arXiv:hep-th/0408239 v1 31 Aug 2004

On the Wheeler-DeWitt equation for Kasner-like cosmologies

M. Maceda

Laboratoire de Physique Théorique Université de Paris-Sud, Bâtiment 211, F-91405 Orsay

Abstract

The Wheeler-DeWitt equation is obtained for Kasner-like cosmologies. Some solutions to this equation are presented for empty space, space filled with a cosmological constant and in the presence of a scalar field. We also briefly discuss a non-commutative extension of these results.

1 Introduction

The idea of quantizing gravity has been for long time being pursued and several approaches for this task have been developed. The canonical theory was one of the earlier attempts to follow this program and is based on a hamiltonian formulation of the field equations of general relativity [1, 2, 3]. One of the advantages of using a hamiltonian formulation is the fact that the notion of an absolute time does not exist, the time scale being arbitrary [4], however the equations of motion do not suffer of ambiguities and they remain invariant under re-scaling.

However several difficulties were present in this approach: it was not possible to associate conjugate momenta to some of the variables used in this formulation and therefore primary and secondary constraints had to be considered. The final outcome of this work were the dynamical constraints p_N Ψ = 0, HΨ = 0 on a state vector Ψ. The usual interpretation is that all the important information of the gravitational field that is coordinate-independent will be encoded on the hamiltonian constraint HΨ = 0.

As in quantum mechanics, the wave function Ψ is intended to determine completely the properties of physical systems of interest as quantum states evolving accordingly to the hamiltonian H. Due to the technical difficulty in treating the problem in all its generality, one is then led to analyze cosmologies that are distinguished because of the description of the universe that they might provide. In this context the Friedmann-Robertson-Walker universe has been studied in the presence of scalar and matter fields [5].

On the other hand it has been argued that near a cosmological time singularity the behaviour of a space-time is that of an ordinary manifold in empty space [6]. The study of homogeneous space-times with a group SU(2) of transformations acting on it has also provided some arguments in favor of this idea. One can also show that if any other fields are present they can be considered as small perturbations having as a background a vacuum solution. Because of the interest in knowing the evolution of the universe from its beginning as a singularity, the study of a Kasner-like cosmology using the quantization scheme provided by the canonical theory is then worthwhile.

This paper is organized as follows: in section 2 we obtain the lagrangian and hamiltonian description for a Kasner-like cosmology. We use these results in section 3 to obtain the corresponding Wheeler-DeWitt equation and some solutions are presented in the case of empty space. Section 4 deals with the solution to the constraints p_N Ψ = 0, HΨ = 0 in the presence of a cosmological constant. The case of a scalar field is then discussed in section 5. We end with some general remarks on the extension to the noncommutative setting of these results.

2 Classical description

We shall consider the following 4-dimensional Kasner-like metric

ds^2 = N^2dt^2 − 3∑ i=1 e^{2αi} (dx^i)^2 where N represents the lapse function and the α_i’s are functions depending only on t. Using the frame components θ^0 = Ndt, θ^i = e^{αi} dx^i the Cartan formalism gives after a straightforward calculation the following expression for the curvature scalar R = −2N^{−2} ( ∑ i (α̈_i − α_iN^{−1}Ṅ + α̇^2_i ) + ∑ i<j α̇_iα̇_j ) . As in the usual way, the corresponding density Lagrangian from which we shall obtain the Wheeler-DeWitt equation is given by L = − 1 16πG R √ −g = 1 N e^{∑i αi} ( ∑ i (α̈_i − α_iN^{−1}Ṅ + α̇^2_i ) + ∑ i<j α̇_iα̇_j ) (2.1)

where we have set 8πG = 1. As discussed in [7], if one imposes N = 1 and afterwards one finds a solution to the variational equations δL/δα̇_i = 0, it is not sure that the action will be stationary at it. The appropriate way to proceed is to consider N as a free parameter and set N = 1 only after writing the dynamical constraints p_N Ψ = 0 and HΨ = 0.

The second derivatives appearing in the previous expression can be eliminated by adding the total divergence L_{div} = − d dt [ 1 N e^{∑i αi} ∑ i α̇_i ]

leading to the simple result

L_T = − 1 N e^ζ ∑ i<j α̇_iα̇_j , ζ = ∑ i α_i. (2.2)

The associated momenta π_{αi} = ∂L_T ∂α̇_i can readily be calculated, they are given by π_{αi} = − 1 N e^ζ (α̇_2 + α̇_3, α̇_1 + α̇_3, α̇_1 + α̇_2).

Using these results the Hamiltonian density can be written as H = ∑ i α̇_iπ_{αi} − L_T = − N 4 e^{−ζ} [ 2 ∑ i<j π_iπ_j − ∑ i π^2_i ] . (2.3)

Let us consider the constraint p_N = ∂L_T /∂N = 0, which reads ∑ i<j α̇_iα̇_j = 0. (2.4)

As one can easily verify, the Kasner solution

α_i = 1 1 + a + a^2

(1 + a, a(1 + a), −a) ln t + c_i ≡ p_i ln t + c_i (2.5)

satisfies this constraint and thus the action we have just considered will be extremal at these values of the variables α_i.

The inclusion of a cosmological term is done without difficulty, following [7] one obtains H = N ( Λe^{2ζ} − 1 4 [ 2 ∑ i<j π_iπ_j − ∑ i π^2_i ]) e^{−ζ} and after integration over a space-like hypersurface t = const., one finds H̃ = NV ( Λe^{2ζ} − 1 4 [ 2 ∑ i<j π_iπ_j − ∑ i π^2_i ]) (2.6)

where V is the associated 3-dimensional volume. Since this volume factor does not change at all the characteristics of the model, we shall disregard it in the next sections. We also have the following generalization of (2.4) ∑ i<j α̇_iα̇_j = Λ. (2.7)

This condition can be obtained by considering again the constraint p_N = ∂L/∂N = 0, where now L is the lagrangian formed from (2.2) and L_Λ = −ΛNe^ζ. We shall consider some solutions to this equation in the following section.

3 Quantization: Wheeler-DeWitt equation

The standard procedure when quantizing a system described by a hamiltonian H consists in replacing the momenta π by differential operators −iℏ∇. This is a well known procedure from quantum mechanics, however, before doing that some words are in order. One of the ambiguities, if not the most important when translating quantities into their quantum counterparts is the fact that they do not longer commute. The Weyl prescription can be useful in this context, another possibility is to look for a kind of ‘natural’ ordering associated to the problem which is under study but a satisfactory answer to this does not exist.

We shall chose a simple factor ordering and substitute each of the momenta appearing in (2.6) concordantly. This leads to the expression

Ĥ = Nℏ^2 4 [ 2 ∑ i<j ∇_i∇_j − ∑ i ∇^2_i ] + NΛe^{2ζ} , ∇_i = ∂ ∂α_i . (3.1)

The simplest case one can consider for the above equation is that of empty space, i.e. Λ = 0. A solution to ĤΨ = 0 is then Ψ being linear on the α_i’s. This is a rather trivial solution that is also unbounded on the space defined by these variables. It is then interesting to look for other solutions that can be regular.

Consider the Ansatz Ψ = e^{iρα1+iσα2 +B(α3)}. As a straightforward calculation shows, from the equation [ 2 ∑ i<j ∇_i∇_j − ∑ i ∇^2_i ] Ψ = 0 (3.2)

it follows that the function B(α_3) should satisfy the differential equation B̈ + Ḃ^2 − 2i(ρ + σ)Ḃ − (ρ − σ)^2 = 0. (3.3)

Therefore, after a suitable translation on Ḃ one has Ḃ = i(ρ + σ) − μc^0e^{μα3} − c^1e^{−μα3} c_0e^{μα3} + c_1e^{−μα3} , μ^2 = −4ϵρσ > 0. In order to further proceed we shall set c_0 = ce^ϕ, c_1 = ce^{−ϕ} with ϕ being interpreted as a constant phase. With this choice the fraction in the above expression becomes a hyperbolic function and a further integration gives then the final solution to (3.3) as B(α_3) = i(ρ + σ)α_3 − ln | cosh(μα_3 + ϕ)| + B_0. (3.4) Inserting this solution in the expression for Ψ one has Ψ = Ψ_0e^{iρα1+iσα2 +i(ρ+σ)α3} / cosh(μα_3 + ϕ). (3.5) Therefore the probability density is given by |Ψ|^2 = |Ψ_0|^2/(cosh(μα_3 + ϕ))^2. (3.6) Some words are in order: first, were μ negative then in (3.4) instead of cosh one would have cos and therefore the density probability |Ψ|^2 would be divergent at the points α̃_3 satisfying μα̃_3 +ϕ = (2n+1)π/2, with n an integer. The fact that (3.6) is bounded and vanishing when α_i → ±∞ points out to the possibility that regularized solutions can exist for more general situations other than empty space. Another important point concerns the dependence on α_3. As can be seen from (3.1), the Hamiltonian is invariant under a cyclic permutation of the indexes 1, 2 and 3. It follows then that expressions similar to (3.6) with α_1 or α_2 instead of α_3 exist.

It is a straightforward calculation to find the current ⃗J =^{iℏ}_2 (Ψ∂Ψ^∗ − Ψ^∗∂Ψ) associated to (3.5). One has ⃗J = ℏ|Ψ|^2(ρ, σ, ρ + σ) which is also bounded.

4 Cosmological constant

Before solving the Wheeler-DeWitt equation (3.1) in more generality, we shall consider the equation of motion for the variables α_i, namely (2.7). In order to solve it we take the following Ansatz α_i(t) = p_i ln F (t) F (t_0) + q_iK(t) with the p_i’s and q_i’s being for the moment arbitrary constants. Here t_0 is an arbitrary time to be specified later on and that plays the role of a scaling factor. Using this expression one arrives to the equation p^2

Ḟ^2 F^2

+ m^2 Ḟ K̇ F + q^2K̇^2 = Λ (4.1)

where the quantities

p^2 ≡ ∑ i<j p_ip_j , m^2 ≡ ∑ i<j (p_iq_j + p_j q_i), q^2 ≡ ∑ i<j q_iq_j have been defined.

We know that in the case of a vanishing cosmological constant the constants p_i can be chosen to be the Kasner exponents once one sets F (t) = ln t and K(t) = 1 (see (2.5)). In the following we would like to consider the departures from this “classical” solution for small values of the cosmological constant. For this we shall solve K(t) in terms of F (t) using (4.1).

There are two different cases to be considered depending on the value of q^2:

a) q^2 = 0

There is not quadratic term on K̇ in (4.1) and one can write directly

K(t) = K(t_0) − p^2 m^2 ln F (t) F (t_0) + Λ m^2 ∫_t t_0 F Ḟ dt. (4.2) The solution is unique and one then has

e^{αi} = (F (t)/F (t_0))^{pi−qi p2}m^2 exp [ K(t_0) + q_iΛ m^2 ∫_t t_0 F Ḟ dt ] .

b) q^2 ≠ 0

In this case there are two different solutions

K_±(t) = K_±(t_0) − m^2 2q^2 ln F (t) F (t_0) ± ∫_t t_0 [ Λ q^2 + m^4 − 4p^2q^2 4q^4

Ḟ^2 F^2 ]_{1/2} dt. (4.3) Accordingly we have e^{αi±} = (F (t)/F (t_0))^{pi−qi m} 2 2q2 exp K_±(t_0) ± q_i ∫_t t_0 [ Λ q^2 + m^4 − 4p^2q^2 4q^4

Ḟ 2 F^2 ]_{1/2} dt

Let us now specialize these solutions to the Kasner case, namely p^2 = 0 and F (t) = t. We also choose t_0 = 1 so that F (t_0) = 1. Case a) gives then

K(t) = K(1) + 1 2 Λ m^2

(t^2 − 1).

By setting K(1) = Λ/2m^2 one has for Λ ≪ 1

e^{αi} = t^{pi} (1 + 1 2 q_iΛ m^2 t^2)

up to linear terms. It follows that to lowest order the volume element is then given by

dV_{(a)} = √ −gd^4x = Nt(1 + 1 2 rΛ m^2 t^2), r ≡ ∑ i q_i. (4.4)

In the above expression we have used the fact that ∑ i p_i = 1.

For case b) one has

K_±(t) = K_±(1) − m^2 2q^2 ln t ± m^2 2q^2 ∫_t 1 [ 1 + 4q^2Λ m^4 t^2 ]_{1/2} dt t = K_±(1) − m^2 2q^2 ln t ± m^2 2q^2 [ (1 + s^2)^{1/2} − ln | | | | 1 + (1 + s^2)^{1/2} s | | | | − 2^{1/2} + ln(1 + 2^{1/2}) ]

where s^2 = 4q^2Λt^2/m^4. For small Λ we have

K_+(t) = 1 2 Λ m^2 t^2, K_−(t) = − m^2 q^2 ln t − 1 2 Λ m^2 t^2

where we have chosen

K_+(1) = −K_−(1) = − m^2 2q^2

[1 + ln |qΛ^{1/2}/m| − 2^{1/2} + ln(1 + 2^{1/2})].

Using the above results one obtains

e^{αi+} = t^{pi} (1 + 1 2 q_iΛ m^2 t^2), e^{αi−} = t^{pi−qi m} 2 q2 (1 − 1 2 q_iΛ m^2 t^2),

and therefore the corresponding volume elements are

dV_{(b)+} = Nt(1 + 1 2 rΛ m^2 t^2), dV_{(b)−} = Nt^{1− rm} 2 q2 (1 − 1 2 rΛ m^2 t^2) (4.5)

We see from (4.4) and (4.5) that to lowest order on Λ, the volume elements dV_{(a)} and dV_{(b)+} are equal while dV_{(b)−} has a supplementary dependence on t (the values of K(1), K_±(1) have been chosen as to eliminate all the irrelevant constant scaling factors from these expressions). We can now define the ratio η_i = dV_{(i)}/dV_K , with dV_K = Nt the volume element associated to the Kasner cosmology, in order to compare the different geometries. We have

η_a = η_{b+} = 1 + 1 2 rΛ m^2 t^2, η_{b−} = t^{− rm} 2 q2 (1 − 1 2 rΛ m^2 t^2). (4.6)

It is clear that different behaviors in the limit t → 0 are present: in the first case one can effectively replace dV_{(a)} or dV_{(b)+} by dV_K . The second case is more interesting since due to the presence of the exponent z = rm^2/q^2 the ratio η_{(b)−} can either vanish (z < 0) or diverge (z > 0).

We shall now turn our attention to (3.1). After a translation α_i → α_i + c_i with ℏ^2/4 = Λe^{2 ∑ ci} /3, it becomes [ 2 ∑ i<j ∇_i∇_j − ∑ i ∇^2_i + 3e^{2ζ} ] Ψ(α_i) = 0. (4.7)

A solution can be obtained by considering Ψ = Ψ(ζ). Since ∇_i = ∇_ζ one arrives to the differential equation ( d^2 dζ^2 + e^{2ζ})Ψ = 0.

The equation can be solved by setting x = e^ζ. Using this variable one obtains a Bessel differential equation of order 0. The solution is then simply given by

Ψ = AJ_0(x) + BY_0(x) (4.8)

with J_0(x), Y_0(x) the Bessel and Neumann functions of order 0 respectively. We have the following asymptotic developments Ψ(x) ∼ 1 √ x (A cos(x − π/4) + B sin(x − π/4)), x → ∞ and Ψ(x) ∼ A + B ln(x/2), x → 0. As in the case of empty space, a bounded solution for all values of ζ (x ∈ [0, ∞)) is possible to exist: it suffices to take A ≠ 0, B = 0.

5 Inclusion of a scalar field

When massless scalar and vector fields are present, it is known that the behavior of the Kasner exponents in the classical solution is modified [9]. Through evolution in time, the classical oscillatory regime, known as Kasner epochs [8] and characterized by having one of the p_i’s to be negative is modified and in fact, a final Kasner epoch is reached where all the p_i’s take positive values. The reason for this is that in the early stages of the cosmic evolution, a massless scalar field ϕ will give a contribution not negligible to the total stressenergy tensor, roughly of the same order as the gravitational interaction.

The kinetic energy associated to a scalar field Φ depending only on t is given by 1 2 ∫ √ −gg^{μν} Φ_{,μ}Φ_{,ν} d^4x = V 2N ∫ e^ζΦ̇^2dt and therefore its contribution to the quantized hamiltonian (3.1) reads

Ĥ_Φ = N 2 Π^2_Φ = − ℏ^2N 2 ∇^2_Φ.

The full Wheeler-DeWitt equation to be considered is then { ℏ^2 2 [ ∑ i<j ∇_i∇_j − 1 2 ∑ i ∇^2_i − ∇^2_Φ ] + V (Φ)e^{2ζ} } Ψ = 0. (5.1)

We rewrite the first two terms in the brackets with the help of a metric g^{AB} as ∑ i<j ∇_i∇_j − 1 2 ∑ i ∇^2_i = g^{AB} ∇_A∇_B, g^{AB} = 1 2 −1 1 1 1 −1 1 1 1 −1 .

Through the usual trick of diagonalization one has { 1 2 [ −∇^2_{x1} − ∇^2_{x2} + 1 2 ∇^2_{x3} − ∇^2_Φ ] + V (Φ)e^{2ζ} } Ψ = 0 (5.2)

where now ζ = 1 √ 3 [(1 + x)x_1 + (1 + x)x_2 + (1 − 2x)x_3], x = √ 2/3. We have also performed a similar translation as in (4.7) in order to eliminate a factor ℏ^2 (for details see the Appendix).

The above transformation is suitable to find some solutions to (5.2) both for V (Φ) = 0 and V (Φ) = Λ. We shall not dwell on this, instead we shall concentrate on the solutions to the classical equations of motion in the presence of the scalar field Φ. In order to do so we shall stick to the variables α_i since they are better adapted to make the connection with the Kasner metric. We have accordingly ∑ i<j α̇_iα̇_j = 1 2 Φ̇^2 + V (Φ), Φ̈ + ζ̇Φ̇ = −dV dΦ . We remark that the problem contains now four unknown functions to be determined, however we only have at our disposal two equations. Instead of trying to find the most general solution we shall take a similar Ansatz as that of section 4

α_i(t) = p_i ln t + q_iK(t) (5.3)

with p_i being a Kasner exponent. We shall also set V (Φ) = Λ. By doing this one arrives to

m^2tK̇ + q^2t^2K̇^2 = c^2 2 e^{−2rK} + Λt^2, Φ̇ = ct^{−1}e^{−rK} Making the change of variable s = e^{2rK} one finally obtains

m^2 2r tsṡ + q^2 4r^2 ṡ^2 = c^2 2 s + Λt^2s^2. (5.4)

In this last equation we have also supposed r ≠ 0 (otherwise with some little modifications we can use directly the results of the precedent section to write down a solution).

Unfortunately we have been not able to find the most general solution to (5.4). However, for the special case q^2 = 0 one obtains s(t) = c_1e^{rΛt2/m2} − rc^2 2m^2 e^{rΛt2/m2} Ei(1, rΛt^2/m^2). (5.5)

The function Ei(n, x) can be written as an infinite series on x and is ill-defined at x = 0, it has a logarithmic divergence. Due to the fact that Φ̇ ∼ t^{−1}s^{−1/2}, it follows also that for this solution the scalar field Φ can not be defined for values of t smaller than a cut-off t_0 > 0.

6 Conclusions

We have found the Wheeler-DeWitt equation for 4-dimensional Kasner-like space-times and some cases of interest have been considered. For empty space the main result is that welldefined solutions exist in the space of the parameters of the model and the equations of motion admit the well known Kasner metric as solution. When a potential corresponding to a cosmological constant is introduced, a simple quantum state Ψ can be found which has finite density probability. The solution to the classical equations of motion for this case show that different behaviors for the geometry of the space are present in the limit t → 0. With a proper choice of the parameters involved the volume element of each solution can be made bigger than that of the Kasner metric. In particular when 0 < z < 1, the ratio η_{b−} diverges.

The presence of a scalar field presents some additional complications. However, to write down a explicit solution should not present any special difficulties using equation (5.2). On the other hand, the classical equations of motion allow for a solution for the scalar field in a simplified case. However the solution thus found is defined only in a certain region (t > t_0) and shows the kind of problems one may encounter in the most general case.

A generalization of the above results to dimensions greater than 4 should be possible in a straightforward way. We would like to end with some comments on a non-commutative extension of these results. The interest in introducing a non-commutative structure for ‘classical’ theories in some respect comes from the natural generalization it provides. From the physical point of view this has been important in giving new insight to some old problems [10, 11]. Here we are mainly interested in the link with gravity that can be stablished [12] and the natural cut-off, essentially of the order of Planck’s length, that it might provide to regularize singularities either space or time-like [13, 14].

Examples of the role non-commutativity can play in cosmology are to be found in [15, 16, 17]. The most natural way to introduce non-commutativity is through the use of the Moyal product, which in its differential form is given by [18]

(f ⋆ g)(x) = exp [ i 2 θ^{μν} ∂_μ∂^′_ν ] f(x)g(x^′)|_{x=x}′ .

The non-commutative parameter θ is defined through the commutation relations [α_i, α_j ] = iθ_{ij} . With this one can then write [ 2 ∑ i<j ∇_i∇_j − ∑ i ∇^2_i + V_T e^{2ζ} ] ⋆ Ψ(α_i) = 0

where V_T is an arbitrary potential. The non-commutativity of the α_i’s can be translated into a redefinition of these variables by making the replacement α_i → α_i +^i_2 θ_{ij} π^j . This change will affect only the term V_T e^{2ζ}. An account of the consequences of this will be presented elsewhere.

Appendix

From the metric g^{AB} introduced in section 5 we have

g_{AB} = 0 1 1 1 0 1 1 1 0 .

The eigenvalues of g_{AB} are −1 (multiplicity 2) and +2. The matrix diagonalizing g_{AB} is

D^{−1} = 1 √ 3 2x −x −x −x 2x −x 1 1 1 , x = √ 2/3

and hence g̃_{AB} = (D^{−1}gD)_{AB} = diag(−1, −1, 2). It follows that

~∇_A = g̃_{AB} ~∇^B = g̃_{AB} (D^{−1})^B_N g^{N M} ∇_M = (D^{−1})^B_A ∇_B.

Explicitly we have ~∇_{x1} =^x_{√3} [2∇_1 − ∇_2 − ∇_3]

~∇_{x2} =^x_{√3} [−∇_1 + 2∇_2 − ∇_3]

~∇_{x3} =^1_{√3} [∇_1 + ∇_2 + ∇_3]

(A.1)

and x_1 =^{1√}_2 [α_1 + xα_3] x_2 =^{1√}_2 [α_1 + xα_3] x_3 =^{1√}_2 [−α_1 − α_2 + xα_3]. (A.2)

References

[1] J. A. Wheeler, in Relativity, Groups and Topology, C. De Witt and B. S. De Witt, eds., Gordon and Breach, 1964.

[2] J. A. Wheeler, in Batelle Rencontres: 1967 Lectures in Mathematics and Physics, C.

De Witt and J. A. Wheeler, eds., Benjamin, New York, 1968.

[3] Bryce S. DeWitt, “Quantum Theory of Gravity. I. The Canonical Theory,” Phys. Rev.

160 (1967) 1113.

[4] P. A. M. Dirac, Lectures on Quantum Mechanics. Dover Publications, Inc., New York, 1964.

[5] Khvedelidze, A. M. and Palii, Yu. G., “Generalized Hamiltonian dynamics of Friedmann cosmology with scalar and spinor matter source fields,” Class. Quant. Grav. 18 (2001) 1767–1786, gr-qc/0103048.

[6] Lifshitz, E. M. and Khalatnikov, I. M., “Investigations in relativistic cosmology,” Adv.

Phys. 12 (1963) 185–249.

[7] Reuter, S. and Schmidt, H-J., “On the Wheeler-DeWitt equation for homogeneous cosmological models,” in 5th International Conference on Differential Geometry and Its Applications, O. Kowalski and D. Krupka eds., pp. 243–254, Open Education and Sciences, 1992 (Opava, Aug).

[8] Belinskii, V. A. and Lifshitz, E. M. and Khalatnikov, I. M., “Construction of a general cosmological solution of the Einstein equation with a time singularity,” Sov. Phys. JETP 35 (1972) 838–841.

[9] Belinskii, V. A. and Khalatnikov, I. M., “Effect of scalar and vector fields on the nature of the cosmological singularity,” Sov. Phys. JETP 36 (1973) 591–810.

[10] Grosse, Harald and Wulkenhaar, Raimar, “Renormalisation of ϕ^4 theory on noncommutative R^4 to all orders, hep-th/0403232.

[11] Bellisard, J. and van Elst, A. and Schulz-Baldes, H., “The non commutative geometry of the quantum Hall effect,” J. Math. Phys. 35 (1994) 5373–5451.

[12] Madore, J., “On Poisson structure and curvature,” Rept. Math. Phys. 43 (1999) 231–238, gr-qc/9705083.

[13] Madore, J., “Gravity on fuzzy space-time,” gr-qc/9709002.

[14] Maceda, M. and Madore, J. and Manousselis, P. and Zoupanos, G., “Can Noncommutativity resolve the Big-Bang Singularity?,” (2003), hep-th/0306136

[15] Garcia-Compean, H. and Obregon, O. and Ramirez, C., “Noncommutative quantum cosmology,” Phys. Rev. Lett. 88 (2002) 161–301, hep-th/0107250.

[16] Beciu, M. I., “Noncommutative Cosmology,” gr-qc/0305077.

[17] Barbosa, G. D. and Pinto-Neto, N., “Noncommutative geometry and cosmology,” (2004), hep-th/0407111.

[18] Osborn, T. A. and Molzahn, F. H., “Moyal quantum mechanics: The Semiclassical Heisenberg dynamics,” Ann. Phys. 241 (1995) 79–127, hep-th/9409120.