arXiv:hep-th/0408197 v2 7 Dec 2004

Noncommutative gauge theories

and Lorentz symmetry

Rabin Banerjee, Biswajit Chakraborty and Kuldeep Kumar

S. N. Bose National Centre for Basic Sciences, JD Block, Sector 3, Salt Lake, Kolkata 700098, India E-mail: rabin@bose.res.in, biswajit@bose.res.in, kuldeep@bose.res.in

Abstract We explicitly derive, following a Noether-like approach, the criteria for preserving Poincaré invariance in noncommutative gauge theories. Using these criteria we discuss the various spacetime symmetries in such theories. It is shown that, interpreted appropriately, Poincaré invariance holds. The analysis is performed in both the commutative as well as noncommutative descriptions and a compatibility between the two is also established.

PACS: 11.30.Cp, 11.10.Nx, 11.15.-q

Phys. Rev. D 70 (2004) 125004

1 Introduction

The issue of Lorentz symmetry in a noncommutative field theory has been debated [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] seriously, but it still remains a challenge leading to fresh insights [11, 12]. The problem stems from the fact that pointwise multiplication of operators is replaced by a star multiplication: A(x)B(x) → A(x) ⋆ B(x), (1) which is defined as^1

A(x) ⋆ B(x) = exp ( i 2 θ^{αβ} ∂_α∂^′_β ) A(x)B(x^′) | | |_{x′=x} , (2) where θ^{αβ} is a constant anti-symmetric object. Hence the ordinarily vanishing commutators among spacetime coordinates acquire a non-trivial form:

[x^μ, x^ν] → [x^μ, x^ν]_⋆ ≡ x^μ ⋆ x^ν − x^ν ⋆ x^μ = iθ^{μν} . (3)

Since θ^{μν} is constant, theories defined on such a noncommutative spacetime are considered to violate Lorentz invariance.

1This is the so called canonical definition. There are other realizations like the Lie-algebra valued structure or the q-deformed structure [13].

Nevertheless, in spite of this vexing problem, the basic issues of noncommutative field theory, like unitarity [14], causality [15], mixing of UV/IR divergences [16], anomalies [17, 18, 19] are discussed in a formally Lorentz-invariant manner, using the representaion of Poincaré algebra. To achieve a reconciliation, therefore, it is essential to obtain a conceptually cleaner understanding of Lorentz symmetry and its interpretaion in the noncommutative context. The aim of the present paper is precisely to provide such a study.

We adopt a Noether-like approach^2 to analyse the various spacetime symmetries of noncommutative electrodynamics. This paper deals with the classical (non-quantized) electromagnetic field. Although the present study is confined to the U(1) group, it can be extended to other (non-Abelian) groups. Since θ^{μν} is a constant, it appears as a background field in noncommutative electrodynamics. The Noether analysis, which is usually done for dynamical variables, is reformulated to include background fields. Now there are two possibilities for a constant θ^{μν} . It may either be the same constant in all frames or it may transform as a second-rank tensor, taking different constant values in different frames. It is found that although the criterion for preserving translational invariance is the same in both cases, the criterion for Lorentz invariance (invariance under rotations and boosts) is different. An explicit computation shows that the criterion for Lorentz symmetry is satisfied only when θ^{μν} transforms as a tensor. Translational invariance is always satisfied. We also show that the transformations are dynamically consistent since the Noether charges correctly generate the transformations of an arbitrary function of canonical variables. Also, these charges satisfy the appropriate Lie brackets among themselves.

As is well known, noncommutative electrodynamics can be studied in two formulations; either in terms of the original noncommutative variables or, alternatively, in terms of its commutative equivalents obtained by using the Seiberg–Witten maps [20]. Our analysis has been carried out in both formulations, up to first order in θ. A complete equivalence among the results has also been established. This is rather non-trivial since there are examples where this equivalence does not hold. For example, the IR problem found in noncommutative field theory [21, 22] is absent in the commutative-variable approach [23], revealing an inequivalence, at least on a perturbative level.

It is reassuring to note that an important feature [6] of quantum field theory on 4-dimensional noncommutative spacetime, namely, the invariance for a constant non-transforming θ under the SO(1, 1) × SO(2) subgroup of Lorentz group is reproduced by the criteria found here. This has been shown in both the commutative and noncommutative descriptions.

The paper is organized as follows. In Sec. 2, the occurrence of noncommutative algebra in various approaches and their possible connections is briefly reviewed. In Sec. 3, the implications of Lorentz symmetry in a toy model comprising a usual Maxwell field coupled to an external source are discussed. Sections 4 and 5 provide a detailed account of Lorentz symmetry in noncommutative electrodynamics, first in the commutative-variable approach and then in terms of noncommutative variables, respectively. Concluding remarks are left for Sec. 6.

2 A brief review of noncommutative algebra

We start by briefly reviewing Snyder’s algebra [24]. The special theory of relativity may be based on the invariance of the indefinite quadratic form

S^2 = (x^0)^2 − (x^1)^2 − (x^2)^2 − (x^3)^2 = −x_μx^μ (4)

for transformation from one inertial frame to another. We shall use (−, +, +, +) signature for the flat Minkowski metric η_{μν} . It is usually assumed that the variables x^μ take on a continuum

2A somewhat similar approach, but with a different viewpoint, was followed in Ref. [3].

of values and that they may take on these values simultaneously. Snyder considered a different situation. He considered Hermitian operators, x^μ, for the spacetime coordinates of a particular Lorentz frame. He further assumed that the spectra of spacetime coordinate operators x^μ are invariant under Lorentz transformations. The later assumption is evidently satisfied by the usual spacetime continuum, however it is not the only solution. Snyder showed that there exists a Lorentz-invariant spacetime in which there is a natural unit of length.

To find operators x^μ possessing Lorentz-invariant spectra, Snyder considered the homogeneous quadratic form

−(y)^2 = (y_0)^2 − (y_1)^2 − (y_2)^2 − (y_3)^2 − (y_4)^2 = −y_μy^μ − (y_4)^2, (5)

in which y’s are assumed to be real variables. Now x^μ are defined by means of the infinitesimal elements of the group under which quadratic form (5) is invariant. The x^μ are taken as

x^μ = ia ( y_4 ∂ ∂y_μ − y^μ ∂ ∂y_4 ) , (6)

in which a is the natural unit of length. These operators are assumed to be Hermitian and operate on the single-valued functions of y_μ, y_4. The spectra of x^i, i = 1, 2, 3, are discrete, but x^0 has a continuous spectrum extending from −∞ to +∞. Transformations which leave the quadratic form (5) and y_4 invariant are covariant Lorentz transformations on the variables y_1, y_2, y_3 and y_0, and these transformations induce contravariant Lorentz transformations in x^μ.

Now six additional operators are defined as

M^{μν} = −i ( y^μ ∂ ∂y_ν − y^ν ∂ ∂y_μ ) , (7)

which are the infinitesimal elements of the four-dimensional Lorentz group. The ten operators defined in Eqs. (6) and (7) have the following commutation relations:

[x^μ, x^ν ] = ia^2M^{μν} , (8) [ M^{μν} , x^λ ] = i ( x^μη^{νλ} − x^ν η^{μλ} ) , (9) [ M^{μν} , M^{αβ} ] = i ( M^{μβ} η^{να} − M^{μα}η^{νβ} + M^{να}η^{μβ} − M^{νβ} η^{μα} ) . (10)

The Lorentz SO(3, 1) symmetry given in Eq. (10) is extended to SO(4, 1) symmetry specified by Eqs. (8)–(10).

Since the position operators x^i have discrete spectra, we can understand it in terms of a non-zero minimal uncertainty in positions. It is possible to obtain the space part of Snyder algebra by considering the generalized Heisenberg algebra^3 (with ℏ = 1): [ x_i, p_j ] = iδ_{ij} √ 1 + a^2p_kp_k, (11)

which implies non-zero minimal uncertainties in position coordinates, and preserves the rotational symmetry. Representing the generalized Heisenberg algebra on momentum wave functions ψ(p) = ⟨p|ψ⟩, p_iψ(p) = p_iψ(p), (12)

x_iψ(p) = i √ 1 + a^2p_kp_k∂_{pi} ψ(p), (13)

3The space part of Snyder algebra can also be obtained from another generalized Heisenberg algebra considered in Ref. [25].

we get the commutation relation among the position operators:

[x_i, x_j ] = −a^2 ( p_i∂_{pj} − p_j ∂_{pi} ) ≡ ia^2M_{ij} , (14)

where we have defined

M_{ij} = i ( p_i∂_{pj} − p_j ∂_{pi} ) . (15)

Thus we have

[M_{ij} , x_k] = i (x_iδ_{jk} − x_j δ_{ik}) , (16) [M_{ij} , M_{kl}] = i (M_{il}δ_{jk} − M_{ik}δ_{jl} + M_{jk} δ_{il} − M_{jl}δ_{ik}) . (17)

The algebra (14), (16) and (17) exactly reproduces the space part of the Snyder algebra (8)–(10).

Doplicher et al. [26, 27] proposed a new algebra (DFR algebra) of a noncommutative spacetime through considerations on the spacetime uncertainty relations derived from quantum mechanics and general relativity. This algebra defines a Lorentz-invariant noncommutative spacetime different from Snyder’s quantized spacetime. Their algebra is given by

[x^μ, x^ν ] = iθ^{μν} , (18) [ θ^{μν} , x^λ ] = 0, (19) [ θ^{μν} , θ^{αβ} ] = 0. (20)

Recently, Carlson et al. [4] rederived this DFR algebra by “contraction” of Snyder’s algebra. For that they considered

M^{μν} = 1 b θ^{μν} , (21)

and the limits b → 0, a → 0 with the ratio of a^2 and b held fixed: (a^2/b) → 1. The result of this contraction is the algebra given by Eqs. (18)–(20). It also follows that [ M^{μν} , θ^{αβ} ] = i ( θ^{μβ} η^{να} + θ^{να}η^{μβ} − θ^{μα}η^{νβ} − θ^{νβ} η^{μα} ) . (22)

Since a → 0 is a part of the limit, the contracted algebra corresponds to a continuum limit of Snyder’s quantized spacetime.

The validity of this contraction process is questionable. Let us recall the familiar contractions of the group SO(3) to the group E_2, and of the Poincaré group to the Galilean group. In the limit of infinite radius, SO(3), which is the symmetry group of the surface of the sphere, contracts to E_2, the symmetry group of a plane. Likewise, in the low-velocity limit, the Poincaré group contracts to the Galilean group. These contractions involve taking limit of one parameter only whereas the above mentioned contraction of Snyder algebra to DFR algebra is achieved by taking limits of two parameters, a → 0 and b → 0. Furthermore, in the standard group contraction we can identify a mapping among the generators of the two groups, but in the mapping (21), θ^{μν} is not a generator associated with any symmetry group. In this context, therefore, we agree with Kase et al. [5] that there is no connection between the two algebras.

In this paper we shall consider noncommutative electrodynamics which is obtained by a standard deformation of the usual (commutative) Maxwell theory, replacing pointwise multiplication by a star multiplication defined by Eq. (2). We shall show in what precise sense Lorentz symmetry is interpreted to be valid, or otherwise. To facilitate our analysis we first develop the formulation in the context of a simple toy model.

3 A toy model

We know from Noether’s theorem that the invariance of action under a symmetry group, and a spacetime transformation in particular, implies the existence of a current J^μ satisfying a continuity equation ∂_μJ^μ = 0. We shall now investigate what happens when the action contains vector or tensor parameters which are not included in the configuration space, i.e., there are external vector or tensor parameters in the theory. Before we consider the noncommutative Maxwell theory, which contains a tensor parameter θ^{αβ} , it will be advantageous to first start with a simpler case.

We consider ordinary Maxwell theory with the potential coupled to an external source: S ≡ ∫ d^4x L = − ∫ d^4x ( 1 4 F_{μν} F^{μν} + j^μA_μ ) . (23)

Here j_μ is taken to be a constant vector, i.e., it is constant but transforms as a vector when we go from one coordinate frame to another.^4 Here we would like to mention that for the realistic current sources, j^μ corresponds to a vector function which is localized in space. In this sense, therefore, j^μ should be treated as a hypothetical source as it has been taken to be constant throughout. We are just interested in studying the Lorentz-transformation property of this system.

Let us consider an infinitesimal transformation of the coordinate system:

x^μ → x^{′μ} = x^μ + δx^μ, (24)

under which A^μ and j^μ transform as

A^μ(x) → A^{′μ}(x^′) = A^μ(x) + δA^μ(x), (25) j^μ → j^{′μ} = j^μ + δj^μ. (26)

The change in the action resulting from these transformations is δS = ∫ Ω^′

d^4x^′ L ( A^′_ν (x^′), ∂^′_μA^′_ν (x^′); j^′_ν ) − ∫ Ω d^4x L (A_ν (x), ∂_μA_ν (x); j_ν) , (27)

where Ω is an arbitrarily large closed region of spacetime and Ω^′ being the transform of Ω under the coordinate change (24). The above change in action can be rewritten as δS = ∫ Ω d^4x [ L ( A^′_ν (x), ∂_μA^′_ν (x); j^′_ν ) − L (A_ν (x), ∂_μA_ν (x); j_ν) ]

+ ∫ Ω^′ −Ω

d^4x L ( A^′_ν (x), ∂_μA^′_ν (x); j^′_ν ) . (28)

The last term, an integral over the infinitesimal volume Ω^′ − Ω, can be written as an integral over the boundary ∂Ω: ∫ Ω^′ −Ω

d^4x L ( A^′_ν , ∂_μA^′_ν ; j^′_ν ) = ∫ ∂Ω dS_λ δx^λL (A_ν , ∂_μA_ν ; j_ν) = ∫ Ω d^4x ∂_λ [ δx^λL (A_ν , ∂_μA_ν ; j_ν ) ] , (29)

4Later we shall also consider the case where j^μ does not transform like a vector but is fixed for all frames. In that case, one expects that the Lorentz invariance of the action will not be preserved.

where Gauss theorem has been used in the last step. For any function f(x), we can write

δf = f^′(x^′) − f(x) = δ_0f + δx^μ∂_μf, (30)

where δ_0f = f^′(x) − f(x) is the functional change. Note that since we have taken j^μ to be constant, δ_0j^μ = δj^μ. Now we have L ( A^′_ν (x), ∂_μA^′_ν (x); j^′_ν ) − L (A_ν (x), ∂_μA_ν (x); j_ν) = ∂L ∂A_ν δ_0A_ν + ∂L ∂(∂_μA_ν ) δ_0∂_μA_ν + ∂L ∂j_ν δj_ν . (31)

Using the equation of motion ∂L ∂A_ν − ∂_μ ( ∂L ∂(∂_μA_ν ) ) = 0, (32)

and the relations (29) and (31), we can cast Eq. (28) as δS = ∫ Ω d^4x [ ∂_μ ( L δx^μ + ∂L ∂(∂_μA_ν ) δ_0A_ν ) + ∂L ∂j_ν δj_ν ] . In view of Eq. (30), we can write^5 δS = ∫ d^4x [ ∂_μ ( ∂L ∂(∂_μA_ν ) δA_ν − T^{μν} δx_ν ) + ∂L ∂j_ν δj_ν ] , (33)

where T^{μν} is the canonical energy–momentum tensor defined by

T^{μν} = ∂L ∂(∂_μA_σ) ∂^ν A_σ − η^{μν} L . (34)

For spacetime translations, δx^μ = a^μ, a constant, while δA_μ = 0 and δj_μ = 0. So the invariance of the action under translations implies ∫ d^4x (∂_μT^{μν} )a_ν = 0.

Since it is true for arbitrary a_ν , we must have

∂_μT^{μν} = 0. (35)

This is the criterion for translational invariance of the action.

In the case of infinitesimal Lorentz transformations (rotations and boosts), δx_μ = ω_{μν} x^ν , δA_μ = ω_{μν} A^ν and δj_μ = ω_{μν} j^ν , where ω_{μν} is constant and anti-symmetric. So the invariance of the action implies ∫ d^4x [ ∂_μ ( ∂L ∂(∂_μA_λ) A^ρ − ∂L ∂(∂_μA_ρ) A^λ − T^{μλ}x^ρ + T^{μρ}x^λ ) + ∂L ∂j_λ j^ρ − ∂L ∂j_ρ j^λ ] ω_{λρ} = 0. Since it is true for arbitrary ω_{λρ}, we must have ∂_μM^{μλρ} + ∂L ∂j_λ j^ρ − ∂L ∂j_ρ j^λ = 0, (36)

5Now onwards we drop the explicit display of Ω as we take this to correspond to entire spacetime in a suitable limit.

where M^{μλρ} = ∂L ∂(∂_μA_λ) A^ρ − ∂L ∂(∂_μA_ρ) A^λ − T^{μλ}x^ρ + T^{μρ}x^λ. (37)

Therefore, the criterion for Lorentz invariance of the action is

∂_μM^{μλρ} − A^λj^ρ + A^ρj^λ = 0. (38)

Now we shall obtain the criteria for translational invariance and Lorentz invariance of the action when j^μ is not a genuine vector but has the same constant value in all frames. In that case we have δj^μ = 0 not only under translations but also under Lorentz transformations. Therefore the last term inside the parentheses on the right-hand side of Eq. (33) drops out and the criteria for the invariance of the action turn out to be

∂_μT^{μν} = 0, (39) ∂_μM^{μλρ} = 0. (40)

Thus, the criterion for translational invariance is the same irrespective of whether j^μ is a genuine vector or not. However, this is not the case with the criterion for Lorentz invariance.

Now we shall explicitly evaluate ∂_μT^{μν} and ∂_μM^{μλρ} for our toy model (23). This will obviously be independent of whether j^μ transforms like a vector or not. Using

∂^ν L = ∂L ∂A_ρ ∂^ν A_ρ + ∂L ∂(∂_κA_ρ) ∂^ν ∂_κA_ρ, the equation of motion (32), and the definition (34) of energy–momentum tensor, we find

∂_μT^{μν} = 0. (41)

Also, using the equation of motion (32), Eq. (41) and the defintion (37) of M^{μλρ}, we find for our theory (23) that

∂_μM^{μλρ} = A^λj^ρ − A^ρj^λ. (42)

As mentioned earlier, the results (41) and (42) do not depend whether j^μ transforms like a vector or not.

We have seen that the criterion for translational invariance is the same, ∂_μT^{μν} = 0, in both the cases, independent of whether j^μ transforms like a vector or not. This is satisfied in view of Eq. (41), thereby indicating that our toy model has translational invariance in both the cases. However, the criterion for Lorentz invariance is different in the two cases—see Eqs. (38) and (40)—whereas what we have actually found is given by Eq. (42). Since this agrees with the criterion (38), our model has Lorentz invariance only when j^μ transforms like a vector, and not in the other case.

We shall now show that using the Noether charges

P^μ = ∫ d^3x T^{0μ}, J^{μν} = ∫ d^3x M^{0μν} , (43)

and the canonical equal-time Poisson brackets {A_μ(t, x), π^ν(t, y)} = δ^ν_μδ^3(x−y), we can generate the transformations of the dynamical variables A_i and π^i: {A_i, Q_V } = L_V A_i, { π^i, Q_V } = L_V π^i, (44) where Q_{∂μ} = P_μ, Q_{x[μ∂ν]} = J_{μν} and L_V A_i stands for the Lie derivative^6 of the field A_i with respect to the vector field V associated with the charge Q_V .

The canonical momenta of the theory are

π^0 = ∂L ∂(∂_0A_0)

= 0, (45)

π^i = ∂L ∂(∂_0A_i)

= F^{i0}. (46)

It follows from the definitions (34) and (37) that

T^{00} = π^i∂_iA^0 − 1 2 π^iπ_i − 1 4 F_{ij} F^{ij} − j^μA_μ, (47) T^{0i} = π^j ∂^iA_j , (48) M^{00i} = −T^{00}x^i − π^iA^0 + x^0π^j∂^iA_j , (49) M^{0ij} = π^iA^j − x^j π^k∂^iA_k − π^jA^i + x^iπ^k∂^j A_k, (50) where we have used Eq. (46) to eliminate velocities in favour of momenta. Now we compute the Poisson brackets of the field A_i with the charges:

{A_i, P_j} = ∂_j A_i, (51) {A_i, P_0} = ∂_iA_0 + π_i = ∂_0A_i, (52) {A_i, J_{kl}} = η_{ik}A_l − x_l∂_k A_i − η_{il}A_k + x_k∂_lA_i, (53) {A_i, J_{0l}} = −x_l (∂_iA_0 + π_i) − η_{il}A_0 + x_0∂_lA_i = −x_l∂_0A_i − η_{il}A_0 + x_0∂_lA_i, (54) where the definition (46) of momenta has been used in the second steps of Eqs. (52) and (54). Since

L_{∂μ} A_i = ∂_μA_i, (55) L_{x[μ∂ν]} A_i = η_{iμ}A_ν − x_ν ∂_μA_i − η_{iν} A_μ + x_μ∂_ν A_i, (56) it follows that {A_i, P_μ} = L_{∂μ} A_i, {A_i, J_{μν} } = L_{x[μ∂ν]} A_i. (57) The brackets of the momenta π_i with the charges are

{π_i, P_j } = ∂_j π_i, (58) {π_i, P_0} = ∂_kF^k_i − j_i = ∂_0π_i, (59) {π_i, J_{kl}} = η_{ik}π_l − x_l∂_kπ_i − η_{il}π_k + x_k∂_lπ_i, (60) {π_i, J_{0l}} = −x_l ( ∂_kF^k_i − j_i ) + x_0∂_lπ_i − F_{li} = −x_l∂_0π_i + x_0∂_lπ_i − F_{li}, (61)

where, in the second steps of Eqs. (59) and (61), we have used ∂_0π^i = ∂_k F^{ki} − j^i which is a consequence of the equation of motion (32):

∂_μF^{μν} − j^ν = 0 (62) ⇒ ∂_0F^{0i} + ∂_kF^{ki} − j^i = −∂_0π^i + ∂_k F^{ki} − j^i = 0.

6If W^{α...β}_{μ...ν} (x) → W^{′ α...β}_{μ...ν} (x^′) for an arbitrary tensor field under the infinitesimal transformation x^μ → x^{′μ} = x^μ − bV^μ, then the Lie derivative of W (x) with respect to the vector field V (x) = V^μ(x)∂μ is defined as (LV W )^{α...β}_{μ...ν} (x) = lim_{b→0} 1 b ( W^{′ α...β}_{μ...ν} (x) − W^{α...β}_{μ...ν} (x) ) .

Since^7

L_{∂μ} π_i = ∂_μπ_i, (63) L_{x[k ∂l]} π_i = η_{ik}π_l − x_l∂_k π_i − η_{il}π_k + x_k∂_lπ_i, (64) L_{(x0∂l−xl∂0)}π_i = −x_l∂_0π_i + x_0∂_lπ_i − F_{li}, (65)

it follows that {π_i, P_μ} = L_{∂μ} π_i, {π_i, J_{μν} } = L_{x[μ∂ν]} π_i. (66) Hence we have shown that Eq. (44) is indeed satisfied.

We also find that

{P_i, P_j} = 0, (67) {P_i, J_{kl}} = η_{ik}P_l − η_{il}P_k, (68) {J_{ij} , J_{kl}} = η_{jk}J_{il} + η_{il}J_{jk} − η_{ik}J_{jl} − η_{jl}J_{ik} . (69) Now it follows that restricting to kinematical generators (P_i and J_{ij} ) only, we have

{Q_U , Q_V } = Q_{[U,V ]}. (70)

Thus we see that although ∂_0Q_V ≠ 0 (for rotations and boosts), we still have Eqs. (44) and (70). This is necessary for establishing the dynamical consistency of the transformations.

It should be stressed that the Hamiltonian approach violates manifest Lorentz invariance. The fact that it gets restored is thus quite non-trivial. A possible way to see the manifest violation is through Eq. (45). Within the Hamiltonian formulation, however, this equation really is a primary constraint and the equality is only “weakly” valid [28]. Time-conserving the primary constraint leads to a secondary (Gauss) constraint. This is basically the zero-component of the equation of motion (62), expressed in phase-space variables:

∂_iπ^i − j^0 ≈ 0. (71)

There are no further constraints. These constraints do not affect the realization of the 3D Euclidean symmetry (67)–(69).

4 Noncommutative electrodynamics: commutative-variable approach

We now generalize the case of vector source considered in the previous section to anti-symmetric tensor “source” θ^{μν} . We take the noncommutative Maxwell theory: ^S = −1 4 ∫ d^4x ( ^F_{μν} ⋆ ^F^{μν} ) , (72)

where the noncommutative field strength is ^F_{μν} = ∂_μ ^A_ν − ∂_ν ^A_μ − i [ ^A_μ, ^A_ν ] ⋆ . (73)

7It is perhaps worthwhile to mention that while computing the Lie derivative of π^i , one should keep in mind that π^i are not the components of a 4-vector. Rather, π^i are the components of a tensor, π^i = F^{i0}.

On applying the Seiberg–Witten maps [20],

^A_μ = A_μ − 1 2 θ^{αβ} A_α (∂_β A_μ + F_{βμ}) + O(θ^2), (74) ^F_{μν} = F_{μν} − θ^{αβ} (A_α∂_β F_{μν} + F_{μα}F_{βν} ) + O(θ^2), (75)

we get the effective theory in terms of usual (commutative) variables: S = − ∫ d^4x [ 1 4 F_{μν} F^{μν} + θ^{αβ} ( 1 2 F_{μα}F_{νβ} + 1 8 F_{βα}F_{μν} ) F^{μν} ] + O(θ^2), (76)

where a boundary term has been dropped in order to express it solely in terms of the field strength. Although we have kept only linear terms in θ, our conclusions are expected to hold for the full theory. The Euler–Lagrange equation of motion for this theory (in view of the fact that L does not have explicit dependence on A_μ) is ∂_ρ ( ∂L ∂(∂_σA_ρ) ) = 0. (77)

Popular noncommutative spacetime is characterized by a constant and fixed (same value in all frames) noncommutativity parameter but here first we take θ^{αβ} to be a constant tensor parameter, i.e., it is constant but transforms as a tensor under Poincaré transfomations. Proceeding as in the previous section, we find that for spacetime translations, invariance of the action implies, as before,

∂_μT^{μν} = 0, (78)

with T^{μν} defined as in (34), i.e.,

T^{μν} = ∂L ∂(∂_μA_σ) ∂^ν A_σ − η^{μν} L . (79)

In case of infinitesimal Lorentz transformations, δx_μ = ω_{μν} x^ν , δA_μ = ω_{μν} A^ν and δθ_{μν} = ω_{μα}θ^α_ν − ω_{να}θ^α_μ. With M^{μλρ} defined as in (37), M^{μλρ} = ∂L ∂(∂_μA_λ) A^ρ − ∂L ∂(∂_μA_ρ) A^λ − T^{μλ}x^ρ + T^{μρ}x^λ, (80)

the analogue of Eq. (36) turns out to be

∂_μM^{μλρ} + 2 ∂L ∂θ_{αρ} θ^λ_α − 2 ∂L ∂θ_{αλ} θ^ρ_α = 0, (81)

which, upon substituting ∂L ∂θ_{αρ} = − 1 2 ( F^{μα}F^{νρ} + 1 4 F^{ρα}F^{μν} ) F_{μν} , gives us the criterion for Lorentz invariance of the action as ∂_μM^{μλρ} − θ^λ_αF_{μν} ( F^{μα}F^{νρ} + 1 4 F^{μν} F^{ρα} ) + θ^ρ_αF_{μν} ( F^{μα}F^{νλ} + 1 4 F^{μν} F^{λα} ) = 0. (82)

In the case when θ^{μν} does not transform like a tensor but is fixed in all frames, we have δθ_{μν} = 0 under translations and Lorentz transformations. In that case, the criteria for the invariance of the action turn out to be

∂_μT^{μν} = 0, (83) ∂_μM^{μλρ} = 0, (84)

which are the exact analogues of the criteria (39) and (40).

Now we shall explicitly evaluate ∂_μT^{μν} and ∂_μM^{μλρ} for our model (76). We have ∂L ∂(∂_σA_ρ) = F^{ρσ} +θ^{ασ}F^{μρ}F_{μα} −θ^{αρ}F^{μσ} F_{μα} − 1 4 θ^{ρσ} F^{μν} F_{μν} +θ^{αβ} ( F^ρ_αF^σ_β + 1 2 F_{βα}F^{ρσ} ) . (85)

Taking the derivative of Eq. (79) and using the equation of motion (77), yields

∂_μT^{μν} = 0. (86)

Similarly, taking the derivative of Eq. (80), using Eqs. (77) and (86), and finally substituting (85), we find ∂_μM^{μλρ} = θ^λ_αF_{μν} ( F^{μα}F^{νρ} + 1 4 F^{μν} F^{ρα} ) − θ^ρ_αF_{μν} ( F^{μα}F^{νλ} + 1 4 F^{μν} F^{λα} ) . (87)

The results (86) and (87) do not depend on whether θ^{μν} transforms like a tensor or not.

We have seen that the criterion for translational invariance is the same, ∂_μT^{μν} = 0, in both the cases when θ^{μν} transforms like a tensor and when it does not. This is satisfied in view of Eq. (86). However, the criterion for Lorentz invariance is different in the two cases— see Eqs. (82) and (84)—and what we have actually found is given by Eq. (87). Therefore, as expected, our theory has Lorentz invariance only when θ^{μν} transforms like a tensor, and not in the other case. The Seiberg–Witten maps (74) and (75) have an explicit Lorentz-invariant form provided that θ transforms like a Lorentz tensor, in accordance with the result found here.

As in the toy model, we now show that the Poisson bracket of the dynamical fields A_i and π^i with the charge is equal to the Lie derivative of the field with respect to the vector field associated with the charge. As usual, the Hamiltonian formulation [29] is commenced by computing the canonical momenta of the theory:

π^0 = 0, (88)

π^i = F^{i0} − θ^{mn} ( F^i_nF^0_m + 1 2 F_{nm}F^{0i} ) − θ^{in}F_{kn}F^{0k} − θ^{0n} ( F^{0i}F_{0n} + F^{mi}F_{mn} )

+ θ^{0i} ( 1 4 F^{mn} F_{mn} − 1 2 F^{0m}F_{0m} ) . (89)

As before, Eq. (88) is interpreted as a primary constraint. Since the definition (89) of momenta π^i contains terms quadratic in “velocities”, it is highly non-trivial to invert this relation to express velocities in terms of phase-space variables. Therefore, we now implement the condition^8 θ^{0i} = 0, which enables us to write down the velocities in terms of phase-space variables:

F^{i0} = π^i − θ^{mn} ( F^i_nπ_m + 1 2 F_{nm}π^i ) − θ^{in}F_{kn}π_k. (90)

8The simplifications achieved by this condition are well known in the Hamiltonian formulation of noncommutative gauge theories. It eliminates the higher-order time-derivatives so that the standard Hamiltonian prescription can be adopted.

It follows from the definitions of T^{μν} (79) and M^{μλρ} (80) that

T^{00} = π^i∂_iA^0 − 1 2 π^iπ_i − 1 4 F_{ij} F^{ij} − θ^{ij} ( 1 2 F_{ki}F_{mj} F^{km} + 1 8 F_{ji}F_{km}F^{km} − 1 4 F_{ji}π_kπ^k − F_{kj} π_iπ^k ) , (91)

T^{0i} = π^j ∂^iA_j , (92) M^{00i} = −T^{00}x^i − π^iA^0 + x^0π^j∂^iA_j , (93) M^{0ij} = π^iA^j − x^j π^k∂^iA_k − π^jA^i + x^iπ^k∂^j A_k, (94) where we have used Eq. (90) to eliminate velocities in favour of momenta. Time-conserving the primary constraint with the Hamiltonian ∫ d^3x T^0_0 yields the Gauss constraint ∂_iπ^i ≈ 0. (95) There are no further constraints.

Now we find

{A_i, P_j} = ∂_j A_i, (96)

{A_i, P_0} = ∂_iA_0 + π_i − θ_i^nF_{mn}π^m − θ^{mn} ( F_{in}π_m + 1 2 F_{nm}π_i ) , (97) {A_i, J_{kl}} = η_{ik}A_l − ∂_k A_ix_l − η_{il}A_k + ∂_lA_ix_k, (98) {A_i, J_{0k}} = −x_k [ ∂_iA_0 + π_i − θ_i^nF_{mn}π^m − θ^{mn} ( F_{in}π_m + 1 2 F_{nm}π_i )] + ∂_k A_ix_0

− η_{ik}A_0. (99) As in the toy model, here also we obtain {A_i, Q_V } = L_V A_i, { π^i, Q_V } = L_V π^i. (100) We find that algebra (67)–(69) is satisfied here also, which in turn implies that the condition (70) holds, i.e., restricting to P_i and J_{ij} , we have

{Q_U , Q_V } = Q_{[U,V ]}. (101) Finally, we would like to mention that there are certain choices of constant non-transforming θ for which the Lorentz invariance can be partially restored. Let us get back to Eq. (3) which characterizes the noncommutativity. Under Lorentz transformation, δx^μ = ω^μ_λx^λ, this equation imposes the following restriction on non-transforming θ:

Ω^{μν} ≡ ω^μ_λθ^{λν} − ω^ν_λθ^{λμ} = 0. (102) There is no non-trivial solution of this set of equations. However, some subsets of this set of equations are soluble. It can be easily seen that the equation

Ω^{01} ≡ ω^0_2θ^{21} + ω^0_3θ^{31} − ω^1_2θ^{20} − ω^1_3θ^{30} = 0 is satisfied for θ^{02} = θ^{03} = θ^{12} = θ^{13} = 0. This choice of θ also solves Ω^{23} = 0. Thus, invariance under a rotation in 23-plane and under a boost in 1-direction can be restored (for non-transforming θ) by choosing

{θ^{μν} } = 0 θ_e 0 0 −θ_e 0 0 0 0 0 0 θ_m 0 0 −θ_m 0

. (103)

Likewise it can be seen that the invariance under a rotation in 13-plane and under a boost in 2-direction is restored for θ^{01} = θ^{03} = θ^{12} = θ^{23} = 0, whereas for θ^{01} = θ^{02} = θ^{13} = θ^{23} = 0, the invariance under a rotation in 12-plane and under a boost in 3-direction is restored. The spacetime symmetry group for these choices of θ is [SO(1, 1) × SO(2)] ⋊ T_4, where ⋊ represents semi-direct product.

We now show that these results also follow from our analysis. We have shown that the criterion for Lorentz invariance when θ does not transform is ∂_μM^{μλρ} = 0, Eq. (84). For the choice (103) of θ, Eq. (87) indeed gives ∂_μM^{μ23} = 0 and ∂_μM^{μ01} = 0. Similarly, our analysis gives consistent results for the other choices of θ. It is worthwhile to mention that the choice (103) has recently been studied [6, 9] and CPT theorem in noncommutative field theories has been proved [6].

Noncommutative gauge theories in two dimensions are always Lorentz invariant, since, in two dimensions, the noncommutativity parameter becomes proportional to the anti-symmetric tensor ε^{μν} , which has the same value in all frames. Our analysis is also consistent with this fact; in two dimensions, Eq. (87) gives ∂_μM^{μ01} = 0.

5 Noncommutative electrodynamics: noncommutative-variable approach

Here we shall reconsider the analysis of the previous section, but in noncommutative variables. However, as in the previous section, we again restrict ourselves to the first order in θ. In this approximation, the original theory (72) reads ^S = −1 2 ∫ d^4x [ ∂_μ ^A_ν ( ∂^μ ^A^ν − ∂^ν ^A^μ ) + 2θ^{αβ}∂_α ^A^μ∂_β ^A^ν ∂_μ ^A_ν ] . (104)

The change of ^A_μ under Poincaré transformation is dictated by the noncommutativity parameter θ^{μν} through the Seiberg–Witten map (74); ^A_μ will transform differently depending on whether θ^{μν} transforms like a tensor or not. For spacetime translations, however, it does not matter; δA_μ = 0 and δθ^{μν} = 0 imply δ ^A_μ = 0. Under Lorentz transformation, δA_μ = ω_{μν} A^ν , δF_{βμ} = ω_{βλ}F^λ_μ −ω_{μλ}F^λ_β , and δθ_{μν} = ω_{μα}θ^α_ν −ω_{να}θ^α_μ if θ_{μν} transforms as a tensor, otherwise δθ_{μν} = 0 if it does not transform. Therefore, for transforming θ, map (74) gives

δ ^A_μ = ω_{μλ} ^A^λ, (105)

which is the expected noncommutative deformation of the standard transformation for a covariant vector. For non-transforming θ, δ ^A_μ = ω_{μλ} ^A^λ − 1 2 θ^{αβ} ω_{βλ} [ ^A^λ∂_μ ^A_α − ^A_α∂_μ ^A^λ − 2 ( ^A^λ∂_α ^A_μ − ^A_α∂^λ ^A_μ )] . (106)

Proceeding as in the case of toy model, we find that the change in action under spacetime transformations is given by δ ^S = ∫ d^4x [ ∂_μ ( ∂ ^L ∂(∂_μ ^A_ν ) δ ^A_ν − ^T^{μν} δx_ν ) + ∂ ^L ∂θ^{μν} δθ^{μν} ] , (107)

where the canonical energy–momentum tensor is defined as ^T^{μν} = ∂ ^L ∂(∂_μ ^A_σ) ∂^ν ^A_σ − η^{μν} ^L . (108)

Therefore, the criterion for translational invariance of the action, irrespective of whether θ is a tensor or not, is

∂_μ ^T^{μν} = 0, (109)

since δA_ν = δθ^{μν} = 0. It follows from the definition (108) that the criterion (109) is indeed satisfied once we use the equation of motion (Lagrangian density does not have explicit dependence on ^A_μ) ∂_μ ( ∂ ^L ∂(∂_μ ^A_ν ) ) = 0. (110)

This implies that the action (104) is invariant under translations.

In the case of transforming θ, the criterion of Lorentz invariance, using the transformation (105), turns out to be ∂_μ ^M^{μλρ} − ( ∂_μ ^A_ν − ∂_ν ^A_μ ) ( θ^λ_α∂^α ^A^μ∂^ρ ^A^ν − θ^ρ_α∂^α ^A^μ∂^λ ^A^ν ) = 0, (111)

where ^M^{μλρ} = ∂ ^L ∂(∂_μ ^A_λ) ^A^ρ − ∂ ^L ∂(∂_μ ^A_ρ) ^A^λ − ^T^{μλ}x^ρ + ^T^{μρ}x^λ. (112)

On the other hand, using the transformation (106) for non-transforming θ, the invariance of the action under Lorentz transformations demands ∂_μ ^M^{μλρ} − 1 2 θ^λ_α ( ∂_μ ^A_ν − ∂_ν ^A_μ ) ∂^μ [ ^A^α(2∂^ρ ^A^ν − ∂^ν ^A^ρ) − ^A^ρ ( 2∂^α ^A^ν − ∂^ν ^A^α )]

+ 1 2 θ^ρ_α ( ∂_μ ^A_ν − ∂_ν ^A_μ ) ∂^μ [ ^A^α(2∂^λ ^A^ν − ∂^ν ^A^λ) − ^A^λ ( 2∂^α ^A^ν − ∂^ν ^A^α )] = 0. (113)

Next we compute ∂_μ ^M^{μλρ} from the definition (112). Using the equation of motion (110) and ∂ ^L ∂(∂_μ ^A_λ) = ∂^λ ^A^μ − ∂^μ ^A^λ − θ^{αβ} ∂_α ^A^μ∂_β ^A^λ − θ^{μβ} ∂_β ^A^ν ( ∂^λ ^A_ν − ∂_ν ^A^λ ) , (114)

it follows from (112) that ∂_μ ^M^{μλρ} = ( ∂_μ ^A_ν − ∂_ν ^A_μ ) ( θ^λ_α∂^α ^A^μ∂^ρ ^A^ν − θ^ρ_α∂^α ^A^μ∂^λ ^A^ν ) , (115)

which shows that the criterion (111) is satisfied and not (113). Thus, the action (104) is invariant under Lorentz transformations only when θ transforms as a tensor, which is like the case of noncommutative electrodynamics in usual variables, considered in the previous section.

We shall now establish a connection between the two descriptions of noncommutative electrodynamics considered here and in the previous section. The Lagrangian densities in the two formulations are related by the map

^L = L + 1 4 θ^{αβ} ∂_β (A_αF_{μν} F^{μν} ) . (116)

Since ^L and L differ by a total-derivative term, we have ^S = S.

Now we shall find the maps between T^{μν} and ^T^{μν} as well as between M^{μλρ} and ^M^{μλρ}. First we apply the Seiberg–Witten map (74) on the right-hand side of Eq. (114) and take into account Eq. (85) to get ∂ ^L ∂(∂_μ ^A_λ) = ∂L ∂(∂_μA_λ) + θ^{αμ}F^{λσ} ∂_σA_α + θ^{αλ}F^{σμ}F_{σα} − θ^{αβ} ∂_β (A_αF^{λμ}) + 1 4 θ^{λμ}F_{κσ} F^{κσ} . (117)

Using the maps (74), (116) and (117), we get a map^9 between ^T^{μν} (108) and T^{μν} (79): ^T^{μν} = T^{μν} + θ^{αμ} ( F^{λσ} ∂_σA_α∂^ν A_λ + 1 4 F_{λρ}F^{λρ}∂^ν A_α )

+ θ^{αβ} [ 1 2 F^{λμ}∂_λA_α∂^ν A_β − ∂_β ( A_αF^{λμ} ) ∂^ν A_λ − 1 4 η^{μν} ∂_β ( A_αF_{λρ}F^{λρ} )

− 1 2 A_αF^{λμ}∂^ν (∂_β A_λ + F_{βλ}) ] . (118)

Similarly, using the maps (74), (117) and (118), we get a map between ^M^{μλρ} (112) and M^{μλρ} (80):

^M^{μλρ} = M^{μλρ} + M^{μλρ}_{(θ)} − M^{μρλ}_{(θ)} , (119)

where M^{μλρ}_{(θ)} = θ^{λα}F^{μσ} F_{σα}A^ρ + 1 4 θ^{λμ}A^ρF_{κσ} F^{κσ} + θ^{αμ} [ F^{λσ}A^ρ∂_σ A_α − x^ρ ( F^{κσ} ∂_σA_α∂^λA_κ + 1 4 F_{κσ} F^{κσ} ∂^λA_α )]

− θ^{αβ} [ A^ρ∂_β ( A_αF^{λμ} ) + 1 2 F^{λμ}A_α (∂_β A^ρ + F_β^ρ) + x^ρ ( 1 2 F^{σμ} ∂_σA_α∂^λA_β − ∂^λA_σ∂_β (A_αF^{σμ}) − 1 4 η^{μλ}∂_β (A_αF_{κσ} F^{κσ} ) − 1 2 A_αF^{σμ} ∂^λ (∂_β A_σ + F_{βσ}) )] . (120)

It follows from Eq. (118) that

∂_μ ^T^{μν} = ∂_μT^{μν} , (121)

where we have used the equation of motion, ∂_μF^{μν} + O(θ) = 0. This shows the compatibility of the criteria for translational invariance in the two descriptions, Eqs. (78), (83) and (109).

Next we show the compatibility of the criteria for Lorentz invariance. It follows from Eq. (119) that ∂_μ ^M^{μλρ} = ∂_μM^{μλρ} + θ^{αλ} ( F^{σμ}F_{σα}∂_μA^ρ − F^{σμ}∂_σ A_α∂^ρA_μ + 1 4 F_{κσ} F^{κσ} F^ρ_α )

− θ^{αρ} ( F^{σμ}F_{σα}∂_μA^λ − F^{σμ} ∂_σA_α∂^λA_μ + 1 4 F_{κσ} F^{κσ} F^λ_α ) , (122)

9A similar map among the symmetric energy–momentum tensors is defined in Ref. [30]. Note that the energy– momentum tensors considered here follow from Noether’s prescription.

where again the equation of motion, ∂_μF^{μν} + O(θ) = 0, has been used. Now we use the maps (74) and (122) on the left-hand side of Eq. (111) to obtain ∂_μ ^M^{μλρ} − ( ∂_μ ^A_ν − ∂_ν ^A_μ ) ( θ^λ_α∂^α ^A^μ∂^ρ ^A^ν − θ^ρ_α∂^α ^A^μ∂^λ ^A^ν )

= ∂_μM^{μλρ} − θ^λ_αF_{μν} ( F^{μα}F^{νρ} + 1 4 F^{μν} F^{ρα} ) + θ^ρ_αF_{μν} ( F^{μα}F^{νλ} + 1 4 F^{μν} F^{λα} ) . (123)

Thus, the left-hand side of criterion (111) goes over to the left-hand side of criterion (82) under the Seiberg–Witten maps, which shows the compatibility of the two criteria for Lorentz invariance when θ transforms as a tensor. Turning to the case when θ does not transform, we now apply the maps (74) and (122) on the left-hand side of the criterion (113): ∂_μ ^M^{μλρ} − 1 2 θ^λ_α ( ∂_μ ^A_ν − ∂_ν ^A_μ ) ∂^μ [ ^A^α ( 2∂^ρ ^A^ν − ∂^ν ^A^ρ ) − ^A^ρ ( 2∂^α ^A^ν − ∂^ν ^A^α )]

+ 1 2 θ^ρ_α ( ∂_μ ^A_ν − ∂_ν ^A_μ ) ∂^μ [ ^A^α ( 2∂^λ ^A^ν − ∂^ν ^A^λ ) − ^A^λ ( 2∂^α ^A^ν − ∂^ν ^A^α )]

= ∂_μM^{μλρ} + 1 4 θ^λ_α [∂^α (A^ρF_{κσ} F^{κσ} ) − ∂^ρ (A^αF_{κσ} F^{κσ} )] − 1 4 θ^ρ_α [ ∂^α ( A^λF_{κσ} F^{κσ} ) − ∂^λ (A^αF_{κσ} F^{κσ} ) ] . (124)

Thus, the left-hand side of criterion (113) goes over to the left-hand side of criterion (84) up to total-derivative terms. The origin of these total-derivative terms is presumably due to the fact that ^L and L are not exactly equal but differ by a total-derivative term, Eq.(116).

We shall now show that using the Noether charges

^P^μ = ∫ d^3x ^T^{0μ}, ^J^{μν} = ∫ d^3x ^M^{0μν} , (125)

and the canonical equal-time Poisson brackets { ^A_μ(t, x), ^π^ν(t, y)} = δ^ν_μδ^3(x−y), we can generate the transformations of the dynamical variables ^A_i and ^π_i: { ^A_i, ^Q_V } = L_V ^A_i, { ^π^i, ^Q_V } = L_V ^π^i. (126)

The canonical momenta of the theory are ^π^0 = −θ^{0i}∂_i ^A_j ( ∂^0 ^A^j − ∂^j ^A^0 ) , (127)

^π^i = ∂^i ^A^0 − ∂^0 ^A^i − θ^{kl}∂_k ^A^0∂_l ^A^i − θ^{0l} ( ∂_0 ^A^0∂_l ^A^i − 2∂_l ^A^0∂_0 ^A^i + ∂_l ^A_0∂^i ^A^0 + ∂^i ^A^k∂_l ^A_k − ∂^k ^A^i∂_l ^A_k ) . (128)

As in the previous section, here also we set θ^{0i} = 0, so that the above definitions simplify to

^π^0 = 0, (129)

^π^i = ∂^i ^A^0 − ∂^0 ^A^i − θ^{kl}∂_k ^A^0∂_l ^A^i. (130)

It follows from the definitions (108), (112) and (130) that

^T^{00} = ^π^i∂_i ^A^0 − 1 2 ^π^i^π_i − 1 2 ∂_i ^A_j ( ∂^i ^A^j − ∂^j ^A^i )

− θ^{kl} [ ^π_i∂_k ^A^0∂_l ^A^i + ∂_k ^A^i∂_l ^A^j ∂_i ^A_j ] , (131)

^T^{0i} = ^π^j ∂^i ^A_j , (132)

^M^{00i} = − ^T^{00}x^i − ^π^i ^A^0 + x^0^π^j∂^i ^A_j , (133) ^M^{0ij} = ^π^i ^A^j − x^j ^π^k∂^i ^A_k − ^π^j ^A^i + x^i^π^k∂^j ^A_k. (134)

After some algebra, we find that { ^A_i, ^P_μ } = L_{∂μ} ^A_i, { ^A_i, ^J_{μν} } = L_{x[μ∂ν]} ^A_i, (135)

and likewise for ^π_i, which proves Eq. (126). We also find that { ^P_i, ^P_j } = 0, (136) { ^P_i, ^J_{kl} } = η_{ik} ^P_l − η_{il} ^P_k , (137) { ^J_{ij} , ^J_{kl} } = η_{jk} ^J_{il} + η_{il} ^J_{jk} − η_{ik} ^J_{jl} − η_{jl} ^J_{ik} , (138) from where it follows that { ^Q_U , ^Q_V } = ^Q_{[U,V ]}, (139)

where we have restricted to kinematical generators ( ^P_i and ^J_{ij} ) only. Thus we see that although ∂_0 ^Q_V ≠ 0 (for rotations and boosts), we still have Eqs. (126) and (139). This is necessary for establishing the dynamical consistency of the transformations.

Finally, we would like to mention that for the choice (103) of θ, Eq. (115) gives ∂_μ ^M^{μ23} = 0 and ∂_μ ^M^{μ01} = 0. The criterion (113) for Lorentz invariance when θ does not transform is not compatible with Eq. (115) in general. However, for this particular choice of θ the criterion (113) also gives ∂_μ ^M^{μ23} = 0 and ∂_μ ^M^{μ01} = 0. Thus, Lorentz invariance is partially restored.

6 Conclusions

We have derived, starting from a first-principle Noether-like approach, criteria for preserving Poincaré invariance in a noncommutative gauge theory with a constant noncommutativity parameter θ. The criterion for translational invariance was the same irrespective of whether θ transformed as a second-rank tensor or was the same constant in all frames. This criterion was then shown to hold by performing an explicit check. Thus, as expected, translational invariance was valid.

The issue of Lorentz invariance (invariance under rotations and boosts) was quite subtle. Here we found distinct criteria depending on the nature of transformation of θ. An explicit check using the equations of motion confirmed the particular criterion for Lorentz invariance when θ_{μν} transformed as covariant second-rank tensor. Thus Lorentz invariance was preserved only for a transforming θ.

We have also shown that all the transformations are dynamically consistent. The Noether charges generated the appropriate transformations on the phase-space variables. These charges also satisfied the desired Lie brackets among themselves.

The complete analysis was done in both the commutative and noncommutative descriptions. By the use of suitable Seiberg–Witten-type maps, compatibility among the results found in the two descriptions was established.

The criteria for Lorentz invriance found here were also consistent with the fact that, for a constant non-transforming θ having special values, the symmetry group breaks down to SO(1, 1) × SO(2), a subgroup of the Lorentz group.

The present analysis fits in with the general notions of observer versus particle Lorentz transformations. As is known, usually (without a background) these two approaches to Lorentz symmetry agree. In the presence of a background, this equivalence fails since the background (here θ_{μν} ) transforms as a tensor under observer Lorentz transformations but as a set of scalars under particle Lorentz transformations. The effect of observer and particle Lorentz transformations was captured here by the distinct set of criteria (Eqs. (82) and (84) in the commutative description and Eqs. (111) and (113) in the noncommutative description) obtained for a transforming or a non-transforming θ. Lorentz symmetry was preserved only for a transforming θ which conforms to observer Lorentz transformations.

The analysis of Lorentz symmetry in the presence of the background field θ seems to parallel the discussion of gauge symmetry^{10} in the presence of a background magnetic field B.^{11} In the present treatment, Lorentz symmetry of the action is preserved although there may not be a conserved generator.^{12} Likewise, gauge symmetry of the action, say for a particle moving in the presence of background magnetic field, is preserved although a generator, like the Gauss operator, does not exist, since there is no dynamical piece for the gauge field.

Finally, we mention that the present analysis refers to the standard realization of Poincaré symmetry over trivial co-commutative Hopf algebra of fields. The principal result, that the Lorentz symmetry is restored for a suitably transforming θ, is expected within such a scheme. Recently it has been shown [11, 12] that for constant θ, an explicit twisted Poincaré symmetry is realized within the twisted Hopf algebra of fields.

Acknowledgments

K. K. thanks the Council of Scientific and Industrial Research (CSIR), Government of India for financial support.

References

[1] S. M. Carroll, J. A. Harvey, V. A. Kostelecky, C. D. Lane and T. Okamoto, “Noncommutative field theory and Lorentz violation,” Phys. Rev. Lett. 87 (2001) 141601 [hep-th/0105082].

[2] A. A. Bichl, J. M. Grimstrup, H. Grosse, E. Kraus, L. Popp, M. Schweda and R. Wulkenhaar, “Noncommutative Lorentz symmetry and the origin of the Seiberg–Witten map,” Eur. Phys. J. C 24 (2002) 165 [hep-th/0108045].

[3] A. Iorio and T. Sýkora, “On the spacetime symmetries of noncommutative gauge theories,” Int. J. Mod. Phys. A 17 (2002) 2369 [hep-th/0111049].

[4] C. E. Carlson, C. D. Carone and N. Zobin, “Noncommutative gauge theory without Lorentz violation,” Phys. Rev. D 66 (2002) 075001 [hep-th/0206035].

[5] H. Kase, K. Morita, Y. Okumura and E. Umezawa, “Lorentz-invariant noncommutative spacetime based on DFR algebra,” Prog. Theor. Phys. 109 (2003) 663 [hep-th/0212176].

[6] L. Álvarez-Gaumé and M. A. Vázquez-Mozo, “General properties of noncommutative field theories,” Nucl. Phys. B 668 (2003) 293 [hep-th/0305093].

[7] K. Imai, K. Morita and Y. Okumura, “Lorentz-invariant non-Abelian gauge theory on noncommutative spacetime and BRST symmetry,” hep-th/0309060.

10For a detailed study of the connection between Lorentz and gauge symmetries in the Maxwell theory, see Ref. [31].

11Indeed θ can be regarded as the inverse of B.

12Note however that the generators are dynamically consistent as shown, for instance, in Eqs. (100), (101), (126) and (139).

[8] K. Morita, Y. Okumura and E. Umezawa, “Lorentz invariance and unitarity problem in noncommutative field theory,” Prog. Theor. Phys. 110 (2003) 989 [hep-th/0309155].

[9] K. Morita, “Discrete symmetries in Lorentz-invariant noncommutative QED,” Prog. Theor. Phys. 110 (2003) 1003 [hep-th/0309159].

[10] S. Ghosh, “Spacetime symmetries in noncommutative gauge theory: a Hamiltonian analysis,” hep-th/0310155.

[11] M. Chaichian, P. Kulish, K. Nishijima and A. Tureanu, “On a Lorentz-invariant interpretation of noncommutative spacetime and its implications on noncommutative QFT,”

hep-th/0408069.

[12] M. Chaichian, P. Prešnajder and A. Tureanu, “New concept of relativistic invariance in NC spacetime: twisted Poincaré symmetry and its implications,” hep-th/0409096.

[13] J. Madore, S. Schraml, P. Schupp and J. Wess, “Gauge theory on noncommutative spaces,” Eur. Phys. J. C 16 (2000) 161 [hep-th/0001203].

[14] J. Gomis and T. Mehen, “Spacetime noncommutative field theories and unitarity,” Nucl. Phys. B 591 (2000) 265 [hep-th/0005129].

[15] N. Seiberg, L. Susskind and N. Toumbas, “Spacetime noncommutativity and causality,” JHEP 0006 (2000) 044 [hep-th/0005015].

[16] S. Minwalla, M. V. Raamsdonk and N. Seiberg, “Noncommutative perturbative dynamics,” JHEP 0002 (2000) 020 [hep-th/9912072].

[17] F. Ardalan and N. Sadooghi, “Axial anomaly in noncommutative QED on R^4,” Int. J. Mod. Phys. A 16 (2001) 3151 [hep-th/0002143].

[18] R. Banerjee and S. Ghosh, “Seiberg–Witten map and the axial anomaly in noncommutative field theory,” Phys. Lett. B 533 (2002) 162 [hep-th/0110177].

[19] R. Banerjee, “Anomalies in noncommutative gauge theories, Seiberg–Witten transformation and Ramond–Ramond couplings,” Int. J. Mod. Phys. A 19 (2004) 613 [hep-th/0301174].

[20] N. Seiberg and E. Witten, “String theory and noncommutative geometry,” JHEP 9909 (1999) 032 [hep-th/9908142].

[21] A. Matusis, L. Susskind and N. Toumbas, “The IR/UV connection in the noncommutative gauge theories,” JHEP 0012 (2000) 002 [hep-th/0002075].

[22] I. Chepelev and R. Roiban, “Convergence theorem for noncommutative Feynman graphs and renormalization,” JHEP 0103 (2001) 001 [hep-th/0008090].

[23] A. A. Bichl, J. M. Grimstrup, L. Popp, M. Schweda and R. Wulkenhaar, “Perturbative analysis of the Seiberg–Witten map,” Int. J. Mod. Phys. A 17 (2002) 2219 [hep-th/0102044].

[24] H. S. Snyder, “Quantized spacetime,” Phys. Rev. 71 (1947) 38.

[25] A. Kempf, G. Mangano and R. B. Mann, “Hilbert space representation of the minimal length uncertainty relation,” Phys. Rev. D 52 (1995) 1108 [hep-th/9412167].

[26] S. Doplicher, K. Fredenhagen and J. E. Roberts, “Spacetime quantization induced by classical gravity,” Phys. Lett. B 331 (1994) 39.

[27] S. Doplicher, K. Fredenhagen and J. E. Roberts, “The quantum structure of spacetime at the Planck scale and quantum fields,” Commun. Math. Phys. 172 (1995) 187 [hep-th/0303037].

[28] P. A. M. Dirac, “Lectures on Quantum Mechanics,” Yeshiva University Press, New York, 1964.

[29] R. Banerjee, “Noncommuting electric fields and algebraic consistency in noncommutative gauge theories,” Phys. Rev. D 67 (2003) 105002 [hep-th/0210259].

[30] R. Banerjee, C. Lee and H. S. Yang, “Seiberg–Witten-type maps for currents and energy– momentum tensors in noncommutative gauge theories,” Phys. Rev. D 70 (2004) 065015 [hep-th/0312103].

[31] S. Weinberg, “The Quantum Theory of Fields,” Vol. 1, Cambridge University Press, Cambridge, 1995, Sec. 5.9.