arXiv:hep-th/0409225 v1 22 Sep 2004

‘TOPOLOGICAL PARALLEL WORLD’ CONSTRUCTED BY MODIFICATION OF SPACE-TIME ALONG OBSERVABLES

EIJI OGASA

Abstract. We introduce a new concept, ‘(topological) (vacuum) parallel world, ’ which is a new tool to research submanifolds. Roughly speaking, ‘Observables in (T)QFT’ is equal to ‘a (topological) modification of space-time.’ In other words, we give a new interpretation of observables.

1. Introduction: An Example

In this paper we introduce a new concept, ‘(topological) (vacuum) parallel world, ’ which is a new tool to research submanifolds.

In this section we give an example of topological vacuum parallel worlds. In §2 we give definition. In §3 we give one more example and problems. In §4 we have discussion.

Example 1. The property ‘whether or not the Alexander polynomial for an arbitrary 1-knot in S^3 is trivial’ and its parallel world.

Let K be a 1-knot in S^3. Let Δ_K (t) be the Alexander polynomial of K. See [19] for 1-knots and so on.

One way to define the above property: [2] [20] [23] [24] etc. say: Δ_K (t) can be represented by an information of a path integral Z(S^3, K) = ∫ G DAexp(^{ik}_{4π} ∫ M Tr{CS(A)})O(K), where G is a space of sections on a bundle of S^3 and O(K) is an observable defined by using Wilson line (see the following note). Note. Let M be a closed oriented 3-manifold. Let L ⊂ M be a submanifold diffeomorphic to some copies of S^1. [25] says a path integral Z_k (M, L) = ∫ G DAexp( ik 4π ∫ M Tr{CS(A)})Wil(L), where A is a 1-form on M associated with a flat G bundle, where CS(A) is the Chern-Simon 3-form, where G is a compact Lie group, where G is a space of sections on the bundle and where k ∈ Z,

Keywords: Topological parallel worlds, observables, topological modification of space-time branched cyclic covering spaces, surgery, the Alexander polynomial, the Jones polynomial, the Casson invariant, Witten’s quantum invariant PACS nos. 11-25w, 11-25Uv. 1

essentially represents the Jones polynomial of L if M ∼= S^3 and G = SU(2). Furthermore, if L is the empty set, Z_k(M) essentially represents Witten’s quantum invariant of M. Another way to define the above property: Suppose that an oriented closed 3- manifold B(K, n) is the branched cyclic covering space along K. (See [19].)

[5] says: the above Z_k (M) is defined for if G is a discrete Lie group. If we take an appropriate Lagrangean corresponding to the above, call it Z(M), (which does not have an parameter k; see [5]). Then Z(M) is^{|Hom(π1(M ),G)|}_{|G|} , where | | is the order of a group.

Let G = Z_p for any p ∈ N − {1}. Let n ∈ N − {1}. Let Z(B(K, n))_p = Z(B(K, n)) if G = Z_p. Then Z(B(K, n))_p =^{|Hom(π1 (B(K,n)),Zp)|}_p =^{|Hom(H1(B(K,n);Z),Zp)|}_p .

If Z(B(K, n))_p =^1_p for all pair (p, n), then H_1(B(K, n); Z) ∼= 0 for all n. [6] [18] say that, Δ_K (t) = 1 holds if and only if H_1(B(K, n); Z) ∼= 0 for all n. Therefore we have: whether Δ_K (t) = 1 or not can be represented by another path integral.

Therefore we have: whether Δ_K (t) = 1 or not can be represented by two ways of path integrals.

Roughly speaking, the former way uses a path integral of a Lagrangean and an observable. The latter way uses a modification of space-time along an obserbable and a path integral of a Lagrangean, where this path integral does not include an observable. More roughly speaking, modification of space-time is ‘equal’ to an observable in QFT.

After our definition in §2, We say: {B(K, n)} is a parallel world for all knots K associated with whether or not the Alexander polynomial is trivial. The operation to make the branched cyclic covering spaces is modification of space-time to make the parallel world {B(K, n)}. See §2 for detail.

Note: A parallel world is a set of manifolds in a case and is a single manifold in another case.

2. Topological vacuum parallel world

In this section we introduce ‘(topological) (vacuum) parallel world.’

Let X be a smooth x-dimensional manifold. Let Y be a smooth y-dimensional manifold. Let y ≦ x. Let K ⊂ X be a smooth submanifold of X which is diffeomorphic to Y .

In this paper we research submanifolds. For example, we consider whether or not a submanifold K ⊂ X is equivalent to another submanifold K^′ ⊂ X. See [11] [14] [19] for manifolds, submanifolds and so on.

One way to define an invariant for submanifolds: A path integral

Z(X, K) = ∫ G DAexp(L)O(K), 2

where G is a space of sections on X, where L is a Lagrangean, and where O(K) is an observable associated with K, gives an invariant of submanifolds K ⊂ X. If, for some L and O(K), we have Z(X, K) ≠ Z(X, K^′), then the submanifold K ⊂ X is not equivalent to the submanifold K^′ ⊂ X.

Another way to define an invariant for submanifolds: Take a topological modification E which makes X into a new manifold M_K by an operation associated with K. Examples: surgery along knots, branched covering spaces along knots, X − K etc. See §1,3.

A path integral

Z(M_K ) = ∫ F DAexp(L), where F is a space of sections on M_K , gives an invariant of submanifolds K ⊂ X. For some L and E, we have Z(M_K ) ≠ Z(M_K′ ). It implies that the submanifold K ⊂ X is not equivalent to the submanifold K^′ ⊂ X.

Definition. Fix X, Y as above. If we have Z(M_K ) = Z(X, K) for any submanifold K ⊂ X, then we say that M_K is a topological vacuum parallel world of the submanifold K ⊂ X associated with Z(X, K) and that the topological modification E makes a topological vacuum parallel world of submanifolds K ⊂ X associated with Z(X, K).

If some information of Z(M_K ) coincides with some information of Z(X, K), then we also say that the topological modification E makes a topological vacuum parallel world for submanifolds K ⊂ X associated with the information of Z(X, K).

Roughly speaking, the following two are equivalent. (1) a path integral of a Lagrangean and an observable O(K).

(2) a path integral of a Lagrangean associated with M_K and a topological modification E associated with K.

In other words, more roughly speaking, ‘Observables in (T)QFT’ is equal to ‘a (topological) modification of space-time.’ We give a new interpretation of observables. Note: we call both K and O(K) observable.

The above definition is not so strict. One can change it a little for their purpose. For example, changing L into^{ik}_{4π} L. A parallel world is a single manifold in a case and is a set of manifolds in another case. We may discuss complex manifold case, symplectic ones and so on.

3. Problems

Example 2. The Jones polynomial for (2, ±(5l + 3))-torus knots and its parallel world(l ∈ Zand 5l + 3 is an odd number).

Let K be a (2, ±(5l + 3))-torus knot. Let V_K (t) be the Jones polynomial of K. 3

One way to define the above one: As in Note in Example 1, the Jones polynomial is defined by a path integral.

Another way to define the above one: Let S(K, m) be a closed oriented 3-manifold which is made from S^3 by a surgery along K with framing m (see [9]). Then S(K, 1) is a homology 3-sphere. Let λ = λ(S(K, 1)) be the Casson invariant of S(K, 1). Consider an equation λ = Σ^n_{i=1}(−1)^{n+i}i^2 on n. Then there is one and only one solution which is a nonnegative integer, call it n. Take f(t) = t^n(1 − t^2)^{−1}(1 − t^3 − t^{2n+2} + t^{2n+3}) and g(t) = f(^1_t ). By using the quantum invariant τ_5(S(K, m)) (m ∈ Z), we can know V_K (e^{2πi}5 ) (see Theorem (8.14) in [10]). In our case, only one of the polynomials f(t) and g(t) satisfies the condition that the value at t = e^{2πi5} is equal to the value V_K (e^{2πi5} ) (see Th. 14.13 in [13]), call it h(t). V_K (t) is the polynomial h(t).

[15] says the Casson invariant of any homology 3-sphere is determined by the all quantum invariants of the homology 3-sphere. It means λ(S(K, 1)) can be represented by a path integral and, furthermore, that the Jones polynomial of the above K can be represented by another path integral. {S(K, m)} is a parallel world in this case. Note: The gauge groups are same in both path integrals representing the Jones polynomial of these examples. Each of them is SU(2).

By using [1] [5] [10] [12] [17] [21] [25] and their generalizations in many other papers, we can make such many examples of topological parallel worlds. For example, the value of the Jones polynomial and that of the Alexander polynomial at a value can be obtained from the quantum invariants. Another example: the Alexander polynomial of torus knots can be obtained from Z(B(K, n))_p for all (p, n).

We give two problems.

(1) Let τ_r be the r-th quantum invariant (see [10] etc). Suppose that τ_r(B(K, n)) = τ_r(B(K^′, n)) for any n ∈ N − {1} and for any r. Suppose that τ_r(S(K, n)) = τ_r(S(K^′, n)) for any n ∈ Q and for any r. Then do we have V_K (t) = V_K′ (t)? (Note S(K, n) can be defined for any rational number; see [19]).

(2) If Z(B(K, n))_p = Z(B(K^′, n))_p holds, then do we have Δ_K (t) = Δ_K′ (t)? If |H_1(B(K, n), Z)| = |H_1(B(K^′, n), Z)|@for@any@n, then do we have Δ_K(t) = Δ_K′ (t)?

4. Discussion

It would be better that we say that the concept of parallel worlds for observables is a principle to find a new model of TQFT than that we regard the existence of the above examples as theorems. Because we can make a parallel world for any observable in a trivial way similar to the following way: Consider the Jones polynomial V_K (t) = Σ_ia_i · t^i, where i ∈ Zand where a_i ≠ 0 holds for finite numbers of i. Take a closed oriented 3-manifold M_i such that τ_7(M_i) = a_i (of course, τ_7( ) can be changed into another appropriate invariant). Then, anyway, {M_i} is a parallel world for the Jones polynomial. Of course, this way is very 4

trivial. We want a way to make parallel world that we can make it without information of V_K (t). We need to find a ‘good’ parallel world. But the condition ‘without information of V_K (t)’ is very vague and the word ‘good’ is used in the meaning in daily life. So, we would say that the concept of parallel world for observable is principle to find a new TQFT.

If an invariant for manifolds has a good vacuum parallel world, then we only have to investigate a Lagrangian. We do not need to investigate both Lagrangian and observable spontaneously. In this meaning, the concept of parallel world is useful in order to find a new invariant.

For complex manifolds, we know a Lagrangean whose path integral we can compute, e.g. holomorphic Chern-Simons term (see [7] [22] [26] and their references). We know topological modification of complex manifolds compatible with their complex structures, e,g., blow up, flop. What is obdervables corresponding to these modifications?

For high dimensional knots (see [4] [11] [16] [19] and their references.), we know a classical Lagrangean, e.g. Chern-Simons n-form (note n is odd; see [3]), which would be able to be quantized. We know topological modification in high dimensional knot theory, using surgery, branched cyclic covering, complement etc. Can we find a new model of TQFT in high dimensional knot theory?

References

[1] S. Axelrod and I. M. Singer: Cern-Simons perturbation theory, Proceedings of the XXth International Conference on Differential Geometric Methods in Theoretical Physics, Vol. 1, 2 (New York, 1991), 3–45, World Sci. Publishing, River Edge, NJ, 1992, II. J. Differential Geom., 39 (1994), 173–213.

[2] D. Bar-Natan and S. Garoufalidis: On the Melvin-Morton-Rozansky conjecture. Invent. Math. 125 (1996), 103–133.

[3] S. S. Chern and J. Simons: Characteristic forms and geometric invariants, Ann. of Math. (2) 99 (1974), 48–69.

[4] T. Cochran and K. Orr: Not all links are concordant to boundary links, Ann. Math., 138 (1993) 519–554 [5] R. Dijkgraaf and E. Witten: Topological gauge theories and group cohomology. Comm. Math. Phys., 129 (1990), no. 2, 393–429.

[6] C. McA. Gordon: Knots whose branched cyclic coverings have periodic homology. Trans. Amer.

Math. Soc. 168 (1972), 357–370.

[7] T. J. Hollowood, A. Iqbal, and C. Vafa: Matrix Models, Geometric Engineering and Elliptic Genera, hep-th/0310272.

[8] V. F. R. Jones: Hecke Algebra representations of braid groups and link Ann. of Math. 126, 335-388, 1987.

[9] R. Kirby: The topology of 4-manifolds Lecture Notes in Math (Springer Verlag) vol. 1374, 1989. [10] R. Kirby and P. Melvin: The 3-manifold invariants of Witten and Reshetikhin-Turaev for sl(2, C), Invent. Math., 105 (1991), 473-545.

[11] J. Levine and K. Orr: A survey of applications of surgery to knot and link theory. Surveys on surgery theory: surveys presented in honor of C.T.C. Wall Vol. 1, 345–364, Ann. of Math. Stud., 145, Princeton Univ. Press, Princeton, NJ, 2000.

[12] W. B. R. Lickorish: Invariants for 3-manifolds from the combinatorics of the Jones polynomial, Pacific J. Math., 149 (1991), 337–347. 5

[13] W. B. R. Lickorish: An introduction to knot theory, Graduate Texts in Mathematics, 175. Springer- Verlag, New York, 1997.

[14] J. W. Milnor and J. D. Stasheff: Characteristic classes. Annals of Mathematics Studies, No. 76.

Princeton University Press 1974.

[15] H. Murakami: Quantum SU(2)-invariants dominate Casson’s SU(2)-invariant, Math. Proc. Cambridge Philos. Soc, 115 (1994), 253–281.

[16] E. Ogasa: (i) Journal of knot theory and its ramifications, 11(2002) 1211-1231, Univ. of Tokyo preprint series UTMS 95-7, math.GT/0003089 in http://xxx.lanl.gov; (ii) Intersectional pairs of n-knots, local moves of n-knots and invariants of n-knots Mathematical Research Letters, 1998, 577- 582, Univ. of Tokyo preprint UTMS 95-50; (iii) Proceedings of the American Mathematical Society 126, 1998, PP.3109-3116. UTMS95-54; (iv) Proceedings of the American Mathematical Society 126, 1998, PP.2175-2182. UTMS96-11; (v) Journal of knot theory and its ramifications, 10 (2001), no. 1, 121–132. UTMS 97-34, math.GT/0003088; (vi) Mathematical Proceedings of Cambridge Philosophical Society 126, 1999, 511-519. UTMS96-39; (vii) Bulletin of the London Mathematical Society, 31, 1999, 1-8.; (viii) Journal of knot theory and its ramifications, (2004) UTMS 97-35, math.GT/0004008; (ix) UTMS 97-63; (x) Journal of knot theory and its ramifications, 10 (2001), no. 6, 913–922; (xi) math.GT/0011163. UTMS00-65; (xii) math.GT/0004007, UTMS 00-22; (xiii) hep-th/0311136; (xiv) hep-th/0401217.

[17] N. Reshetikhin and V.G. Turaev: Invariants of 3-manifolds via link polynomials and quantum groups, Invent. Math., 103 (1991) 547-597 [18] R. Riley: Growth of order of homology of cyclic branched covers of knots, Bull. London Math. Soc.

22 (1990), 287–297.

[19] D. Rolfsen: Knots and links, Publish or Perish, Inc., 1976 [20] L. Rozansky: L. A contribution of the trivial connection to the Jones polynomial and Witten’s invariant of 3d manifolds. I, II. Comm. Math. Phys. 175 (1996), 275–296, 297–318.

[21] L. Rozansky and E. Witten: Hyper-Kähler geometry and invariants of three-manifolds. (English.

English summary) Selecta Math. (N.S.), 3 (1997), 401–458.

[22] R. P. Thomas: A holomorphic Casson invariant for Calabi-Yau 3-folds, and bundles on K3 fibrations J. Differential Geom. 54 (2000), no. 2, 367–438, math.AG/9806111.

[23] A. Vaintrob: Universal weight systems and the Melvin-Morton expansion of the colored Jones knot invariant. Algebraic geometry, 5. J. Math. Sci. 82 (1996), 3240–3254.

[24] A. Vaintrob: Melvin-Morton conjecture and primitive Feynman diagrams. Internat. J. Math. 8 (1997), 537–553.

[25] E. Witten: Quantum field theory and the Jones polynomial, Comm. Math. Phys., 121 (1989), 351- 399.

[26] E. Witten: Chern-Simons gauge theory as a string theory. The Floer memorial volume, 637–678, Progr. Math., 133, Birkhauser, Basel, 1995, hep-th/9207094.

High Energy Physics Theory Group, Department of Physics, Ochanomizu University, Bunkyo-ku, Tokyo 112-8610, JAPAN,

E-mail address: ogasa@phys.ocha.ac.jp

6