arXiv:hep-th/0408184 v3 10 Nov 2004

IP/BBSR/2004-22 hep-th/0408184

D = 2, N = 2 Supersymmetric σ-models on Non(anti)commutative Superspace

B. Chandrasekhar^∗

Institute of Physics, Bhubaneswar 751 005, INDIA

ABSTRACT

We extend the results of hep-th/0310137 to show that a general classical action for D = 2, N = 2 sigma models on a non(anti)commutative superspace is not standard and contains infinite number of terms, which depend on the determinant of the non(anti)commutativity parameter, C^{αβ}. We show that using Kähler normal coordinates the action can be written in a manifestly covariant manner. We introduce vector multiplets and obtain the N = 1/2 supersymmetry transformations of the theory in the Wess-Zumino gauge. By explicitly deriving the expressions for vector and twisted superfields on non(anti)commutative superspace, we study the classical aspects of Gauged linear sigma models.

November 10, 2004

∗chandra@iopb.res.in

Contents

1 Introduction 1

2 N = 2 Superspace and Supermultiplets 4 2.1 D = 4 → D = 2 dimensional reduction . . . . . . . . . . . . . . . . . . . . . . . 5 2.2 N = 2 multiplets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 2.3 Wess-Zumino Gauge . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

3 Sigma Models with arbitrary Kähler potential 15 3.1 Expansion of the Kähler potential . . . . . . . . . . . . . . . . . . . . . . . . . . 15 3.2 Classical Action in Normal Coordinates . . . . . . . . . . . . . . . . . . . . . . . 20

4 Gauged Linear Sigma Models 25

5 Discussion 30

A Some identities used in the text 32

B Details of GLSM action 32

1 Introduction

Supersymmetric field theories defined on deformed superspaces have been studied for quite some time [1]-[6]. The recent interest in such theories is due to the realization that, they arise naturally in certain limits of string theory, in exactly the same way as noncommutative field theories arise in the Seiberg-Witten low energy limit [7].

In the context of Dijkgraaf-Vafa correspondence [8], it was shown that the deformation of the algebra of superspace coordinates, allows the computation of non-perturbative contributions to the N = 1 superpotential, by summing over certain non-planar diagrams on the matrix model side.

To be precise, using the pure spinor approach, the D = 4 sigma model action for D-branes of type II superstring theory compactified on Calabi-Yau 3-folds was considered in [9]. It was shown that, turning on a constant graviphoton background field in four dimensions (or more generally RR two forms in ten dimensions itself [10]), leads to a deformation of correlation functions of the superspace coordinates as:

{θ^α, θ^β } = 2α^{′2}F^{αβ}. (1.1)

Here α^′ is related to inverse of string tension and F^{αβ} is the self-dual graviphoton field strength.

Note that the anti-commutation relations of the remaining superspace coordinates, θ̄^{α̇}, are not modified. This is however, only possible in a Euclidean space, where setting the anti selfdual part, F^{α̇β̇} to zero, does not affect the string equations of motion. Further, it can be shown that this configuration of fluxes is stable and does not back react on the metric, due to the vanishing of the energy-momentum tensor.

It was noted that the deformation in eqn. (1.1) does not survive the field theory limit α^′ → 0, as long as F^{αβ} is a constant. But, the boundary term generated by the graviphoton vertex operator, survives the field theory limit (as it turns out to be independent of α^′) and also breaks half of the supersymmetries. Nevertheless, it was shown in [9] that a suitable deformation of the gluino anti-commutation relations, cancels the boundary term and this restores the N = 1 supersymmetry on the brane. This also restores the standard anti-commutation relations of the fermionic coordinates θ^α and θ^β . Crucial to their analysis were the covariant quantization techniques developed in [11]-[12], for studying superstrings in Ramond-Ramond backgrounds in a manifestly superpoincaré invariant manner.

Mechanisms of supersymmetry breaking which come from superspace deformation and also survive in the field theory limit are very interesting. Hence, for the theory on the brane, the limit α^′ → 0, F^{αβ} → ∞, α^{′2}F^{αβ} = C^{αβ} = fixed, was considered in [13, 14], so as to preserve the non-trivial anti-commutation relations (1.1). As mentioned before, an important consequence of the deformation in eqn. (1.1), is that half of the supersymmetry generators, due to their dependence on θ^α’s become non-linear. As a result, they are no more the symmetries of the background. The surviving super translational symmetry along the θ̄ directions, has been termed as the N = 1/2 supersymmetry.

It is useful to note that one still continues to use the full superspace, but with the understanding that the translational symmetry in the θ directions is broken. Regardless of this aspect, it was shown in [13], that the classical action of four dimensional N = 1 supersymmetric field theories with the superspace deformation as in eqn. (1.1), is still Lorentz invariant (in the sense that the non(anti)commutativity parameter C^{αβ} appears only as (det C) in the action). Further, the F terms were also shown to be invariant under the surviving N = 1/2 supersymmetry transformations.

This was followed by number of works on the classical and quantum aspects of the Wess Zumino models in four dimensions, both perturbative and non-perturbative. Other interesting features [15]-[35] and generalizations to models with N = 2 supersymmetry in four [36]-[40], as well as in two dimensions [41, 42] have also been discussed.

In [42], we studied the consequences of the superspace deformation (1.1) for D = 2, N = 2 supersymmetric theories characterized by a general Kähler potential and arbitrary superpotential. The classical action was shown to have a power series expansion in the determinant of the non(anti)commutativity parameter. The analysis was only for the case of a single chiral multiplet. Generalization to include several chiral multiplets and hence to a sigma model, is of great importance.

Formulating sigma models in two dimensions is also interesting from the target space point of view. To be precise, the fact that the world-sheet is deformed by the relations (1.1), does not necessarily imply that the target space shares the same properties. Thus, it is of great interest to study N = 2 theories on non(anti)commutative superspace, with Kähler manifolds as target spaces.

Further, it is well known that N = 2 supersymmetric nonlinear sigma models [43]-[46] have provided invaluable insights in the physics of lower dimensional systems, dynamics of string theory in general curved backgrounds, mirror symmetry and Calabi-Yau geometries, topological field theories etc.. These theories are characterized by an underlying Kähler geometry which constrains the form of the classical action and, at the quantum level, puts severe restrictions on their ultraviolet structure [45, 46]. Motivated by the above facts, in this paper, we first generalize the analysis of [42] to study N = 2 supersymmetric non-linear σ-models characterized by a Kähler potential K(Φ^i, Φ̄^j ), where there are several chiral multiplets, Φ^i, i = 1, · · · , k. This set up naturally leads to the formulation of sigma models with Kähler manifolds as target spaces.

On another front, chiral multiplets in the presence of gauge fields in two dimensions, have been considered before, for providing interesting insights into various aspects of Mirror symmetry. Thus, we extend the analysis to include several chiral multiplets charged under a single vector multiplet and study Gauged linear sigma models (GLSM) on non(anti)commutative superspace.

As discussed above, the motivation for studying GLSM’s are many fold. First, a distinct feature that appears in two dimensions, compared to four dimensions is that, in addition to the chiral multiplets, it is also possible to have twisted multiplets [47]. Sigma models having both kinds of multiplets are quite fascinating, as mirror symmetry interchanges the two. Thus, they allow a concrete understanding of the Landau-Ginzburg and Calabi-Yau phases of N = 2 theories [48, 49]. Further, mirror symmetry in the presence of fluxes is also being pursued. The fluxes coming from string theory can either be of of NS-NS type or RR type. Since, the superspace deformation in eqn. (1.1) is coming from the study of superstrings in the RR backgrounds, it might be interesting to understand mirror symmetry in this set up.

Second, Superstring compactifications on Calabi-Yau manifolds can generate non-trivial superpotentials in the effective four dimensional theory. It is of interest to get a better understanding of this superpotential, as it encodes important information about the vacuum structure of the theory. It has been known for a while, that this superpotential can be studied by looking at the associated sigma model. But, for these sigma models to be useful, they have to be either conformally invariant or flow to conformally invariant theories in the IR limit. Nevertheless, it is still possible to deduce useful information from these models by twisting them to get topological theories. The observables and correlation functions in these topological sigma models do not depend on the metric and are also invariant under scale transformations.

Due to such varied applications, N = 2 GLSM’s have been studied by many authors. Further, one can add worldsheets to the boundary by putting appropriate boundary conditions on the fields in the vector multiplet and study D-branes via these models [50]. With this motivation, in this paper, we study the classical aspects of D = 2, N = 2 sigma models defined on a non(anti)commutative superspace.

The rest of the paper is organized as follows. In section-2, we begin with the dimensional reduction of the relevant formulae from D = 4 to D = 2. In the following subsection, we discuss the various supersymmetry multiplets in the theory and also explicitly derive the supersymmetry and gauge transformations in the Wess-Zumino gauge. In section-3, we discuss the construction of classical action of the theory, while pointing out the emergence of a series expansion in (det C). Here, we use a certain normal coordinate expansion to write the action in a manifestly covariant fashion.

In section-4, we present the classical action of the gauged linear sigma models, show the invariance under N = 1/2 supersymmetry transformations and also make some remarks about the superpotential of the theory. We present our conclusions and discussion in section-5.

2 N = 2 Superspace and Supermultiplets

In this section, we start by establishing our notations and conventions, while also reviewing certain general properties of non(anti)commutative superspace in two dimensions. Some relevant details can also be found in [42], but most of the results have been rederived so that the connection with four dimensional case [13] is more clear and also to ensure that the notations are compatible with the ones in [48]. In subsection-2, we discuss the definitions of the matter and gauge multiplets, gauge transformation properties of the component fields and explicitly construct the supersymmetry transformations in the Wess-Zumino gauge.

Before proceeding, it is useful to mention that we work in a Euclidean space, but continue to use Lorentzian signature for convenience [13]. The reason why the underlying space is Euclidean, can be understood by going back to the four dimensional relations in eqn. (1.1). As discussed before, the deformation is imposed only over half of the fermionic coordinates, while the remaining half still satisfy the same old Grassmannian algebra. This is only possible in Euclidean space where the self-dual component F_{αβ} can be turned on, while setting its anti-self dual part F_{α̇}˙_β to zero.

In a Minkowski space-time, the self-dual and (anti)self-dual components of the graviphoton field strength are related by a complex conjugation. However, in a Euclidean space the two components transform independently under the two different SU(2) subgroups, which come from SO(4) = SU(2)_L × SU(2)_R [51, 25].

Thus, compared to N = 1 supersymmetric theories in Minkowski space-time, the number of bosonic and fermionic fields of the theory are doubled and complexified, in the corresponding Euclidean space. Now, in order to preserve reality conditions, one is forced to introduce the second supersymmetry. In other words, the only way to put consistent reality conditions on the fields of the theory is to extend the superspace to D = 4, N = 2 theories. However, we continue to work with N = 1 Euclidean superspace, given the understanding that all the fields of the theory are complex with no reality conditions on them.

2.1 D = 4 → D = 2 dimensional reduction

We now start by discussing the dimensional reduction from D = 4 to D = 2. The superspace coordinates in D = 4 as given in [13] are: θ^α, θ̄^{α̇} and y^μ, where α, α̇ represent the two chiralities of spinor indices. Raising and lowering of spinor indices is done as, ψ_α = ϵ_{αβ} ψ^β, ψ^α = ϵ^{αβ} ψ_β, where ϵ is the antisymmetric tensor whose non-zero components are given as ϵ^{01} = −ϵ_{10} = 1. y^μ denotes the chiral coordinates and is related to the standard IR^4 coordinates as:

y^μ = x^μ + iθ^α σ^μ_{αα̇} θ̄^{α̇}. (2.1)

The need for using chiral coordinates can be understood as follows. Once we introduce the deformation:

{θ^α, θ^β} = C^{αβ}, (2.2)

the standard IR^4 coordinates x^μ, do not commute [13]. However, the coordinates y^μ can be taken to commute. In fact, all (anti)commutators of y^μ, θ^α and θ̄^{α̇} vanish, except (2.2).

It will be useful to obtain the D = 2, N = 2 superspace by dimensional reduction of the above formulae, so that later on, the results obtained here can be directly compared to the ones in D = 4.

In making the reduction, we take the 2d fields to be independent of x^1 and x^2 and label the fermionic coordinates as (θ^0, θ^1) = (θ^−, θ^+) and (θ_0, θ_1) = (θ_−, θ_+). Here, the upper and lower components are further related as θ^− = θ_+ , θ^+ = −θ_−. Similar identifications hold for the dotted indices as well. For the tensors σ^μ_{αα̇} we use [52]:

σ^0 = ( −1 0 0 −1 ) , σ^1 = ( 0 1 1 0 ) , σ^2 = ( 0 −i i 0 ) , σ^3 = ( 1 0 0 −1 ) . (2.3)

After dimensional reduction, we find it convenient to use the following combination of chiral coordinates: ξ^− = 1 2 (x^0 − x^3) − iθ^−θ̄^−, ζ^− = 1 2 (x^0 + x^3) − iθ^+θ̄^+, (2.4)

where ξ^− =^1_2 (y^0 − y^3) and ζ^− =^1_2 (y^0 + y^3). Our non(anti)commutative superspace can be obtained by translating the relations (2.2), to D = 2 as:

{θ^−, θ^−} = C^{00}, {θ^−, θ^+} = C^{01}, {θ^+, θ^−} = C^{10}, {θ^+, θ^+} = C^{11}. (2.5)

Functions of θ^− and θ^+, say f(θ^−, θ^+) and g(θ^−, θ^+) are Weyl-ordered using the following definition of star product:

f ∗ g = f exp ( − C^{00} 2 ←− ∂_θ− −→ ∂_θ− − C^{01} 2 ←− ∂_θ− −→ ∂_θ+ − C^{10} 2 ←− ∂_θ+ −→ ∂_θ− − C^{11} 2 ←− ∂_θ+ −→ ∂_θ+ ) g. (2.6)

The generators of supersymmetry transformations, written in the chiral basis (2.4) are,

Q_± = − ∂ ∂θ^± , Q̄_± = − ∂ ∂θ̄^± − 2iθ^± ( ∂ ∂y^0 ± ∂ ∂y^3 ) , (2.7)

and these anti-commute with the remaining set of derivatives, written in chiral basis as:

D_± = ∂ ∂θ^± − 2iθ̄^± ( ∂ ∂y^0 ± ∂ ∂y^3 ) , D̄_± = − ∂ ∂θ̄^± . (2.8)

In the chiral basis (2.4), the algebra of the supercovariant derivatives (2.8), does not get modified due to the deformation (2.5), as seen below: {D̄_±, D_±} = 2i ( ∂ ∂y^0 ± ∂ ∂y^3 ) and rest all zero . (2.9)

However, the algebra of supercharges given in eqn. (2.7) gets modified: {Q_±, Q̄_±} = −2i ( ∂ ∂y^0 ± ∂ ∂y^3 )

{Q̄_−, Q̄_−} = −4 C^{00} ( ∂ ∂y^0 − ∂ ∂y^3 )_2

{Q̄_+, Q̄_+} = −4 C^{11} ( ∂ ∂y^0 + ∂ ∂y^3 )_2

{Q̄_−, Q̄_+} = −4 C^{01} ( ∂^2 (∂y^0)^2 − ∂^2 (∂y^3)^2 ) , (2.10)

and rest all zero. As stated before, due to the dependence of Q̄’s on the non(anti)commutative coordinates θ^±, it is no more a symmetry of the theory. From the algebra (2.10), the only unbroken symmetry generators are Q_±. Hence, we only use these N = 1/2 supersymmetry generators to study the theory.

2.2 N = 2 multiplets

Let us start by discussing the N = 2 matter and gauge multiplets in two dimensions. For the C = 0 case, the results are summarized in [48]. For the case with C ≠ 0, the definition of the vector superfield and the subtleties in defining gauge transformations in D = 4 has been discussed in [13]. The discussion has been further extended to include chiral multiplets in [24]. Thus, the simplest way to obtain the vector and chiral multiplets in two dimensions is to do a dimensional reduction of the relevant formulae given in four dimensions.

As we will see, a naive dimensional reduction may not show some critical aspects associated with the definition of the multiplets. Thus, we choose to derive the proper definitions of vector and chiral superfields in D = 2 for the case C ≠ 0. Later on, we compare these definitions with the ones obtained by a dimensional reduction and point out the differences. What we will see is that, a direct reduction of the definition of Vector superfields from D = 4 may give some additional terms, which can be ignored in D = 2.

Vector Multiplet

Since, one of our interests is in formulating a gauge theory, we first introduce the Vector superfield V . For simplicity, in this work we only consider abelian gauge groups, in which case V is a single real function on the superspace. Towards the end, we comment on the generalization to the case of non-abelian gauge groups.

Even after imposing the reality condition, there is a residual gauge invariance under which the vector superfield transforms infinitesimally as:

δe^V = −iΛ̄ ∗ e^V + ie^V ∗ Λ , (2.11)

where Λ = −α(ξ^−, ζ^−) and Λ̄ = −α(ξ^+, ζ^+) are the gauge parameters with ξ^+ = ξ^− + 2iθ^−θ̄^− and ζ^+ = ζ^− + 2iθ^+θ̄^+. This residual gauge invariance can be partially fixed by going to a Wess-Zumino gauge, in which case, V takes the form:

V_{wz} = −θ̄^− θ^− ν_ξ − θ̄^+ θ^+ ν_ζ + √ 2 θ̄^+ θ^− σ + √ 2 θ̄^− θ^+ σ̄ + 2i θ^− θ^+ ( θ̄^+ λ̄_+ + θ̄^− λ̄_− )

− 2i θ̄^− θ̄^+ ( θ^− λ_− + θ^+ λ_+ ) − 2 θ^−θ^+θ̄^−θ̄^+ ( D + i 2 ∂_ζ− ν_ξ + i 2 ∂_ξ− ν_ζ ). (2.12)

In the above definition of the vector multiplet, for gauge fields ν_0, ν_1, we have introduced the notation ν_ξ = (ν_0 − ν_1) and ν_ζ = (ν_0 + ν_1), as this combination will occur quite frequently in chiral basis. Further, in eqn. (2.12) σ, σ̄ are complex scalars, λ_±, λ̄_± are the gauginos and D is an auxiliary field.

To find out the gauge transformation properties of the component fields, we write Λ̄ in terms of (ξ^− , ζ^−) coordinates as:

Λ̄ = −α − 2iθ^−θ̄^−∂_{ξ−} α − 2iθ^+θ̄^+∂_{ζ−} α − 4θ^−θ̄^−θ^+θ̄^+∂_{ξ−} ∂_{ζ−} α, (2.13)

and calculate R.H.S. of eqn. (2.11), where for V, we use the definition derived in eqn. (2.12). Some terms in the calculation, namely the ones depending on C, are given below (identities used in the calculation are given in Appendix) :

−iΛ̄ ∗ e^V + ie^V ∗ Λ = θ̄^−θ̄^+ [ i ∂_ξ− α ( θ^+C^{00} + θ^−C^{01} ) λ̄_+ + ∂_{ζ−} α ( θ^−C^{11} + θ^+C^{10} ) λ̄_− + 2 (− √ 2C^{00}σ∂_ξ− α + C^{01}ν_ζ ∂_ξ− α − C^{10}ν_ξ∂_ζ− α + √ 2C^{11}σ̄∂_ζ− α) ] .(2.14)

Now, comparing the variation of the vector superfield and the result in eqn. (2.14), one can directly obtain the gauge transformations of the component fields of the vector multiplet, as given below: δ_gν_ξ = −2∂_ξ− α δ_gν_ζ = −2∂_ζ− α δ_g(σ, σ̄) = 0

δ_gD = 0

δ_gλ̄_± = 0

δ_gλ_− = − i 2 ( C^{01}λ̄_+∂_ξ− α + C^{11}λ̄_−∂_ζ− α )

δ_gλ_+ = − i 2 ( C^{00}λ̄_+∂_ξ− α + C^{10}λ̄_−∂_ζ− α ) . (2.15)

These are not the standard gauge transformation properties of the component fields, due to the new C-dependent terms present in δ_gλ_±. However, as suggested in [13], it is possible to cancel the new terms seen in δ_gλ_± , by modifying the definition of V_{wz} to include certain new C-dependent terms. In fact from eqn. (2.11), it is possible to guess the kind of terms that need to be added to V_{wz}. The new terms to be added are of the following kind:

V_c = iθ̄^−θ̄^+ [ θ^−(C^{01}λ̄_+ν_ξ + C^{11}λ̄_−ν_ζ ) + θ^+(C^{00}λ̄_+ν_ξ + C^{10}λ̄_−ν_ζ ) ] . (2.16)

Below we argue, that modifying the definition of vector superfield as in eqn. (2.18), has the effect of canceling the first two terms in the quantity given in eqn. (2.14). This in turn corresponds to restoring the standard gauge transformation property of the gauginos, i.e., δ_gλ_± = 0.

The way to guess the new terms given in eqn. (2.16), is to note that ∂_ξ− α and ∂_ζ− α appearing in δ_gλ_± are nothing but the gauge transformations of the gauge fields ν_ξ and ν_ζ . Thus, the terms in V_c have been chosen in such a way that, δ_gV_c looks similar to the terms appearing in δ_gλ_±. The rest is to adjust the coefficients by making this ansatz..

The remaining terms in the second line of eqn. (2.14), can also be understood to be coming from a modification of the gauge parameter as shown below:

Λ̄ = −α − 2iθ^−θ̄^−∂_{ξ−} α − 2iθ^+θ̄^+∂_{ζ−} α − 4θ^−θ̄^−θ^+θ̄^+∂_{ξ−} ∂_{ζ−} α

+ −i θ̄^− θ̄^+ [ − √ 2C^{00}σ∂_ξ− α + C^{01}ν_ζ ∂_ξ− α − C^{10}ν_ξ∂_ζ− α + √ 2C^{11}σ̄∂_ζ− α ] . (2.17)

To summarize, choosing the final form of vector superfield in the C-deformed case to be,

V^c_{wz} = V_{wz} + V_c, (2.18)

with V_c given as in eqn. (2.16) and modifying the gauge parameter as in eqn. (2.17), the standard gauge transformation properties of the component fields are restored.

We note that the additional terms added to the definition of the vector superfield in four dimensions [13] are a bit different from the ones given in eqn. (2.16). If we dimensionally reduce the definitions given in [13], we get terms of the kind:

iθ̄^−θ̄^+θ^−(C^{01}λ̄_+σ + C^{11}λ̄_−σ̄), (2.19)

which may contribute to eqn. (2.16). However, these terms contain 2d scalars (coming from 4d gauge fields) which do not vary under gauge transformations in D = 2 and hence, do not affect the gauge transformation properties of any of the component fields. Thus, these terms do not play any role in the present analysis. Further, in [13], the vector superfield was apriori assumed to be matrix valued and the theory was non-abelian. Since, for the present case, we only consider abelian gauge groups, these terms do not occur. However, it is useful to note that, if there are several vector multiplets, then there is a restriction on the allowed gauge groups in the theory [25].

Before proceeding, it will be useful to write down the powers of the vector superfield (2.18), as shown below:

V^2_∗ = V ∗ V

= 2θ̄^−θ̄^+ [ θ^−θ^+(−ν_ζ ν_ξ + 2σσ̄) − (detC)λ̄_−λ̄_+ ] , V^3_∗ = 0. (2.20)

One can see that, as in the standard C = 0 case, star product of more than two Vector superfields vanishes [13], and this will be needed while writing down the action.

Twisted Multiplets

It has been known for quite some time that N = 2 sigma models having both chiral and twisted chiral multiplets are helpful in understanding Mirror symmetry. Hence, for the present case, we follow [48] and construct the twisted chiral superfield for an abelian gauge theory as [59, 48]: Σ = 1 √ 2 D̄_+ D_− V , (2.21)

where the modified Vector superfield V is defined in eqn. (2.18). Using the algebra of the supercovariant derivatives given in eqn. (2.9), it is possible to show that the twisted chiral superfield satisfies the conditions, D_−Σ = 0, D̄_+Σ = 0 and can be written in terms of its components as:

Σ = σ + i √ 2θ^+λ̄_+ + i √ 2 θ̄^− [ −λ_− + 1 2 C^{01}ν_ξ ( λ̄_+ + 2iθ^+θ̄^+∂_ζ−λ̄_+ ) + 1 2 C^{11}ν_ζ ( λ̄_− + 2iθ^+θ̄^+ × ∂_ζ−λ̄_− ) ] − √ 2 θ̄^−θ^+(D − i 2 ν_{ξζ} ) − 2iθ̄^−θ^−∂_ξ− σ − 2 √ 2θ̄^−(θ^+θ^− − 1 2 C^{10}) ∂_ξ−λ̄_+ , (2.22)

where ν_{ξζ} = ∂_ξ− ν_ζ − ∂_ζ− ν_ξ is the gauge field strength. Twisted anti-chiral superfield satisfying D_+Σ̄ = 0 and D̄_−Σ̄ = 0 can be obtained in an analogous way from, Σ̄ =^{1√}_2 D̄_− D_+ V , and is given below:

Σ̄ = σ̄ − i √ 2θ^−λ̄_− + i √ 2 θ̄^+ [ λ_+ − 1 2 C^{00}ν_ξ ( λ̄_+ + 2iθ^−θ̄^−∂_ξ−λ̄_+ ) − 1 2 C^{10}ν_ζ ( λ̄_− + 2iθ^−θ̄^− × ∂_ξ−λ̄_− ) ] − √ 2 θ̄^+θ^−(D + i 2 ν_{ξζ}) − 2iθ̄^+θ^+∂_ζ−σ̄ + 2 √ 2θ̄^+(θ^−θ^+ − 1 2 C^{01}) ∂_ζ−λ̄_− . (2.23)

All the component fields of twisted superfields are functions of (ξ^−, ζ^−). It is useful to compare the definitions of twisted superfields given in eqns. (2.22) and (2.23) with the ones given in [48]. The only difference is the new C-dependent terms, some of which arise from the additional terms added to the definition of vector superfield. These terms have also been expanded around (ξ^−, ζ^−) coordinates. Other C-dependent terms, for instance, the term in the second line of eqn. (2.22) can be obtained from the twisted chirality condition.

A vector superfield by itself is not a gauge invariant object and hence, is not directly used to construct the action for the gauge fields. Rather, the twisted superfields derived from V are used in writing down a gauge invariant action for gauge fields. In other words, twisted superfields play the role of gauge invariant field strength for the superspace U(1) gauge fields.

We now write down the supersymmetry transformations of the component fields of the vector multiplet. It is easier to derive them from the twisted multiplets as follows:

δΣ = ( ϵ^+Q_+ + ϵ^−Q_− ) Σ, (2.24)

with similar relations for the twisted anti-chiral multiplet. Comparing the right hand side of the above equation with the variation of the component fields in the definition of Σ given in eqn. (2.22), we get: δσ = i √ 2ϵ^+λ̄_+ δσ̄ = −i √ 2ϵ^−λ̄_− δλ̄_+ = 0

δλ̄_− = 0

δν_ζ = 2iϵ^−λ̄_+

δν_ξ = −2iϵ^+λ̄_− . (2.25)

The above transformations are same even for the C = 0 theory. However, the transformation properties of the remaining component fields get modified by certain new terms, as seen below:

δλ_+ = − √ 2ϵ^+∂_ζ−σ̄ + iϵ^−(D + i 2 ν_{ξζ} ) + i(C^{00}ϵ^+ + C^{10}ϵ^−)λ̄_+λ̄_− δλ_− = √ 2ϵ^+∂_ξ− σ − iϵ^+(D − i 2 ν_{ξζ} ) + i(C^{01}ϵ^+ + C^{11}ϵ^−)λ̄_+λ̄_− . (2.26)

It is useful the compare the above results with the ones obtained by dimensional reduction from [13].

Chiral multiplets

Now, the Chiral and anti-Chiral superfields satisfying D̄_±Φ = 0 and D_±Φ̄_o = 0 respectively, can be written in a Weyl ordered form, as shown below [42, 13]:

Φ = ϕ + √ 2 θ^−ψ_− + √ 2 θ^+ψ_+ − 2 θ^−θ^+ F, (2.27) Φ̄_o = ϕ̄ − √ 2 θ̄^−ψ̄_− − √ 2 θ̄^+ψ̄_+ + 2iθ^−θ̄^−∂_ξ−ϕ̄ + 2iθ^+θ̄^+∂_ζ−ϕ̄

+ θ̄^−θ̄^+ ( 2F̄ − 2 √ 2iθ^−∂_ξ−ψ̄_+ + 2 √ 2iθ^+∂_ζ−ψ̄_− + 4 θ^−θ^+ ∂_ξ− ∂_ζ−ϕ̄ ) . (2.28)

Note that we have used C^{01} = C^{10} in Weyl ordering the above expressions. Also, the definitions given in eqn. (2.4) have been used in writing the anti-chiral superfield. All the component fields are taken to be functions of ξ^− and ζ^−, unless specified otherwise.

The N = 1/2 supersymmetry transformations of the component fields in the chiral and anti-chiral multiplet are standard and were also derived in [42]. We give them below for later use: δϕ = √ 2ϵ^+ψ_+ + √ 2ϵ^−ψ_− δψ_− = − √ 2ϵ^+F

δψ_+ = √ 2ϵ^−F δF = 0 δϕ̄ = 0

δψ̄_+ = i √ 2ϵ^+∂_ζ−ϕ̄ δψ̄_− = i √ 2ϵ^−∂_ξ−ϕ̄ δF̄ = i √ 2ϵ^+∂_ζ−ψ̄_− − i √ 2ϵ^−∂_ξ−ψ̄_+ . (2.29)

Note that the above transformations do not take into account the coupling with the vector multiplet. Supersymmetry transformations for the matter multiplet coupled to the gauge multiplet will be derived explicitly in the following subsection.

Now we couple the matter and the vector multiplets by making the chiral and anti-chiral superfields transform in a certain representation of the gauge group. Thus, under a gauge transformation, the matter superfields transform as Φ^′ = e^{−iΛ} ∗ Φ , Φ̄^′_o = Φ̄_o ∗ e^{iΛ̄} or infinitesimally as:

δΦ = −iΛ ∗ Φ, δΦ̄_o = iΦ̄_o ∗ Λ̄, (2.30) where Λ = −α and Λ̄ gets modified due to the additional C-dependent terms added to the vector superfield as given in eqn. (2.17).

Following the discussion in the case of the vector multiplet, one can compare the L.H.S. and R.H.S. of each of the equations in (2.30), to get the gauge transformation properties of the (anti)chiral multiplet. As it turns out and also pointed out in [24], the component fields of the matter multiplet do not have standard transformation properties, due to certain additional C-dependent terms. For instance, the transformation of the auxiliary field takes the form: δ_gF̄ = −iαF̄ + ᾱ 2 [ C^{10}ν_ζ ∂_ξ− α − √ 2C^{00}σ∂_ξ− α + √ 2C^{11}σ̄∂_ζ− α − C^{01}ν_ξ∂_ζ− α ] + i C^{01}∂_ξ−ϕ̄∂_ζ− α − i C^{10}∂_ζ−ϕ̄∂_ξ− α. (2.31)

However, as discussed in the case of the vector multiplet above, it is possible to guess the terms that should be added to the chiral superfields, so that the component fields have the standard gauge transformation properties. Thus, we modify the definition of the anti-chiral superfield by adding certain C-dependent terms as Φ̄ = Φ̄_o + Φ̄_c , where Φ̄_o is defined in eqn. (2.28) and Φ̄_c is given as:

Φ̄_c = −i θ̄^−θ̄^+ [√ 2 C^{00} ∂_ξ− (σ ϕ̄) − √ 2 C^{11} ∂_ζ− (σ̄ ϕ̄) − C^{10}∂_ζ− (ν_ξϕ̄) + C^{01}∂_ξ− (ν_ζϕ̄) ] . (2.32)

One can again check that, the new terms Φ̄_c are such that, the C-dependent terms appearing in δ_gF̄ are canceled. It turns out that the definition of the chiral superfield need not be modified. With the modified definitions of the matter superfields, we write down the gauge transformations of the component fields as shown below: δ_gϕ = +iαϕ, δ_gψ_± = +iαψ_±, δ_gF = +iαF, (2.33) δ_gϕ̄ = −iαϕ̄, δ_gψ̄_± = −iαψ̄_±, δ_gF̄ = −iαF̄ . (2.34) It is important to note that the additional C-dependent terms that have been added to the anti-chiral superfield do not spoil the chirality conditions. Thus, the new field Φ̄ still satisfies D_±Φ̄ = 0.

2.3 Wess-Zumino Gauge

Supersymmetry transformations for the component fields of the vector multiplet, in the Wess- Zumino(WZ) gauge were derived in section-2. Here, we discuss the supersymmetry transformation properties of the chiral multiplet.

It is well known that the WZ-gauge breaks supersymmetry. In other words, the supersymmetry transformations do not leave the gauge-fixing conditions invariant. For this reason, in the WZ-gauge, every supersymmetry transformation has to be supplemented by an appropriate gauge transformation. The supersymmetry transformations of the chiral and anti-chiral multiplets are already given in eqns. (2.29).

Before doing anything, one can guess that the N = 1/2 supersymmetry transformations of the chiral multiplet remain unchanged even after the coupling with vector multiplet. This can be understood by noting that the modification for the chiral multiplet comes from variations under ϵ̄ Q̄. However, as discussed earlier, Q̄’s are no more the symmetries of the theory and hence, the supersymmetry transformations of chiral multiplet do not change and are same as the ones given in eqn. (2.29). However, the supersymmetry transformations of the anti-chiral multiplet get modified in the WZ-gauge and we derive them below.

There are various ways to realize the supersymmetry transformations in the WZ-gauge. The straightforward way to the derive the transformations is note that, in the presence of gauge fields, the anti-chiral superfield takes the form:

Φ̄^′ = Φ̄ ∗ e^V . (2.35)

Since, in this work we only consider a single vector multiplet, the superfield Φ̄^′ transforms under a U(1) gauge group and satisfies the condition D_±Φ̄^′ = 0, where D_± denotes a gauge covariant derivative (the explicit form of which we introduce later). The right hand side of the eqn. (2.35) can be evaluated straightforwardly. Then, one can calculate δΦ̄^′ = (ϵ^+Q_+ + ϵ^−Q_−) Φ̄^′ and compare it with the variation of the right hand side of eqn. (2.35).

The above procedure will give the combined supersymmetry and gauge transformations of the component fields. We will however, resort to another method by which one can calculate the appropriate gauge transformation corresponding to every supersymmetry transformation. Since, we have already calculated the supersymmetry transformations of the anti-chiral multiplet in eqn. (2.29), all we need to do is to determine the appropriate gauge transformations. We follow the method discussed in [53].

A general Vector superfield on a non(anti)commutative superspace can be written as:

V = V^c_{wz} + i ( ¯Λ̃ − Λ̃ ), (2.36)

where the fields which survive in the WZ-gauge and the other fields which can be set equal to zero have been separated out in eqn. (2.36). Here, V^c_{wz} is the vector superfield in the WZ-gauge, as given in eqn. (2.18) and (¯Λ̃) Λ̃ is the (anti)chiral superfield containing other fields, as shown below:

Λ̃ = ϕ̃ + √ 2 θ^−ψ̃_− + √ 2 θ^+ψ̃_+ − 2 θ^−θ^+ F̃ , (2.37) ¯Λ̃ = ~ϕ̄ − √2 θ̄− ~ψ̄_− − √2 θ̄+ ~ψ̄_+ + 2θ̄−θ̄+ ~F̄ . (2.38)

For the rest of the analysis, we set all the component fields of Λ̃ in eqn. (2.37) to zero. This is consistent with the WZ gauge choice due the reasons already discussed above. Now, if one naively sets all the component fields appearing in eqn. (2.38) to zero, then that is not enough to preserve the gauge choice. This is due to the fact that some of the component fields may transform under N = 1/2 supersymmetry transformations. As a result, the fields which have been set equal to zero, can be recovered back by a supersymmetry transformation.

Thus, for the anti-chiral multiplet, one can make a choice for the component fields of ¯Λ̃ appearing in eqn. (2.38). For some of the fields, the choice does not involve any C-dependent pieces and they are already known in the standard literature. For instance, for some of the fields one can guess the terms by looking at the analogous expressions given in [53], for the C = 0 case in four dimensions. Thus, we choose: ¯ϕ̃ = 0, ~ψ̄_− = √2ϵ−ν_ξϕ̄ − 2ϵ+σ̄ϕ̄, ~ψ̄_+ = √2ϵ+ν_ζϕ̄ − 2ϵ−σϕ̄. (2.39)

For the auxiliary field ¯F̃ , the choice involves adding certain C-dependent pieces apart from the usual pieces. There is a way to guess the terms, but what we will do is to give the relevant terms below and then at the end, it will be clear as to why this particular choice has been made:

¯F̃ = 2 C 01ϵ−λ̄_+ν_ξ + 2 C 11ϵ−λ̄_−ν_ζ + 2 C 00ϵ+λ̄_+ν_ξ + 2 C 10ϵ+λ̄_−ν_ζ . (2.40)

Note that ¯F̃ will have some C = 0 pieces as well. Further, the gauge parameter has been chosen in such a way that the sum of a supersymmetry and a gauge transformation vanishes, i.e., (δ_s + δ_g)¯Λ̃ = 0.

Hence, the sum of supersymmetry and gauge transformations for the component fields of the anti-chiral multiplet, in the WZ gauge can now be calculated. The ones which remain same, as in the C = 0 theory are given below: (δ_s + δ_g)ϕ̄ = 0,

(δ_s + δ_g)ψ̄_− = i √ 2 ϵ^−D̄_ξ−ϕ̄ − 2Qϵ^+σ̄ϕ̄, (δ_s + δ_g)ψ̄_+ = i √ 2 ϵ^+D̄_ζ−ϕ̄ − 2Qϵ^−σϕ̄. (2.41) It is understood that the supersymmetry transformation for the auxiliary field will be modified, and is given as: (δ_s + δ_g)F̄ = −i √ 2ϵ^−D̄_ξ−ψ̄_+ + i √ 2ϵ^+D̄_ζ−ψ̄_−

+ 2Q(ϵ^+ψ̄_+σ̄ − ϵ^−ψ̄_−σ) − 2iQϕ̄(ϵ^+λ_+ − ϵ^−λ_−)

− 2Q C^{00}ϵ^+D̄_ξ− (λ̄_+ϕ̄) − 2Q C^{11}ϵ^−D̄_ζ− (λ̄_−ϕ̄)

− 2Q C^{10}ϵ^−D̄_ξ− (λ̄_+ϕ̄) − 2Q C^{01}ϵ^+D̄_ζ− (λ̄_−ϕ̄). (2.42)

Now, one can justify the choice of the terms given in eqn. (2.40). The first thing to note is that, the only modification one expects for the supersymmetry variation of F̄ is from additional terms added to the definition of the anti-chiral superfield which are proportional to θ̄^−θ̄^+. These are precisely C-dependent terms given in eqn. (2.32). Under supersymmetry variation, the terms in eqn. (2.32) transform as:

δΦ̄_c = 2 θ̄^−θ̄^+ [ C^{00} ϵ^+∂_ξ− ( λ̄_+ ϕ̄) + C^{11} ϵ^−∂_ζ− (λ̄_− ϕ̄) + C^{10}ϵ^+∂_ζ− (λ̄_− ϕ̄) + C^{01}ϵ^−∂_ξ− (λ̄_+ ϕ̄) ] . (2.43) From eqn. (2.42), one can understand that the unique choice of terms in eqn. (2.40) is such that, they add to the terms in eqn. (2.43) and form a gauge covariant derivative. This as we know is the ultimate aim of writing supersymmetry transformations in the WZ gauge. Thus, the choice of C-dependent terms made in eqn. (2.40) is correct and unique.

Thus, eqn. (2.41) and (2.42) summarize the N = 1/2 supersymmetry transformations of the anti-chiral multiplet and the corresponding transformations of the fields in the chiral multiplet are given by first four lines of eqn. (2.29). Now, as an explicit check, one can directly calculate these supersymmetry transformations from eqn. (2.35) and show that they are indeed correct.

These supersymmetry transformations will be used in section-4, to check the invariance of the gauged linear sigma model action.

3 Sigma Models with arbitrary Kähler potential

In our previous work [42], we studied N = 2 supersymmetric theories in two dimensions, characterized by an arbitrary Kähler potential and superpotential with the superspace deformation as in eqn. (2.5). The discussion was limited to the case of a single chiral multiplet. It is interesting to generalize the discussion to include several multiplets. As this generalization leads to the construction of a sigma model and is also useful in analyzing the target space geometry.

Thus, in this section, we first generalize the results of [42] and study sigma models characterized by an arbitrary Kähler potential. We show that the classical action admits a series expansion in the determinant of the non(anti)commutativity parameter. In fact, it is possible to write terms in this series expansion, at an arbitrary order, in a closed form. In the later part, we use a normal coordinate expansion to write the action in a covariant fashion. In [54], a specific Kähler potential was considered, and CP^n models were analyzed in four dimensions.

3.1 Expansion of the Kähler potential

Let us start by giving the most general form of the classical action for supersymmetric sigma models on general Kähler manifolds: I = ∫ d^2y d^4θ K(Φ^i, Φ̄^j ), (3.1) where K(Φ^i, Φ̄^j ) is the Kähler potential with Φ^i, Φ̄^j denoting N chiral and anti-chiral superfields respectively.

To obtain the action in terms of the component fields, the Kähler potential is Taylor expanded around the bosonic fields ϕ, ϕ̄ as:

K(Φ, Φ̄) = K(ϕ^i, ϕ̄^j ) + L^i K^i + R^i K_,¯_j + 1 2! L^i ∗ L^j K_{,ij} + 1 2! R^i ∗ R^j K_,¯_i¯_j + 1 2! [ L^i ∗ R^j ] K_{,i}¯_j + 1 3! [ L^i ∗ L^j ∗ R^k ] K_{,ij}¯_k + 1 3! [ L^i ∗ R^j ∗ R^k ] K_{,i}¯_j¯_k + · · · + 1 n! L^n_∗ K_{,i1i2···in} + 1 m! R^m_∗ K_,¯_{j1}¯_{j2 ···}¯_{jm} + · · · + 1 (n + m)!

[ L^n_∗ ∗ R^m_∗ ] K_{,i1i2 ···in}¯_{j1}¯_{j2···}¯_{jm} + · · · . (3.2)

A few remarks are in order, regarding the expansion of the Kähler potential given above. First, in eqn. (3.2), n, m are integers and we use the shorthand notation: K_{,i1i2 ···in}¯_{j1}¯_{j2···}¯_{jm} = ∂^{(n+m)}K ∂Φ^{i1} ∂Φ^{i2} · · · ∂Φ^{in} ∂Φ̄^{j1} ∂Φ̄^{j2} · · · ∂Φ̄^{jm}

|_Φi_{=ϕ}i_,¯_Φi_=¯_ϕi , (3.3)

for the derivatives of the Kähler potential with respect to the chiral and anti-chiral superfields evaluated at Φ^i = ϕ^i and Φ̄^i = ϕ̄^i. Note that the order of taking derivatives of the Kähler potential with respect to the chiral or anti-chiral superfields does not matter. In other words, K_{,i1i2···in}¯_{j1}¯_{j2···}¯_{jm} is symmetric under any interchange of i indices or j indices or an i index with a j index. This symmetry will be useful while writing down the action. Further, in eqn. (3.2), the square brackets [· · ·] stand for all possible combinations of star product of L^n with R^m, where L^n_∗ = L^{i1} ∗ L^{i2} ∗ ...... ∗ L^{in} and R^m_∗ = R^{i1} ∗ R^{i2} ∗ ...... ∗ R^{im} . Explicitly^1,

L^i = Φ^i − ϕ^i = + √ 2θ^− ψ^i_− + √ 2θ^+ ψ^i_+ − 2θ^− θ^+ F^i, (3.4)

R^i = Φ̄^i − ϕ̄^i = − √ 2θ̄^− ψ̄^i_− − √ 2θ̄^+ ψ̄^i_+ + 2iθ^−θ̄^−∂_ξ−ϕ̄^i + 2iθ^+θ̄^+∂_ζ−ϕ̄^i

+ θ̄^− θ̄^+( i2 √ 2θ^+ ∂_ζ−ψ̄^i_− − i2 √ 2θ^− ∂_ξ−ψ̄^i_+ + 2F̄^i + 4θ^− θ^+ ∂_ξ− ∂_ζ−ϕ̄^i ), (3.5)

where we have suppressed the functional dependence of the component fields on (ξ^−, ζ^−). The need for considering all possible combinations (square brackets) in eqn. (3.2), has been explained in great detail in [42], and we do not repeat it here. However, in the present case, there is an additional permutational symmetry which we illustrate below.

Consider for instance, a term of the form L^i ∗ L^j in the expansion of the Kähler potential in eqn. (3.2). If there was only one chiral multiplet, this term would just be L ∗ L. However, if there are many chiral multiplets, then L^i ∗ L^j is not same as L^j ∗ L^i due to the additional

1The notations used in [42] to write down similar expressions are a bit different. One can use the following coordinate changes to recover the results in [42] : A → ϕ, Ā → ϕ̄; ψ̄_L → i √ 2ψ_−, ψ̄_R → i √ 2ψ_+; ψ_L → i √ 2ψ̄_−, ψ_R → i √ 2ψ̄_+; F → 2iF, F̄ → −2iF̄ . For the Grassmannian coordinates, the map is θ → −θ^−, χ → θ^+, θ̄ → −θ̄^−, χ̄ → θ̄^+. Further, one also has to take ∂_ξ− → 2∂_ξ− and ∂_ζ− → 2∂_ζ− .

C-dependent terms coming from the star product. This can be seen by explicitly calculating the two terms as shown below:

L^i ∗ L^j = −C^{00} ψ^i_−ψ^j_− − C^{11} ψ^i_+ψ^j_+ − 2 (θ^−θ^+ − 1 2 C^{01})ψ^i_−ψ^j_+ + 2(θ^−θ^+ + 1 2 C^{10})ψ^i_+ψ^j_− − √ 2(C^{00}θ^+ + C^{01}θ^−)ψ̄^i_−F^j + √ 2(C^{00}θ^+ + C^{01}θ^−)ψ̄^j_−F^i + √ 2(C^{10}θ^+ + C^{11}θ^−)ψ̄^i_+F^j − √ 2(C^{10}θ^+ + C^{11}θ^−)ψ̄^j_+F^i − (det C) F^i F^j, (3.6)

and L^j ∗ L^i can be obtained by interchanging the indices i and j in the above equation. Now, one can check that considering the permutation, [ L^i ∗ L^j ] = L^i ∗ L^j + L^j ∗ L^i, there are lot of cancellations and only a few terms survive, as seen below: [ L^i ∗ L^j ] = −2 { 2θ^−θ^+(ψ^i_−ψ^j_+ + ψ^j_−ψ^i_+) + (det C) F^i F^j } . (3.7)

Thus, it is useful to repeat that, apart from all possible combinations of L’s and R’s considered in the expansion of the Kähler potential in eqn. (3.2), one has additional symmetry factors, coming from the permutation of indices in either L’s or R’s. This will be discussed further, later on while writing down the action.

Hence, in what follows, we consider such permutations as in eqn. (3.7) to write down the action. First, using the definitions of L given in eqn. (3.4), one can generalize the result in eqn. (3.7) to calculate [ L^i ∗ L^j ∗ L^k ] . One can again show that there are many cancellations, by considering all possible permutations. Proceeding in this manner, one can check that the result in eqn. (3.7), can be generalized to derive a general formula for the star product of arbitrary number of L’s as shown below [42]:

[L^{2n}_∗ ] = (−1)^n(det C)^{n−1} [ 4nθ^−θ^+{ F^{i1} F^{i2} · · · F^{i2n−2} ψ^{i2n−1}_− ψ^{i2n}_+ + perm.}

+ (2n)! (det C) F^{i1} F^{i2} · · · F^{i2n} ] , (3.8)

[L^{2n+1}_∗ ] = (−1)^n(det C)^n [ 2n {F^{i1} F^{i2} · · · F^{i2n−1} ψ^{i2n}_− ψ^{i2n+1}_+ + perm.}

+ {F^{i1} F^{i2} · · · F^{i2n} L^{i2n+1} + perm.} ] . (3.9)

Note that in eqns. (3.8), (3.9) and in what follows, the permutations are understood to be among the i_1 · · · i_n indices. In obtaining the identities given in eqns. (3.8) and (3.9), we have also made use of the fact that certain terms involving fermions are anti-symmetric under the interchange of two indices where as the derivatives of the Kähler potential are symmetric under such interchange of indices.

For the star product of R’s, we derive the following results using eqn. (3.5):

[R^2_∗] = − 4θ̄^− θ̄^+ [ 2ψ̄^i_−ψ̄^j_+ − i √ 2θ^+ ψ̄^i_− ∂_ζ−ϕ̄^j + i √ 2 θ^− ψ̄^i_+∂_ξ−ϕ̄^j − 2 θ^− θ^+ ∂_ξ−ϕ̄^i∂_ζ−ϕ̄^j

+ perm. ] , (3.10)

R^m_∗ = 0, for m > 2. (3.11)

The other terms appearing in the expansion of the Kähler potential correspond to the star product of arbitrary powers of L’s and R’s. It is convenient to calculate the star product of even and odd powers of L with R and R^2_∗ separately. First we have:

[L^i ∗ R^j ]|¯_θ−¯_θ+_θ−_θ+ = −8 ( i ψ^i_− ∂_ζ−ψ̄^j_− + i ψ^i_+ ∂_ξ−ψ̄^j_+ + F^i F̄^j ) , (3.12) [ L^i ∗ R^j ∗ R^k ] |¯_θ−¯_θ+_θ−_θ+ = − 24 i {iF^i(ψ̄^j_− ψ̄^k_+ + perm.) + ψ^i_− (ψ̄^j_− ∂_ζ−ϕ̄^k + perm.) + ψ^i_+ (ψ̄^j_+ ∂_ξ−ϕ̄^k + perm.) }. (3.13) Note that in eqns. (3.12) and (3.13), we have only written the terms which are proportional to θ̄− θ̄+ θ−θ+, as only these terms contribute to the action, after integration over the Grassmannian coordinates. Now, the identities in eqns. (3.12) and (3.13) can be generalized to^2: [ L^{2n+1}_∗ ∗ R_l ] |¯_θ−¯_θ+_θ−_θ+ = 4(2n + 2)(−1)^n (det C)^n [ 2n {F^{i1} F^{i2} · · · F^{i2n−1} ψ^{i2n}_− ψ^{i2n+1}_+ + perm.}∂_ξ− ∂_ζ−ϕ̄_l + i{F^{i1} F^{i2} · · · F^{i2n} ψ^{i2n+1}_− + perm.} ∂_ζ−ψ̄_− + i{F^{i1} F^{i2} · · · F^{i2n} ψ^{i2n+1}_+ + perm.}∂_ξ−ψ̄_+ + (2n + 1)!F^{i1} F^{i2} · · · F^{i2n+1}F̄_l ] , (3.14) [ L^{2n+1}_∗ ∗ R^j ∗ R^k ] |¯_θ−¯_θ+_θ−_θ+ = − 4 (2n + 3)(2n + 2)(−1)^n i (det C)^n [ −2 n i(F^{i1} F^{i2} .. × F^{i2n−1} ψ^{i2n}_− ψ^{i2n+1}_+ + perm.)(∂_ξ−ϕ̄^j ∂_ζ−ϕ̄^k + perm.) − i(F^{i1} F^{i2} · · · F^{i2n} ψ^{i2n−1}_− + perm.) × (ψ̄^j_− i∂_ζ−ϕ̄^k + perm.) − i(F^{i1} F^{i2} · · · F^{i2n} ψ^{i2n+1}_+ + perm.)(ψ̄^j_+ ∂_ξ−ϕ̄^k + perm.) + (2n + 1)! F^{i1} F^{i2} · · · F^{i2n+1} (ψ̄^j_− ψ̄^k_+ + perm.) ] . (3.15) Similarly, the star product of even powers of L with R and R^2_∗ can be shown to be: [ L^{2n}_∗ ∗ R^k ] |¯_θ−¯_θ+_θ−_θ+ = 4(2n + 1)(−1)^n (det C)^{n−1} [ 2n F̄^k(F^{i1} F^{i2} · · · F^{i2n−2} × ψ^{i2n−1}_− ψ_{+,i2n} + perm.) + (2n)!(det C) F^{i1} F^{i2} · · · F^{i2n} ∂_ξ− ∂_ζ−ϕ̄^k ] , (3.16) [ L^{2n}_∗ ∗ R^j ∗ R^k ] |¯_θ−¯_θ+_θ−_θ+ = −4(2n + 2)(2n + 1)(−1)^n (det C)^{n−1} [ 2 n(F^{i1} F^{i2} × · · · F^{i2n−2} ψ^{i2n−1}_− ψ_{+,i2n} + perm.)(ψ̄^j_− ψ̄^k_+ + perm.) − (2n)! (det C) F^{i1} F^{i2} × · · · F^{i2n} (∂_ξ−ϕ̄^j ∂_ζ−ϕ̄^k + perm.) ] . (3.17) One can check that all the identities derived in eqns. (3.8)-(3.17), go over to the ones derived in [42] for the case of a single chiral and antichiral supermultiplet, apart from some permutational factors.

2Note that, when we calculate terms of the kind [ L^{2n+1}_∗ ∗ R_l ] and the ones to follow, we are actually writing down [ [L^{2n+1}_∗ ] ∗ R_l ] , where the additional square bracket corresponds to permutations of indices of L.

However, in what follows we do not write this additional square bracket explicitly.

Now, substituting the results given in eqns. (3.8)-(3.17) and performing integration over the Grassmannian coordinates in the usual way, it is possible to derive the full classical action for the N = 2 supersymmetric sigma model on a non(anti)commutative superspace.

Before proceeding, we note that the sole effect of the permutations seen in the identities in eqns. (3.8)-(3.17), is to contribute an overall symmetry factor which cancels in the action. We illustrate this aspect for a couple of terms in the action and it will be clear that the argument can be generalized to all the terms in the action. A term in the expansion of the Kähler potential (3.2) of the form, [ L^i ∗ R^j ∗ R^k ] |¯_θ−¯_θ+_θ−_θ+ K_{,i}¯_j¯_k, can be rewritten as 1 2! [ L^i ∗ [R^j ∗ R^k] ] |¯_θ−¯_θ+_θ−_θ+ K_{,i}¯_j¯_k . This can in turn be written as: 1 2! 24 i [ F^i(ψ̄^j_− ψ̄^k_+ + ψ̄^k_− ψ̄^j_+) + ψ^i_− (ψ̄^j_− ∂_ζ−ϕ̄^k + ψ̄^k_− ∂_ζ−ϕ̄^j ) + ψ^i_+ (ψ̄^j_+ ∂_ξ−ϕ̄^k + ψ̄^k_+ ∂_ξ−ϕ̄^j ) ] K_{,i}¯_j¯_k, (3.18) where in writing the above equation, we have used the result in eqn. (3.13) and permuted terms have been explicitly written down. However, as discussed before, one can use the symmetry of the Kähler potential under the interchange of j and k indices, i.e., K_{,i}¯_j¯_k = K_{,i}¯_k¯_j . Using this symmetry, the result in eqn. (3.18) can be rewritten as:

24 i [ F^i(ψ̄^j_− ψ̄^k_+) + ψ^i_− (ψ̄^j_− ∂_ζ−ϕ̄^k) + ψ^i_+ (ψ̄^j_+ ∂_ξ−ϕ̄^k ) ] K_{,i}¯_j¯_k. (3.19)

One can notice that the permutations in eqn. (3.18) contributed an overall symmetry factor 2 which canceled with 2! in the denominator in eqn. (3.19). Since there are only two possible permutations of the terms of the kind ψ̄^j_− ψ̄^k_+ etc., in eqn. (3.18), the symmetry factor one gets is 2.

The above arguments can be easily generalized to get rid of the permutations appearing in all the identities in eqns. (3.8)-(3.17). In fact, after using this symmetry of the Kähler potential, the identities in eqns. (3.8)-(3.17), will then go over to the ones derived in [42] for the case of a single chiral and antichiral supermultiplet, multiplied by appropriate overall symmetry factors.

One can illustrate the above discussion by considering a more general term in the action. After using the symmetry of the Kähler potential as discussed above, we have: [ L^{2n+1}_∗ ∗ R_l ] |¯_θ−¯_θ+_θ−_θ+ K_{,i1i2···i2n+1}¯_j

= 4 (2n + 1)! (2n + 2) (−1)^n(det C)^n F^{i1} F^{i2} · · · F^{i2n−1} [ 2n ψ^{i2n}_− ψ^{i2n+1}_+ ∂_ξ− ∂_ζ−ϕ̄_l

+ iF^{i2n} ψ^{i2n+1}_− ∂_ζ−ψ̄_− + iF^{i2n} ψ^{i2n+1}_+ ∂_ξ−ψ̄_+ + F^{i2n} F^{i2n+1}F̄_l ] K_{,i1i2···i2n+1}¯_j , (3.20) where (2n + 1)! is the symmetry factor obtained after eliminating the permutations. However, this symmetry factor will cancel after writing the left hand side of eqn. (3.20) as 1 (2n+1)! [ [L

2n+1

∗ ] ∗ R_l ]. This is nothing but the identity given in eqn. (3.14). Similarly, various terms in the action can be rearranged and the rest of the identities given in eqns. (3.8)-(3.17), can be used in an analogous fashion, while writing down the action.

We further note that, in writing down the general identities given in eqns. (3.8)-(3.17), we have used the fact that for terms in the action proportional to θ̄^−θ̄^+θ^−θ^+, it is possible to push all the L’s to one side and all the R’s to the other side. The proof for the case of a single chiral multiplet has been given in [42], and can also be rigorously shown to be valid in the case of several chiral multiplet’s as well.

3.2 Classical Action in Normal Coordinates

Following the discussion in previous subsection and collecting all the results derived in eqns. (3.8)-(3.17), and substituting them in the expansion of the Kähler potential given in eqn. (3.2), we find that the action can be divided into two parts as I = I_0+I_C , with I_0 and I_C corresponding to the C-independent and C-dependent parts respectively. First I_0 can be deduced to be:

I_0 = ∫ d^2x [ ( 1 2 ∂_ξ− ϕ^i∂_ζ−ϕ̄^j + 1 2 ∂_ζ− ϕ^i∂_ξ−ϕ̄^j + iψ^i_−∂_ζ−ψ̄^j_− + iψ^i_+∂_ξ−ψ̄^j_+ + F^iF̄^j)K_{,i}¯_j + ψ^i_−ψ^j_+F̄^k

× K_{,ij}¯_k + (iψ^i_−ψ̄^j_−∂_ζ−ϕ̄^k + iψ^i_+ψ̄^j_+∂_ξ−ϕ̄^k − F^iψ̄^j_−ψ̄^k_+)K_{,i}¯_j¯_k + (ψ^i_−ψ̄^k_−ψ^j_+ψ̄^l_+)K_{,ij}¯_k¯_l ] , (3.21)

where the derivatives of the Kähler potential are defined in eqn. (3.3). This action should be compared to the one in standard literature [55]. I_C can be derived in a similar fashion and is given as [42]:

I_C = − ∞∑ n=2 (−1)^n(det C)^{n−1} ∫ d^2x F^{i1} F^{i2} · · · F^{i2n−2} (2n − 1)! [ ψ^{i2n−1}_− ψ^{i2n}_+ F̄^jK_{,i1 i2···i2n}¯_j + ψ^{i2n−1}_− ψ̄^j_−ψ^{i2n}_+ ψ̄^k_+ × K_{,i1i2···i2n}¯_j¯_k ] + ∞∑ n=1 (det C)^n(−1)^n ∫ d^2xF^{i1} F^{i2} · · · F^{i2n−1} [ 1 (2n)! F^{i2n} ∂_ξ− ∂_ζ−ϕ̄^j K_{,i1i2 ···i2n}¯_j + 1 (2n + 1)! ( 2n ψ^{i2n}_− ψ^{i2n+1}_+ ∂_ξ− ∂_ζ−ϕ̄^j + iF^{i2n} ψ^{i2n+1}_− ∂_ζ−ψ̄^j_− + iF^{i2n} ψ^{i2n+1}_+ ∂_ξ−ψ̄_+ + F^{i2n} F^{i2n+1}F̄^j )

× K_{,i1i2···i2n+1}¯_j + 1 (2n)! F^{i2n} ∂_ξ−ϕ̄^j ∂_ζ−ϕ̄^k K_{,i1i2···i2n}¯_j¯_k + 1 (2n + 1)! ( 2nψ^{i2n}_− ψ^{i2n+1}_+ ∂_ξ−ϕ̄^j ∂_ζ−ϕ̄^k

− F^{i2n} F^{i2n+1}ψ̄^j_−ψ̄^k_+ − F^{i2n}ψ̄^j_−ψ^{i2n+1}_− ∂_ζ−ϕ̄^k − F^{i2n}ψ̄^j_+ψ^{i2n+1}_+ ∂_ξ−ϕ̄^k ) K_{,i1 i2···i2n+1}¯_j¯_k ] . (3.22)

The full action for the N = 2 supersymmetric sigma model on a non(anti)commutative superspace is thus given by eqns. (3.21) and (3.22). Note that, certain overall factors have been taken out in writing the actions given above. Further, the actions given above, differ from the ones in [42], by some overall factors and also by signs of some terms. One can explicitly see the correspondence by using the map given in the footnote above, between the variables used in [42] and ones used here. Once these notational differences are taken into account, the action given by eqns. (3.21) and (3.22) is same as the one given in [42].

In [42], the action has been shown to preserve the N = 1/2 supersymmetry of the theory, in great detail. We do not repeat the calculations here. However, we have checked that the actions given in eqns. (3.21) and (3.22) are invariant under the N = 1/2 supersymmetry transformations given in eqns. (2.29).

The power series expansion we see in the C-dependent part of the action given in eqn. (3.22) is because of the arbitrariness of the Kähler potential. The fact that the series can be summed and written in a closed form is important. In fact, terms to an arbitrary order in (det C) can be easily deduced from eqn. (3.22). However, at this stage, it is not clear whether the full action can be written in terms of covariant quantities. This will have to be taken care while studying the quantum aspects of the theory. In other words, the question is, whether it is possible to see that the quantities like K_{,i1i2 ···i2n}¯_j¯_k etc., can be written in terms of proper geometric tensors.

In the C = 0 case, one can eliminate the auxiliary fields by their equations of motion and see that the action can be written in terms of proper geometric quantities. To be precise, from eqn. (3.21), one can deduce that F^i = −ψ^j_−ψ^k_+ Γ^i_{jk} with similar relation for F̄ . Substituting these back in eqn. (3.21), one arrives at:

I_0 = ∫ d^2x [ (∂_ξ− ϕ^i∂_ζ−ϕ̄^j + iψ^i_−D_ζ−ψ̄^j_− + iψ^i_+D_ξ−ψ̄^j_+) g_i¯_j − ψ^i_−ψ̄^k_−ψ^j_+ψ̄^l_+R_j¯_{ki}¯_l ] . (3.23)

with covariant derivative defined as D_ξ−ψ̄^i_+ = ∂_ξ−ψ̄^i_+ + Γ^ī_{j̄k}ψ̄^j_+ ∂_ξ−ϕ̄^k and with a similar relation for the covariant derivative of ψ̄^i_−. Note that we have done a partial integration in eqn. (3.23). Further, we have used the fact that, for Kähler manifolds, the metric can be obtained from the Kähler potential as: g_i¯_j = ∂ ∂Φ^i ∂ ∂Φ̄^j K(Φ, Φ̄). (3.24) Further, many components of the curvature tensor are zero. The only non zero components are of the kind R_j¯_{ki}¯_l or R¯_{jk}¯_{il}. There are many further simplifications and a brief collection of relavant formulae has been given in section-2.2 of [42].

In the C ≠ 0 case, it is not clear whether the auxiliary fields can still be eliminated. The equation of motion of F and F̄ , which was found out for the C = 0 case, may not be valid when the full action in eqn. (3.22) is considered, because of infinite number of terms in the action. Since, it is difficult to work with the n^{th} order action, below we first analyze the action only to order (det C). From eqn. (3.21) and (3.22), one can write down the full action I = I_0 + I_C , to order (det C) as: I = ∫ d^2x [ ( 1 2 ∂_ξ− ϕ^i∂_ζ−ϕ̄^j + 1 2 ∂_ζ− ϕ^i∂_ξ−ϕ̄^j + iψ^i_−∂_ζ−ψ̄^j_− + iψ^i_+∂_ξ−ψ̄^j_+ + F^iF̄^j )g_i¯_j + ψ^i_−ψ^j_+F̄^k

× Γ_{ij}¯_k + (iψ^i_−ψ̄^j_−∂_ζ−ϕ̄^k + iψ^i_+ψ̄^j_+∂_ξ−ϕ̄^k − F^iψ̄^j_−ψ̄^k_+)Γ_i¯_j¯_k + (ψ^i_−ψ̄^k_−ψ^j_+ψ̄^l_+)∂_iΓ_j¯_k¯_l + (det C) F^p × [ − F^q 6 { ψ^l_−ψ^m_+ F̄^j∂_p∂_qΓ_{lm}¯_j + ψ^l_−ψ̄^j_−ψ^m_+ ψ̄^k_+∂_p∂_q∂_lΓ_m¯_j¯_k } − 1 2 F^q∂_ξ− ∂_ζ−ϕ̄^j Γ_{pq}¯_j − 1 6 ( 2ψ^q_−ψ^l_+

× ∂_ξ− ∂_ζ−ϕ̄^j + iF^qψ^l_−∂_ζ−ψ̄^j_− + iF^qψ^l_+∂_ξ−ψ̄_+ + F^qF^lF̄^j ) ∂_pΓ_{ql}¯_j − 1 2 F^q∂_ξ−ϕ̄^j ∂_ζ−ϕ̄^k ∂_pΓ_q¯_j¯_k − 1 6 ( 2ψ^q_−ψ^l_+∂_ξ−ϕ̄^j ∂_ζ−ϕ̄^k − F^qF^lψ̄^j_−ψ̄^k_+ − F^qψ̄^j_−ψ^l_−∂_ζ−ϕ̄^k − F^qψ̄^j_+ψ^l_+∂_ξ−ϕ̄^k ) ∂_p∂_qΓ_l¯_j¯_k ] ,(3.25) with the notation Γ_{ij}¯_k = g_l¯_k Γ^l_{ij} . Further, the affine connections are obtained from the Kähler potential as: Γ_{ij}¯_k =^∂_{∂Φi}^∂_{∂Φj}^∂_{∂Φ̄k} K.

One can notice that various terms in the action in eqn. (3.25) are non-covariant and the equation of motion of auxiliary fields may be hard to find. Thus, it is not possible to eleminate the auxiliary fields even from the action (3.25) to first order in (det C), due to various noncovariant terms. In other words, the action (3.22) to all orders in (det C) has to be expressed in terms of proper geometric quantities. Here, we show that it is possible to employ a normal coordinate expansion and express the action in a manifestly covariant way.

In [54], a specific Kähler potential was considered and the case of CP^n models was discussed. After gauging the sigma model by introducing vector multiplets, it was possible to write the action in a closed form and the number of terms in the action was also finite. Hence, the auxiliary field equations of motion were simple to obtain. Thus, in section-4, we consider a simple Kähler potential and show that the auxiliary fields appearing in the chiral 2d superfields can be eleminated by their equations of motion. However, we do not treat the fields of the vector multiplet as auxiliary and hence, they are not eliminated, unlike the case in [54].

To ensure the covariance of various terms coming from the background field expansion of the sigma model action, Riemann normal coordinates were used in [56, 57]. This analysis was further used in the study of ultraviolet structure of the bosonic and supersymmetric non-linear sigma models [46]. The need for using normal coordinates was at the quantum level, in doing a background field expansion. Further, the discussion was explicitly for the case of N = 1 sigma models. Although, the method can be applied to N = 2 sigma models, the results were not manifestly covariant under N = 2 supersymmetry. Recently, progress has been made in this direction and the analysis has been generalized to N = 2 supersymmetric sigma models on Kähler manifolds [58]. In [58], new normal coordinates were introduced and it was shown that the background field expansion of the action can be written in a covariant manner. However, it was pointed out that a manifestly supersymmetric expansion in these new coordinates is still not possible. The new coordinates are holomorphic and hence are, nevertheless, more suitable for Kähler manifolds.

Thus, below we show that, using the Kähler normal coordinates introduced in [58], the action can be written in terms of covariant geometric quantities. Since, the origin of these non-covariant terms is in the expansion of the Kähler potential, we try to identify the terms in this expansion which give us the action (3.25). Thus, we find that the sigma model action to first order in (det C) given in eqn. (3.25), can be obtained from the following terms in the expansion of the Kähler potential: I = ∫ d^2y d^4θ [ R^i K_,¯_i + 1 2! [ R^i ∗ R^j ] K_,¯_i¯_j + 1 2! [ L^i ∗ R^j ] K_{,i}¯_j + 1 3! [ L^2_∗ ∗ R^k ] K_{,ij}¯_k + 1 3! [ L^i ∗ R^2_∗ ] K_{,i}¯_j¯_k + 1 4! [ L^3_∗ ∗ R^k ] K_{,ijl}¯_k + 1 4! [ L^2_∗ ∗ R^2_∗ ] K_{,ik}¯_j¯_l + 1 5! [ L^4_∗ ∗ R^k ] K_{,ijlm}¯_k

+ 1 5! [ L^3_∗ ∗ R^2_∗ ] K_{,imk}¯_j¯_l + 1 6! [ L^4_∗ ∗ R^2_∗ ] K_{,ikmp}¯_j¯_l ] + · · · , (3.26)

where (· · ·) in the above equation (3.26), corresponds to other higher order terms in (det C), in the expansion of the Kähler potential. Now, as we discussed, the sigma model action (3.25), obtained from equation (3.26) above, is not invariant under general coordinate transformations. Thus, to write the eqn. (3.26) in a covariant form, we rearrange the expansion of the Kähler potential and claim that the action can be written as: I = ∫ d^2y d^4θ [ f̄(π̄) + g_{ij̄} (π, π̄) π^i ∗ π̄^j + R_{ij̄kl̄} π^i ∗ π̄^j ∗ π^k ∗ π̄^l + · · · ] , (3.27)

where we have introduced new superfields π^i and π̄^j, which are given in terms of the old superfields as:

π^i = L^i + 1 2! L^l ∗ L^m g^{ik̄} K_{,lm}¯_k + 1 3! L^l ∗ L^m ∗ L^n g^{ik̄} K_{,lmn}¯_k + 1 4! L^l ∗ L^m ∗ L^n ∗ L^p g^{ik̄} K_{,lmnp}¯_k + · · · . (3.28)

π̄^j = R^j + 1 2! R^k ∗ R^l g^{mj̄} K_,¯_k¯_{lm} . (3.29)

Note that, in terms of these new coordinates, one does not have to consider various permutation and combination of indices. However, in new coordinates, one still continues to use the star product as given in eqn. (2.6). As a consequence, from eqn. (3.29), one can show that the star product of more than three π̄’s vanishes. Further, in eqn. (3.27), the function f̄ is completely anti-holomorphic and is given in terms of the old variables as (first two terms on the right hand side of eqn.(3.26) ) : f̄ = R^i K_{,ī} + 1 2! [ R^i ∗ R^j ] K_,¯_i¯_j . (3.30) To write the above function in terms of the new variables, one has to invert the relations given in eqn. (3.29) as shown: R^j = π̄^j − 1 2! π̄^k ∗ π̄^l g^{mj̄} K_,¯_k¯_{lm}. (3.31)

Now, using the above relations, the function f̄ can be written in terms of the new superfields. Generally speaking, what one can actually do is to rearrange the expansion of the Kähler potential given in eqn. (3.2) as:

K(Φ, Φ̄) = K(π, π̄) + f(π) + f̄ (π̄) + g_i¯_j π^i ∗ π̄^j + R_i¯_{jk}¯_l π^i ∗ π̄^j ∗ π^k ∗ π̄^l + · · · , (3.32)

where the functions the f and f̄ are holomorphic and anti-holomorphic respectively. The function f̄ is defined in eqn. (3.30) above and f is given as:

f(π) = L^iK_{,i} + 1 2! [L^l ∗ L^m] K_{,lm} + 1 3! [L^l ∗ L^m ∗ L^n] K_{,lmn} + 1 4! [L^l ∗ L^m ∗ L^n ∗ L^p] K_{,lmnp} + · · · + [L^n_∗ ]K_{,i1i2···in} + · · · . (3.33)

Now, one can write the function f in terms of new superfields π, by inverting the relations given in eqn. (3.28) as: L^i = π^i − 1 2! π^l ∗ π^m g^{ik̄} K_{,lm}¯_k + · · · , (3.34)

and using this relation in eqn. (3.33). Notice that the functions f and f̄ explicitly contain many non-covariant quantities. However, these functions can be absorbed into a redefinition of the Kähler potential by a Kähler gauge transformation:

K^′(π, π̄) = K(π, π̄) + f(π) + f(π̄). (3.35)

Now, one can check that the expansion of the Kähler potential given in eqn. (3.27) generates all the terms in eqn. (3.26) to order (det C). In addition the term π^i ∗ π̄^j ∗ π^k ∗ π̄^l, in eqn. (3.27) will also give terms proportional to (det C)^2 etc., The proof that an expansion of the kind given in eqn. (3.27) generates all the terms in the action, has been discussed in detail in [58] and can be checked in our case as well, by explicit calculation. The only difference compared to the case given in [58], is the presence of star products instead of the ordinary product. The expansion in new variables has the advantage that all the terms coming from it are covariant. This can be explicitly checked by writing the transformations of various component fields under holomorphic coordinate transformations and using the fact that the coordinates (3.28) transform as holomorphic tangent vectors on target space [58].

It is important to note that the Riemann normal coordinates introduced in [46], are inherently non-chiral. In other words, at a time, only one of the old or new coordinates can be made chiral superfields. This problem carries over to the case of Kähler normal coordinates as well, although various quantities are evaluated with respect to the bosonic background. For instance, our old superfield L is evaluated with respect to the bosonic background as it is given by Φ − ϕ and satisfies D̄_± L = 0. However, the expansion in new coordinates (π, π̄) will not preserve chirality as various geometric quantities will have both holomorphic and anti-holomorphic indices [58].

The coordinate transformations given in eqn. (3.30) include all the terms in the expansion of the Kähler potential. Hence, the full n^{th} order action given in eqn. (3.22) can be written in a covariant manner. Further, it is possible to use the expansion of the Kähler potential in terms of the new variables given in eqn. (3.27) to write the action in terms of the component fields. This action (3.22), written in terms of the new coordinates will be useful while employing background field methods to study the quantum structure of the theory. For this purpose, one needs to calculate covariant expressions for the expansion of various geometric quantities. Explicit expressions to a certain order are given in [58] for the C = 0 case. It should be interesting to find out similar expressions in our case as well. Further, once the component form of the covariant action is calculated from eqn. (3.27), it might be possible to find the equations of motion of the auxiliary fields F and F̄ .

Further, one can do a background field expansion for the simple case of a constant background, ∂ϕ_0 = 0. This background field expansion of the action can be argued to be manifestly invariant under general holomorphic coordinate transformations [58]. However, in the present case, it may not be manifestly invariant under N = 1/2 supersymmetry transformations [58]. In this section, we have outlined how the N = 2 sigma model action on a non(anti)commutative superspace, can be written in a covariant manner by transforming to the new normal coordinates. It would be interesting to pursue these issues further.

4 Gauged Linear Sigma Models

In this section, we derive the classical action for Gauged linear sigma models. We show that the action is invariant under N = 1/2 supersymmetry transformations. The matter content of the theory is follows. We have k chiral superfields S^i, which transform with charges Q^a_i under the s vector multiplets V^a. As stated before, we only consider abelian gauge groups, which for our purposes will be U(1)^s.

The superspace action corresponding to above multiplets can be written as a Gauged linear Sigma model and consists of four parts [48]: I = I_{kin} + I_W + I_{gauge} + I_{r,θ}, (4.1) where the terms are respectively, the kinetic term of the chiral superfields, the superpotential interaction, the kinetic term of the gauge fields, and the Fayet-Illiopoulos and theta terms. The construction of all these terms is discussed below. In writing the formulas, at some places we suppress the indices corresponding to the number of multiplets for convenience.

Chiral superfield Action

The gauge invariant kinetic term for the Chiral superfields takes the form: I_{kin} = ∫ d^2y d^4θ Φ̄ ∗ e^V ∗ Φ , (4.2)

where d^2y = dξ^− dζ^−, d^4θ = dθ̄^−dθ̄^+dθ^−dθ^+ and the integrand can be evaluated owing to the results in eqn. (2.20), as shown below:

Φ̄ ∗ e^V ∗ Φ = Φ̄ ∗ Φ + Φ̄ ∗ V ∗ Φ + 1 2 Φ̄ ∗ V^2_∗ ∗ Φ . (4.3)

We calculate each of the terms in eqn. (4.3) separately and use them in the action (4.2). The calculations are given in appendix B. Thus, using the formulas derived in eqns. (B.1)-(B.2), in eqn. (4.2), and performing integration over the grassmannian coordinates in the usual way, we find that the action can be written as: I_{kin} = ∑ i ∫ dξ^− dζ^− ( 1 2 D̄_{ξ−} ϕ_iD_{ζ−}ϕ̄_i + 1 2 D̄_{ζ−} ϕ_iD_{ξ−}ϕ̄_i + iψ̄_{−,i}D_{ζ−} ψ_{−,i} + iψ̄_{+,i}D_{ξ−} ψ_{+,i} + F_iF̄_i − 2 ∑ a σ̄_aσ_aQ_{i,a}^2ϕ̄_iϕ_i − √ 2 ∑ a Q_{i,a} ( σ̄_aψ̄_{+i}ψ_{−i} + σ_aψ̄_{−i}ψ_{+i} ) + ∑ a D_aQ_{i,a}ϕ̄_iϕ_i − i √ 2 ∑ a Q_{i,a}ϕ̄_i(ψ_{−,i}λ_{+,a} − ψ_{+,i}λ_{−,a}) − i √ 2 ∑ a Q_{i,a}ϕ_i(λ̄_{−,a}ψ̄_{+,i} − λ̄_{+,a}ψ̄_{−,i}) − ∑ a Q_{i,a} (√ 2C^{00}(iF ∂_ξ− σ_aϕ̄_i − λ̄_{+,a}ψ_{−,i}D̄_ξ−ϕ̄_i) − √ 2C^{11}(−iF ∂_ζ−σ̄_aϕ̄_i + λ̄_{−,a}ψ_{+,i}D̄_ζ−ϕ̄_i) − C^{01}(iF_iϕ̄_iν_{ξζ} + √ 2λ̄_{+,a}ψ_{+,i}D̄_ξ−ϕ̄_i − √ 2λ̄_{−,a}ψ_{−,i}D̄_ζ−ϕ̄_i) ) − 2 ∑ a Q_{i,a}^2(det C)F_iϕ̄_iλ̄_{−,a}λ̄_{+,a} ) (4.4)

where, D_ξ− = ∂_ξ− +^i_2 ν_ξ, D_ζ− = ∂_ζ− +^i_2 ν_ζ are the gauge covariant derivatives and D̄_ξ− , D̄_ζ− denote the corresponding complex conjugates respectively. The C = 0 part of the kinetic action for the chiral superfields is seen to be equivalent to the standard action given in [48]. By using the transformation properties of the component fields, it can be shown that the full kinetic action for the chiral superfields is gauge invariant.

Now, since the C = 0 part of action (4.4) is same as the one given in [48], one need not explicitly show that this part is invariant under the N = 1/2 supersymmetry transformations. One can still check this by using the supersymmetry transformations given in eqn. (2.41) and also the one obtained by putting C = 0 in eqn. (2.42).

For the case with C ≠ 0, we know from eqn. (2.42) and (2.26) that, only the supersymmetry variation of F̄ and λ_± have C-dependent terms. Thus, these terms are expected to cancel the variation of all the C-dependent terms of the action (4.4). This is exactly what we show below.

Let us call the terms in the action depending on C as I_c. Then, the supersymmetry variation of these terms is:

δI_c = (C^{00}ϵ^+ +C^{10}ϵ^−) ( iλ̄_+λ̄_− + 2D̄_ξ− (λ̄_+ϕ̄) ) + (C^{11}ϵ^− + C^{01}ϵ^+) ( iλ̄_+λ̄_− + 2D̄_ζ− (λ̄_−ϕ̄) ) . (4.5)

Note that we have ignored the pieces whose variations are trivially zero. For instance, the variation of the term proportional to (det C) in the action (4.4) is zero identically. Now, one can guess that the terms obtained in eqn. (4.5), are exactly canceled by the C-dependent coming from the following terms of the action (4.4): −i √ 2ϕ̄ (ψ_− (δλ_+) − ψ_+ (δλ_−) ) + F (δF̄ ). (4.6)

Using the supersymmetry transformations given in eqn. (2.42) and (2.26), in the above equation, one can explicitly show that the terms in eqn. (4.5) are exactly canceled. Thus, the chiral superfield action (4.4), is invariant under the N = 1/2 supersymmetry of the theory.

Gauge kinetic part

A gauge invariant action for the vector superfields can be constructed from the twisted chiral superfields as shown below [48]: I_{gauge} = − ∑ a 1 4e^2_a ∫ d^2y d^4θ Σ̄_a Σ_a , (4.7)

where e_a a = 1, · · · , s are the gauge coupling constants, in case one has several vector multiplets. Using the definitions of the twisted superfields given in eqns. (2.22) and (2.23), the action can be written in the component form as: I_{gauge} = − ∑ a 1 e^2_a ∫ d^2y ( 1 2 ν_{ξζ,a}^2 + 1 2 D^2_a + iλ̄_{+,a}∂_ξ− λ_{+,a} + iλ̄_{−,a}∂_ζ− λ_{−,a} − ∂_ξ− σ_a∂_ζ−σ̄_a − i 2 C^{01} ν_{ξζ,a} λ̄_{+,a} λ̄_{−,a} ) . (4.8)

The kinetic energy for the gauge fields given above is, apart from some new C-dependent terms, same as the one given in [48]. The C-dependent term involving the gauge field strength is gauge invariant on its own. It is useful to compare this action with the dimensional reduction of the action in [13]. Thus, the C = 0 part can be taken to be invariant under the N = 1/2 supersymmetry of theory. This can as well be explicitly checked by using the transformations given in eqn. (2.41).

The C ≠ 0 part of the action can also be shown to be N = 1/2 supersymmetric as follows. We note that, only the variations of λ_± contain certain C-dependent terms. Thus in eqn. (4.8), the C-dependent terms obtained from iλ̄_{+,a}∂_ξ− (δλ)_{+,a} + iλ̄_{−,a}∂_ζ− (δλ)_{−,a} are: −λ̄_+∂_ξ− ( (C^{00}ϵ^+ + C^{10}ϵ^−)λ̄_+λ̄_− ) − λ̄_−∂_ζ− ( (C^{01}ϵ^+ + C^{11}ϵ^−)λ̄_+λ̄_− ) . (4.9)

One can see that the terms given in the above are identically zero. Thus, one can guess that the C ≠ 0 part of the action has to be supersymmetric on its own. It is straightforward to check the C ≠ 0 part of the action is invariant under N = 1/2 supersymmetry transformations as δλ̄_± = 0 and other term also vanishes. Thus, the gauge kinetic part of the action is invariant under the N = 1/2 supersymmetry of the theory. Further, the gauge invariance of the action can also be explicitly checked.

It should be interesting to take the e^2 → ∞ limit where the fields of the vector multiplet become auxiliary and can be eleminated by their equations of motion. The auxiliary field equations of motion might have many C-dependent pieces [54], which might effect the target space metric. In this manner, it would be possible to study the consequences of various new Cdependent terms in the classical action on the sigma model metric in UV and IR (see appendix B. of [60]).

r and θ terms

The Fayet-Iliopoulos (FI) and the theta angle terms can be obtained from the twisted superfields as in [48]. The FI term is the vector superfield integrated over the whole of superspace. This term should still be the same, since we have not added any C-dependent term proportional to θ^2θ̄^2 to the definition of vector superfield given in eqn. (2.18). Thus, we have: I_{r,θ} = −r_a ∫ d^2y D^a + θ_a 2π ∫ d^2y ν_{ξζ,a} , (4.10)

where, as defined before, ν_{ξζ} = ∂_ξ− ν_ζ − ∂_ζ− ν_ξ.

Superpotential terms

If we assume an arbitrary superpotential, then the interaction terms in the action turn out to have the form: I_W = ∫ d^2x d^2θ W (Φ) + ∫ d^2x d^2θ̄ W̄ (Φ̄). (4.11) As was shown in [42], the component form of the superpotential can be obtained by expanding around the bosonic fields ϕ and ϕ̄ as:

W (Φ)|_θ−_θ+ = − ∞∑ n=0 (−1)^n (2n + 1)!

(det C)^nF^{i1} F^{i2} · · · F^{i2n} ( F^{i2n+1} W_{,i1 ···i2n+1} + ψ^{i2n+1}_− ψ^{i2n+2}_+ W_{,i1···i2n+2} ) , (4.12)

where as before, we use the notation W_{,i} =^{∂W}_{∂Φi} evaluated at Φ = ϕ. In the above equations, we have only written down the terms proportional to θ^+θ^− and θ̄^+ θ̄^− respectively. It is important to note that, the hermiticity of the theory is spoiled due to the asymmetry of the holomorphic and the anti-holomorphic parts of the superpotential [15]. This can in fact be noted by looking at the asymmetric way in which F and F̄ terms appear in the kinetic action. Following the examples in four dimensions [15], in the present case also, it may be possible consider supersymmetric vacuua which come from W̄ (Φ̄) only, as W (Φ) may not be stable due to radiative corrections.

The anti-holomorphic part of the superpotential in the component form is: W̄ (Φ̄)|_{θ̄− θ̄+} = − F̄^i W̄_{,i} + ψ̄^i_−ψ̄^j_+ W̄_{,ij} (4.13)

where W̄_{,i} =^{∂W̄}_{∂Φ̄i} |¯_{Φ=}¯_ϕ .

It is possible to eliminate the auxiliary fields and write down the F term constraints as follow from their equations of motion: F_i = W̄_{,i}, F̄_i =^∞∑ n=0 (−1)^n (2n + 1)!

(det C)^nF^{i1} F^{i2} · · · F^{i2n−1} ( (2n + 1) F^{i2n} W_{,i1···i2n+1} + (2n) ψ^{i2n+1}_− ψ^{i2n+2}_+ W_{,i1···i2n+2} ) + i ∑ a Q_{i,a} (√ 2C^{00}∂_ξ− σ_aϕ̄_i + √ 2C^{11}∂_ζ−σ̄_aϕ̄_i

− C^{01}ϕ̄_iν_{ξζ} ) + 2 ∑ a Q_{i,a}^2(det C)ϕ̄_iλ̄_{−,a}λ̄_{+,a}. (4.14)

The F̄ constraint contains new C-dependent pieces compared to the standard case. In the present case, it was possible to solve for the auxiliary field, unlike the case in the previous section, where the Kähler potential was arbitrary.

We Eliminate the auxiliary fields from the action and write down the potential energy for the bosonic fields of the theory as: U = ∞∑ n=0 (−1)^n (det C)^n (2n + 1)! [ (2n + 1) ( W̄_{,i})^{2n+1} W_{,i1 ···i2n+1} + (2n) ( W̄_{,i})^{2n}ψ^{i2n+1}_− ψ^{i2n+2}_+

× W_{,i1···i2n+2} ] + [ D^2_a 2e^2

+ 2σ_aσ̄_aQ_{i,a}^2ϕ^iϕ̄^i ] . (4.15)

The potential seen above is again an expansion in powers of (det C). Further, there are also many higher powers of the^{∂W̄}_{∂ϕ̄i} . So, if W̄ (ϕ̄) is chosen to be zero, then no matter what W (ϕ) is, the F terms are zero and one is only left with D terms in the potential.

To draw more conclusions, let us look at the potential given in eqn. (4.15) to first order in (det C): U = ∂W̄ ∂ϕ̄^i ∂W ∂ϕ^i − (det C) ∂W̄ ∂ϕ̄^i ∂W̄ ∂ϕ̄^j ( 1 2 ∂W̄ ∂ϕ̄^k ∂^3W ∂ϕ^i∂ϕ^j∂ϕ^k + 1 3 ψ^k_−ψ^l_+

∂^4W ∂ϕ^i∂ϕ^j ∂ϕ^k∂ϕ^l ) + ( D^2_a 2e^2

+ 2σ_aσ̄_aQ^2_{i,a}ϕ^iϕ̄^i ) . (4.16)

First, we see that the potential for the scalar fields also contains some fermionic pieces. In the C = 0 case, these fermionic pieces are absent and one can independently look at the F - flatness and D-flatness conditions. However, in the present case, the pieces depending on C come with a negative sign and hence, it is important to understand their role, while looking for supersymmetric vacuua. In some simple cases, by suitable choice of W and W̄ , the the fermionic pieces can be dropped.

Before proceeding, we note that, in eqn. (4.16), the D term can be set to zero independently, as there are no other terms which depend on the gauge coupling:

D = e^2 ( ∑ Q ϕϕ̄ − r ) = 0. (4.17)

Notice that, the D flatness condition is same as in the C = 0 theory. It is the analogue of this condition in [48], that gives the the target space as CP^{n−1}.

Now, one can make an appropriate choice for the superpotentials and impose further conditions on the target space geometry. For instance, following [48], one can take the matter content to be, say, two chiral superfields Φ^1, Φ^2 of charge 1 each and one chiral superfield P of charge -2, such that the superpotential W (Φ) = P ∗ G(Φ^1, Φ^2) is gauge invariant, quasi-homogeneous and satisfies the constraints coming from R-symmetry invariance. Further, we can also choose W̄ (Φ̄) = P̄ ∗ Ḡ(Φ̄1, Φ̄2). In this case, one can show that the fermionic terms drop out.

Once again, the D-term can be set equal to zero independently. The analogue of this condition in terms of [48] would give the target space to be CP^1. Further, with the above choice of the superpotentials, evaluating eqn. (4.16), one can have new terms in the potential which depend on (det C). For instance, the potential can have terms of the kind (det C) ( p̄^2 Ḡ^{∂G}_{∂ϕ1}^{∂G}_{∂ϕ2} ) , apart from the standard terms which one normally gets [48]. Here, p̄, ϕ^1, ϕ^2 are the lowest components of corresponding superfields. It should be interesting to vary the Fayet-Illiopoulos parameter r and study the phases of the above theory. In particular, to study the additional restrictions put by the terms depending on C on the target space geometry.

5 Discussion

To conclude, in this paper, we have extended the results of our previous work [42], to write down the action for D = 2, N = 2 sigma models characterized by an arbitrary Kähler potential, on a non(anti)commutative superspace, to include several chiral multiplets. Despite the fact that there are infinite number of terms, a general term in the action can be written down in a closed form. This is due to the fact that the action turns out to be a series expansion in (det C)F .

It was shown that the action can be written in a manifestly covariant manner by using the Kähler normal coordinates. This will be needed while analyzing the quantum structure of the theory. It would be interesting to apply the background field methods to study the action using normal coordinates. Since, the Kähler normal coordinates transform as holomorphic tangent vectors on the target manifold, one expects that the background field expansion will also be manifestly covariant. However, the background field expansion may not preserve chirality and in this process invariance under the N = 1/2 supersymmetry transformations may also be lost. It is important to further study these features, so as to address the question of renormalizability of the theory.

In the second part, the analysis was extended to include Vector multiplets as well. We wrote down the classical action for Gauged linear sigma models on non(anti)commutative spaces. The gauge transformations and the supersymmetry transformations for the vector and chiral multiplets were derived explicitly in the Wess-Zumino gauge. To ensure the correctness of component calculations, the action was explicitly shown to be invariant under the N = 1/2 supersymmetry transformations. The bosonic potential of the thoery was shown to contain various higher powers of the derivatives of the superpotential. The D-term constraint is still the same as in the C = 0 theory. It would be interesting to turn on superpotentials considering various number of chiral multiplets and see what kinds of restrictions can be put on the target space geometry. This would be the first step to study the phases of the this model, in parallel to [48].

It is known [13], that supersymmetric theories defined on non(anti)commutative superspace do not have a chiral ring structure, due the absence of the Q̄ supersymmetry. This can also be inferred from the fact that product of an arbitrary number of the chiral superfields does not vanish, in general. This has some straightforward implications for topological field theories. In the C = 0 theory, it is know that if the left and (non-anamolous) right R-symmetries are unbroken, then it is possible to have A and B twists. Many important properties of the untwisted models and several aspects of mirror symmetry have been studied from the topological A and B models. For the present case, the absence of the chiral ring suggests that, it may not be possible to have the standard B twist. However, it is possible to have the A twist, where the operators are in Q = Q_+ + Q_− cohomology. It should be interesting to study these topological models.

There are other avenues one can explore. Taking the e^2 → ∞ limit, one can look at the boundary terms generated from the gauged linear sigma model action. Since, there are new Cdependent terms in the GLSM action, one expects new terms to be generated at the boundaries. These terms will play a crucial role while studying sigma models with boundaries and hence, will be relevant in the study of D-brane using GLSM’s [50]. On another front, one can look to solve the D-flatness conditions and study the sigma model metric in the UV and IR. Further, it should also be interesting to study Closed string Tachyon condensation [61], in this setting. We hope to come back to these issues in future.

Acknowledgments

I am thankful to Alok kumar for the suggesting the problem, collaboration at the initial stages, for several useful discussions and comments on the manuscript. I am grateful to the organizers of Spring School on Superstring theory (13-25th March, 2004) at ASICTP, the HEP group of Institut de Physique, Université de Neuchâtel and IACS, Kolkata for support and warm hospitality. I would like to thank M. Blau, J-P. Derendinger, S. Govindarajan, Biswanath Layek, Avijit Mukherji, P. K. Panigrahi, Balram Rai, Koushik Ray, Siddharth Sen, Soumitra Sengupta, Aninda Sinha and P. K. Tripathy for valuable discussions. I would also like to thank N. Berkovits, Sunil Mukhi, Tapobrata Sarkar and S. Terashima for valuable correspondences and references, Aalok Misra for useful conversations and constant encouragement, IOP String journal club members for discussions and the anonymous referee for constructive suggestions.

A Some identities used in the text

Some of the identities used in the text are given below. The can be derived using the definition of star product given in eqn. (2.6):

θ^− ∗ θ^− = 1 2 C^{00}, (A.1)

θ^+ ∗ θ^+ = 1 2 C^{11}, (A.2)

θ^− ∗ θ^+ = θ^−θ^+ − 1 2 C^{01}, (A.3)

θ^+ ∗ θ^− = θ^+θ^− − 1 2 C^{10}, (A.4) θ^− ∗ ( θ^−θ^+ ) = − θ^− ∗ ( θ^+θ^− ) = 1 2 ( C^{00}θ^+ + C^{01}θ^− ) , (A.5)

θ^+ ∗ ( θ^+θ^− ) = − θ^+ ∗ ( θ^−θ^+ ) = 1 2 ( C^{11}θ^− + C^{10}θ^+ ) , (A.6) ( θ^−θ^+ ) ∗ ( θ^−θ^+ ) = − ( θ^+θ^− ) ∗ ( θ^−θ^+ ) = − 1 4 (det C). (A.7)

B Details of GLSM action

Below we give some details of the calculation corresponding to the chiral superfield action. We write down the θ̄^−θ̄^+θ^−θ^+ terms coming from each of the pieces appearing on the right hand side of eqn. (4.3):

Φ̄ ∗ Φ|_{θ̄− θ̄+ θ− θ+} = 4ϕ∂_{ξ−} ∂_{ζ−}ϕ̄ − 4i ψ_+ ∂_{ξ−}ψ̄_+ − 4i ψ_− ∂_{ζ−}ψ̄_− − 4F F̄ + 2iF [√ 2C^{00} − ×∂_ξ− (σϕ̄) √ 2C^{11}∂_ζ− (σ̄ϕ̄) + C^{01}∂_ξ− (ν_ζϕ̄) − C^{10}∂_ζ− (ν_ξϕ̄) ] , (B.1) Φ̄ ∗ V ∗ Φ|_{θ̄− θ̄+ θ− θ+} = ϕ̄{−ϕ(2D + i∂_ζν_ξ + i∂_ξν_ζ ) + 2 √ 2iλ_−ψ_+ − 2 √ 2iλ_+ψ_− − 2 √ 2i(C^{01}λ̄_+ν_ξ + C^{11}λ̄_−ν_ζ )ψ_+ + 2 √ 2i(C^{00}λ̄_+ν_ξ + C^{10}λ̄_−ν_ζ )ψ_−} + √ 2ψ̄_−{ √ 2ν_ζ ψ_− + 2σψ_+ + 2iϕλ̄_+} + √ 2ψ̄_+{ √ 2ν_ξψ_+ + 2σ̄ψ_− − 2iϕλ̄_−}

− 2i∂_ξ−ϕ̄{ϕν_ζ + ν_ζ F C^{01} + √ 2σF C^{00} − i √ 2λ̄_+ψ_−C^{00} + i √ 2λ̄_+ψ_+C^{01}} − 2i∂_ζ−ϕ̄{ϕν_ξ − ν_ξF C^{10} − √ 2σ̄F C^{11} + i √ 2λ̄_−ψ_+C^{11} − i √ 2λ̄_−ψ_−C^{10}} Φ̄ ∗ V^2_∗ ∗ Φ|_{θ̄− θ̄+ θ− θ+} = 2ϕϕ̄(−ν_ζ ν_ξ + 2σσ̄) + 4ϕ̄(detC)λ̄_−λ̄_+F. (B.2)

References

[1] R. Casalbuoni, Relativity And Supersymmetries, Phys. Lett. B 62, 49 (1976), On The Quantization Of Systems With Anticommutating Variables, Nuovo Cim. A 33, 115 (1976), The Classical Mechanics For Bose-Fermi Systems, Nuovo Cim. A 33, 389 (1976).

[2] J. H. Schwarz, and P. van Nieuwenhuizen, Speculations Concerning a Fermionic Structure of Space-time, Lett. Nuovo Cim. 34 (1982) 21.

[3] P. Bouwknegt, J. G. McCarthy and P. van Nieuwenhuizen, Fusing the coordinates of quantum superspace, Phys. Lett. B 394, 82 (1997), [hep-th/9611067].

[4] S. Ferrara, M. A. Lledo, Some Aspects of Deformations of Supersymmetric Field Theories, JHEP 0005 (2000) 008, [hep-th/0002084].

[5] D. Klemm, S. Penati and L. Tamassia, “Non(anti)commutative superspace,” Class. Quant.

Grav. 20, 2905 (2003) [hep-th/0104190].

[6] R. Abbaspur, “Generalized noncommutative supersymmetry from a new gauge symmetry,” [hep-th/0206170]; Scalar Solitons in Non(anti)commutative Superspace, [hep-th/0308050].

[7] N. Seiberg and E. Witten, “String theory and noncommutative geometry,” JHEP 9909, 032 (1999) [hep-th/9908142].

[8] R. Dijkgraaf and C. Vafa, “A perturbative window into non-perturbative physics,” [hepth/0208048].

[9] H. Ooguri and C. Vafa, “The C-deformation of gluino and non-planar diagrams,” Adv.

Theor. Math. Phys. 7, 53 (2003), [hep-th/0302109].

[10] J. de Boer, P. A. Grassi and P. van Nieuwenhuizen, “Non-commutative superspace from string theory,” Phys. Lett. B 574, 98 (2003), [hep-th/0302078].

[11] N. Berkovits, “Covariant quantization of the Green-Schwarz superstring in a Calabi-Yau background,” Nucl. Phys. B 431, 258 (1994) [hep-th/9404162] ; “Super-Poincare covariant quantization of the superstring,” JHEP 0004, 018 (2000) [hep-th/0001035] ; “Quantization of the superstring in Ramond-Ramond backgrounds,” Class. Quant. Grav. 17, 971 (2000) [hep-th/9910251].

[12] N. Berkovits and W. Siegel, “Superspace Effective Actions for 4D Compactifications of Heterotic and Type II Superstrings,” Nucl. Phys. B 462, 213 (1996) [hep-th/9510106].

[13] N. Seiberg, “Noncommutative superspace, N = 1/2 supersymmetry, field theory and string theory,” JHEP 0306, 010 (2003) [hep-th/0305248].

[14] N. Berkovits and N. Seiberg, “Superstrings in graviphoton background and N = 1/2 + 3/2 supersymmetry,” [hep-th/0306226].

[15] R. Britto, B. Feng, and S. J. Rey, Deformed Superspace, N=1/2 Supersymmetry and (Non)Renormalization Theorems, JHEP 0307 (2003) 067, [hep-th/0306215] ; Non(anti)- commutative Superspace, UV/IR Mixing, and Open Wilson Lines, JHEP 0308 (2003) 001, [hep-th/0307091] ; R. Britto, B. Feng, O. Lunin and S. J. Rey, U(N) instantons on N = 1/2 superspace: Exact solution and geometry of moduli space, Phys. Rev. D 69, 126004 (2004) [hep-th/0311275].

[16] M. T. Grisaru, S. Penati, and A. Romagnoni, Two-loop Renormalization for Nonanticommutative N=1/2 Supersymmetric WZ Model, JHEP 0308 (2003) 003, [hep-th/0307099] ; R. Britto, and B. Feng, N=1/2 Wess-Zumino model is renormalizable, Phys. Rev. Lett. 91, 201601 (2003), [hep-th/0307165]; A. Romagnoni, Renormalizability of N=1/2 Wess- Zumino model in superspace, JHEP 0310, 016 (2003), [hep-th/0307209] ; O. Lunin, and S. J. Rey, Renormalizability of Non(anti)commutative Gauge Theories with N=1/2 Supersymmetry, JHEP 0309, 045 (2003), [hep-th/0307275] ; D. Berenstein, and S. J. Rey, Wilsonian Proof for Renormalizability of N=1/2 Supersymmetric Field Theories, Phys. Rev. D 68, 121701 (2003), [hep-th/0308049].

[17] J. H. Park, “Superfield theories and dual supermatrix models,” JHEP 0309, 046 (2003) [hep-th/0307060].

[18] F. Ardalan and N. Sadooghi, “Planar and nonplanar Konishi anomalies and exact Wilsonian effective superpotential for noncommutative N = 1 supersymmetric U(1),” [hepth/0307155].

[19] M. Alishahiha, A. Ghodsi and N. Sadooghi, One-loop perturbative corrections to non(anti)- commutativity parameter of N = 1/2 supersymmetric U(N) gauge theory, Nucl. Phys. B 691, 111 (2004) [hep-th/0309037].

[20] J. R. David, E. Gava and K. S. Narain, “Partial N = 2 → N = 1 supersymmetry breaking and gravity deformed chiral rings,” JHEP 0406, 041 (2004) [arXiv:hep-th/0311086].

[21] A. Imaanpur, On Instantons and Zero Modes of N = 1/2 SYM Theory, JHEP 0309, 077 (2003), [hep-th/0308171]; Comments on Gluino Condensates in N = 1/2 SYM Theory, JHEP 0312, 009 (2003), [hep-th/0311137].

[22] P. A. Grassi, R. Ricci and D. Robles-Llana, Instanton calculations for N = 1/2 super Yang-Mills theory, JHEP 0407, 065 (2004) [hep-th/0311155].

[23] M. Billo, M. Frau, I. Pesando and A. Lerda, N = 1/2 gauge theory and its instanton moduli space from open strings in R-R background, JHEP 0405, 023 (2004) [hep-th/0402160].

[24] T. Araki, K. Ito, and A. Ohtsuka, Supersymmetric Gauge Theories on Noncommutative Superspace, Phys. Lett. B 573, 209 (2003), [hep-th/0307076] ; N = 2 supersymmetric U(1) gauge theory in noncommutative harmonic superspace, JHEP 0401, 046 (2004), [hepth/0401012]; T. Araki and K. Ito, “Singlet deformation and non(anti)commutative N = 2 supersymmetric U(1) gauge theory,” Phys. Lett. B 595, 513 (2004) [hep-th/0404250].

[25] S. Terashima, and J. Yee, Comments on Noncommutative Superspace, JHEP 0312, 053 (2003), [hep-th/0306237].

[26] M. Chaichian, and A. Kobakhidze, Deformed N=1 supersymmetry, [hep-th/0307243].

[27] I. Bars, C. Deliduman, A. Pasqua and B. Zumino, Superstar in noncommutative superspace via covariant quantization of the superparticle, Phys. Rev. D 68, 106006 (2003), [hepth/0308107].

[28] S. Iso, and H. Umetsu, Gauge Theory on Noncommutative Supersphere from Supermatrix Model, Phys. Rev. D 69, 105003 (2004) [hep-th/0311005]; M. Hatsuda, S. Iso and H. Umetsu, “Noncommutative superspace, supermatrix and lowest Landau level,” Nucl. Phys. B 671, 217 (2003) [hep-th/0306251].

[29] A. Imaanpur and S. Parvizi, “N = 1/2 super Yang-Mills theory on Euclidean AdS(2) x S**2,” JHEP 0407, 010 (2004) [hep-th/0403174].

[30] T. Morita, “Non-planar diagrams and non-commutative superspace in Dijkgraaf-Vafa theory,” [hep-th/0403259].

[31] D. Mikulovic, “Seiberg-Witten map for superfields on canonically deformed N = 1, d = 4 superspace,” JHEP 0401, 063 (2004) [hep-th/0310065];

[32] C. Saemann and M. Wolf, “Constraint and super Yang-Mills equations on the deformed superspace R(h)**(4|16),” JHEP 0403, 048 (2004) [hep-th/0401147].

[33] D. Mikulovic, “Seiberg-Witten map for superfields on N = (1/2,0) and N = (1/2,1/2) deformed superspace,” JHEP 0405, 077 (2004) [hep-th/0403290].

[34] A. T. Banin, I. L. Buchbinder and N. G. Pletnev, “Chiral effective potential in N = 1/2 non-commutative Wess-Zumino model,” JHEP 0407, 011 (2004) [hep-th/0405063].

[35] P. A. Grassi and L. Tamassia, “Vertex operators for closed superstrings,” JHEP 0407, 071 (2004) [hep-th/0405072].

[36] S. Ferrara, and E. Sokatchev, Non-anticommutative N=2 super-Yang-Mills theory with singlet deformation, Phys. Lett. B 579, 226 (2004), [hep-th/0308021]; E. Ivanov, O. Lechtenfeld, and B. Zupnik, Nilpotent deformations of N=2 superspace, JHEP 0402, 012

(2004), [hep-th/0308012]; S. Ferrara, E. Ivanov, O. Lechtenfeld, E. Sokatchev and B. Zupnik, “Non-anticommutative chiral singlet deformation of N = (1,1) gauge theory,” [hepth/0405049].

[37] T. Araki and K. Ito, “Singlet deformation and non(anti)commutative N = 2 supersymmetric U(1) gauge theory,” Phys. Lett. B 595 (2004) 513 [hep-th/0404250].

[38] Y. Shibusa, “Path integral formulation of noncommutative superspace in IKKT matrix model,” [hep-th/0404206]; Y. Shibusa and T. Tada, “Note on a fermionic solution of the matrix model and noncommutative superspace,” Phys. Lett. B 579, 211 (2004) [hepth/0307236].

[39] S. V. Ketov and S. Sasaki, “BPS-type equations in the non-anticommutative N = 2 supersymmetric U(1) gauge theory,” Phys. Lett. B 595 (2004) 530 [hep-th/0404119]; “Nonanticommutative N = 2 supersymmetric SU(2) gauge theory,” Phys. Lett. B 597, 105 (2004) [hep-th/0405278]; “SU(2) x U(1) non-anticommutative N = 2 supersymmetric gauge theory,” [hep-th/0407211].

[40] B. Safarzadeh, “On the Seiberg-Witten map of N = 2 SYM theory in non(anti)commutative harmonic superspace,” [hep-th/0406204].

[41] A. Sako and T. Suzuki, Ring structure of SUSY ∗ product and 1/2 SUSY Wess-Zumino model, Phys. Lett. B 582, 127 (2004), [hep-th/0309076].

[42] B. Chandrasekhar and A. Kumar, “D = 2, N = 2 supersymmetric theories on non(anti)- commutative superspace,” JHEP 0403, 013 (2004) [hep-th/0310137].

[43] B. Zumino, “Supersymmetry And Kahler Manifolds,” Phys. Lett. B 87, 203 (1979).

[44] D. Friedan, “Nonlinear Models In Two Epsilon Dimensions,” Phys. Rev. Lett. 45, 1057 (1980).

[45] L. Alvarez-Gaume and D. Z. Freedman, “Kahler Geometry And The Renormalization Of Supersymmetric Sigma Models,” Phys. Rev. D 22, 846 (1980) ; “Geometrical Structure And Ultraviolet Finiteness In The Supersymmetric Sigma Model,” Commun. Math. Phys. 80, 443 (1981).

[46] L. Alvarez-Gaume, D. Z. Freedman and S. Mukhi, “The Background Field Method And The Ultraviolet Structure Of The Supersymmetric Nonlinear Sigma Model,” Annals Phys. 134, 85 (1981).

[47] S. J. Gates, C. M. Hull and M. Rocek, “Twisted Multiplets And New Supersymmetric Nonlinear Sigma Models,” Nucl. Phys. B 248, 157 (1984).

[48] E. Witten, “Phases of N = 2 theories in two dimensions,” Nucl. Phys. B 403, 159 (1993) [hep-th/9301042].

[49] K. Hori and C. Vafa, “Mirror symmetry,” [hep-th/0002222].

[50] S. Govindarajan, T. Jayaraman and T. Sarkar, “On D-branes from gauged linear sigma models,” Nucl. Phys. B 593, 155 (2001) [hep-th/0007075].

[51] J. Lukierski and W. J. Zakrzewski, “Euclidean Supersymmetrization Of Instantons And Selfdual Monopoles,” Phys. Lett. B 189, 99 (1987).

[52] J. Wess and J. Bagger, “Supersymmetry And Supergravity,” Princeton University Press (second edition, 1992).

[53] Prem P. Srivastava, “Supersymmetry, Superfields and Supergravity: An Introduction,” (Adam Hilger imprint by IOP Publishing Limited, 1986, page 91).

[54] T. Inami and H. Nakajima, “Supersymmetric CP(N) sigma model on noncommutative superspace,” [hep-th/0402137].

[55] E. Braaten, T. L. Curtright and C. K. Zachos, “Torsion And Geometrostasis In Nonlinear Sigma Models,” Nucl. Phys. B 260, 630 (1985).

[56] J. Honerkamp, “Chiral Multiloops,” Nucl. Phys. B 36, 130 (1972); G. Ecker and J. Honerkamp, “Application Of Invariant Renormalization To The Nonlinear Chiral Invariant Pion Lagrangian In The One-Loop Approximation,” Nucl. Phys. B 35, 481 (1971).

[57] T. E. Clark and S. T. Love, “Supersymmetric Chiral Normal Coordinates,” Nucl. Phys. B 301, 439 (1988).

[58] K. Higashijima and M. Nitta, “Kaehler normal coordinate expansion in supersymmetric theories,” Prog. Theor. Phys. 105, 243 (2001) [hep-th/0006027]; K. Higashijima, E. Itou and M. Nitta, “Normal coordinates in Kaehler manifolds and the background field method,” Prog. Theor. Phys. 108, 185 (2002) [hep-th/0203081].

[59] M. Rocek and E. Verlinde, “Duality, quotients, and currents,” Nucl. Phys. B 373, 630 (1992) [hep-th/9110053].

[60] S. Minwalla and T. Takayanagi, “Evolution of D-branes under closed string tachyon condensation,” JHEP 0309, 011 (2003) [hep-th/0307248].

[61] A. Adams, J. Polchinski and E. Silverstein, “Don’t panic! Closed string tachyons in ALE space-times,” JHEP 0110, 029 (2001) [hep-th/0108075].