )) = 1 −^1_2 (DX̂) + · · · . More explicitly, θ^′ = θ − f̄ X̂(Dθ) = θ − f̄ X̂, t^′ = t − f̄ X̂(Dt) = t + f̄ X̂(iθ). (4.48) Then we find indeed (4.45) e^{−X̂D}ϕ^′(Z) = (1 − f̄X̂D)ϕ^′ = ϕ^′ − f̄X̂ ( ∂ ∂θ − iθ ∂ ∂t ) ϕ^′ = ϕ^′(θ − f̄ X̂, t + f̄ X̂iθ) = ϕ^′(Z^′). (4.49)

Consider now a transformation with X̂ which is such that the new field X^′ vanishes. In terms of D = ED + iX∂_t, (4.50) this means that D^′ = e^{X̂D}De^{−X̂D} = E^′(Z)D. (4.51) Thus in D^′ all terms with free derivatives i∂_t and i∂_tD must cancel, and the coefficient of D is by definition E^′(Z). Requiring that the coefficients of i∂_t and i∂_tD vanish fixes X̂ as a function of X and E.

The details are as follows. We begin with e^{X̂D}De^{−X̂D} = (1 + fX̂D)(ED + Xi∂_t)(1 − f̄ X̂D) = E^′(Z)D + X^′(Z)i∂_t. (4.52) Somewhat laborious algebra using DD = −i∂_t yields the following result for this expression, [{E + fX̂ (DE)}D + {X − fX̂E + fX̂(DX)}i∂_t −fX̂ Xi∂_tD](1 − f̄ X̂D) = [E + fX̂ (DE − ED(f̄ X̂) − fX̂ (DE)f̄ (DX̂) −Xi∂_t(f̄ X̂) − fX̂ Ef̄ (i∂_tX̂) − fX̂ (DX)f̄ (i∂_tX̂)]D +[X − fX̂ E + fX̂ (DX) − Ef̄ X̂]i∂_t +[−fX̂ X − Xf̄ X̂ + fX̂Xf̄ (DX̂)]Di∂_t. (4.53)

The terms with Di∂_t should vanish identically, and one can check that this is the case. The vanishing of the terms with i∂_t shows that X is proportional to X̂, and then the terms with Di∂_t also vanish. Hence X = fX̂E − fX̂(DX) + Ef̄ X̂, (1 + fX̂ D)X = (f + f̄ )EX̂, e^{X̂D} X = (f + f̄ )EX̂, X = e^{−X̂D}[(f + f̄)X̂E]. (4.54)

This relation expresses X in terms of X̂ and E, but we need X̂ in terms of X and E. We can invert by expanding the right-hand side and then solve for X̂ iteratively X = −(f + f̄)X̂E + X̂D[(f + f̄ )X̂E] + · · · = − ( 2 + 1 3 (DX̂)^2 + 1 60 (DX̂)^4 + · · · ) X̂E +X̂D [ 2X̂E + 1 3 (DX̂)^2X̂E + 1 60 (DX̂)^4X̂E + · · · ]

= −2X̂E + 2X̂(DX̂ )E . (4.55)

Inversion of X̂ − X̂(XX̂) = −^1_2 X/E ≡ −X̃ yields X̂ = −X̃ + X̃(DX̃) − 2X̃(DX̃)^2

5X̃(DX̃)^3 + 14X̃(DX̃)^4 + · · · with X̃ ≡ 1 2 X E . (4.56)

This expression for X̂ can then be used to find the new field E^′ E^′ = E + fX̂ (DE) − ED(f̄ X̂) + · · · = E − X E (DE) + ED( X E ). (4.57)

If one then substitutes this E^′ and the Φ^′ in (4.42) into (4.40), the result is equal to (4.41).

It may be helpful for becoming more familiar with the operator approach to diffeomorphisms to check that one gets the same results as from the usual approach. In the usual approach one begins with supervielbeins (supervectors in supercoordinate space) Ẽ_M^Λ and general coordinate transformations Z^Λ → Z^Λ + Ξ^Λ where we take Ξ^Λ as infinitesimal. Then δẼ_M^Λ = Ξ̃^Π∂_ΠẼ_M^Λ − Ẽ_M^Π∂_ΠΞ̃^Λ = Ξ^ΠD_ΠẼ_M^Λ − E_M^ΠD_ΠΞ̃^Λ,

(4.58) with ∂_Π = (_∂ ∂θ ,^∂_{∂t} ) and D_Π = (_∂ ∂θ − iθ^∂_{∂t} ,^∂_{∂t} ) . From (4.15) Ẽ_M^θ = E_M^θ, Ẽ_M^t = E_M^t − E_M^θiθ Ξ̃^θ = Ξ^θ, Ξ̃^t = Ξ^t − Ξ^θiθ.

(4.59) One finds by straightforward substitution δE_M^θ = δẼ_M^θ = Ξ^ΠD_ΠẼ_M^θ − E_M^ΠD_ΠΞ̃^θ = Ξ^ΠD_ΠE_M^θ − E_M^ΠD_ΠΞ^θ.

(4.60)

This agrees with (4.36). However, in δE_M^t there are extra terms beyond those which are present in the corresponding relation for Ẽ_M^t.

δE_M^t = δ(Ẽ_M^t + E_M^θiθ) = Ξ^ΠD_ΠẼ_M^t − E_M^ΠD_Π(Ξ^t − Ξ^θiθ) +(Ξ^ΠD_ΠE_M^θ − E_M^ΠD_ΠΞ^θ)iθ.

(4.61)

Various terms cancel and one obtains

δE_M^t = Ξ^ΠD_ΠE_M^t − E_M^ΠD_ΠΞ^t − 2iE_M^θΞ^θ.

(4.62)

The last term is due to the rigid torsion T_{θθ}^t = −2i. Expanding the finite result for E^′ and X^′ in (4.52) to first order in X̂ = Ξ^θ we find agreement.

One may also check that

δD = (e^{X̂D} E¯_θ^Λe^{−X̂D} )D_Λ + E¯_θ^Λ(e^{X̂D}D_Λe^{−X̂D}) = δE¯_θ^ΛD_Λ,

(4.63)

but note that e^{X̂D}E¯_θ^Λe^{−X̃D} only yields the transport terms E¯_θ^Λ(Z^′), while the terms with e^{X̂D}D_Λe^{−X̂D} yield the terms which are due to the index Λ of E¯_θ^Λ.

5. Extended rigid supersymmetries

We can also construct models with extended (N > 1) susy. We restrict ourselves to rigid supersymmetry, but N > 1 supergravities can also be constructed. We perform the analysis in x-space but one could also use N > 1 superspace.

Consider the action L = 1 2 ϕ̇ϕ̇ + i 2 N∑ j=1 λ^jλ̇^j . (5.1)

It is invariant under the following rigid susy transformations δϕ = i N∑ j=1 ϵ^j λ^j, δλ^j = −ϕ̇ϵ^j. (5.2)

The proof is as before: δL = ϕ̇^d_{dt} (iϵ^jλ^j ) + iλ^{j d}_{dt} (ϕ̇ϵ^j ) vanishes after partial integration.

There is something unusal about this action: it has more fermions (N ) than bosons (one). Nevertheless it has the same number of fermionic and bosonic states because after quantization there are only zero modes (x̂_0 and λ̂^j_0) and their conjugate momenta (p̂ and again λ̂^j_0). The λ̂^j_0 can be combined into [^N_2 ] annihilation and creation operators (λ̂^1_0 ± iλ̂^2_0)/ √ 2, ... If N is odd, the last λ̂^N_0 yields projection operators P_± =^1_2 (1 ± λ̂^N_0 ) and the Hilbert space H split into two spaces H = P_±H. No operator can bring one from a state in H_+ to a state in H_− because operators either have no λ̂^N_0 , or if they have one λ̂^N_0 then still λ̂^N_0 H_+ = H_+ because λ̂N_0^1_2 (1 + λ̂N_0 ) =^1_2 (1 + λ̂N_0 ). The bosonic states are eipx̂0 | 0⟩ =| p⟩ but also λ̂1_0λ̂2_0 | p⟩ etc., and the fermionic states are λ̂^j_0 | p⟩ but also λ̂^1_0λ̂^2_0λ̂^3_0 | p⟩ etc. In fact there are 2^{N−1} bosonic states (with an even number of λ̂^j_0) and 2^{N−1} fermionic states (with an odd number of λ^j_0). In higher dimensions there are also oscillators, and then one can count the number of bosonic and fermionic states by looking at the number of propagating fields.^{21} For example, in d = (3, 1) one has the Wess-Zumino model with one Majorana spinor λ^α (2 states) and two real propagating massless scalars (again 2 states per oscillator).

In our model similar things happen. To close the algebra off-shell we need an equal number of bosonic and fermionic field components. Thus for N = 2 we need one real auxiliary field, which we call F . The action reads L = 1 2 φ̇φ̇ − i 2 (λ^1λ̇^1 + λ^2λ̇^2) + 1 2 F^2.

(5.3)

One can view (φ, λ^1) as one multiplet, and (λ^2, F ) as another. The action for these multiplets reads in superspace

L(φ, λ^1) = 1 2 φ̇φ̇ − i 2 λ^1λ̇^1 ∼ ∫ dθDΦΦ̇, Φ = φ + iθλ^1, L(λ^2, F ) = − i 2 λ^2λ̇^2 + 1 2 F^2 ∼ ∫ dθΨDΨ, Ψ = λ^2 + θF. (5.4)

Clearly δφ = iϵ^1λ^1 and δλ^1 = φ̇ϵ^1 form a closed susy algebra, {Q, Q} ∼ P . Also δλ^2 = F ϵ^2 and δF = iϵ^2λ̇^2 forms the same closed algebra. However, in x-space we can write down more general rules δφ = 2∑ j=1 iϵ^j λ^j , δλ^j = φ̇ϵ^j + α^{jk}ϵ^kF, δF = iϵ^j β^{jk}λ̇^k, (5.5) where α and β are arbitrary real matrices. Invariance of the action requires α^T = β. (5.6) The commutator algebra on φ yields [δ(ϵ_1), δ(ϵ_2)]φ = ∑ iϵ^j_2(φ̇ϵ^j_1 + α^{jk}ϵ^k_1F ) − (1 ↔ 2)

= (2iϵ^j_2ϵ^j_1)φ̇ + [iϵ_2(α + α^T )ϵ_1]F.

(5.7) Clearly, for α antisymmetric (hence α^{jk} ∼ ϵ^{jk}) we find only a translation of φ. For F one finds

[δ(ϵ_1), δ(ϵ_2)]F = iϵ^j_2β^{jk} d dt (φ̇ϵ^k_1 + α^{kl}ϵ^l_1F ) − (1 ↔ 2)

= [iϵ_2(α + α^T )ϵ_1]φ̈ + [2iϵ_2α^T αϵ_1]Ḟ .

(5.8) We now recognize various symmetries.

(i) δφ = zF and δF = zφ̈ with z = iϵ_2(α + α^T )ϵ_1. This is an equation of motion symmetry. (These are symmetries of pairs of fields f and g of the form δf = A^{δS}_{∂g} and δg = −A^{δS}_{δf} . Obviously they leave the action invariant). (ii) The usual translation.

(iii) An extra symmetry δF = σḞ where σ is 2iϵ_2α^T αϵ_1 − 2iϵ_2ϵ_1. This is clearly a symmetry of L =^1_2 F^2.

21In d = (1, 1) one can divide the real scalar into a left-moving piece φ(x + t) and a rightmoving piece φ(x − t), and susy requires then a two-component spinor λ = (_{λ+} λ− ) with λ_+(x + y) right-moving on-shell and λ_−(x − t) left-moving. In the zero mode sector there are always the same number of bosonic and fermionic states but in the nonzero mode sector one may drop λ_+ (or λ_−) and still have susy. Then λ_− transforms into φ and vice-versa, while λ_+ is inert.

For the fermions the susy commutator yields [δ(ϵ_1), δ(ϵ_2)]λ^j = δ(ϵ_1)[φ̇ϵ^j_2 + α^{jk}ϵ^k_2 F ] − (1 ↔ 2) = −i(ϵ^l_1ϵ^j_2 − ϵ^l_2ϵ^j_1)λ̇^l + [(α^{jk}ϵ^k_2 )(iϵ^l_1β^{lm}λ̇^m) − (1 ↔ 2)] = [2iϵ^l_2ϵ^l_1)λ̇^j + i(ϵ^l_2ϵ^j_1λ̇^l − ϵ^l_2ϵ^l_1λ̇^j − (1 ↔ 2)) + [· · · ].

(5.9) (iv) δλ^j = s^{jl}λ̇^l with symmetric and real s^{jl}. This is again an equation of motion symmetry.

The extra symmetries do not form a closed algebra. Their commutators generate new equation of motion symmetries, etc., etc. However, the minimal extension of the susy rules with F forms a closed algebra δφ = i(ϵ^1λ^1 + ϵ^2λ^2), δλ^1 = φ̇ϵ^1 − F ϵ^2, δλ^2 = φ̇ϵ^2 + F ϵ^1, δF = iϵ^1λ̇^2 − iϵ^2λ̇^1.

(5.10)

We can try to construct and N = 2 superspace by introducing θ = θ^1 + iθ^2 √ 2 , θ̄ = θ^1 − iθ^2 √ 2 , D̄ = ∂ ∂θ + iθ̄∂_t, D = ∂ ∂θ̄ + iθ∂_t, Q̄ = ∂ ∂θ − iθ̄∂_t, Q = ∂ ∂θ̄ − iθ∂_t, λ = λ^1 + iλ^2 √ 2 , λ̄ = λ^1 − iλ^2 √ 2 , L = 1 2 φ̇φ̇ − iλ̄λ̇ + 1 2 F^2, Φ = φ + iθ̄λ + iθλ̄ + F θ̄θ, L = − ∫ dθdθ̄D̄ΦDΦ = − ∫ dθdθ̄[iλ̄ − F θ̄ + iθ̄φ̇ − θ̄θ ˙λ̄][iλ + F θ + iθφ̇ − θθ̄λ̇] = −iλ̄λ̇ + i ˙λ̄λ + φ̇φ̇ + F^2. (5.11) The t-space components of Φ are given by Φ_| = φ, DΦ_| = iλ, D̄Φ_| = iλ̄ and 1 2 [D̄, D] = F . The susy rules are generated by (ϵ̄D + ϵD̄) acting on these components, using the D algebra.

The N = 2 model has a mass term and a Yukawa coupling L = [ 1 2 φ̇^2 − i 2 λ_1λ̇_1 − i 2 λ_2λ̇_2 + 1 2 F^2 ]

−m(F φ + iλ_1λ_2) + g ( 1 2 F φ^2 + iλ_1λ_2φ ) . (5.12)

The corresponding action in N = 1 superspace is

S^{(0)} = ( −i 2 ) ∫ dtdθ[(D_θϕ)∂_tϕ + iψD_θ ψ], ϕ = φ + iθλ_1, ψ = λ_2 + θF,

(5.13) S(m) = − ∫ dtdθmϕψ, S(g) = ∫ dtdθ 1 2 gϕϕψ. (5.14)

One can write more generally a superpotential term as

S(W ) = ∫ dtdθW (ϕ)ψ = ∫ dt(W F + iλ_1W^′λ_2),

(5.15)

where W (ϕ) = −mϕ +^1_2 gϕ^2 + · · · .

One can also write down nonlinear sigma models for the N = 1 model

S (nonl) = −i 2 ∫ dtdθG(ϕ)D_θϕ∂_tϕ = ∫ dt [ G(φ) ( 1 2 φ̇^2 − i 2 λ_1λ̇_1 ) + i 2 λ_1G^′(φ)iλ_1φ̇ ]

= ∫ dtG(φ) ( 1 2 φ̇^2 − i 2 λ_1λ̇_1 ) . (5.16)

Similarly, one can find nonlinear σ models with N = 2 susy in N = 1 superspace. For all these N = 2 models in N = 1 superspace there is also a N = 2 superspace formulation.

The action in Hamiltonian form for the N = 2 model reads

L = φ̇p + λ̇^1π^1 + λ̇^2π^2 + Ḟ p_F − 1 2 F^2 − 1 2 p^2, δφ = i 2 ϵ^j ( λ^j + 2 i π^j ) , δp = 0, δπ^j = i 2 pϵ^j, δλ^1 = p^1ϵ^1 + F ϵ^2, δλ^2 = p^2ϵ^2 − F ϵ^1, δp_F = ϵ^1π^2 − ϵ^2π^1, δF = 0.

(5.17)

As in the N = 1 case, there are primary constraints π^j −^i_2 λ^j = 0 and p_F = 0, and secondary constraints F = 0. Since δF ∼ λ̇ in the Lagrangian formulation, but λ̇ = 0 is the full field equation for λ, we cannot express λ̇ in terms of ∂_xλ by means of its field equation, and this explains why δF = 0 and δp = 0. The susy Noether charges in the Hamiltonian approach are given by

Q^1_H = ( iπ^1 − 1 2 λ^1 ) p − iF π^2, Q^2_H = ( iπ^2 − 1 2 λ^2 ) p + iF π^1. (5.18)

These changes reproduce the Hamiltonian susy laws exactly if one uses ordinary Poisson brackets. The reason is that in the Hamiltonian action there are no constraints. In the action of the Lagrangian formulation one finds Dirac brackets and the following hermitian susy charges Q^j_L = −λ^j p. (5.19)

The algebra reads in both cases {Q^i_H , Q^j_H }_P = δ^{ij} (−p^2) = −2δ^{ij}H, {Q^i_L, Q^j_L}_D = δ^{ij} (−p^2) = −2δ^{ij}H. (5.20)

Thus F and p_F do not transform under Q_L, but p_F transforms under Q_H . However, the algebra on all fields is the same. For example, ϵQ_H λ ∼ pϵ+F ϵ = 0 and Q_Lp = ϵ, in agreement with Hλ = 0 for H = H_L = H_H .

The N = 2 model can be used as a toy model for instanton physics. In Minkowski time t the action is L = 1 2 φ̇^2 − iλ̄λ̇ − λ̄λ(m − gφ) + 1 2 ( F − mφ + 1 2 gφ^2 )_2

− 1 8 g^2 [( φ − m g )_2 − ( m g )_2]2 . (5.21)

This action is hermitian, and λ̄ = (λ)^†. In Euclidean time τ, λ and λ̄ become independent complex spinors. The Wick rotation is a complex Lorentz rotation (a (U (1) rotation) in the (t, τ ) plane (see the joint paper with Waldron) t^1_θ = e^{iθ}t, t^1_{θ=π/2} ≡ τ = it. (5.22)

The spinor λ transforms then half as fast λ^1_θ = e^{iθ/2}λ, λ_{θ=π/2} ≡ λ_E = √ iλ. (5.23)

Making these substitutions, one automatically obtains a supersymmetric action for the Euclidean case.

It is a pleasure to thank Martin Roček for discussions about the covariant approach to superspace supergravity and the field redefinition in (4.57).

6. BRST quantization in a Hamiltonian approach

So far we have been discussing classical actions. The classical supergravity action was a gauge action, an action with two local symmetries in out toy model: diffeomorphisms and local supersymmetry. In the quantum theory, one uses a quantum action which is obtained by adding two more terms: a gauge fixing term and a ghost action. The local symmetry is then broken, but a rigid residual symmetry remains, the so-called BRST symmetry (due to Becchi, Rouet, Stora and Tyutin). The crucial property of BRST transformations is that they are nilpotent (see below). An infinitesimal BRST transformation has as parameter a purely imaginary anticommuting constant Λ. It is not the supersymmetry parameter (which is also anticommuting). Physicists use (at least ) two ways to formulate the BRST formalism: a Lagrangian approach and a Hamiltonian approach. The infinitesimal BRST transformation rules in the former are written as δ_B Φ (where Φ denotes any field), but in the Hamiltonian approach one uses operators and brackets. For example, the BRST transformations are generated by a BRST operatorial charge Q, and for every field there is a canonically conjugate field (called momentum by physicists) which satisfy equal-time canonical commutation rules or anticommutation rules. Then one has δ_B Φ ∼ {Φ, Q}. Nilpotency means δ_B δ_B Φ = 0 in the Lagrangian approach, and {Q, Q} = 0 in the Hamiltonian approach. In this section we apply this general formalism to our quantum mechanical toy model. One word about terminology: we use the words real and hermitian (and purely imaginary and antihermitian) as equivalent.

To quantize the supergravity action using covariant quantization in the Lagrangian approach to BRST symmetry, we should add a gauge fixing term and a corresponding ghost action. We begin with the classical action in (3.10) although we could also start with the classical action in (3.43). We fix the gauge of general coordinate transformations by h = 0, and the gauge of local supersymmetry by ψ = 0. The corresponding gauge fixing terms in the action are then given by

(6.1) L_{fix} = dh + Δψ.

The fields d and Δ are Lagrange multipliers which fix the gauges according to h = 0 and ψ = 0. Hermiticity of the action requires that d be real and Δ antihermitian. The ghost action is then given by

L(ghost)Λ = bδ_B h + βδ_B ψ,

(6.2)

where δ_B are the BRST transformations and Λ is the constant anticommuting imaginary BRST parameter. The fields b and β are the antighosts; b and β are antihermitian. (Mathematical physicists remove Λ on both sides of this equation and call it then a derivation. It is usually denoted by s, and the relation to δ_B is δ_B ϕ = Λsϕ for any field ϕ). We obtain thus for the full quantum action

L = L(class) + L(fix) + Lghost),

L(class) = 1 2 φ̇^2 + i 2 λλ̇ − hφ̇^2 − iψφ̇λ, L(fix) = dh + Δψ, L(ghost)Λ = bδ_B h + βδ_B ψ.

(6.3)

For the classical fields (h and ψ and φ and λ) the BRST transformations are just gauge transformations with a special choice of the parameters: ξ = cΛ and ϵ = −iγΛ where c and γ are real ghosts (Λ is imaginary, and ξ and ϵ are real). Because ξ is commuting, c is anticommuting, and because ϵ is anticommuting, γ is commuting. The BRST transformation rules for the classical fields follow from (3.10), (3.33) and (3.37)

δ_B h = [(1 − 2h)ψγ + 1 2 (1 − 2h)ċ + ḣc]Λ, δ_B ψ = [−i(1 − 2h)γ̇ + ψ̇c]Λ, δ_B φ = (−λγ + φ̇c)Λ, δ_B λ = [i(1 − 2h)φ̇γ + ψλγ + λ̇c]Λ. (6.4)

The ghost action then becomes

L(ghost) = b[(1 − 2h)ψγ + 1 2 (1 − 2h)ċ + ḣc] + β[−i(1 − 2h)γ̇ + ψ̇c]. (6.5)

It is clearly hermitian.

The BRST transformation rules of the ghosts follow from the structure constants of the classical gauge algebra or from the nilpotency of BRST transformations. One has uniformly on all classical fields (φ, λ, h and ψ), as discussed in (3.18)

[δ_s(ϵ_2), δ_s(ϵ_1)] = δ_g (2i(1 − 2h)ϵ_2ϵ_1) + δ_s(−2iψϵ_2ϵ_1), [δ_g(ξ_2), δ_g(ξ_1)] = δ_g (−ξ_2ξ̇_1 + ξ_1ξ̇_2), [δ_g(ξ), δ_s(ϵ)] = δ_s(−ξϵ̇). (6.6)

Thus the classical local gauge algebra “closes”: the commutator of two local symmetries is a linear combination of local symmetries. New from a mathematical point of view is the appearance of fields (h and ψ) in the composite parameters, and thus in the structure constants. (One should thus rather speak of “structure functions”). One obtains δ_B c = −cċΛ + i(1 − 2h)γγΛ, δ_B γ = cγ̇Λ + ψγγΛ. (6.7)

An easier way to obtain these results is to use that the BRST variation of (6.4) should vanish. One may check that all BRST transformation rules preserve the reality properties of the fields.

The antighosts b and β transform into the auxiliary fields d and Δ, and the auxiliary fields are BRST invariant (“contractible pairs”)

δ_B b = Λd, δ_B β = ΛΔ, δ_B d = 0, δ_B Δ = 0.

(6.8)

All BRST transformation laws are nilpotent, and they leave the action S = ∫ Ldt invariant.

In the Lagrangian approach the BRST charge Q is the Noether charge for rigid BRST transformations but one does not use brackets. To obtain Q, one lets Λ become local (t-dependent), and one collects all terms in the variation of the action proportional to Λ̇. (We used this procedure before to construct the supersymmetry charge). The BRST transformation rules of the fields themselves for local Λ do not contain by definition any Λ̇; for example, δ_B ψ = (1 − 2h)(−iγ̇)Λ(t) + . . . , and not δ_B ψ = (1 − 2h)^d_{dt} (−iγΛ(t)) + . . . . The classical action yields the following terms proportional to Λ̇

δS(class) = ∫ [L(class)cΛ̇ − (1 − 2h)λφ̇γΛ̇]dt. (6.9)

The term with cΛ̇ is expected from the result δL = ∂_α(ξ^αL) in general relativity, while the term with γΛ̇ comes from the variation with^d_{dt} ϵ in iλ^d_{dt} δλ which is canceled by the Noether term. The gauge fixing term produces no terms with Λ̇ because δ_B h and δ_B ψ do not contain Λ̇ terms by definition, but the ghost action yields further terms proportional to Λ̇

δS(ghost) = b[ 1 2 (1 − 2h)(−cċ + i(1 − 2h)γγ)Λ̇ +c((1 − 2h)ψγ + 1 2 (1 − 2h)ċ + ḣc)Λ̇]

+β[(−i)(1 − 2h)(cγ̇ + ψγγ)Λ̇ + ic(1 − 2h)γ̇Λ̇]

(6.10)

Several terms cancel in this expression.

The BRST charge in the Lagrangian approach is thus

Q = cL(class) − (1 − 2h)λφ̇γ

+ b[ i 2 (1 − 2h)^2γγ + (1 − 2h)cψγ] − iβ(1 − 2h)ψγγ. (6.11)

In the Hamiltonian approach the BRST charge should contain terms of the form (we discuss this in more detail later) Q = c^αϕ_α − 1 2 c^βc^αf_{αβ}^γ b_γ (−)^β ,

(6.12) with ghosts c^α = (c, γ), antighosts b_α = (b, β), and first class constraints ϕ_α = (T, J) where T is the generator of diffeomorphisms and J the generator of supersymmetry. The sign (−)^β is equal to +1 if the corresponding symmetry has a commuting parameter (and thus an anticommuting ghost); when the ghost is commuting (−)^β equals −1. However, because the structure constants contain ξ̇ and ϵ̇ we expect in Q terms with derivatives of c, namely bcċ and βγ̇c terms. On the other hand, in a truly Hamiltonian approach no time derivatives of fields are allowed in the charges. This suggests that the b and β field equations have been used to eliminate ċ ċ = −2ψγ − 2 1 − 2h ḣc; γ̇ = − i ψ̇c 1 − 2h . (6.13)

However, then one obtains time derivatives of h and ψ. Another problem is that we seem to have too many factors of (1 − 2h) but this could be repaired by redefining fields. To resolve these issues we first construct Q by Hamiltonian methods. This is a very general approach which only uses as input the first-class constraints of the classical theory, and which provides a quantum action in phase space and a Hamiltonian BRST charge with in general many more fields than in the usual (Lagrangian) formulation. Eliminating nonpropagating fields we should regain the Lagrangian BRST charge Q in (6.11). Let’s see how this works out.

In the Hamiltonian framework of Fradkin and Vilkovisky (and others) the quantum action is of the form L = q̇^ip_i − H + {Q_H , ψ_g}, (6.14)

where q^i denotes all fields: classical fields (including the Lagrange multipliers h and ψ), ghosts and antighosts. The p_i are canonical momenta for all of them. (So, for example, there are canonical momenta for the ghosts, and separate canonical momenta for the antighosts). The BRST charge Q_H should be nilpotent {Q_H , Q_H } = 0. (6.15)

The full quantum Hamiltonian H is constructed from Dirac’s Hamiltonian H_D such that

(6.16) [H, Q_H] = 0.

Neither H_D nor H should depend on Lagrange multipliers, and will be constructed below. The BRST charge is in general given by

Q_H = c^αφ_α + p^μ(B)π_μ(λ) − 1 2 c^β c^αf_{αβ}^γ p_γ (−)^β ,

(6.17)

where φ_α are the first-class constraints, f_{αβ}^γ the structure functions defined by {φ_α, φ_β} = f_{αβ}^γ φ_γ , and λ^μ are the Lagrange multipliers (classical fields which appears in the classical action without time derivatives), and B denotes the antighosts. The structure functions should only depend on p_i and q^i but not on λ^μ. Usually one has to take suitable linear combinations of local symmetries and add so-called equation-of-motion symmetries to achieve this. We shall demonstrate this in our model.

The BRST invariance of the action in (6.14) is almost obvious: each of the 3 terms is separately invariant due to the relations ∫_d dt Q_H dt = 0, [Q_H , H] = 0 and {Q_H , Q_H } = 0.

We start again from the classical gauge invariant action in (3.10)

(6.18) L = 1 2 (1 − 2h)φ̇^2 + i 2 λλ̇ − iψφ̇λ. The primary constraints are p_h = 0, π_ψ = 0 and π_λ +^i_2 λ = 0, and the naive Hamiltonian with all primary constraints added, reads

(6.19) H_{naive} = 1 1 − 2h 1 2 (p + iψλ)^2 + ap_h + απ_ψ + η(π_λ + i 2 λ). The functions a(t), α(t) and η(t) are arbitrary Lagrange multipliers which enforce the primary constraints. By a redefinition of η we can replace λ in the first term by the field^1_2 λ + iπ_λ which anticommutes with the constraint π_λ +^i_2 λ. This will simplify the analysis.

Conservation of the 3 primary constraints yields two secondary constraints and fixes one Lagrange multiplier

(6.20) p^2 = 0, p(π_λ − i 2 λ) = 0, η(t) = 0.

Both secondary constraints are preserved in time because π_λ −^i_2 λ anticommutes with the constraint π_λ +^i_2 λ. The Hamiltonian can be rewritten as

(6.21) H_{naive} = (1 + 2H) 1 2 p^2 + iΨ( λ 2 + iπ_λ)p + ap_h + απ_ψ. Here

(6.22) 1 1 − 2h = 1 + 2H and ψ 1 − 2h = Ψ,

so we encounter again the fields H and Ψ of (3.13). From now on we use G ≡ 1 + 2H as gravitational field, and Ψ as gravitino. Hence, the Dirac Hamiltonian (the Hamiltonian on the constraint surface) vanishes (6.23) H_D = 0. and there are 5 constraints: one second class constraint

(6.24) π_λ + i 2 λ = 0, and four first-class constraints

(6.25) p_h = π_ψ = p^2 = p(π_λ − i 2 λ) = 0.

Thus the Dirac brackets in (2.19) remain valid for supergravity.

The constraint p^2 = 0 generates diffeomorphisms. One might expect that they are given by δφ = ξφ̇, δp = ξṗ, δλ = ξλ̇, δπ = ξπ̇, δH = d dt [ 1 2 (1 + 2H)ξ ] , δΨ = d dt (ξΨ), (6.26)

because these transformations leave (3.11) invariant. However in the Hamiltonian tranformation laws, no time derivatives are allowed. Moreover one expects that p^2 can only act on φ (and perhaps p and H), but not an λ, π and ψ. We now perform a series of modifications of the transformation rules which cast (6.26) into the expected form.

By adding terms proportional to the p and φ field equations to δφ and δp, respectively (so-called equation of motion symmetries), namely, δϕ = −ξ^{∂S}_{∂p} and δp = ξ^{∂S}_{∂ϕ} , one obtains δφ = (1 + 2H)ξp − ξΨ(π − i 2 λ), δp = 0. (6.27) Similarly, adding terms proportional to the π and λ field equations to δλ and δπ yields (6.28) δλ = −ξpΨ, δπ_λ = i 2 ξpΨ. As a check of these last two results note that the constraint π_λ +^i_2 λ is invariant. Finally we can remove the complicated last term in δφ adding a local susy transformation in (3.11) with parameter ϵ = −ξΨ to all fields. This yields δφ = ξ̂p, δp = 0, δλ = 0, δπ_λ = 0, δΨ = 0, δ(1 + 2H) = d dt ξ̂, ξ̂ = (1 + 2H)ξ. (6.29)

These are the transformations of the matter fields generated by^1_2 p^2. The classical gauge fields are (1 + 2H) and Ψ and they transform in general as

(6.30) δh^A = d dt ϵ^A + f^A_{BC} h^B_μ ϵ^C ,

where ϵ^A and h^A_μ correspond to ξ̂ and 1 + 2H in the case of diffeomorphisms. The same results should be obtained by taking the brackets with Q_H .

Next we consider the local susy generator in (6.20) which we already multiply with the classical susy gauge parameter ϵ(t), hence ϵ(π_λ −^i_2 λ)p. It generates the following classical transformation laws, obtained using the Dirac brackets,

(6.31) δφ = −ϵ(π_λ − i 2 λ), δp = 0, δλ = −pϵ, δπ_λ = i 2 pϵ. These are the transformation laws of (3.11). The gauge fields should transform according to (6.30) (6.32) δΨ = ϵ̇, δ(1 + 2H) = −2iϵΨ.

(The factor 2 in −2iϵΨ comes from the two terms in f^A_{BC} h^B_μ ϵ^C with h^B_μ = Ψ and ϵ^C = ϵ, or vice-versa). Also these rules agree with (3.11). (Note that the local classical gauge algebra based on (6.29), (6.31) and (6.32) closes, and that only the commutator of two local supersymmetry transformations is nonzero).

The local gauge algebra of the transformation in (6.29) and (6.31), (6.32) has now structure functions which are independent of the Lagrange multipliers h and ψ (or H and Ψ), just as required for a Hamiltonian treatment. Having shown that the two first class constraints^1_2 p^2 and p(π_λ −^i_2 λ) generate indeed the local symmetries of the classical phase space action in (3.11), we now proceed with the construction of the BRST charge Q_H and the quantum action.

The BRST charge is given by

Q_H = 1 2 cp^2 − iγp(π_λ − i 2 λ) + p_bp_G + π_βπ_Ψ − iπ_cγγ, (6.33) where G = 1 + 2H. We denote antihermitian conjugate momenta by π as in π_λ, π_Ψ, π_c, π_β, but hermitian momenta by p as in p_G, p_b, p_γ . By p in (6.33) we mean p_φ, as before. (Recall that all ghosts are real, but the antighosts b and β are antihermitian). The BRST charge is real and anticommuting. The first four terms contain the four first-class constraints, and the last term in (6.33) comes from the last term in (6.17). The coefficients of the terms with p_b and π_β are not fixed by nilpotency. It is easiest to fix the coefficients and signs by working out the transformation rules and fitting to the results obtained earlier, although in principle we need not follow this path since all terms are well defined. One can prove the nilpotency of the BRST laws by directly evaluating {Q_H , Q_H}, using the equal-time canonical (anti)commutations relations.

Defining BRST transformations by

(6.34) δ_B Φ = −i[ΛQ_H , Φ] = −i[Φ, Q_H Λ],

for any field Φ, we find the following results

(6.35) δ_B φ = cpΛ − i(π_λ −^i_2 λ)γΛ, δ_B λ = iγpΛ, δ_B G = p_bΛ, δ_B c = iγγΛ, δ_B γ = 0, δ_B π_c = −^1_2 p^2Λ δ_B p_G = δ_B π_ψ = δ_B p_b = δ_B π_β = 0, δ_B p = 0, δ_B π_λ =^1_2 γpΛ, δ_B Ψ = −π_β Λ, δ_B b = −Λp_G, δ_B β = π_ψΛ, δ_B p_γ = 2iπ_cγΛ + ip(π_λ −^i_2 λ).

On the classical fields these rules agree with the classical gauge transformations with ξ = cΛ and ϵ = −iγΛ. In principle one should use Dirac brackets to obtain these transformation rules. These Dirac brackets can be constructed from the second class constraint in (6.24), but because the second class constraint commutes with the first class constraints, the results are the same^{22}.

The rules in (6.35) are nilpotent. In fact, we could have used nilpotency of Q_H to derive δ_B c and δ_B γ from δ_B φ, namely as follows

δ^2_B φ = 0 = δ_B [ cp − iγ(π_λ − i 2 λ) ]

= (δ_B c)p − i(δ_B γ)(π_λ − i 2 λ) − iγ(γpΛ) ⇒ δ_B c = iγγΛ, δ_B γ = 0. (6.36)

The result δ_B γ = 0 can also be derived from δ^2_B λ = 0.

Comparison of δ_B b and δ_B β in (6.35) and (6.8) reveals that the BRST auxiliary fields are the canonical momenta of the Lagrange multipliers

(6.37) p_G = −d, π_Ψ = −Δ.

Finally we construct the quantum action in the Hamiltonian approach

(6.38) L = q̇^ip_i − H + {Q_H , ψ_g}.

As “gauge-fixing fermion” we take the following hermitian anticommuting expression

(6.39) ψ_g = −i(b(G − 1) + Gπ_c) + (−iβΨ − Ψp_γ ).

22Only in the exceptional case that the Poisson bracket of a first and a second class constraint

gives a square of a second class constraint, one would get a different answer, and in that case one would need to use Dirac brackets. This situation does not occur in our model.

The quantum Hamiltonian H_H which commutes with Q_H vanishes in our case (and in any gravitational theory) because H_D = 0 (see (6.23)). We denote the gravitational field 1 + 2H by G, and find then for the quantum Hamiltonian

(6.40) L = φ̇p + λ̇π_λ + Ġp_G + Ψ̇π_Ψ + ċπ_c + ḃp_b + γ̇p_γ + β̇π_β + {Q_H , ψ_g}.

The evaluation of {Q_H , ψ_g} is tedious but straightforward. For any pair of canonically conjugate variables we have [p, q] =^1_i or {π, q} =^1_i . This yields {Q_H , −i(b + π_c)G + (−iβ − p_γ )Ψ} = −p_G(G − 1) − 1 2 Gp^2 + (b + π_c)p_b − π_ΨΨ −p(π_λ − i 2 λ)Ψ − 2π_cγΨ + π_β(−β + ip_γ ).

(6.41)

The transformation laws δ_B G = p_bΛ and δ_B Ψ = −π_βΛ which follow from (6.34) agree with the rules δ_B G = (ċ + 2γΨ)Λ and δΨ = −iγ̇Λ which we found from the classical transformation laws by substituting ξ = cΛ and ϵ = −iγΛ, provided

(6.42) −p_b + ċ + 2γΨ = 0, iπ_β + γ̇ = 0.

These should be algebraic field equations, and indeed they are the field equations of π_c and p_γ . The relevant terms in the action are

(6.43) L = (−p_b + ċ + 2γΨ)π_c + (γ̇ + iπ_β)p_γ .

Integrating out π_c, p_b, p_γ and π_β imposes (6.42).

The terms −p_G(G − 1) and −π_ΨΨ are the gauge fixing terms. Thus to compare with the action as obtained from the Lagrangian BRST formalism we should use b(G−1)+ΔΨ in (6.3) as gauge fixing term . However, we now got terms Ġp_G −p_GG and Ψ̇π_Ψ − π_ΨΨ in the action. In Yang-Mills gauge theories one usually takes ψ_g = b_aχ^a + p_{c,a}A^a_0 where A^a_0 is the time-component of the classical gauge field, and χ^a = ∂^kA^a_k. Then one makes a change of integration variables p(A_0) = kp(A_0)^′ and b_a = kb^′_a where k is a constant. The superjacobian is unity, and taking the limit k → 0 one arrives at the quantum action with relativistic unweighted gauge ∂^μA^a_μ = 0 [4]. In our case the gauge choices were G − 1 = 0 and Ψ = 0. We used the same ψ_g but with both χ^a and A^a_0 equal to 2H and Ψ. This led to (6.39), but it is clear that we cannot rescale A^a_0 ∼ (G and Ψ) but keep fixed χ ∼ (G and Ψ). In fact, we could have noticed before that there is something wrong with ψ_g in (6.39): the terms have different dimensions.

The resolution is also clear: drop the terms with b and β in (6.39). This removes the offending terms −p_GG − π_ΨΨ and also the terms bp_b and −π_ββ in (6.41). The action now becomes after eliminating π_c, p_b, π_γ and π_b L = φ̇p + λ̇π_λ − 1 2 Gp^2 − p(π_λ − i 2 λ)Ψ + Ġp_G + Ψ̇π_Ψ

(6.44) + ḃ(ċ + 2γΨ) + β̇(iγ̇).

The first line is (3.11), the second line is the gauge fixing term, and the third line the ghost action. So the action in (6.40) from the Hamiltonian BRST formalism indeed agrees with the action from the Lagrangian BRST formalism if one chooses Ġ and Ψ̇ instead of G and Ψ as gauge fixing terms.

We have seen that there is a Lagrangian and a Hamiltonian approach. The latter contains conjugate momenta for all variables, hence brackets can be defined and charges constructed. We saw that the gauges G − 1 = 0 and Ψ = 0 in the Hamiltonian approach led to the same results after solving the algebraic field equations for the canonical momenta as the gauge Ġ = 0 and Ψ̇ = 0 in the Lagrangian approach. (We recall that G = 1 + 2H =^1_{1−2h} and Ψ =^ψ_{1−2h} .) One might ask whether the Hamiltonian approach can also lead to the gauge G − 1 = 0 and Ψ = 0 in the Lagrangian approach (corresponding to h = 0 and ψ = 0 in (6.1)). This is indeed possible. One chooses as gauge fermion ψ_g = 0. The action becomes then very simple (6.45) L = φ̇p + λ̇π_λ + Ġp_G + Ψ̇p_Ψ + ċπ_c + ḃp_b + γ̇p_γ + β̇π_β. Next one factorizes the path integral into a minimal part with the fields (p, φ), (λ, π), (c, π_c) and (γ, p_γ ), and a nonminimal part with the pairs (G, p_G), (Ψ, π_Ψ), (b, p_b) and (β, π_β). Finally one discards the latter, and reinterprets the momenta π_c and p_γ as the Lagrangian antighosts b and β, respectively. This yields then the action in (6.3) with d, Δ, h and ψ integrated out (removed by their algebraic field equations).

This concludes our discussion of BRST formalism applied to our simple model. We obtained one result which is a bit surprising (or interesting): the differentiated gauge choices Ġ = Ψ̇ = 0 in the Lagrangian approach correspond directly to the gauge choices G − 1 = Ψ = 0 in the Hamiltonian approach. On the other hand, the gauge choices G − 1 = Ψ = 0 in the Lagrangian approach did not correspond in a direct way to the Hamiltonian approach (we had to discard a sector). String theory uses Lagrangian gauge choices corresponding to G − 1 = Ψ = 0. Perhaps the corresponding differentiated gauge choices have advantages in certain respects.

References

[1] F.A. Berezin, The method of second quantization, Academic Press 1966. In this book manipulations with Grassmann variables are defined. See also F.A. Berezin, Introduction to Super Analysis, Reidel, 1987.

[2] R. Feynman and A. Hibbs, Quantum mechanics and path integrals, McGraw Hill 1965. Feynman pioneered the path integral in physics, and this is the standard reference.

[3] Two introductory texts which the reader may try to tackle after reading these lectures are J. Bagger and J. Wess, Supersymmetry and Supergravity, Princeton University Press, 1992, and M.F. Sohnius, Introducing supersymmetry, Phys. Rep. 128 (1985) 39. More advanced introductions are P. van Nieuwenhuizen, Supergravity, Phys. Rep. 68 (1981) 189, and S.J. Gates, M.T. Grisaru, M. Roček and W. Siegel, Superspace, One thousand and one lessons in supersymmetry.

[4] For a discussion of the Hamiltonian form of BRST symmetry, see M. Henneaux, Phys. Rep.

126 (1985) 1. A good introduction for mathematicians to BRST symmetry and general properties of gauge systems is M. Henneaux and C. Teitelboim, Quantization of Gauge Systems, Princeton University Press 1992. We used sections 16.5.6, 16.54b, 19.1.7 and 19.1.8 for discussions at the very end of chapter 6.

[5] Spinning point particles have been discussed in L. Brink, S. Deser, B. Zumino, P. Di Vecchia and P. Howe, Phys. Lett. 64B (1976) 435; see also F.A. Berezin and M.S. Marinov, Ann. Phys. (N.Y.) 104 (1977) 336. A Hamiltonian path integral treatment of relativistic supersymmetric particles is given in M. Henneaux and C. Teitelboim, Ann. Phys. (N.Y.) 143 (1982) 127.

C.N. Yang Institute for Theoretical Physics, Stony Brook University, Stony Brook, NY, 11794-3840, USA