arXiv:hep-th/0408181 v2 10 Nov 2005

Quantized gauge-affine gravity in the superfiber bundle approach

A. Meziane^∗ and M. Tahiri Laboratoire de Physique Théorique Université d’Oran Es-senia, 31100 Oran, Algeria

November 10, 2005

Abstract

The quantization of gauge-affine gravity within the superfiber bundle formalism is proposed. By introducing an even pseudotensorial 1- superform over a principal superfiber bundle with superconnection, we obtain the geometrical Becchi-Rouet-Stora-Tyutin (BRST) and anti-BRST transformations of the fields occurring in such a theory. Reducing the four-dimensional general affine group double-covering GA(4, R) to the Poincaré group double-covering ISO(1, 3) we also find the BRST and anti-BRST transformations of the fields present in Einstein’s gravity. Furthermore, we give a prescription leading to the construction of both BRST-invariant gauge-fixing action for gauge-affine gravity and Einstein’s gravity.

Keywords: Metric-affine gravity; Einstein’s gravity. PACS numbers: 04.50.+h DOI: 10.1103/PhysRevD.71.104033

1 Introduction

One of the most outstanding problems in modern theoretical physics is to construct a consistent theory of quantum Einstein gravity. Several models

∗E-mail: meziane@univ-oran.dz

have been proposed (for a review see e.g. Ref. [1] and references therein), however none of these models, both renormalizable and unitary, has been found. This is basically due to the dimensionful nature of the gravitational coupling constant [2] which destroys the predictivity of quantum Einstein gravity, i.e. it is impossible to have a renormalizable theory.

On the other hand, a serious progress has been achieved by Ne’eman and Šijački [3] for solving this problem. They proposed a model for quantum gravity that reproduces Einstein’s gravity at low energy with a fair possibility to be renormalizable and unitary. However, it has been proved by Stelle in [4] that a theory containing Einstein’s action with term quadratic in the appropriate curvatures was renormalisable, but violated unitarity. The failure of unitarity in that model arises through the Riemannian condition which relates the connection to the metric (i.e. torsion free and metric compatible). To avoid this difficulty one has attempted to consider spacetime with torsion and thus guaranteeing the independence of metric and connection fields. In this context, the Poincaré gauge theory (PGT) has been developed as a gravitational theory based on the double-covering ISO(1, 3) = SL(2, C )⊗R^4 of the Poincaré group ISO(1, 3) = SO(1, 3) ⊗ R^4 [5, 6]. We note that the connection is not an independent variable, since the metricity condition is also preserved in this model [5, 6, 7]. However, it has been confirmed that no PGT model can be renormalizable if one imposes unitarity [8].

Another possibility for doing away with the Riemannian condition consists to have gravitational gauge model in which the Poincaré group acting on the local frames is extended to a larger gauge group for frames, namely GA(4, R). The resulting gravitational model is a metric-affine gauge theory of gravity (MAG) which has been suggested in Ref. [3]. The theory has a metric-affine spacetime with torsion and nonmetricity and incorporates gravitational models like Einstein’s gravity. The model is based on gauging the four-dimensional general affine group GA(4, R) = GL(4, R) ⊗ R^4 [9, 10, 11], or its double-covering GA(4, R) = GL(4, R) ⊗ R^4 [1, 12, 13]. The existence of a double-covering GL(4, R) of the general linear group GL(4, R) has been realized in Ref. [14]. Here, the spinorial double-covering exists only in infinite matrix representations and the corresponding infinite-component fields, the so-called manifields [14, 15]. The renormalizability of MAG model has been proved [16, 17], but unitarity has not been properly checked to date.

Recently, in [18] the algebraic structure of Becchi-Rouet-Stora-Tyutin (BRST) transformations [19] of a metric-affine gauge gravity based on the Hamiltonian formalism has been analyzed. This approach leads to the same

BRST transformations obtained in [20, 21] in the context of the Batalin and Vilkovisky formalism [22]. Here, the authors generalize the work developed by Okubo [23] where a new type of BRST operator has been constructed only for spacetimes with teleparallelism. They follow the rather transparent exposition of van Holten [24] which departs from the Hamiltonian formalism and replaces the Lagrange multipliers for the first class constraints by ghost operators.

Moreover, BRST transformations equivalent to those given in [18, 20, 21] can also be obtained geometrically. Indeed, as shown in Ref. [25], we have used a superspace formalism to determine geometrically the BRST and anti- BRST algebra for gauge-affine gravity. Our method was based on the introduction of GA(4, R)-superconnection over a (4, 2)-dimensional superspace obtained by extending a metric-affine space with two anticommuting coordinates. This superconnection represents the gauge fields and their associated ghost and antighost fields occurring in gauge-affine gravity. In particular, the introduction of the coordinate ghost and antighost fields leads to the construction of a basis, where the local expression of the superconnection becomes more natural. By using this basis, we have determined the BRST and anti-BRST transformations from the structure equations by imposing horizontality conditions on the supercurvature.

In the present paper, we discuss the quantization of gauge-affine gravity theory by using the superfiber bundle formalism, see e.g. Ref. [26] and references therein, in analogy to what is realized for the case of super-Yang-Mills theory [27, 28] and the four-dimensional non-Abelian topological antisymmetric tensor gauge theory, the so-called BF theory [29]. In section II, we show how the various fields of gauge-affine gravity and their geometrical BRST and anti-BRST transformations can be determined via a principal superfiber bundle endowed with a superconnection and an even pseudotensorial 1-superform in the adjoint representation. Reducing the four-dimensional general affine group double-covering to the Poincaré group double-covering we also find the BRST and anti-BRST transformations of the fields present in quantum Einstein gravity. The obtained geometrical BRST and anti-BRST transformations are nilpotent. In section III we first build a gauge-fixing superaction for gauge-affine gravity as a natural generalization of the one corresponding to the usual Yang-Mills theory. Then, a gauge-fixing action is obtained as the lowest component of the gauge-fixing superaction. However, we also work in the same spirit of construction as in [27, 28, 29] for building the gauge-fixing action for quantum Einstein gravity. Section IV is devoted to concluding remarks.

2 Geometrical BRST and anti-BRST algebra

Let P (M, G_s ) be a principal superfiber bundle with superconnection ϕ. The base space M is the four-dimensional metric-affine spacetime and the structure group G_s is the direct product of the general linear group double-covering GL(4, R) with the general affine group double-covering GA(4, R) as well the two-dimensional old translation group S^{0,2}. We consider P as being globally trivial with respect to S^{0,2}. This will be related to the fact that the BRST and anti-BRST transformations are defined globally.

The Lie superalgebra g_s of the structural Lie supergroup G_s is given by g_s = gl(4, R) ⊕ ga(4, R) ⊕ s^{0,2}. (1) Let (T^ρ_σ )_{{ρ,σ=1,..,4}}, (T^a_b )_{{a,b=1,..,4}}, (P_b)_{{b=1,..,4}}, and (F_α)_{{α=1,2}} be the gen- erators of GL(4, R), GA(4, R) and S^{0,2}, respectively. They satisfy the following commutation relations

[T^τ_ε , T^ρ_σ ] = (δ^τ_σ δ^ρ_μδ^ν_ε − δ^ρ_ε δ^ν_σδ^τ_μ)T^μ_ν ,

[T^a_b , T^c_d ] = (δ^a_dδ^c_eδ^f_b − δ^c_bδ^f_d δ^a_e )T^e_f , [T^a_b , P_c] = δ^a_c δ^d_b P_d, (2) [P_a, P_b] = [T^a_b , T^ρ_σ ] = [P_a, F_α] = 0, [T^ρ_σ , P_b] = [F_α, T^ρ_σ ] = [T^a_b , F_α] = [F_α, F_β] = 0.

Let Ω be an even 2-superform associated to the superconnection ϕ and ϑ an even pseudotensorial 1-superform of the type (ad, g_s)^1. The introduction in P (M, G_s) besides the usual superconnection ϕ an even 1-superform ϑ will be related, as we will see later, to the fact that the imposed constraints on the supercurvature Ω can be obtained by the fact that the covariant differentiation of a pseudotensorial 1-superform ϑ is tensorial.

In order to realize supercurvature constraints, we need to introduce an even 1-superform generalized superconnection λ such that

1Here (ad) means adjoint representation.

λ = ϕ − ϑ. (3) At this point, let us mention that the introduction of the generalized superconnection is related, on the one hand, to the fact that the double-covering group Diff (4, R) of the group of general coordinate transformations (GCT) (i.e., the group of diffeomorphisms) is realized through the direct product of the general linear group double-covering GL(4, R) with the translation group R^4 as well a simply connected Lie subgroup [15, 30, 31] and, on the other hand, as we will see later, to the fact that the gauge-fixing action for quantum Einstein gravity can be deduced from gauge-fixing action for gaugeaffine gravity by reducing the linear connection to the symmetric Levi-Civita connection.

Acting the exterior covariant superdifferential D on λ we define then the generalized supercurvature Λ ( even 2-superform) given by

Λ = Dλ = Ω − Θ, (4)

where the associated supercurvature Ω and Θ to ϕ and ϑ are defined by Ω = Dϕ and Θ = Dϑ, respectively. They satisfy the structure equations

Ω = dϕ + 1 2 [ϕ, ϕ] , (5) Θ = dϑ + [ϕ, ϑ] , (6)

where d is the exterior superdifferential and [, ] the graded Lie bracket.

Let z = (z^M ) = (x^μ, θ^α) be a local coordinates system on P, where (x^μ)_{μ=1,..,4} are the coordinates of the metric-affine spacetime M and ( θ^α)_{α=1,2} are ordinary anticommuting variables. Upon expressing the generalized superconnection λ and the generalized supercurvature Λ as

λ = dz^M λ_M = dz^M (ϕ_M − ϑ_M ), Λ = 1 2 dz^N ∧ dz^M Λ_{M N} = 1 2 dz^N ∧ dz^M (Ω_{M N} − Θ_{M N} ), (7)

we have

Ω_{M N} = ∂_M ϕ_N − (−1)^{mn}∂_N ϕ_M + [ϕ_M , ϕ_N ] , (8a) Θ_{M N} = ∂_M ϑ_N − (−1)^{mn}∂_N ϑ_M − [ϕ_N , ϑ_M ] + (−1)^{mn} [ϕ_M , ϑ_N ] , (8b) where m =| z^M | is the Grassmann degree of z^M . Note that the Grassmann degrees of the superfield components ϕ_M , ϑ_M , λ_M , Ω_{M N} , Θ_{M N} , and Λ_{M N} are given by | ϕ_M |=| ϑ_M |=| λ_M |= m, | Ω_{M N} |=| Θ_{M N} |=| Λ_{M N} |= m + n (mod 2),

since ϕ, ϑ, λ, Ω, Θ and Λ are even superforms.

Moreover, the generalized supercurvature is a tensorial 2-superform, in particular we have i(X)Λ = 0, where i denotes the contraction of vectors with forms and X is a vertical superfield in P. Using the fact that ∂_α = ∂/∂θ^α is vertical, we obtain the following supercurvature equations

Λ_{αβ} = 0, (9a) Λ_{αμ} = 0, (9b)

i.e.

Ω_{αβ} = Θ_{αβ} , (10a) Ω_{αμ} = Θ_{αμ}. (10b)

Furthermore, the g_s−valued component superfields ϕ_M , ϑ_M , Ω_{M N} and Θ_{M N} are given by

ϕ_M = ϕ^a_{bM} T^b_a + ϕ^μ_{νM} T^ν_μ + ϕ^a_M P_a + ϕ^α_M F_α, ϑ_M = ϑ^a_{bM} T^b_a + ϑ^μ_{νM} T^ν_μ + ϑ^a_M P_a + ϑ^α_M F_α, (11) Ω_{M N} = Ω^a_{bM N} T^b_a + Ω^μ_{νM N} T^ν_μ + Ω^a_{M N} P_a + Ω^α_{M N} F_α, Θ_{M N} = Θ^a_{bM N} T^b_a + Θ^μ_{νM N} T^ν_μ + Θ^a_{M N} P_a + Θ^α_{M N} F_α.

According to Eqs (10) and (11) we find

Ω^a_{bμα} = Θ^a_{bμα}, (12a) Ω^a_{bαβ} = Θ^a_{bαβ} , (12b) Ω^ρ_{σμα} = Θ^ρ_{σμα}, (12c) Ω^ρ_{σαβ} = Θ^ρ_{σαβ}, (12d) Ω^a_{μβ} = Θ^a_{μβ}, (12e) Ω^a_{αβ} = Θ^a_{αβ} , (12f) Ω^α_{μβ} = Θ^α_{μβ}, (12g) Ω^α_{γβ} = Θ^α_{γβ}. (12h)

The components Λ^α_{M N} associated to F_α give the S^{0,2}-generalized supertorsion

Λ^α_{M N} = Ω^α_{M N} − Θ^α_{M N} . (13)

According to (12g) and (12h) suppplemented with the constraint

Λ^α_{μν} = 0, we find then that the S^{0,2}-generalized supertorsion vanishes. Moreover, the potentials ϕ^α_M being pure gauge, we can then impose the following supercurvature constraint

Ω^α_{M N} = ∂_M ϕ^α_N − (−1)^{mn}∂_N ϕ^α_M = 0, (14)

and therefore we also have

Θ^α_{M N} = ∂_M ϑ^α_N − (−1)^{mn}∂_N ϑ^α_M = 0. (15)

In addition, we impose that the geometrical structure of the principal superfiber bundle P (M, G_s ) should incorporate the metric-affine structure of the spacetime M such that for θ^α = 0, the components of the superfields Λ_{μν} permit us to find the standard results concerning the torsion and the curvature of metric-affine spacetime. This allows us to have

Λ_{μν} = Ω_{μν} , (16) and therefore

Θ^ρ_{τ μν} = Θ^a_{bμν} = Θ^a_{μν} = Θ^α_{μν} = 0. (17)

Since the potentials ϕ^α_M being pure gauge, we consider, hereafter, that the components ϕ_M are gl(4, R) ⊕ ga(4, R)-valued superfields and can be written as

ϕ = dz^M ϕ_M = dx^μϕ_μ + dθ^αη_α, (18)

where

ϕ_μ = ϕ^a_{bμ}T^b_a + ϕ^ρ_{τ μ}T^τ_ρ + ϕ^a_μP_a, (19a) η_α = η^a_{bα}T^b_a + η^ρ_{τα}T^τ_ρ + η^a_αP_a. (19b)

Now, in order to derive the BRST structure of gauge-affine gravity it is necessary to give the geometrical description of the fields present in such theory. To this purpose, we assign to the anticommuting coordinates θ^1 and θ^2 the ghost numbers (−1) and (+1), respectively, and ghost number zero for an even quantity: either a coordinate, a superform or a generator. These rules permit us to determine the ghost numbers of the superfields (ϕ^ρ_{τ μ}, ϕ^a_{bμ}, ϕ^a_μ, η^a_{b1}, η^a_{b2}) which are given by (0, 0, 0, 1, −1). So, the lowest components ϕ^ρ_{τμ|}, ϕ^a_{bμ|}, ϕ^a_{μ|}, η^a_{b1|}, and η^a_{b2|} can be identified with the linear connection Γ^ρ_{τ μ}, the affine connection ω^a_{bμ}, the vierbein e^a_μ, the GA(4, R) ghost c^a_b and its antighost c^a_b , respectively. The symbol “ |” indicates that the superfield is evaluated at θ^α = 0. Moreover, we introduce the coordinate (diffeomorphism) ghost and antighost superfields η^μ_α by the following replacement

η^μ_{τ α} = ∂_τ η^μ_α + ϕ^μ_{τ ρ}η^ρ_α (20a) η^a_α = 0. (20b)

This permits us, on the one hand, to introduce the coordinate ghost c^μ = η^μ_{1|} and its antighost c^μ = η^μ_{2|} and, on the other hand, to justify the introduction of general linear group double-covering GL(4, R) with generators (T^ρ_σ ) in the structure group G_s of the principal superfiber bundle P (M, G_s). Furthermore, knowing the expression of the components of Θ we can determine the components of ϑ by using the relation (8b). Some components of Θ have been determined from equations (15) and (17). As trivial solutions we have

ϑ^α_β = ϑ^α_μ = ϑ^a_μ = ϑ^a_{bμ} = ϑ^ρ_{τμ} = 0. (21)

The determination of the others components of ϑ such ϑ^a_{bα}, ϑ^τ_{ρα}, and ϑ^a_β can be easily obtained from the remaining Θ components. The latters, after straightforward calculations, acquire the form

Θ^a_{bμα} = η^ρ_αΩ^a_{bρμ} + D_μ{ϕ^a_{bρ}η^ρ_α}, (22a) Θ^ρ_{ταβ} = − 1 2 [ η^σ_α, η^ν_β ] Ω^ρ_{τσν} , (22b)

Θ^a_{bαβ} = { −2η^ρ_α∂_ρη^a_{bβ} if α = β, 0 if α ≠ β, (22c)

Θ^a_{μα} = η^ρ_αΩ^a_{ρμ} + D_μ{η^ρ_αϕ^a_ρ}, (22d) Θ^a_{αβ} = 0, (22e)

where D_μ = ∂_μ + [ ϕ_μ, ] is the ga(4, R)-valued covariant superderivative. It is worth noting that the anholonomic and holonomic components of the superconnection ϕ^σ_{μν} and ϕ^a_{bμ} are related by the supervierbein ϕ^a_μ as follows

ϕ^σ_{μν} = ϕ^σ_a (∂_ν ϕ^a_μ + ϕ^b_μϕ^a_{bν} ). (23)

Therefore, the components Θ^ρ_{τμα} can be derived from the components Θ^a_{bμα} and Θ^a_{μα} as follows

Θ^ρ_{τ μα} = η^ν_αΩ^ρ_{τμν} . (24)

However, the operational representation for an infinitesimal S^{0,2}-motion in P is given by

r(θ^α) = 1 + θ^αQ_α, (25)

where (Q_α)_{α=1,2} are the differential operators representing the S^{0,2}-generators (F_α). According to the fact that the superconnection is a pseudotensorial 1- superform in the adjoint representation, we have

ϕ^A_M (x^μ, ζ^α + θ^α) = r(θ^α)ϕ^A_M (x^μ, ζ^α)r^{−1}(θ^α). (26)

It is straightforward to compute (26), and we find

ϕ^A_M (x^μ, ζ^α+θ^α) = ϕ^A_M (x^μ, ζ^α)+θ^α [ Q_α, ϕ^A_M (x^μ, ζ^α) ] + 1 2 θ^αθ^β [ Q_{β,} [ Q_α, ϕ^A_M (x^μ, ζ^α) ]] . (27)

By expanding ϕ^A_M (x^μ, θ^α) in power series of θ^α, we have

ϕ^σ_{τμ} = Γ^σ_{τ μ} + θ^αA^σ_{τμα} + 1 2 θ^αθ^β B^σ_{τμβα}, (28a) ϕ^a_{bμ} = ω^a_{bμ} + θ^αM^a_{bμα} + 1 2 θ^αθ^βN^a_{bμβα}, (28b) ϕ^a_μ = e^a_μ + θ^αK^a_{μα} + 1 2 θ^αθ^β L^a_{μβα}, (28c) η^a_{bδ} = c^a_{bδ} + θ^αR^a_{bδα} + 1 2 θ^αθ^βS^a_{bδβα}, (28d) η^μ_δ = c^μ_δ + θ^αV^μ_{δα} + 1 2 θ^αθ^β W^μ_{δβα}, (28e)

where B^σ_{τ μβα}, N^a_{bμβα}, L^a_{μβα}, S^a_{bδβα} and W^μ_{δβα} are antisymmetric with respect to the indices α and β. Evaluating (27) at ζ^α = 0 and in view of Eq. (28), we obtain

A^σ_{τμα} = [ Q_α, Γ^σ_{τ μ} ] = ∂_αϕ^σ_{τ μ|}, (29a) M^a_{bμα} = [ Q_α, ω^a_{bμ} ] = ∂_αϕ^a_{bμ|}, (29b) K^a_{μα} = [ Q_α, e^a_μ ] = ∂_αϕ^a_{μ|}, (29c) R^a_{bδα} = [Q_α, c^a_{bδ}] = ∂_αη^a_{bδ|}, (29d) V^μ_{δα} = [Q_α, c^μ_δ ] = ∂_αη^μ_{δ|}. (29e)

We also obtain similar relations for the other field components

B^σ_{τμβα} = [ Q_{β,} [ Q_α, Γ^σ_{τ μ} ]] = ∂_β∂_αϕ^σ_{τμ|}, (30a) N^a_{bμβα} = [ Q_{β,} [ Q_α, ω^a_{bμ} ]] = ∂_β ∂_αϕ^a_{bμ|}, (30b) L^a_{μβα} = [ Q_{β,} [ Q_α, e^a_μ ]] = ∂_β∂_αϕ^a_{μ|}, (30c) S^a_{bδβα} = [Q_{β,} [Q_α, c^a_{bδ}]] = ∂_β∂_αη^a_{bδ|}, (30d) W^μ_{δβα} = [Q_{β,} [Q_α, c^μ_δ ]] = ∂_β ∂_αη^μ_{δ|}. (30e)

In analogy with the Yang-Mills case [28], we remark that the operators Q_1 and Q_2 represent the BRST and anti-BRST operators Q and Q, respectively.

Evaluating (8a) at θ^α = 0 and using (12), (20), (22), (28) and (29) we obtain the following geometrical BRST transformations

[ Q, Γ^σ_{τμ} ] = Γ^ρ_{τ μ}∂_ρc^σ − ∂_μ∂_τ c^σ − Γ^σ_{τ ρ}∂_μc^ρ − Γ^σ_{ρμ}∂_τ c^ρ − c^ρ∂_ρΓ^σ_{τ μ}, [ Q, ω^a_{bμ} ] = ∂_μc^a_b + c^d_b ω^a_{dμ} − c^a_dω^d_{bμ} + ω^a_{bσ} ∂_μc^σ + c^ρ∂_ρω^a_{bμ}, [ Q, e^a_μ ] = e^a_σ∂_μc^σ + c^ρ∂_ρe^a_μ − e^b_μc^a_b ,

[Q, c^a_b ] = c^ρ∂_ρc^a_b − c^a_f c^f_b , [Q, c^σ] = c^ρ∂_ρc^σ , (31) [Q, c^a_b ] = B^a_b , [Q, c^σ ] = B^σ, [Q, B^a_b ] = 0, [Q, B^σ] = 0,

and also the geometrical anti-BRST transformations, which can be derived from (31) by the following rules: X −→ X, if X= Γ^σ_{τ μ}, ω^a_{bμ}, e^a_μ; X −→ X, if X= Q, c^μ, c^a_b , B^μ, B^a_b and X = X, where

B^μ + B^μ = c^ρ∂_ρc^μ + c^ρ∂_ρc^μ, B^a_b + B^a_b = c^ρ∂_ρc^a_b + c^ρ∂_ρc^a_b − c^a_dc^d_b − c^a_dc^d_b . (32)

Let us note that the obtained BRST and anti-BRST transformations are nilpotent, i.e. Q^2 = Q^2 = [ Q, Q ] = 0. (33)

Now, we apply the same geometrical framework to find the BRST and anti-BRST transformations of the fields occurring in quantum Einstein gravity. To this end, we must reduce the general affine group double-covering GA(4, R) to the Poincaré double-covering ISO(1, 3). The BRST transformations of the fields associated to Poincaré double-covering have already be given in [32]. Reducing GA(4, R) to ISO(1, 3) leads us to keep from (12) only

Ω^ρ_{σαβ} = Θ^ρ_{σαβ} . (34)

On the other hand, Einstein’s theory is Riemannian, i.e. it precludes the propagation of either torsion or nonmetricity. Only the coordinate metric field g_{μν} propagates. Here the coordinate metric field g_{μν} is related to the Minkowski metric η_{ab} through the vierbein e^a_μ as follows g_{μν} = η_{ab} e^a_μe^b_ν , (35) and can be written, in view of (28c), as a lowest component of a superfield G_{μν} which can be put in the form G_{μν} = g_{μν} + θ^αH_{μνα} + 1 2 θ^αθ^βE_{μνβα}, where H_{μνα} and E_{μνβα} follow from (28c). This remark permits us to find the BRST transformation of the coordinate metric field g_{μν} through the BRST transformation of the vierbein e^a_μ [Q, g_{μν} ] = η_{ab} [ Q, e^a_μ ] e^b_ν + η_{ab} e^a_μ [ Q, e^b_ν ] . The latter becomes

[Q, g_{μν} ] = g_{μσ} ∂_ν c^σ + c^ρ∂_ρg_{μν} + g_{σν} ∂_μc^σ, (36)

by using (31) and the fact that c_{bd} = −c_{db}.

Moreover, according to (22b), (28e) and (34), we obtain

V^μ_{δα} = c^ρ_δ ∂_ρc^μ_α, V^τ_{12} + V^τ_{21} = c^ρ_1∂_ρc^τ_2 + c^ρ_2∂_ρc^τ_1 . (37)

Therefore, making use of (29e) and keeping the same identifications, we find the following BRST transformations [32] [Q, c^σ] = c^ρ∂_ρc^σ, [Q, c^σ] = B^σ, (38) [Q, B^σ] = 0.

We also obtain the geometrical anti-BRST transformations, which can be derived from (36) and (38) by the following mirror symmetry of the ghost numbers: X −→ X, if X = g_{μν} , X −→ X, if X= Q, c^μ, B^μ and X −→ X.

3 Gauge-fixing quantum action

In the present section, we show how to construct a BRST-invariant gaugefixing quantum action for gauge-affine gravity as the lowest component of a gauge-fixing superaction. To this purpose, we propose starting with a gaugefixing superaction similar to that obtained in the case of super-Yang-Mills theory as given in [27, 28]

S_{sgf} = ∫ d^4xL_{sgf,} L_{sgf} = (∂_1ϕ_2)(∂^μϕ_μ) + (∂^μϕ_2)(∂_1ϕ_μ) + (∂_1ϕ_2)(∂_1ϕ_2). (39)

We note first that it is the superconnection ϕ which is gl(4, R) ⊕ ga(4, R)- valued and represents the fields occurring in quantized gauge-affine gravity. This allows us to write the superaction S_{sgf} as follows S_{sgf} = S^t_{sgf} + S^d_{sgf} , (40) where S^t_{sgf} and S^d_{sgf} are associated to the tangent and spacetime indices, respectively.

According to the fact that

∂_1ϕ^a_{b2|} = B^a_b = [Q, c^a_b ] , ∂_1ϕ^a_{bμ|} = [ Q, ω^a_{bμ} ] and in view of (39), we can write the gauge-fixing action associated to the tangent indices, S^t_{gf} = S^t_{sgf |}, in the following form S^t_{gf} = ∫ d^4x { B^a_b ∂^μω^b_{aμ} + ∂^μc^a_b [ Q, ω^b_{aμ} ] + B^a_b B^b_a } . (41)

Concerning the superaction S^d_{sgf} we note that the antighost c^ρ of the general coordinate transformations and the auxiliary field B^ρ are introduced through the relations (20a) and (28e). Thus, the superaction S^d_{sgf} can be obtained from the prescription (39) by substituting the component superfield ϕ^ρ_{τ2} with the antighost superfield (η^ρ_2) and using the necessary contraction of the components ϕ^ρ_{τ μ} . This gives S^d_{sgf} = ∫ d^4x(∂_1η^ρ_2∂^μϕ^ρ_μ + ∂^μη^ρ_2∂_1ϕ^ρ_μ + ∂_1η^ρ_2∂_1η^ρ_2). (42)

Using the fact that

∂_1η^ρ_{2|} = B^ρ = [Q, c^ρ] and ∂_1ϕ^ρ_{μ|} = [ Q, Γ^ρ_μ ] , we obtain S^d_{sgf |} = S^d_{gf} = ∫ d^4x(B^ρ∂^μΓ^ρ_μ + ∂^μc^ρ [ Q, Γ^ρ_μ ] + B^ρB_ρ). (43)

Then, it is quite easy to show that the gauge-fixing action,

S_{gf} = S^t_{gf} + S^d_{gf} , (44)

is invariant with respect to the geometrical BRST transformations. In fact, we have [ Q, S^t_{gf} ] = ∫ d^4x(B^a_b [ Q, ∂^μω^b_{aμ} ] + [Q, ∂^μc^a_b ] [ Q, ω^b_{aμ} ] ), [ Q, S^d_{gf} ] = ∫ d^4x(B^ρ [ Q, ∂^μΓ^ρ_μ ] + [Q, ∂^μc^ρ] [ Q, Γ^ρ_μ ] ), (45)

and using the fact that the geometrical BRST operator Q commutes with the differential operator we get [Q, S_{gf} ] = ∫ d^4x { ∂^μ(B^a_b [ Q, ω^b_{aμ} ] + B^ρ [ Q, Γ^ρ_μ ] ) } . (46)

From this, it follows that the Q invariance of S_{gf} is guaranteed modulo a total divergence. So we have constructed the Q−invariant gauge-fixing action for gauge-affine gravity theory [17, 20].

Furthermore, it is also interesting to construct the gauge-fixing action for quantum Einstein gravity in analogy with what is realized in super-Yang- Mills theory [27, 28]. Let us first remark that the expression (41) corresponds to the gauge-fixing action S^t_{gf} associated to the tangent ISO(1, 3) group where we should consider the BRST transformation [ Q, ω^b_{aμ} ] as in (31), see also Ref. [32]. To determine the gauge-fixing action S^d_{gf} associated to the diffeomorphisms group, we proceed as below but we should substitute in (39) the superfield components of the superconnection by the dynamic fields occurring in quantum Einstein gravity, namely the antighost c^μ and the metric g_{ρμ} which is introduced by ~g_{ρμ} = √ −gg_{ρμ}, where g is the determinant of g_{ρμ}, we obtain S^d_{gf} = ∫ d^4x(B^ρ∂^μ~g_{ρμ} + ∂^μc^ρ [Q, ~g_{ρμ}] + B^ρB_ρ), (47)

where the BRST transformation of the field ~g_{ρμ} is given by [Q, ~g_{ρμ}] = ∂_σ(c^σ ~g_{ρμ}) + ~g_{σμ}∂_ρc^σ + ~g_{σρ}∂_μc^σ. (48) In fact, knowing that ~g_{ρμ} = √ −gg_{ρμ}, we have [Q, ~g_{ρμ}] = [ Q, √ −g ] g_{ρμ} + √ −g [Q, g_{ρμ}] . Then by using the fact that [ Q, √ −g ] = −1 2 √ −g [Q, g] , [Q, g] = gg^{μν} [Q, g_{μν} ] = 2g∂_σ c^σ + c^σ ∂_σg, we have [ Q, √ −g ] = ∂_σ(c^σ √ −g), and so we can easily derive the relation (48). Finally the BRST-invariant gauge-fixing action S^d_{gf} associated to the diffeomorphisms group can be written as follows [32]

S^d_{gf} = ∫ d^4x {B^ρ∂^μ~g_{ρμ} + ∂^μc^ρ(∂_σ(c^σ~g_{ρμ}) + ~g_{σμ}∂_ρc^σ + ~g_{σρ}∂_μc^σ ) + B^ρB_ρ} . (49)

4 Conclusion

In the present paper a geometric formulation of quantized gauge-affine gravity has been provided using a superfiber bundle formalism with base space simply the metric-affine spacetime and a structure group the direct product of the general linear group double-covering GL(4, R) with the general affine group double-covering GA(4, R) as well the two-dimensional old translation group S^{0,2}. In this geometrical framework, the gauge fields and their associated ghost and antighost fields occurring in quantized gauge-affine gravity have been described through a GL(4, R) ⊗ GA(4, R)-superconnection. Furthermore, in order to realize supercurvature constraints we introduce over a principal superfiber bundle an even pseudotensorial 1-superform which permits us to introduce a generalized superconnection, and by applying the exterior covariant superdifferential this gives the generalized supercurvature. Then the supercurvature constraints are determined by the fact that the generalized supercurvature is an even tensorial 2-superform which leads to the determination of the gauge-affine gravity BRST and anti-BRST transformations. The obtained BRST transformations are nilpotent and equivalent to those given in [18, 20, 25]. Reducing the four-dimensional general affine group double-covering GA(4, R) to the Poincaré group double-covering ISO(1, 3) we have also found the BRST and anti-BRST transformations of the fields present in quantum Einstein gravity. Moreover, we have shown how to construct the gauge-fixing superaction for gauge-affine gravity in analogy with what is realized in super-Yang-Mills theory [27, 28]. Its lowest component represents the gauge-fixing action and is invariant under the geometrical BRST transformations. By using the fact that the dynamic field occurring in Einstein’s gravity is represented by the tensor metric g_{μν} and following the same spirit of construction of the superaction as in [27, 28] we have found the gauge-fixing action for quantum Einstein gravity recovering then the standard results [32].

Acknowledgments

M.T. acknowledges support from the Alexander von Humboldt Stiftung. He thanks Prof. W. Rühl ( Department of Physics, Kaiserslautern University of Technology) and Prof. H.D. Doebner ( Department of Physics, Metallurgy and Material Science, Technical University of Clausthal) for hospitality.

References

[1] F.W. Hehl, J. D. McCrea, E. W. Mielke and Y. Ne’eman, Phys. Rep.

258, 1 (1995).

[2] W. Heisenberg, Z. Phys. 110, 251 (1938).

[3] Y. Ne’eman and Dj. Šijački, Phys. Lett. B 200, 489 (1988). [4] K. S. Stelle, Phys. Rev. D 16, 953 (1977).

[5] F. W. Hehl, Y. Ne’eman, J. Nitsch and P. von der Heyde, Phys. Lett. B 78, 102 (1978).

[6] F. W. Hehl, in Cosmology and Gravitation, edited by P. G. Bergmann and V. de Sabbata (Plenum, New York, 1980).

[7] F. W. Hehl, P. von der Heyde, G. D. Kerlick and J. M. Nester, Rev.

Mod. Phys. 48, 393 (1976).

[8] R. Kuhfuss and J. Nitsch, Gen. Relativ. Gravit. 18, 1207 (1986). [9] F. W. Hehl, G. D. Kerlick and P. von der Heyde, Phys. Lett. B 63, 446 (1976).

[10] F. W. Hehl, G. D. Kerlick, E. A. Lord and L. L. Smalley, Phys. Lett. B 70, 70 (1977).

[11] F. W. Hehl, G. D. Kerlick, E. A. Lord and L. L. Smalley, Gen. Relativ.

Gravit. 13, 1037 (1981).

[12] F.W. Hehl, J. D. McCrea, E. W. Mielke and Y. Ne’eman, Found. Phys.

19, 1075 (1989).

[13] F. W. Hehl, E. A. Lord and Y. Ne’eman, Phys. Lett. B 71, 432 (1977);

Phys. Rev. D 17, 428 (1978).

[14] Y. Ne’eman, Ann. Inst. Henri Poincaré A 28, 369 (1978). [15] Y. Ne’eman and Dj. Šijački, Phys. Lett. B 157, 275 (1985); Int. J. Mod.

Phys. A 2, 1655 (1987).

[16] C. Y. Lee and Y. Ne’eman, Phys. Lett. B 242, 59 (1990). [17] C. Y. Lee, Classical Quantum Gravity 9, 2001 (1992). [18] E. W. Mielke and A. A. Rincón Maggiolo, Gen. Relativ. Gravit. 35, 771 (2003).

[19] C. Becchi, A. Rouet and R. Storra, Ann. Phys. 98, 287 (1976); Phys.

Lett. B 52, 344 (1974); I.V. Tyutin, Lebedev Institute of Physics, Preprint No 39, 1975 (unpublished).

[20] C. Y. Lee and Y. Ne’eman, Phys. Lett. B 233, 286 (1989). [21] F. Gronwald, Phys. Rev. D 57, 961 (1998).

[22] I. A. Batalin and G. A. Vilkovisky, Phys. Lett. B 69, 309 (1977). [23] S. Okubo, Gen. Relativ. Gravit. 23, 599 (1991).

[24] J. W. van Holten, in Proceeding of the XXV Karpacz Winter School of Theoretical Physics, Karpacz, Poland, 1989, edited by Z. Haba and J. Sobczyk (Birkhäuser Verlag, Basel, 1990), p. 388.

[25] A. Meziane and M. Tahiri, Mod. Phys. Lett. A 11, 885 (1996). [26] A. Meziane, Magister thesis, Dept. Phys., U. Oran Es-senia, (1993). [27] H. Loumi-Fergane and M. Tahiri, Classical Quantum Gravity 13, 865 (1996).

[28] H. Loumi and M. Tahiri, Rep. Math. Phys. 33, 367 (1993). [29] A. Aidaoui and M. Tahiri, Classical Quantum Gravity 14, 1587 (1997). [30] A. Cant and Y. Ne’eman, J. Math. Phys. (N.Y) 26, 3180 (1985). [31] Dj. Šijački and Y. Ne’eman, Found. Phys. 27, 1105 (1997); Dj. Šijački, Acta Phys. Polon.B 29, 1089 (1998).

[32] N. Nakanishi, Prog. Theor. Phys. 620, 779 (1979); 59, 973 (1978); T.

Kugo and I. Ojima, Nucl. Phys.B 144, 234 (1978); K. Nishijima and M. Okawa, Prog. Theor. Phys. 60, 272 (1978).