arXiv:hep-th/0409001 v1 1 Sep 2004

The special nontopological scalar solitons in anti de Sitter spacetimes

Hongbo Cheng^∗ Zhengyan Gu Department of Physics, East China University of Science and Technology, Shanghai 200237, China

Abstract

In this letter the nontopological scalar solitons are investigated in an anti de Sitter spacetime. We find analytically that the solitons obeying the necessary conditions m =^{2√}_3 |Λ|^12 or m =

√_{2(n+3)(2n+3)} 3 |Λ|^12 can exist in the background by means of the series expansion.

KEY WORDS: nontopological soliton, anti de Sitter spacetime

∗E-mail address: hbcheng@public4.sta.net.cn

1. Introduction

Recently more attention is paid to the anti de Sitter (AdS) spacetime due to the mentioned corredpondence between physical effects by gravitating fields propagating in AdS spacetime and those of a conformal field theory on the boundary of the above spacetime [1, 2]. The AdS spacetime can be obtained by compactifying the string theory, which helps us to consider the relevant problems deeply [2]. It is necessary to investigate a lot of topics and models within the cosmological surrounding with negative curvature.

Researching nontopological solitons (NTS) is valuable and also attracts more attention. Many kinds of stable NTS are cosmologically significant. It was shown that Q-balls, a kind of NTS, can become promising candidates for collisional dark matter and the model of NTS can be created copiously during the early Universe [3]. The NTS with positive self-interacting potential simulate the halo and provide a qualitatively better fit to the rotation curves [4]. A generalized Q-stars including a complex scalar field and Goldstone field may be considered as an elegant candidate for diffuse gaseous clouds in the universe and Einstein ring observed with microarcsecond X-ray imaging mission [5].

It is important to explore fields within the framework of AdS spacetimes with negative cosmological constant because a lot of string-inspired theories work mainly in the backgrounds. Some soliton stars such as Q-stars have been studied in AdS spacetimes and many interesting results were obtained [6]. As solutions to the field equation for NTS, they must satisfy the boundary conditions [7]. It is essential to discuss the models in AdS spacetimes in detail, which has a great influence upon the related topics in the same environment.

In this letter we derive the differential equations describing the NTS in AdS spacetimes. Under the boundary conditions, we discuss the solution to the equations of motion with series expansion. It is found that only some of NTS can exist in AdS spacetimes, depending on the spacetime structure. The results are finally emphasized.

Now we choose the metric of four-dimensional anti de Sitter spacetime as,

ds^2 = (1 + r^2 l^2

)dt^2 − dr^2 1 +^{r2}_{l2}

− r^2(dθ^2 + sin^2 θdφ^2) (1)

where Λ = −^3_{l2} . The Lagrangian for NTS is,

L = √ −g(∂_μΦ∂^μΦ^∗ − U(ΦΦ^∗)) (2)

where

U(ΦΦ^∗) = m^2ΦΦ^∗ + σ(ΦΦ^∗)^2 + λ(ΦΦ^∗)^3 (3)

the potential with minimum U_{min}(ΦΦ^∗) = 0 at Φ = 0. The equation of motion reads, 1 √ −g ∂_μ( √ −g∂^μΦ) + U(ΦΦ^∗) = 0 (4)

The complex scalar fields vary harmonically with time and the ansatz with frequency ω is,

Φ(t, r) = P (r)e^{−iωt} (5) where r is radial coordinate. By means of ansatz (5), the field equation is reduced to,

(1 + r^2 l^2 ) d^2P dr^2 + 2( 1 r + 2r l^2 ) dP dr + ω^2 1 +^{r2}_{l2}

P − m^2P − 2σP^3 − 3λP^5 = 0 (6)

Introducing the transformation, r l = x √ 1 − x^2 (7) then equation (6) becomes,

(1 − x^2)^2 d^2P dx^2 + (1 − x^2)( 2 x − x) dP dx + ω^2l^2(1 − x^2)P − m^2l^2P − 2σl^2P^3 − 3λl^2P^5 = 0 (8)

According to transformation (7), it is obvious that^r_l ∈ [0, ∞) is equivalent to x ∈ [0, 1). As fields for NTS which obey the necessary conditions, they vanish at infinity so as to lead the potential (3) be zero there. The required boundary conditions are that P (x = 0) is finite and P (x → 1) = 0.

There exists a Noether current for our model,

j^μ = √ −gg^{μν} i(Φ^∗∂_ν Φ − Φ∂_ν Φ^∗) (9)

The current is conserved,

j^μ_{;μ} = 0 (10)

The total charge is denoted as,

Q = ∫ d^3xj^0 (11)

and can be taken as,

Q = 8π ∫ ωP_2 1 +^{r2}_{l2} r^2dr (12)

We solve equation (8) explicitly with the series in the form,

P (x) = ∞∑ n=0 a_{2n}x^{2n} (13)

Within the region x ∈ [0, 1), the recursion formula of the coefficients a_k can be expressed as follow,

a_0 = P (x = 0) (14) a_2 = a_0l^2 6 [3λa^4_0 + 2σa^2_0 + (m^2 − ω^2)] (15)

a_{2n+4} = 1 2(n + 2)(2n + 5)

{[2(n + 1)(4n + 5) + (m^2 − ω^2)l^2]a_{2n+2}

+(ω^2l^2 − 4n^2)a_{2n} + 2σl^2 ∑ i+j+k=2n+2 a_ia_j a_k +3λl^2 ∑ i+j+k+p+q=2n+2 a_ia_j a_ka_pa_q} (16)

where i, j, k, p, q = 0, 2, 4, · · ·, n = 0, 1, 2, · · ·. On the other hand, within the asymptotic region near x = 1 or approaching the infinity, the solution to equation (8) can be chosen in the form of series,

P (x) = ∞∑ n=0 b_n(1 − x)^n (17)

The coefficients b_k are found to be,

(3λb^4_0 + 2σb^2_0 + m^2)b_0 = 0 (18)

b_1 =

2ω^2 + m^2 + 2σb^2_0 + 3λb^4_0 2 + m^2l^2 + 6σl^2b^2_0 + 15λl^2b^4_0 l^2b_0 (19)

(4 − m^2l^2)b_2 = (3 − 2ω^2l^2 − m^2l^2)b_1 + 3ω^2l^2b_0 (20)

b_{n+3} = 1 2(n + 3)(2n + 3) − m^2l^2

{[(n + 2)(8n + 11) − 2ω^2l^2 − m^2l^2]b_{n+2} +[3ω^2l^2 − (n + 1)(5n + 4)]b_{n+1} + (n^2 − ω^2l^2)b_n +2σl^2 ∑ k+l+m=n+3 b_kb_lb_m − 2σl^2 ∑ k+l+m=n+2 b_kb_lb_m +3λl^2 ∑ i+j+k+p+q=n+3 b_ib_j b_kb_pb_q − 3λl^2 ∑ i+j+k+p+q=n+2 b_ib_j b_kb_pb_q (21)

From expressions (18-21), the first several coefficients determine the others. According to the boundary conditions mentioned above, we must choose b_0 = 0, then b_1 = 0 from expression (19). If all of b_n (n = 0, 1, 2, · · ·) are equal to zero, we will obtain the trivial solution P (x ≤ 1) = 0 from (17). In the whole space, there can not exist the nontopological solitons, the smooth and nontrivial solutions according to (13) and (17). In order to avoid the trivial solution, we choose ml = 2 from expression (20), then the coefficient b_2 can be chosen as nonzero. The other coefficients b_k (k > 2) are obtained by means of equation (21). If ml ≠ 2, then b_2 = 0. We can also keep some of other coefficients nonzero if we let the denominator in (21) vanish. For m^2l^2 = 2(n + 3)(2n + 3), some of coefficients b_j = 0 (0 ≤ j ≤ n+2) and the others b_k (k ≥ n+3) can not vanish, where n = 0, 1, 2, ···.

The NTS imposed with m =^{2√}_3 √ |Λ| or m =

√_{2(n+3)(2n+3)}

3 |Λ|^12 (n = 0, 1, 2, · · ·) can survive in the AdS spacetimes. The structures of spacetime limit the model. In addition, the potential (3) can be generalized. It can possess higher power terms and keep the position of its minimum. The generalized potential will not change our conclusions because only m, the coefficient of ΦΦ^∗-term, is limited.

We discuss the equation of motion (8) numerically. The solutions are depicted in the Figure with ml = 2. Here we let σ = −1, λ = 1 for simplicity.

It is indicated that not all NTS that form in the flat spacetimes can live in the AdS. Only some of them with restriction m =^{2√}_3 √ |Λ| or m =

√_{2(n+3)(2n+3)}

3 |Λ|^12 (n = 0, 1, 2, · · ·) can inhabit in the cosmological surrounding. The interesting results encourage us to continue exploring the NTS in the different spacetimes.

This work is supported by the Basic Theory Research Fund of East China University of Science and Technology, grant No. YK0127312.

References

[1] Witten, E. (1998). Adv. Theor. Math. Phys. 2, 253. [2] Maldacena, J. M. (1998). Adv. Theor. Math. Phys. 2, 231. [3] Kusenko, A., Steinhardt, P. J. (2001). Phys. Rev. Lett. 87, 141301. [4] Mielke, E. W., Schunck, F. E. (2002). Phys. Rev. D66, 023503. [5] Li, X., Cheng, Hongbo, Kuo, C. (2001). Chin. Phys. Lett. 18, 4. [6] Prikas, A. ”Q-stars in anti de Sitter spacetime”, hep-th/0403019. [7] Lee, T. D., Pang, Y. (1992). Phys. Rep.. 221, 251.

includegraphics[width=15cm]figure(-) Figure 1: The solid, dadot, dashed curves for P (x) in AdS spacetime with Λ = −0.1, −0.25, −0.3 respectively.