arXiv:hep-th/0408207 v1 27 Aug 2004

Berezin Quantization of Gauged WZW and Coset Models^∗

I. Carrillo-Ibarra Departamento de Matemáticas Centro de Investigación y de Estudios Avanzados del IPN P.O. Box 14-740, 07000 México D.F., México

H. García-Compeán and W. Herrera-Suárez Departamento de Física Centro de Investigación y de Estudios Avanzados del IPN P.O. Box 14-740, 07000 México D.F., México (Dated: August 27, 2004)

Abstract

Gauged WZW and coset models are known to be useful to prove holomorphic factorization of the partition function of WZW and coset models. In this note we show that these gauged models can be also important to quantize the theory in the context of the Berezin formalism. For gauged coset models Berezin quantization procedure also admits a further holomorphic factorization in the complex structure of the moduli space.

∗ This work is dedicated to Professor Michel Ryan on the occasion of his 60th birthday.

1. INTRODUCTION

The application of diverse quantization methods to physical systems gives, in many cases, complementary information about these systems. Wess-Zumino-Witten (WZW) models are very interesting kind of two dimensional conformal field theories (CFT) representing exactly solvable models which have been studied intensively some years ago. These models have been studied in the context of different quantization procedures as canonical quantization [1] and Feynman path integral (for a review see, for instance, [2, 3] and references therein).

The coupling of WZW and coset models to gauge fields constitutes the gauged WZW and coset models [4]. In the context of nonsupersymmetric theories these models have been discussed in various global contexts in [2, 3, 5, 6, 7]. In particular, in Ref. [5], Witten have used them to give an alternative proof of the holomorphic factorization of the partition function of WZW and coset models. In this proof the methods of geometric quantization and its relation to the canonical quantization of Chern-Simons theory [8] have been very useful. In the present note we use some of Witten results of Ref. [5], to quantize gauged WZW and coset models through the Berezin formalism [9] (for recent developments, see for instance, [10, 11, 12, 13, 14, 15, 16, 17, 18] to carry over this procedure. In particular, we will use some of the results obtained in [18]. Through out this paper we follow the notation and conventions given by Witten in Ref. [5].

To begin with we first recall the structure of the WZW model described by the Lagrangian

L(g) = − k 8π ∫ Σ d^2σ √ ρρ^{ij} Tr ( g^{−1}∂_ig · g^{−1}∂_j g ) − ik 12π ∫ M d^3σε^{ijk}Tr ( g^{−1}∂_ig · g^{−1}∂_j g · g^{−1}∂_kg ) , (1) where k ∈ Zis the level, ρ_{ij} is the worldsheet metric, g : Σ → G is a map of a compact and orientable Riemann surface Σ (without boundary) into a simple, compact, connected and simply connected Lie group G and M is a three-dimensional manifold whose boundary ∂M is Σ. The partition function of the WZW is defined as Z_{W ZW} (Σ) = ∫ Dge^{−L(g)}. The WZW Lagrangian L(g) is invariant under the global action of G_L × G_R on G given by g → agb^{−1} with a ∈ G_L and b ∈ G_R. Here G_L and G_R are copies of G. However if one gauge out a subgroup F of G_L × G_R, for instance F = G_R. This WZW action gives rise to the coupling between the fields g and F gauge fields on Σ through the following action L(g, A) = L(g) + k 2π ∫ Σ d^2zTrA_{z̄} g^{−1}∂_z g − k 4π ∫ Σ d^2zTrA_z A_{z̄}, (2)

which is not, in general, a gauge invariant extension. The map g is now generalized to a section g ∈ Γ(Σ, X) of the F -bundle over Σ: F → X^π→ Σ. The introduced gauge connection is a f-valued connection one-form on X, transforming in the adjoint representation of the gauge group F , where f is the Lie algebra of F . Only for special “anomaly free” gauge groups F there exists such a gauge invariant extension. But we will consider, in the present paper, ‘anomalous’ gauge groups F ’s such that under the infinitesimal gauge transformation

δg = −gu, δA_i = −D_iu = −∂_iu − [A_i, u], (3) L(g, A) differs from zero in the form δL(g, A) = ik 4π ∫ Σ d^2zTrudA. (4) Following Witten [5], one can define the functional ψ(A) = ∫ Dge^{−L(g,A)}

= ∫ Dg exp ( − L(g) − k 2π ∫ Σ d^2zTrA_{z̄} g^{−1}∂_z g + k 4π ∫ Σ d^2zTrA_{z̄}A_z ) . (5)

This functional obeys the following equations ( δ δA_z − k 4π A_{z̄} ) ψ(A) = 0, (6)

and ( D_{z̄} δ δA_{z̄} + k 4π D_{z̄} A_z − k 2π F_{z̄z} ) ψ(A) = 0, (7)

where F_{z̄z} = ∂_{z̄}A_z − ∂_zA_{z̄} . If one define the operators:^D_{DAz} =^δ_{δAz} −^k_{4π} A_{z̄} and^D_{DAz̄} = δ δA_{z̄} + k 4π A_z , we can rewrite Eqs. (6) and (7) as D DA_z ψ(A) = 0, (8)

and ( D_{z̄} D DA_{z̄} − k 2π F_{z̄z} ) ψ(A) = 0. (9)

D DA_z and D DA_{z̄} can be regarded as a gauge connection on a unitary line bundle L

⊗k over the space of all connections A over Σ. The curvature of this connection can be computed by using the quantization condition: [_D DA_z (z) , D DA_{w̄} (w) ] =^k_{2π} δ(z, w) and it yields −iω, where ω = kω_0 is the symplectic form on A with ω_0 =^1_{2π} ∫ Σ TrδA ∧ δA. Then ω gives to A the structure of a symplectic manifold (A, ω) and this suggest the geometric prequantization of A. As A is topologically trivial, the prequantum line bundle L^{⊗k} can be identified with the trivial holomorphic line bundle: P = A × C , whose L^2-completion of holomorphic sections constitutes the Hilbert space represented by H^0_L2 (A, L^{⊗k} ) with Hermitian inner product ⟨χ|ψ⟩_L = 1 vol(F ) ∫ A DAχ(A)ψ(A). (10) The measure DA on A can be determined by the symplectic structure ω and it can be written as ⟨χ|ψ⟩_L = 1 vol(F ) ∫ A χ(A)ψ(A) exp ( − Φ )ω^n n! , (11) where we have divided by the volume of the gauge group F = G and where Φ is the Kähler potential of the metric on A. Many of these results about the differential geometry of this moduli space were firstly described in Ref. [19].

The curvature of the connection compatible with the Hermitian structure is given by ¯∂∂(−Φ) = −iω. Of course the existence of a prequantization bundle implies that [^ω_{2π} ] ∈ H^2(A_J , Z). If one picks a complex structure on Σ it induces on A a fixed complex structure J giving rise to a complex Kähler manifold A_J . Complex structure J also induces a Kähler polarization on L^{⊗k} which completes the geometric quantization of the Kähler manifold A_J .

The prequantum line bundle can be pushed-down as follows. The symplectic action of the gauge group ^F_C defined by: ^F_C := {f : Σ → F_C } (here F_C is the complexification of the gauge group F ) on A_J can be lifted in such a way that it preserves the connection and the Hermitian inner product (10) or (11). One may define the pushdown line bundle ~L^{⊗k} by stating that its sections H^0_{L2} (M_J , ~L^{⊗k} ) = H^0_{L2} (F^{−1}_J (0), L^{⊗k} )^{^FC} , constitutes a ^F_C -invariant subspace of the space of sections Γ(A_J , L). Here M_J = F^{−1}_J (0)// ^F_C is the Marsden-Weinstein quotient with F^{−1}_J (0) ⊂ A_J is an ^F_C -invariant subspace, where F_J : A_J → f^∗_C is the moment map, with f^∗_C being the dual of the Lie algebra f_C of ^F_C . Equations (8) and (9) implies that the wave function ψ(A) is a holomorphic and gauge invariant section and therefore it belongs to H^0_{L2} (M_J , ~L^{⊗k} ). The connection also can be pushed-down and it satisfies ~∇_{~V} ψ = ∇_V ψ.

Meanwhile the curvature of the connection ~∇ is −i~ω. Thus the pushed-down prequantization is given by ( ~L, ~∇, ⟨·|·⟩_{~L}), where ⟨·|·⟩_{~L} is the ^F_C -invariant inner product ⟨·|·⟩^{^FC}_L .

If one varies the complex structure over the space Z of all conformal classes of worldsheet metrics ρ. Then one can construct the following vector bundle: H^0_{L2} (A_J , L^{⊗k} ) − V^π→ Z. This bundle can be also pushed-down to the Kähler quotient M_J such that one get: H^0_L2 (M_J , ~L^{⊗k} ) − ~V^{~π}→ ~Z. (12) This bundle admits a projectively flat connection which helps to show that the geometric quantization procedure is independent on the complex structure [8]. A covariantly constant section of the bundle (12) in an arbitrary basis {e_ℓ} where ℓ = 1, . . . , dim(~V^′) (with ~V^′ = ~V ′_ρ = H 0_{L2} (M_J , ~L⊗k )) can be written as:

ψ(A; ρ) = dim~V^′∑

ℓ=1 e_ℓ(A; ρ) · f_ℓ(ρ), (13)

for some expansion coefficients f_ℓ(ρ) which are standard anti-holomorphic functions on ~Z. The partition function of WZW models Z_{W ZW} (Σ; ρ) can be expressed in terms of these coefficients as follows [5] Z_{W ZW} (Σ; ρ) = dim~V^′∑

ℓ=1 |f_ℓ(ρ)|^2. (14)

2. BEREZIN QUANTIZATION OF GAUGED WZW MODELS

In this section we describe the Berezin’s quantization of the Kähler quotient (M_J , ~ω) where M_J = F^{−1}_J (0)/ ^F_C . That means we will find an associative and noncommutative family of algebras (~S_B, ~∗_B ) with ~S_B ⊂ C^∞(M_J ) being the space of covariant symbols (which are indexed with a real and positive parameter ℏ in order to recover the classical limit ℏ → 0) and ~∗_B is the Berezin star product. In order to do that we first Berezin quantize (A_J , ω) and then project out all relevant quantities to be ^F_C -invariant one finally get ( ~S_B, ~∗_B ) [18, 20], where ~S_B ⊂ C^∞(A_J )^{^FC} ≡ C^∞(F^{−1}_J (0)/ ^F_C ).

Consider a given prequantization ( ~L, ~∇, ⟨·|·⟩_{~L}) of the Kähler manifold M_J , which can be regarded as the pushed-down prequantization with ~L = L^{^FC} being the ^F_C -invariant unitary line bundle over A_J . The inner product ⟨·|·⟩_{~L} is the ^F_C -invariant inner product compatible with the connection ~∇ constructed from ⟨·|·⟩_L and it is given by

⟨~χ| ~ψ⟩_{~L} = ∫ M_J ⟨~χ| ~ψ⟩ ~ω n! = ⟨χ|ψ⟩^{^FC}_L = ⟨χ|ψ⟩_L, (15) where ⟨χ|ψ⟩_L given by Eqs. (10) or (11). This inner product is defined for all ~χ, ~ψ ∈ H^0_{L2} (M_J , ~L^{⊗k} ) = H^0_{L2} (F^{−1}_J (0), L^{⊗k} )^{^FC} where ⟨~χ| ~ψ⟩ = ⟨χ|ψ⟩ with ⟨χ|ψ⟩ = exp ( − Φ ) χψ and Φ is the Kähler potential. Also ~ω is preserved by the action of ^F_C , i.e. ω is ^F_C -invariant. The norm of an element ~ψ of H^0_{L2} (F^{−1}_J (0), L^{⊗k} )^{^FC} is defined by [|| ~ψ||^2]_{~L} ≡ ⟨ ~ψ| ~ψ⟩_{~L} = ||ψ||^2_L.

In Ref. [5] it was shown that one can identify the complex conjugate ψ(A) of ψ(A) with χ(A), if χ(A) is defined by χ(A) = ∫ Dhe^{−L′ (h,A)}, where L^′(h, A) is given by L^′(h, A) = L(h) − k 2π ∫ Σ d^2zTrA_z ∂_{z̄} hh^{−1} − k 4π ∫ Σ d^2zTrA_{z̄} A_z. (16)

The computation of the norm [|| ~ψ||^2]_{~L} = ||ψ||^2_L =^1_{vol( ^FC )} ∫ A_J DAψ(A)ψ(A) by integrating

out with respect to A (with an appropriate regularization procedure) and the uses of the formula of Polyakov and Wiegman ensures the holomorphic factorization of the partition function of the WZW model, i.e. Z_{W ZW} (Σ) = ||ψ(A)||^2_L.

For future reference, we proceed to give a global set up for the Berezin quantization [10, 11, 12]. We take ~Q ∈ ~L^{⊗k}_0 , π[ ~Q] = ~A ∈ M_J , where ~L^{⊗k}_0 is a complex unitary line bundle ~L^{⊗k} without the zero section. Now consider ~ψ( ~A) = ~ψ[π( ~Q)] = ~L_Q[ ~ψ] ~Q with ~L_Q[ ~ψ] being a linear functional of ~ψ. The group ^F_C acts on the space of sections H^0_{L2} (F^{−1}_J (0), L^{⊗k}_0 )^{^FC} in the equivariant form (~Γ ~ψ)( ~A) ≡ ~Γ ~ψ(~Γ^{−1} ~A), where ~Γ ∈ ^F_C , ~A ∈ M_J and ~ψ ∈ H^0_{L2} (F^{−1}_J (0), L^{⊗k}_0 )^{^FC} .

On the other hand Riesz theorem implies the existence of a section ~e_Q ∈ H^0_{L2} (F^{−1}_J (0), L^{⊗k}_0 )^{^FC} such that ~L_Q[ ~ψ] = ⟨~e_Q| ~ψ⟩_{~L0} . ~e_Q is a ^F_C -invariant section called the equivariant generalized coherent state.

Now let ^O^{^FC} : H^0_{L2} (F^{−1}_J (0), L^{⊗k}_0 )^{^FC} → H^0_{L2} (F^{−1}_J (0), L^{⊗k}_0 )^{^FC} be a bounded operator. The covariant symbol of this operator is defined as O^{^FC}_B ( ~A) = ⟨~e_Q| ^O^{^FC} |~e_Q⟩_{~L0} [||~e_Q||^2]_{~L0} ≡ ⟨e_Q| ^O|e_Q⟩^{^FC}_{L0} [||e_Q||^2]^{^FC}_{L0} , (17)

where ||~e_Q||^2_{~L0} is given by

[||~e_Q||^2]_{~L} = [||e_Q||^2]^{^FC}_L = 1 vol( ^F_C ) ∫ M_J D ~A~e_Q( ~A)~e_Q( ~A), (18) where e_Q ∈ H^0_{L2} (F^{−1}_J (0), L^{⊗k}_0 ) and ^O : H^0_{L2} (F^{−1}_J (0), L^{⊗k}_0 ) → H^0_{L2} (F^{−1}_J (0), L^{⊗k}_0 ) is a bounded operator.

The space of covariant symbols ~S_B = S^{^FC}_B is defined as the pushing-down of S_B. Each covariant symbol can be analytically continued to the open dense subset of M_J × M_J in such a way ⟨~e_Q| ~e_Q′ ⟩_{~L} ≠ 0 with π( ~Q) = ~A (with local complex coordinates { ~A_z, ~A_{z̄} }) and π(~Q^′) = ~A^′ (with local complex coordinates { ~A^′_w, ~A^′_{w̄}}), which is holomorphic in the first entry and anti-holomorphic in the second one. This analytic continuation is reflected in the covariant symbol in the form O^{^FC}_B ( ^A_z, ^A^′_w) = ⟨e_Q| ^O|e_Q′ ⟩^{^FC}_{L0} ⟨e_Q|e_Q′ ⟩^{^FC}_{L0} . (19)

The operator ^O^{^FC} can be obtained from its symbol in the form ^O^{^F}C ~ψ( ~A_z ) = ⟨e_Q| ^O|ψ⟩^{^F}C_{L0} Q. (20) The consideration of the completeness condition 1 = ∫ A_J |eQ⟩⟨eQ| exp ( − Φ(A_z , A_{z̄}) )_{ωn} n! (A_z , A_{z̄}) in the computation of ⟨e_Q| ^O|ψ⟩_{L0} Q yields ^Oψ(A_z) = ∫ A_J DA^′O_B(A_z , A^′_w)B_Q(A_z, A^′_w)ψ(A^′_w) Q, (21)

or in terms of the symplectic structure we have ^Oψ(A_z) = ∫ A_J O_B(A_z , A^′_w)B_Q(A_z, A^′_w)ψ(A^′_w) exp ( − Φ(A^′_w, A^′_w) ) ω^n n! (A^′_w, A^′_w)Q, (22)

where ψ(A^′_w) = ⟨e_Q′ |ψ⟩_{L0} and B_Q(A_z , A^′_w) ≡ ⟨e_Q|e_Q′ ⟩_{L0} . B_Q(A_z , A^′_w) is the generalized Bergman kernel. Finally, taking the ^F_C -invariant part of the above expression we get Eq. (20).

Similar considerations apply to other formulas. But an essential difference with respect to the quantization of (A_J , ω) is that, in the present case, the Kähler quotient is topologically nontrivial and therefore the line bundle ~L^{⊗k} is also nontrivial. It is only locally trivial i.e. ~L^{⊗k}_{(j)} = W (j) × C for each dense open subset W^{(j)}_J ⊂ M_J with j = 1, 2, . . . , N. Analog global formulas found on L, can be applied only on each local trivialization of ~L^{⊗k} . Of course, transition functions on W^{(i)}_J ∩ W^{(j)}_J with i ≠ j are very important and sections and other relevant quantities like the Bergman kernel, Kähler potential, covariant symbols, etc., transform nicely under the change of the open set. Thus in a particular trivialization

~L^{⊗k}_{(j)} , the function O^{(j)}_{B(0)}( ~A_z, ~A^′_w) ∈ C^∞(W^{(j)}_J ) is called the covariant symbol of the operator ^O^{(j)}_0 acting on H^0_{L2} (W^{(j)}_J , ~L^{⊗k}_{(j)} ). Now if O^{(j)}_{B(0)}( ~A_z , ~A^′_w) and O^{′(j)}_{B(0)}( ~A^′_w, ~A^′_z) are two covariant symbols associated to ^O^{(j)}_0 and ^O^{′(j)}_0 , respectively, then the covariant symbol of ^O^{(j)}_0 ^O^{′(j)}_0 is given by the Berezin-Wick star product O^{(j)}_{B(0)}∗_BO^{′(j)}_{B(0)}

(O^{(j)}_{B(0)}~∗_B O^{′(j)}_{B(0)})( ~A_z, ~A_z)

= ∫ W^{(j)}_J

O^{(j)}_{B(0)}( ~A_z, ~A^′_w)O^{′(j)}_{B(0)}( ~A^′_w, ~A_z)

B^{(j)}( ~A_z , ~A^′_w)B^{(j)}( ~A^′_w, ~A_z) B^{(j)}( ~A_z, ~A_z ) exp { −Φ^{(j)}( ~A^′_w, ~A^′_w) } ~ω n! ( ~A^′_w, ~A^′_w)

= ∫ W^{(j)}_J

O^{(j)}_{B(0)}( ~A_z, ~A^′_w)O^{′(j)}_{B(0)}( ~A^′_w, ~A_z) exp { K^{(j)}( ~A_z, ~A_z | ~A^′_w, ~A^′_w) } ~ω n! ( ~A^′_w, ~A^′_w), (23)

where K^{(j)}( ~A_z, ~A_z| ~A^′_w, ~A^′_w) := Φ^{(j)}( ~A_z , ~A^′_w) + Φ^{(j)}( ~A^′_w, ~A_z ) − Φ^{(j)}( ~A_z , ~A_z) − Φ^{(j)}( ~A^′_w, ~A^′_w) is called the Calabi diastatic function on W^{(j)}_J . This construction is valid for all local prequantizations: ( ~L^{⊗k}_{(j)} , ~∇^{(j)}, ⟨·|·⟩_{~L(j)} ) with j = 1, . . . , N. Finally, this structure given by the pair (~S_B , ~∗_B) constitutes the Berezin quantization of (M_J , ~ω) which is determined by the ^F_C -gauged WZW model.

3. BEREZIN QUANTIZATION OF COSET MODELS

3.1. The G/H Model

Coset models G/H are CFT’s which are equivalent to the gauged WZW models by gauging an anomaly-free subgroup F of G_L × G_R [4]. For instance consider any subgroup H ⊂ G_{adj} with G_{adj} being the diagonal subgroup of G_L × G_R. In this case H is always anomaly-free.

We now consider the case of a subgroup F ⊂ G_L × G_R, which is not anomaly-free. In addition we take H ⊂ G_L, such that we have F = G_R ×H_L. Then an F connection consist of a pair (A, B) of two connections: one H-valued connection B and a G-valued connection A. If G has a non-trivial center Z(G) (diagonally embedded in G_L × G_R), then the symmetry group is G_L × G_R/Z(G). Therefore the subgroup that acts faithfully is not F = G_R × H_L but F^′ = G_R × H_L/Z, where Z = H ∩ Z(G).

Similarly to the case of gauged WZW model we can consider the case of an ‘anomalous’ extension of the G/H model called gauged coset G/H model. In this case one can define also a holomorphic and gauge invariant wave function χ(A, B) = ∫ Dge^{−L(g,A,B)}, (24) where L(g, A, B) = L(g) + k 2π ∫ Σ d^2zTrA_{z̄} g^{−1}∂_z g − k 2π ∫ Σ d^2zTrB_z ∂_{z̄} g · g^{−1}

+ k 2π ∫ Σ d^2zTrB_z gA_{z̄} g^{−1} − k 4π ∫ Σ d^2zTr(A_zA_{z̄} + B_z B_{z̄} ). (25) These wave function satisfies two copies of the system given by Eqs. (8) and (9) for both connections A and B with opposite complex structures. These equations implies the existence of a connection on a trivial holomorphic line bundle L^{⊗(k)} over the cartesian product C_J = A_J × B_J of A_J the space of A-connections and B_J the space of B-connections and the fact that ψ(A_{z̄}, B_z) can be regarded as a holomorphic section of this prequantum line bundle. Here B_J is B_J with the opposite complex structure. The product space C_J = A_J ×B_J has the structure of a symplectic manifold with symplectic structure given by: ω = kω_0, where ω_0 =^1_{2π} ∫ Σ Tr(δA ∧ δA) −^1_{2π} ∫ Σ Tr(δB ∧ δB). The corresponding prequantization over this product C_J = A_J × B_J is given by (L^{⊗k} , ∇, ⟨·|·⟩_L), with L^{⊗(k)} = L^{⊗(k)}_{(1)} ⊗ L^{⊗(−k)}_{(2)} , where L^{⊗(k)}_{(1)} is the line bundle over A_J and L^{⊗(k)}_{(2)} is the line bundle over B_J . Let M_J = A_J / ^G_C and N_J = B_J / ^H_C be the moduli spaces and R_J = C_J / ^F^′_C be the quotient space, where ^F^′_C = ^G_C × ^H_C /Z. When the group Z is trivial, R_J is the product manifold R_J = M_J × N_J which is a Kähler manifold and can be regarded as the quotient space of the A_J × B_J by the diagonal action of the group ^G_C × ^H_C . For the general case of non-trivial Z the pushed-down prequantization with ~L = L^{^F ′C} , being the ^F^′_C -invariant complex unitary line bundle over R_J . For trivial Z we will consider the space of holomorphic sections on ~L_{(1)} ⊗ ~L^∗_{(2)} = ~L^{⊗(k)}_{(1)} ⊗ ~L^{⊗(−k)}_{(2)} , which are ^F^′_C -invariant. This is given by ~W = H^0_{L2} (R_J , ~L^{⊗k} ) = H^0_{L2} (A_J × B_J , L^{⊗k} )^{^G}C^{× ^H}C

= H^0_L2 (A_J × B_J , L^{⊗(k)}_{(1)} ⊗ L^{⊗(−k)}_{(2)} )^{^GC × ^HC} = ~V_G ⊗ ~V_H ∗ , (26) where ~V_G = H^0_{L2} (A_J , L^{⊗(k)}_{(1)} )^{^GC} , ~V_H = H^0_{L2} (B_J , L^{⊗(k)}_{(2)} )^{^HC} and ~V_H ∗ = H^0_{L2} (B_J , L^{⊗(−k)}_{(2)} )^{^HC} . ~V_H ∗ is the dual space to ~V_H . These spaces are precisely the spaces of conformal blocks of the coset models and they are finite dimensional if R is compact. For non-trivial Z the space of sections ~W^{G×H} should be modified to take the Z^′-invariant part ~W^{Z′} = ( ~V_G ⊗ ~V_H ∗ )^{Z′} , where Z^′ arises in the exact sequence: 0 → i( ^F_C ) → ^F^′_C → Z^′ → 0. Then Z^′ can be defined as the quotient: Z^′ = ^F^′_C /i( ^F_C ), where i : ^F_C → ^F^′_C is the natural projection map [5].

The inner product ⟨·|·⟩_{~L} on ~W^{Z′} is the Z^′-invariant inner product compatible with the connection ~∇ constructed from ⟨·|·⟩_L and it is given by ⟨~χ| ~ψ⟩_{~L(1) ⊗ ~L(2)} = ⟨χ|ψ⟩^{Z′}_{L(1)⊗L(2)} = ⟨χ|ψ⟩_{L(1)⊗L(2)}

= 1 vol( ^G_C ) × vol( ^H_C ) ∫ A_J ×B_J DADBχ(A, B)ψ(A, B), (27) where DA and DB can be written in terms of the symplectic form ω it yields: ⟨χ|ψ⟩_{L(1)⊗L(2)} = 1 vol( ^G_C ) × vol( ^H_C ) ∫ A_J ×B_J ⟨~χ| ~ψ⟩ ~ω^n n! . (28)

By using the previous definitions, the inner product of the tensor product space can be carried over to the form ⟨~χ(A) ⊗ ~χ(B)| ~ψ(A) ⊗ ~ψ(B)⟩_{~L(1) ⊗ ~L(2)} = ( 1 vol( ^G_C ) ∫ A_J DAχ(A)ψ(A) ) · ( 1 vol( ^H_C ) ∫ B_J DBχ(B)ψ(B) )

= ⟨~χ(A)| ~ψ(A)⟩_{~L(1)} · ⟨~χ(B)| ~ψ(B)⟩_{~L(2)} , (29) for all ~χ(A, B), ~ψ(A, B) ∈ (~ V_G ⊗ ~V_H ∗ )_Z′ . Then the inner product factorizes into two pieces corresponding to the group factors ^G_C and ^H_C . In fact, this is the unique Z^′-invariant inner product in ~W [21].

The norm of an element ~ψ(A, B) of ( ~ V_G ⊗ ~V_H ∗ )_Z′ has shown to factorize holomorphically being equal to the partition function of the G/H model [5] Z_{G/H} (Σ) = ⟨ ~ψ| ~ψ⟩_{~L⊗ ~L}∗ ≡ [|| ~ψ(A) ⊗ ~ψ(B)||^2]_{~L⊗ ~L}∗

= 1 vol( ^G_C ) × vol( ^H_C ) ∫ DADBDgDhe^{−L(g,A,B)−L′ (h,A,B)} (30) where L^′(h, A, B) = L(h) + k 2π ∫ Σ d^2zTrB_{z̄} h^{−1}∂_z h − k 2π ∫ Σ d^2zTrA_z∂_{z̄} h · h^{−1}

+ k 2π ∫ Σ d^2zTrA_z hB_{z̄} h^{−1} − k 4π ∫ Σ d^2zTr(A_zA_{z̄} + B_z B_{z̄} ). (31) From this it is easy to show that the partition function of the G/H model reduces to the product of factors Z_{G/H} (Σ) = [|| ~ψ( ~A)||^2]_{~L} · [|| ~ψ( ~B)||^2]_{~L∗} , (32) corresponding to the group factors of ^G_C × ^H_C . Finally one have to take the Z^′-invariant part.

Removing the zero section we take ~Q ∈ ~L^{⊗(k)}_{0(1)} ⊗ ~L^{⊗(−k)}_{0(2)} , π[ ~Q] = ( ~A, ~B) ∈ M_J × N_J with local complex coordinates { ~A_z, ~A_{z̄} ; ~B_z, ~B_{z̄} } and π[ ~Q^′] = ( ~A^′, ~B^′) ∈ M_J × N_J with local complex coordinates { ~A^′_w, ~A^′_{w̄}, ~B^′_w, ~B^′_{w̄}}. Now consider the holomorphic section ~ψ( ~A_z, ~B_z ) = ~ψ[π( ~Q)] = ~L_Q[ ~ψ] ~Q with ~L_Q[ ~ψ] being a linear functional of ~ψ.

In the present situation there exists also a section ~e_Q = ~e^{(1)}_Q ⊗ ~e^{(2)}_Q ∈ ( ~ V_G ⊗ ~V_H ∗ )_Z′ . According to Eq. (32) it has a norm [||~e_Q(A) ⊗ ~e_Q(B)||^2]_{~L⊗ ~L∗} = [||~e_Q(A)||^2]_{~L} · [||~e_Q(B)||^2]_{~L∗} . (33) The bounded operator ^O^{Z′} = ^O^{^GC} ⊗ ^O^{^HC} : (~ V_G ⊗ ~V_H ∗ )_Z′ → ( ~ V_G ⊗ ~V_H ∗ )_Z′ can be recovered from its symbol in the form ^O^{Z′} ~ψ( ~A_z , ~B_z) = ⟨e_Q| ^O|ψ⟩^{Z′}_L Q this yields ^Oψ(A_z, B_z ) = ^O^{^G}C ⊗ ^O^{^H}C ( ψ(A_z) ⊗ ψ(B_z) ) = ^O^{^GC} ψ(A_z) ⊗ ^O^{^HC} ψ(B_z). (34) The covariant symbol is defined as O^{Z′}_B ( ~A_z , ~B_z) = ⟨~e_Q| ^O^{Z′} |~e_Q⟩_{~L(1)⊗ ~L(2)} [||~e_Q||^2]_{~L(1)⊗ ~L(2)} . (35)

Using the properties (29) and (33) one can show that

O^{Z′}_B ( ~A_z , ~B_z) = ⟨e_Q| ^O|e_Q⟩^{Z′}_{L(1) ⊗L(2)} [||e_Q||^2]^{Z′}_{L(1) ⊗L(2)} = ⟨e_Q| ^O|e_Q⟩^{^GC}_{L(1)} [||e_Q||^2]^{^GC}_{L(1)} · ⟨e_Q| ^O|e_Q⟩^{^GC}_{L(2)} [||e_Q||^2]^{^HC}_{L(2)} . (36)

In other worlds it factorizes holomorphically

O^{Z′}_B ( ~A_z , ~B_z ) = O^{^GC}_B ( ~A_z) · O^{^HC}_B ( ~B_z ), (37)

into the product of the two holomorphic symbols O^{^GC}_B ( ~A_z ) and O^{^HC}_B ( ~B_z ). These symbols correspond to the linear operators: ^O^{^GC} : ~V_G → ~V_G and ^O ^H_C : ~V_H ∗ → ~V_H ∗ .

This implies that the space of covariant symbols ~S_B is actually the tensor product ( ~ S^{^GC}_B ⊗ ~S^{^H}C_B )^{Z′} . This tensor product can be analytically continued to the open dense subset of M_J × M_J × N_J × N_J in such a way that it can be written O^{Z′}_B ( ~A_z , ~B_z ; ~A^′_w, ~B^′_w ) = ⟨e_Q| ^O|e_Q′ ⟩^{Z′}_{L(1) ⊗L(2)} ⟨e_Q|e_Q′ ⟩^{Z′}_{L(1) ⊗L(2)} . (38)

Following a similar procedure as in getting (36) we obtain that the extended symbol also factorizes holomorphically

O^{Z′}_B ( ~A_z , ~B_z; ~A^′_w, ~B^′_w) = ⟨e_Q| ^O|e_Q′ ⟩^{^GC}_{L(1)} ⟨e_Q|e_Q′ ⟩^{^GC}_{L(1)} · ⟨e_Q| ^O|e_Q′ ⟩^{^HC}_{L(2)} ⟨e_Q|e_Q′ ⟩_L^_{HC(2)}

= O^{^GC}_B ( ~A_z , ~A^′_w) · O^{^HC}_B ( ~B_z , ~B^′_w), (39) where O^{^GC}_B ( ~A_z , ~A^′_w) and O^{^HC}_B ( ~B_z , ~B^′_w) are the corresponding extended symbols. Here we have used the fact that the Bergman kernel B_Q( ~A_z , ~B_z; ~A^′_w, ~B^′_w) = ⟨~e_Q|~e_Q′ ⟩_{~L(1) ⊗ ~L(2)} can be also factorized as ⟨~e^{(1)}_Q |~e^{(1)}_Q′ ⟩_{~L(1)} · ⟨~e^{(2)}_Q |~e^{(2)}_Q′ ⟩_{~L(2)} and consequently B_Q( ~A_z , ~B_z; ~A^′_w, ~B^′_w) = B_Q( ~A_z , ~A^′_w) · B_Q( ~B_z , ~B^′_w). (40) Now if O_{B(0)}( ~A_z, ~B_z ; ~A^′_w, ~B^′_w) and O^′_{B(0)}( ~A^′_w, ~B^′_w; ~A_z, ~B_z ) are two covariant symbols of ^O_0 and ^O^′_0, respectively, then the covariant symbol of ^O_0^O^′_0 is given by the Berezin-Wick star product (O^{(j)}_{B(0)}~∗_BO^{′(j)}_{B(0)})( ~A_z, ~B_z ; ~A_z, ~B_z ) = ∫ W^{(j)}_J ×W^{(j)}_J O^{(j)}_{B(0)}( ~A_z, ~B_z ; ~A^′_w, ~B^′_w)O^{′(j)}_{B(0)}( ~A^′_w, ~B^′_w; ~A_z, ~B_z )

× B^{(j)}( ~A_z, ~B_z ; ~A^′_w, ~B^′_w)B^{(j)}( ~A^′_w, ~B^′_w; ~A_z, ~B_z ) B^{(j)}( ~A_z, ~B_z ; ~A_z, ~B_z ) exp { −Φ^{(j)}( ~A^′_w, ~B^′_w; ~A^′_w, ~B^′_w) } ~ω n! ( ~A^′_w, ~B^′_w; ~A^′_w, ~B^′_w ) = ∫ W^{(j)}_J ×W^{(j)}_J O^{(j)}_{B(0)}( ~A_z, ~B_z ; ~A^′_w, ~B^′_w)O^{′(j)}_{B(0)}( ~A^′_w, ~B^′_w; ~A_z, ~B_z )

× exp { K^{(j)}( ~A_z , ~B_z; ~A_z , ~B_z | ~A^′_w, ~B^′_w; ~A^′_w, ~B^′_w) } ~ω n! ( ~A^′_w, ~B^′_w; ~A^′_w, ~B^′_w) (41) where K^{(j)}( ~A_z, ~B_z ; ~A_z, ~B_z | ~A^′_w, ~B^′_w; ~A^′_w, ~B^′_w) := Φ^{(j)}( ~A_z, ~B_z ; ~A^′_w, ~B^′_w) + Φ^{(j)}( ~A^′_w, ~B^′_w ; ~A_z, ~B_z ) − Φ^{(j)}( ~A_z, ~B_z ; ~A_z, ~B_z ) − Φ^{(j)}( ~A^′_w, ~B^′_w; ~A^′_w, ~B^′_w ) is called the Calabi diastatic function on W^{(j)}_J × W^{(j)}_J . This construction is valid for all local prequantization ( ~L^{⊗k}_{(j)} , ~∇^{(j)}, ⟨·|·⟩_{~L(j)} ). Finally, this structure leads to the pair (~S_B , ~∗_B) which constitutes the Berezin quantization of (R_J , ~ω). It an easy matter to see, using all previous results, that Berezin product also factorizes holomorphically

(O^{(j)}_{B(0)}~∗_BO^{′(j)}_{B(0)})( ~A_z , ~B_z; ~A_z , ~B_z ) = ( O^{(j)}_{B(0)} ∗_B O^{(j)}_{B(0)} ) ( ~A_z, ~A_z ) · ( O^{′(j)}_{B(0)} ∗_B O^{′(j)}_{B(0)} ) ( ~B_z, ~B_{z̄} ). (42)

3.2. The G/G Model

In the present subsection we specialize the discussion in the previous subsection to the case ^H_C = ^G_C . In this case very interesting features about the gauged coset model G/G arises. First af all this case corresponds to a topological quantum field theory discoverd by Witten in [5] and applied in [6]. The ‘anomalous’ Lagrangian is basically given by Eq. (25) with the addition that now B is like A a G-valued connection. In this case Lagrangian (25) has the additional symmetry: z ↔ z, A ↔ B, g ↔ g^{−1}. (43) Thus, complex conjugate χ(A, B) of χ(A, B) can be computed leaving the complex structure fixed but changing A ↔ B and g ↔ g^{−1}. Remember that, ~χ( ~A, ~B) = ~χ( ~A) ⊗ ~χ( ~B) ∈ ( ~ V_G ⊗ ~V_H ∗ )_Z′ . In our present case ^H_C = ^G_C , we have ~χ(A, B) = ~χ(A)⊗~χ(B) ∈ ( ~ V_G ⊗ ~V_G∗ )_Z′ = ( Hom ( ~ V_G, ~V_G ) )_Z′ . This fact and the symmetry A ↔ B implies that ~χ(A, B) is Hermitian, i.e. ~χ(A, B) = ~χ(B, A). Also it satisfies the property: ~χ^2 = ~χ, which corresponds to an orthogonal projector of the bundle V onto a finite rank sub-bundle V^′. This implies that for any finite, holomorphic and orthonormal basis {e_i(A; ρ)} of V^′, any section χ can be written diagonally as χ(A, B; ρ) = dimV^′∑

i,j=1 δ_{ij} e_i(A; ρ) ⊗ e_j (B; ρ). (44)

By the usual rules of tensor products of Hilbert spaces [21] we have the topological invariant

Z_{G/G}(Σ) = |χ|^2 = dim(V^′), (45) where V^′ is the space of conformal blocks of the WZW model.

The generalized coherent states can be also expressed in this basis depending on the complex structure ~e_Q( ~A_z , ~B_z; ρ) = dimV^′∑

i=1 e_i( ~A_z; ρ) ⊗ e_i( ~B_z; ρ). (46)

It is easy to see that the norm of e_Q(A, B; ρ) is given by

[||~e_Q(A; ρ) ⊗ ~e_Q(B; ρ)||^2]_{Hom( ~L, ~L)} = [||~e_Q(A; ρ)||^2]_{~L} · [||~e_Q(B; ρ)||^2]_{~L∗} = dimV^′. (47)

The covariant symbol is defined as before but taking ^H_C = ^G_C in Eq. (36). After some computations we finally get O^{Z′}_B ( ~A_z, ~B_z ; ρ) = 1 (dimV^′)^2

dimV^′∑

k,ℓ=1 O^{^GC}_{B kℓ}( ~A_z; ρ)O^{^GC}_{Bℓk}( ~B_z ; ρ), (48) which coincides with the holomorphic factorization (37). The space of covariant symbols ~S_B is actually the tensor product ( ~ S^{^GC}_B ⊗ ( ~S^{^GC}_B )^∗ )_Z′ . This is isomorphic to the space ( Hom ( ~ S^{^GC}_B , ~S^{^GC}_B ) )_Z′ , the space of linear matrices dimV^′ × dimV^′. This space can be analytically continued in order to define the extended symbols. They also satisfy the holomorphic factorization condition O^{Z′}_B ( ~A_z , ~B_z; ~A^′_w, ~B^′_w) = O^{^GC}_B ( ~A_z, ~A^′_w) · O^{^GC}_B ( ~B_z , ~B^′_w), (49) where O^{^GC}_B ( ~A_z, ~A^′_w) and O^{^GC}_B ( ~B_z , ~B^′_w ) are the corresponding extended symbols.

The Bergmann kernel for the G/G model can be written in the basis (46) as follows B_Q( ~A_z, ~B_z ; ~A^′_w, ~B^′_w ) = (_{dimV} ′∑ k=1 e_k( ~A_z; ρ)e_k( ~A^′_w; ρ) ) · (_{dimV} ′∑ ℓ=1 e_ℓ( ~B_z ; ρ)e_ℓ( ~B^′_w; ρ) ) . (50)

According to this result and the factorization of the extended symbols (49) we finally get the holomorphic factorization of the Berezin product

(O^{(j)}_{B(0)}~∗_BO^{′(j)}_{B(0)})( ~A_z , ~B_z; ~A_z , ~B_z ) = ( O^{(j)}_{B(0)} ∗_B O^{(j)}_{B(0)} ) ( ~A_z, ~A_z ) · ( O^{′(j)}_{B(0)} ∗_B O^{′(j)}_{B(0)} ) ( ~B_z, ~B_{z̄} ). (51)

4. FINAL REMARKS

In this paper we have applied the Berezin quantization global procedure to the gauged WZW and coset models. Our description has been formal. For the gauged G/H model we have found that holomorphic factorization of the partition function of the corresponding model can be carried over to the Berezin quantization procedure. Covariant symbols, extended covariant symbols and the Berezin-Wick star product factorizes into two pieces corresponding to the group factors ^G_C × ^H_C . For the topological G/G model, its corresponding Berezin quantization leads to the quantization of the space of linear matrices dimV^′ × dimV^′ on the space of conformal blocks of the associated CFT of the G/G model.

It would be interesting to extend the cases considered in this paper to N = 1 and N = 1 supersymmetric cosets models and to topological Kazama-Suzuki models and its coupling to topological gravity [2, 22]. It would be equally interesting to see if the Berezin quantization procedure is also applicable to string theory in the version of [23]. Finally, the application of some recents results [24] to the quantization of gauged WZW and coset models deserves further study.

Acknowledgments I. C.-I and H. G.-C. are deeply indebted to Prof. Egidio Barrera, who was a great teacher and friend for us. We would have been pleased to have his comments on the matters considered in this paper. Discussions with G. Dito, M. Przanowski and F. Turrubiates are greatly appreciated. This work was supported in part by CONACyT México Grant 41993F. The work of W. H.-S. is supported by a CONACyT graduate fellowship.

[1] E. Witten, “Non-abelian Bosonization in Two Dimensions”, Commun. Math. Phys. 92 (1984) 455; C. Ford and L. O’Raifeartaigh, “Canonical Quantization of Interacting WZW Theories”, Nucl. Phys. B 460 (1996) 203, hep-th/9509125.

[2] M. Blau, F. Hussain and G. Thompson, “Some General Aspects of Coset Models and Topological Kazama-Suzuki Models”, Nucl. Phys. B 488 (1997) 541.

[3] K. Hori, “Global Aspects of Gauged Wess-Zumino-Witten Models”, Commun. Math. Phys.

182 (1996) 1, hep-th/9411134.

[4] K. Gawedzki and A. Kupianen, “G/H Conformal Field Theory form Gauged WZW Model”, Phys. Lett. B 215 (1988) 119; “Coset Construction from Functional Integrals”, Nucl. Phys. B 320 (1989) 649.

[5] E. Witten, “On Holomorphic Factorization of WZW and Coset Models”, Commun. Math.

Phys. 144 (1992) 189.

[6] E. Witten, “The Verlinde Algebra and the Cohomology of the Grassmannian”, hep-th/9312104.

[7] J.M. Figueroa-O’Farrill and S. Stanciu, “Gauged Wess-Zumino Terms and Equivariant Cohomology”, Phys. Lett. B 341 (1994) 153, hep-th/9407196.

[8] S. Axelrod, S. DellaPietra and E. Witten, “Geometric Quantization of Chern-Simons Gauge Theory”, J. Diff. Geom. 33 (1991) 787.

[9] F.A. Berezin, Izvestiya AN USSR, ser. math. 6 (1972) 1117; Izvestiya AN USSR, ser. math. 38 (1974) 1116; Commun. Math. Phys. 40 (1975) 153; Izvestiya AN USSR, ser. math. 39 (1975) 363; Commun. Math. Phys. 63 (1978) 131; F.A. Berezin and M.A. Shubin, The Schrödinger Equation, (Kluwer Academic Publishers, Dordrecht 1991).

[10] J. Rawnsley, M. Cahen and S. Gutt, J. Geom. Phys. 7 (1990) 45.

[11] M. Cahen, S. Gutt and J. Rawnsley, Trans. Amer. Math. Soc. 337 (1993) 73; Lett. Math.

Phys. 30 (1994) 291; Lett. Math. Phys. 34 (1995) 159. [12] A.V. Karabegov, Func. Anal. Appl. 30 (1996) 142.

[13] M. Schlichenmaier, “Berezin-Toeplitz Quantization and Berezin’s Symbols for Arbitrary Compact Kähler Manifolds”, in Coherent States, Quantization and Gravity, Proceedings of the XVII Workshop on Geometric Methods in Physics, Białowieża, July 3-9 1998, Eds. M. Schlichenmaier et al. (Polish Scientific Publishers PWN, Warszawa 2001).

[14] A. Karabegov and M. Schlichenmaier, “Identification of Berezin-Toeplitz Deformation Quantization”, math.QA/0006063.

[15] N. Reshetikhin and L.A. Takhtajan, “Deformation Quantization of Kähler Manifolds”, math.QA/9907171.

[16] H. García-Compeán, J.F. Plebański, M. Przanowski and F.J. Turrubiates, “Deformation Quantization of Geometric Quantum Mechanics”, J. Phys. A 35 (2002) 4301, hep-th/0112049.

[17] J.M. Isidro, “Darboux’s Theorem and Quantization”, quant-ph/0112032. [18] I. Carrillo-Ibarra and H. García-Compeán, “On the Berezin Description of Kähler Quotients”, in Developments in Mathematical and Experimental Physics: Volume A: Cosmology and Gravitation, Eds. A. Macias, F. Uribe and E. Diaz, Kluwer Academic/Plenum Publishers, New York (2002) pp. 3-11, hep-th/0202015.

[19] M.F. Atiyah and R. Bott, “The Moment Map and Equivariant Cohomology”, Topology 23 (1984) 1.

[20] F. Radulescu, The Γ- Equivariant Form of the Berezin Quantization of the Upper Half Plane, Memoirs of the American Mathematical Society 133 No. 630 (1988).

[21] G.J. Murphy, C^∗-algebras and Operator Theory, Academic Press, New York (1990). [22] E. Witten, “The N Matrix Model and Gauged WZW Models”, Nucl. Phys. B 371 (1992) 191. [23] D. Friedan and S. Shenker, Nucl. Phys. B 281 (1987) 509.

[24] J.M. Isidro, “Projective Quantum Mechanics”, hep-th/0304175; “Quantum Mechanics in Infinite Symplectic Volume”, Mod. Phys. Lett. A 19 (2004) 349, hep-th/0304235; “Duality, Quantum Mechanics and (Almost) Complex Manifolds”, Mod. Phys. Lett. A 18 (2003) 1975, quant-ph/0304143; “Quantum Mechanical Dualities from Classical Phase Space”, Phys. Lett. A 317 (2003) 343, quant-ph/0307172; “A Quantum is a Complex Structure on Classical Phase Space”, hep-th/0407161.