arXiv:hep-th/0410027 v1 4 Oct 2004

Graphical Representation of Supersymmetry and Computer Calculation

SHOICHI ICHINOSE School of Food and Nutritional Sciences, University of Shizuoka Yada 52-1, Shizuoka 422-8526, Japan E-mail: ichinose@u-shizuoka-ken.ac.jp

ABSTRACT

A graphical representation of supersymmetry is presented. It clearly expresses the chiral flow appearing in SUSY quantities, by representing spinors by directed lines (arrows). The chiral suffixes are expressed by the directions (up, down, left, right) of the arrows. The SL(2,C) invariants are represented by wedges. We are free from the messy symbols of spinor suffixes. The method is applied to the 5D supersymmetry. Many applications are expected. The result is suitable for coding a computer program and is highly expected to be applicable to various SUSY theories (including Supergravity) in various dimensions.

1. Introduction The beauty of Supersymmetry(SUSY) comes from the harmony between bosons and fermions. At the cost of the high symmetry, the SUSY fields generally carry many suffixes: chiral-suffixes (α), anti-chiral suffixes (α̇) in addition to usual ones: gauge suffixes (i, j, ..), Lorentz suffixes (m, n, · · ·). The usual notation is, for example, ψ^{i α̇}_{mα}. Many suffixes are “crowded” within one character ψ. Whether the meaning of a quantity is clearly read, sometimes crucially depends on the way of description. In the case of quantities with many indices, we are sometimes lost in the “jungle” of suffixes. In this circumstance we propose a new representation to express SUSY quantities[1]. It has the following properties: 1. All suffix-information is expressed; 2. Suffixes are suppressed as much as possible. Instead we use the “geometrical” notation: lines, arrows, · · ·. Particularly, contracted suffixes (we call them “dummy” suffixes) are expressed by vertices (for fermion suffixes) or lines; 3. The chiral flow is manifest; 4. The graphical indices (defined in Sect.4) specify a spinorial quantity.

Another quantity with many suffixes is the Riemann tensor appearing in the general relativity. It was already graphically represented[2] and some applications have appeared[3,4] . We follow the notation of the textbook by Wess and Bagger[5].

2. Definitions Let us represent the Weyl fermion ψ_α, ψ̄_{α̇} (2 complex components, α, α̇ = 1, 2, ) and their “suffixes-raised” partners as in Fig.1. Raising and lowering the spinor suffixes is done by the antisymmetric tensors ϵ^{αβ}, ϵ_{αβ}.

Figure 1: Weyl fermions.

We introduce a rule: every spinor graph is anticommuting in the horizontal direction. The elements of the SL(2,C) σ-matrix are expressed as in Fig.2.

Figure 2: Elements of SL(2,C) σ-matrices. (σ^m)_{αβ̇} and (σ̄^m)^{α̇β} are the standard form.

Two Lorentz vectors, χ^α(σ^m)_α˙_βψ̄^{β̇} and ψ̄_{α̇}(σ̄^m)^{α̇β} χ_β are expressed as in Fig.3.

Figure 3: Two Lorentz vectors χ^α(σ^m)_{αβ̇}ψ̄^{β̇} and ψ̄_{α̇}(σ̄^m)^{α̇β}χ_β . The double wedge structure appears.

We can express all formulae graphically. We here list only basic ones. In Fig.4, the symmetric combination of σ̄^mσ^n are shown as the basic spinor algebra.

Figure 4: A graph for (σ̄^m)^{α̇β} (σ^n)_{ββ̇} + m ↔ n = −2η^{mn}δ^{α̇}_{β̇} , and (σ^m)_{αα̇}(σ̄^n)^{α̇β} + m ↔ n = −2η^{mn}δ^β_α.

The completeness relations are expressed as in Fig.5. We display the Fierz identity . = 1 4 { − ϵ_{α̇}˙_β + ϵ_{αβ} − m ↔ n }

− 1 2 η^{nm}ϵ_{αβ}ϵ_{α̇}˙_β − 1 8 { − l ↔ n } { − l ↔ m } . (1)

3. SUSY Theories and SUSY Transformation We express the Wess-Zumino model L( a complex scalar field A, a Weyl spinor ψ_α, an auxiliary field (complex scalar) F ) and the super elctromagnetic theory in the WZ gauge L_{EM} (v_{mn} = ∂_mv_n − ∂_nv_m, v_m: vector field, λ: Weyl fermion, D: scalar auxiliary field), as follows.

L = + A^∗∂^2A + F^∗F, L_{EM} = 1 2 D^2 − 1 4 v^{mn}v_{mn} . (2)

Figure 5: Completeness relations: δ^α_β (σ^m)_{αα̇}(σ̄^n)^{α̇β} = −2η^{mn},and (σ^m)_{αα̇}(σ̄_m)^{β̇β} = −2δ^β_αδ^{β̇}_{α̇}.

The SUSY transformations are expressed as δ_ξA = √ 2 , δ_ξF = i √ 2 , δ_ξψ_α = i √ 2 ∂_mA + √ 2 F . δ_ξD = , δ_ξ = D + 1 4 { − m ↔ n } v_{mn} , δ_ξv_{mn} = − m ↔ n , δ_ξv_m = . (3)

Using the above graphical SUSY transformations, we can graphically show the SUSY symmetry of L and L_{EM} of (2). This shows the correctness of the present representation.

We can read the graphical rule of the complex conjugate operation by comparing (3) and its conjugate.

Graphical Rule: Complex Conjugation Operation → , → − . (4) 4. Graph Indices We introduce some indices of a graph. They classify graphs.

(i) Left Chiral Number(LCN) and Right Chiral Number(RCN); (ii) Left Up-Down Number(LUDN) and Right Up-Down Number(RUDN) . For SL(2,C) invariants, these indices vanish; (iii) Left Wedge Number(LWN) and Right Wedge Number(RWN). We assign LW N =

1 for , and RW N = 1 for ; (iv) Dotted Line Number(DLN).

In addition to the graph-related indices, we introduce a) Physical Dimension (DIM); b) Number of the differentials (DIF); c) Number of σ or σ̄ (SIG).

We list the above indices for basic spinor quantities in Table 1.

(LCN, RCN) (^1_2 , 0) (0,^1_2 ) (^1_2 ,^1_2 ) (^1_2 ,^1_2 ) (LUDN, RUDN) (−^1_2 , 0) (0, +^1_2 ) (−^1_2 , −^1_2 ) (^1_2 ,^1_2 ) (LWN, RWN) 0 0 0 0

DLN 0 0 0 0 DIM^3_2^3_2 0 0 DIF 0 0 0 0 SIG 0 0 1 1

Table 1 Indices for basic spinor quantities: ψ_α, ψ̄^{α̇}, (σ^m)_{αβ̇} and (σ̄^m)^{α̇β}. 5. Discussion and conclusion As an application of the present approach, supergravity is interesting. Relegating the full treatment to a separate work, we indicate a graphical advantage here. There appears such a quantity in the supergravity.: ψ_δ˙_{δγγ̇α} = (σ^d)_δ˙_δ(σ^c)_{γγ̇} e^n_d e^m_c (ψ_{nm})_α, (ψ_{nm})^α = ∂_nψ^α_m + · · · − n ↔ m. Graphically it is expressed as

+ · · · , e^n_a : ψ^α_m : (5)

where we introduce the graphical representation for the vier-bein e^n_a and the Rarita- Schwinger field ψ^α_m . The set of indices, which specifies the above graph (5), is given as follows: (LCN, RCN) = (3/2, 1), (LUDN, RU DN ) = (−1/2, −1), (LW N, RW N) = (0, 0), DIM = 5/2, DIF = 1, SIG = 2. We have presented a graphical representation of the supersymmetric theory. It has some advantages over the conventional description. The applications are diverse.^a Especially the higher dimensional suspergravities are the interesting physical models to apply the present approach. In the ordinary approach, it has a technical problem which hinders analysis. The theory is so ”big” that it is rather hard in the conventional approach. The present graphical description is expected to resolve or reduce the technical but an important problem. We point out that the present representation is suitable for coding as a (algebraic) computer program. (See [6,3]for the C-language program and graphical calculation for the product of Riemann tensors.)

6. References [1] S. Ichinose, DAMTP-2003-8, US-03-01, hep-th/0301166, ”Graphical Representation of Supersymmetry” [2] S. Ichinose, Class.Quantum.Grav.12(1995)1021; hep-th/9309035 [3] S. Ichinose and N. Ikeda, Jour.Math.Phys.38(1997)6475; hep-th/9702003 [4] G.W. Gibbons and S. Ichinose, Class.Quantum.Grav.17(2000)2129; hep-th/9911167 [5] J. Wess and J. Bagger, Supersymmetry and Supergravity. Princeton University Press, Princeton, 1992 [6] S. Ichinose, Int.Jour.Mod.Phys.C9(1998)243; hep-th/9609014

aIn the conference talk, an application to 5D SUSY is presented. The progress in the computer calculation is also reported. See ref.[1]for detail.