arXiv:hep-th/0410122 v2 1 Nov 2005

YITP-SB-04-54

Marginal Deformations of N = 4 SYM

from Open/Closed Twistor Strings

Manuela Kulaxizi and Konstantinos Zoubos^∗

C. N. Yang Institute for Theoretical Physics State University of New York at Stony Brook Stony Brook, New York 11794-3840 U. S. A.

kulaxizi@insti.physics.sunysb.edu
 kzoubos@insti.physics.sunysb.edu

Abstract

We investigate how the marginal deformations of N = 4 supersymmetric Yang–Mills theory (analysed in particular by Leigh and Strassler) arise within B–model topological string theory on supertwistor space |CP^{3|4}. This is achieved by turning on a certain closed string background in the fermionic directions. Through a specific open/closed correlation function, this mode induces a correction to holomorphic Chern–Simons theory, corresponding to the self–dual part of the chiral operator added on the gauge theory side. The effect of the deformation is interpreted as non–anticommutativity between some of the odd coordinates of^{||}CP^{3|4}. Motivated by this, we extend the twistor formalism for calculating MHV amplitudes in N = 4 SYM to these N = 1 theories by introducing a suitable star product between the wavefunctions. We check that our prescription yields the expected results to linear order in the deformation parameter.

∗Present Address: Department of Physics, Queen Mary, University of London (k.zoubos@qmul.ac.uk)

Contents

1 Introduction 1

2 Marginal Deformations of N = 4 Super Yang–Mills 3 2.1 The Leigh–Strassler deformation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 2.2 The action of the marginally deformed theories . . . . . . . . . . . . . . . . . . . . . . . . 5

3 The B–Model 6 3.1 The B–model on a bosonic Calabi–Yau . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 3.2 Open/Closed amplitudes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 3.3 Extension to supermanifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

4 Twistor String Theory 10 4.1 The B–model on C P^{3|4} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 4.2 Closed string corrections to holomorphic Chern–Simons . . . . . . . . . . . . . . . . . . . 11 4.3 Interpretation as a star product . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

5 Analytic Amplitudes in N = 4 Super–Yang–Mills 14 5.1 The prescription for analytic amplitudes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 5.2 Some sample amplitudes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

6 Calculation of Analytic Amplitudes in the Deformed Theory 17 6.1 Extension of the Star Product . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 6.2 Products of the form (ψψψ) ∗ (ψψψ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 6.3 Products of the form ψ ∗ (ψψ) ∗ (ψψψ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 6.4 Products of the form (ψψ) ∗ (ψψ) ∗ (ψψ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 6.5 Products of the form ψ ∗ ψ ∗ ψ ∗ (ψψψ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 6.6 Products of the form ψ ∗ ψ ∗ (ψψ) ∗ (ψψ) . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 6.7 Higher–point functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

7 Comments on higher order terms 23

8 Conclusions 23

A Examples of star product calculations 25

1 Introduction

The N = 4 supersymmetric Yang–Mills (SYM) theory in four dimensions has many remarkable properties, which have made it a very useful model in explorations of links between gauge theory and string theory in recent years. Chief among these properties are the exact quantum conformal invariance of the theory and its SL(2, Z) duality symmetry (an extension of Montonen–Olive duality).

It is even more remarkable that these properties do not crucially depend of the high amount of supersymmetry, but are in fact shared by a large class of gauge theories with N = 1 supersymmetry, of which the N = 4 theory is a special case. In particular, as first shown systematically by Leigh and Strassler [1], there exists a two–complex dimensional moduli space of exactly marginal deformations of the N = 4 theory. Each point on this moduli space corresponds to a finite, and thus conformally invariant, theory that has only N = 1 supersymmetry, while the origin can be chosen to be the N = 4 supersymmetric point (a third marginal direction, which preserves N = 4 supersymmetry, corresponds to the gauge coupling τ ). Furthermore, it has been recently shown in [2, 3] that the S–duality of N = 4 SYM does extend to an action on the vacua of these deformed theories.

Given that these marginally deformed theories share some of the features that make the N = 4 theory so special, it is natural to expect that the extension of its known string duals to these cases will be tractable, and perhaps provide useful information. In the AdS/CFT correspondence (see e.g. [4] for a review and references), N = 4 SYM is realised as IIB string theory on AdS_5 × S^5, whose isometry group (SU(2, 2|4)) is the same as the superconformal group of the gauge theory. As we will briefly review later, the marginal deformations of the theory have also been explored in this setting, mostly in the strong coupling limit where the dual theory actually reduces to IIB supergravity. However, although the existence of such deformations has been established perturbatively, the complexity of the equations of motion of IIB supergravity has so far prevented the construction of an exact background dual to the marginally deformed theories^1.

The AdS/CFT correspondence is based on the equivalence of the N = 4 theory with IIB string theory at strong coupling. In [5], Witten considered instead a string theory dual of perturbative N = 4 theory, which turned out to be a topological string theory known as the B–model, with target space not a usual Calabi–Yau manifold but super–twistor space^|CP^{3|4}. This space has three even and four odd complex directions, which (as explained in [5]) guarantees the existence of a globally defined holomorphic volume form, which in turn is necessary for the B–model to be well defined.

Although establishing that there exists a string theory that has the same field content as fundamental N = 4 SYM is clearly remarkable, [5] went further and showed that one can actually reproduce (initially at tree level) the scattering amplitudes of the theory via a construction that is quite natural from the string point of view. This has led to much insight about the structure of these amplitudes and greatly simplified their calculation, especially when a large number of external particles is concerned [6]^2.

Like AdS_5 in AdS/CFT, the appearance of twistor space^{||}CP^3 here is very natural, as it is the space where the four–dimensional conformal group SO(2, 4) ∼ SU(2, 2) is realised in a linear way. Since this group is unbroken for any conformal field theory, we would expect that other conformal field theories in four dimensions will admit a twistor string reformulation. A natural starting point, proposed in [5], would be to look at super–Calabi–Yau target spaces other than^{||}CP^{3|4}, and one such case, where the target is a weighted projective space, was considered in [16]. The resulting d = 4 theories correspond to various self–dual truncations of N = 4 SYM or topological N = 4 SYM. However, it would also be interesting to understand how (and whether) a given theory known to be superconformal can be described using twistor strings.

The reason this is important lies not so much in computing scattering amplitudes in these theories (since the approach of [6] has been shown to apply to a much wider class of gauge theories than N = 4 SYM) but in the insight it could provide on topological strings and their relation to gauge theory in general. For instance, motivated by the Montonen–Olive duality of N = 4, the authors of [17, 18] have uncovered evidence of a type of S–duality relating the A–model with the B–model on the same manifold (complementing the well–known mirror symmetry map between these models on different manifolds) along with the existence of new types of topological branes.

As a first step in understanding how a given conformal field theory would arise in the twistor framework, we can ask how the abovementioned marginal deformations of N = 4 SYM are encoded in the B–model picture. We will approach this problem from the viewpoint of open/closed string theory, by considering (to first order) the effect of a particular closed string background field on open string correlation functions. This leads to a deformation of the action of holomorphic Chern–Simons theory, which can be interpreted as the effect of introducing a non–anticommutative structure on some of the fermionic coordinates of^{||}CP^{3|4}.

The structure of our paper is the following: In section 2 we review the marginal deformations of the N = 4 theory, and, since we will be interested in actual perturbative calculations in these theories, explicitly write out their action and show how, in the same way as N = 4 Yang–Mills, it can be split into a “self–dual” and “non–self–dual” part—the first step towards reinterpretation as a twistor string theory. Section 3 is another preparatory section, where we review some facts about the B model on a usual, bosonic Calabi–Yau. We focus in particular on the mixed (open/closed) amplitudes, and how they

1 There has been recent progress in this direction, see the Note Added at the end of our conclusions. 2 For applications and development of this formalism at tree–level, see [7, 8, 9, 10, 11, 12, 13, 14, 15].

affect the target–space action of the model. After we discuss the generalisation of these results to the case where the Calabi–Yau is a supermanifold, in section 4 we specialise to the B model on^|CP^{3|4} and identify a particular closed string mode that induces precisely the Leigh–Strassler deformation on the self–dual part of the action. It turns out that one can think of this deformation as introducing a very special type of non–anticommutativity on some of the odd coordinates of^|CP^{3|4}.

The obvious next step is to see how the prescription of [5] for the calculation of amplitudes in N = 4 SYM needs to be modified to accommodate the more general case of the Leigh–Strassler theories. To facilitate the reader we have inserted a section (section 5) where we review the standard method and present a few illustrative examples. In section 6 we show that the required modification of the method is simply to multiply the wavefunctions with a suitable star product. To check our proposal, we calculate several amplitudes to linear order in the deformation parameter and check that they match the ones obtained from the deformed action using Feynman diagrams. Section 7 contains a preliminary discussion of higher–order terms, while in section 8 we conclude by discussing open issues and possible extensions.

2 Marginal Deformations of N = 4 Super Yang–Mills

Soon after it was realised that N = 4 super Yang–Mills seemed to be a completely (UV) finite theory (see e.g. [19] for an account), it became clear that it might not be the unique four dimensional theory with that property. Working in the context of N = 1 supersymmetry, [20, 21] obtained a set of conditions that guarantee finiteness at one loop for a gauge theory coupled to some matter. Considering a gauge theory with gauge group G and matter fields Φ^a_I , with a labelling the representation of the gauge group and I the remaining internal indices, we can think of the cubic part of the superpotential as W =^1_{3!} C^{IJK}_{abc} Φ^a_I Φ^b_J Φ^c_K . Then the conditions for one–loop finiteness are

3C_2(G) = ∑ I T (R_I ), and C^{IKL}_{acd} C^{bcd}_{JKL} = 2g^2δ^b_a δ^I_J T (R_I ) . (2.1)

Here C_2(G) is the quadratic Casimir of the group and T (R_I ) is the second–order Dynkin index of the representation, defined through Tr(T^a_RT^b_R) = T (R)δ^{ab}. These conditions actually suffice to show finiteness to two loops (and vanishing of the gauge beta function to three) [22, 23], but they fail at higher orders for generic couplings because the three–loop anomalous dimensions are not constrained. However [24] one can imagine an iterative procedure where one chooses the dependence of C^{IJK}_{abc} on the gauge coupling at each order such that the anomalous dimensions vanish, which should guarantee a vanishing beta function at the next order. The resulting theory would be finite to all orders in perturbation theory^3.

One obvious solution to (2.1) is to take the gauge group to be SU(N ) (hence C_2(G) = N ), and take Φ^a_I to be in the adjoint, with I = 1, 2, 3. Then the first condition is automatically satisfied. If one now chooses the interaction coefficients to be C^{IJK}_{abc} = gϵ^{IJK} f_{abc}, the second condition is also satisfied. What we have constructed, of course, is simply the N = 4 theory. However, this choice for C^{IJK}_{abc} is not the most general: There exists a class of N = 1 theories that satisfy the criteria of (2.1) and includes the N = 4 theory, which we now turn to.

2.1 The Leigh–Strassler deformation

The first systematic treatment of marginal deformations of the N = 4 theory appears in the work of Leigh and Strassler [1]. They realised that using symmetries and the exact N = 1 beta functions given in terms of the various anomalous dimensions in the problem, one could express their vanishing in terms of equations that were linearly dependent and thus would generically have solutions. Among various other examples of conformal four–dimensional theories, they consider a gauge theory with one N = 1 vector superfield V and three N = 1 chiral superfields Φ_I , with all fields in the adjoint representation of SU(N ). The form of the superpotential is W = iκTr [ e^{i β2} Φ_1Φ_2Φ_3 − e^{−i β2} Φ_1Φ_3Φ_2 ] + ρTr ( Φ^3_1 + Φ^3_2 + Φ^3 ) . (2.2)

3 See references in [1] for more on these matters.

In addition to the three independent couplings κ, β, ρ that appear in the superpotential, there is also the gauge coupling τ . Leigh and Strassler showed that there is a three–complex–dimensional surface γ(τ, κ, β, ρ) = 0 in coupling constant space where all beta functions (and anomalous dimensions, which are all equal to γ) vanish and thus the corresponding theories are conformally invariant^4. One of the coordinates of this space of conformal theories simply corresponds to the gauge coupling τ , whose variation preserves N = 4 supersymmetry, however turning on the other couplings breaks supersymmetry to N = 1. The function γ is not known beyond one–loop (apart from the N = 4 line κ = 1, β = ρ = 0 in suitable units), but one can argue using (2.1) (see also [3]) that at first order in β, ρ the parameter κ retains its N = 4 value of 1, so that at first order in the deformation we can add two possible chiral operators to the N = 4 superpotential^5:

W = W_{N =4} + βTr (Φ_1{Φ_2, Φ_3}) + ρTr ( Φ^3_1 + Φ^3_2 + Φ^3 ) . (2.3)

It will be convenient for our purposes to consider this superpotential as a special case of a more general one, W = W_{N =4} + 1 3! h^{IJK} Tr(Φ_I Φ_J Φ_K ) (2.4)

where the tensor h^{IJK} is totally symmetric in its indices, and thus lies in the 10 of SU(3). Classically this superpotential is a marginal deformation of the N = 4 lagrangian, for any value of h^{IJK} . However asking for exact marginality requires that we make a very particular choice of h^{IJK} , i.e. we need to take the nonzero components to be a linear combination of

(a) h^{123} = β, and

(b) h^{111} = h^{222} = h^{333} = ρ .

(2.5)

Clearly these are the choices of h^{IJK} that reproduce the superpotential (2.3), and can also be seen to satisfy the conditions (2.1) with suitable normalisation of β and ρ.^6 Explicitly, we start by choosing C^{IJK}_{abc} ∼ h^{IJK} d_{abc}, where d_{abc} is the SU(N ) symmetric invariant (recall d_{acd}d^{bcd} = (N^2 − 4)/N δ^b_a ) and find that the choices in (2.5) are the only ones for which h^{IKL}h_{JKL} ∼ δ^I_J . From the point of view of [1], the reason these choices are so special is that they preserve permutation symmetry between the chiral superfields, which is crucial in arguing that they all have the same anomalous dimension. In this article we will be concerned with tree–level calculations, thus for the most part we will not impose these restrictions on h^{IJK} .

A natural place to look for these marginal deformations is the AdS/CFT correspondence, where SU(N ) N = 4 SYM is realised as IIB string theory on AdS_5 × S^5, with N units of five–form flux through the S^5. Since the appearance of AdS_5 is crucial for the exact conformal invariance of the dual field theory, it is expected that the AdS_5 part of the geometry will be unchanged when the field theory is deformed. Since S^5 is rigid as an Einstein manifold, the only way the geometry can be deformed preserving AdS_5 is by turning on some other matter fields in the S^5 directions.

In [25] (see also [26]) this problem is considered in the large N , strong coupling limit where one can work with classical IIB supergravity on AdS_5 × S^5. It turns out that, apart from the already present five–form flux, one should also turn on (complexified) three–form flux G_{(3)} in the direction of the S^5. As expected from the field theory side, the IIB equations of motion can be solved [25], at least to second order in a perturbation expansion. One expects that the deformation can be integrated to a geometry which will be an exact string theory background, but, as mentioned earlier, the solution is not yet known^7. A step going beyond the supergravity limit was taken in [27], where the β–deformation was considered in the BMN limit.

4 Note that since the vanishing of the beta functions happens at zero anomalous dimension, these theories are indeed finite. Leigh and Strassler also consider cases where conformal invariance is restored at non–zero anomalous dimensions for some fields. Although they are conformally invariant, those theories need not satisfy (2.1).

5 We have made a slight rescaling of β to bring the superpotential in this form.

6 If one restricts to the case ρ = 0, the deformation is often called the β– or q–deformation in the literature. 7 Again, see the note at the end of the conclusions.

There are special points along the deformation when one can say much more. These occur when ρ = 0 while β is a root of unity. These points [28, 29] have a dual interpretation as orbifolds with discrete torsion, and furthermore noncommutativity appears in an intriguing way as a property of the vacuum manifold of the theory. The marginally deformed theories have been further studied in [2, 3, 30], and several remarkable properties have been demonstrated. In particular it was shown that (as mentioned in the introduction) the S–duality of N = 4 extends to their space of vacua, and that, again for special values of β, there are also new Higgs branches on moduli space. These are mapped by S–duality to completely new, confining branches which appear only at the quantum level. Furthermore, at large N the Higgs and confining branches can be argued to be described by Little String Theory [30]. Finally, the integrability properties of the deformed theories at special values of the deformation parameter were recently explored in [31].

2.2 The action of the marginally deformed theories

Since we will eventually be interested in calculating scattering amplitudes in the Leigh–Strassler deformed theories, it is useful to write down their action in full. We start from the action in N = 1 superspace to connect with the discussion in the previous section, but for our purposes it is more convenient to work with components, so we immediately revert to component notation. The superspace action is S = 1 16π Im ( τ ∫ d^4xd^2θTrW^αW_α ) + ∫ d^4xd^2θd^2θ̄Φ̄e^V Φ + ( g √ 2 ∫ d^4xd^2θW(Φ) + h.c. ) (2.6)

where τ is the complexified gauge coupling constant τ =^{ΘY M}_{2π} +^{4πi}_{g2} and W(Φ) is as in (2.4). In the following we will only be interested in the perturbative aspects of the theory, so we drop total derivative terms by setting Θ_{Y M} = 0. In Euclidean space we can write the component lagrangian as (see e.g. [19]):

L =Tr ( 1 g^2 ( 1 4 F^2 + ~λD/λ) + (D ~ϕ^I )(Dϕ_I ) + ~χ^I D/χ_I + √ 2(λ[χ_I , ~ϕ^I] − ~λ[~χ^I, ϕ_I]) + 1 √ 2 g ( (ϵ^{IJK} χ_I [ϕ_J , χ_K ] + h^{IJK} χ_I {ϕ_J , χ_K}) − (ϵ_{IJK} ~χ^I [~ϕ^J , ~χ^K ] + h_{IJK} ~χ^I {~ϕ^J , ~χ^K}) )

− 1 2 g^2 ( [~ϕ^I, ϕ_I] )_2 − 1 2 g^2 ( ϵ^{QJK} [ϕ_J , ϕ_K] + h^{QJK} {ϕ_J , ϕ_K} ) (ϵ_{QIL}[~ϕ^I, ~ϕ^L] + h_{QIL}{~ϕ^I, ~ϕ^L}) ) . (2.7)

In the twistor string approach to N = 4 SYM, it is important that there is a way to split the action into a piece which is independent of the Yang–Mills coupling constant g, and another which is of order g^2. This is achieved by suitable rescalings of the fields. If we arrange the terms in this way, we can view the g → 0 limit of the theory as self–dual N = 4 SYM, which has the same field content but only a subset of the interactions of the full theory. Then we can think of the terms of order g^2 as a perturbation around the self–dual theory. The required rescalings (which treat the different helicities asymmetrically) are: (λ, ~λ) → (g^{12} λ, g^{32} ~λ), (χ, ~χ) → (g^{− 12} χ, g^{12} ~χ), (ϕ, ~ϕ) → ( 1 √ 2 ϕ, 1 √ 2 ~ϕ). (2.8)

As for the gauge field (see e.g. [32], p. 203) we introduce a Lagrange multiplier field G^{μν} which is an anti–self–dual two–form. Then, up to a total derivative term (which we drop for purposes of perturbation theory) we can replace the Yang–Mills action by the first order action: ∫ d^4xTr ( G_{μν} F^{μν} − 1 2 g^2G_{μν} G^{μν} ) . (2.9)

After all these rescalings, the deformed lagrangian takes the form

L =Tr [ GF + ~λD/λ + 1 2 (D ~ϕ^I )(Dϕ_I ) + ~χ^I D/χ^I + λ[χ_I, ~ϕ^I ] + 1 2 ϵ^{IJK}χ_I [ϕ_J , χ_K] + 1 2 h^{IJK} χ_I {ϕ_J , χ_K} −g^2 ( 1 2 G^2 + ~λ[~χ^I, ϕ_I] + 1 2 ϵ_{IJK} ~χ^I [~ϕ^J , ~χ^K] + 1 2 h_{IJK} ~χ^I {~ϕ^J , ~χ^K}+ + 1 8 ([~ϕ^I, ϕ_I ])^2 + 1 8 (ϵ^{QJK} [ϕ_J , ϕ_K] + h^{QJK} {ϕ_J , ϕ_K })(ϵ_{QIL}[~ϕ^I , ~ϕ^L] + h_{QIL}{~ϕ^I, ~ϕ^L}) )] . (2.10)

In (2.10) we have collected the terms that are independent of the gauge coupling in the first line. These define the kinetic terms and interactions of the “self–dual” deformed N = 4 SYM. The remaining terms (which include some of the Yukawa interactions and all quartic terms) are the “non–self–dual” terms that complete the full N = 4 SYM action^8.

3 The B–Model

In this section we first review some well–known facts about the B–model on a Calabi–Yau manifold and its target space interpretation in terms of holomorphic Chern–Simons theory. Next we consider open/closed amplitudes in the bosonic case, and finally the generalisation to the situation that the target space is a Calabi–Yau supermanifold. This will prepare us for the calculation of the effect of turning on a particular closed–string mode in the next section.

3.1 The B–model on a bosonic Calabi–Yau

The topological B–model is one version of the twisted N = 2 supersymmetric non-linear σ-model in two dimensions [33]. For reviews of these twisted sigma models, see [34, 35, 36]. Here we will mostly follow the notation and conventions of [37]. The fields of the B-model are the coordinates ϕ^μ, ϕ̄^{μ̄} of the target space manifold, two twisted fermions η̄^{μ̄}, ϑ_μ, which transform as scalars on the worldsheet, and finally a twisted fermion ρ^μ, which is a one-form on the worldsheet. The action of the model is the following^9: S = t ∫ Σ (g_{μν̄} dϕ^μ ∗ dϕ̄^{ν̄} − g_{μν̄}ρ^μ ∗ Dη̄^{ν̄} ) + 1 κ ∫ Σ (ρ^μDϑ_μ − 1 2 R^λ_{μμ̄ν}ρ^μρ^νη̄^{μ̄}ϑ_λ) . (3.1)

Here R¯_{λλμ̄μ} is the curvature of the target space Kähler manifold X, and D is the target space covariant derivative. Unlike the related A–model, here it is crucial that the target actually be a Calabi–Yau manifold, which corresponds to allowing the existence of a globally defined holomorphic volume form (for a Calabi–Yau three–fold this is a (3, 0) form). Denoting the BRST charge by Q, the action is invariant under the following (on shell) BRST transformation rules:

[Q, ϕ^μ] = 0 [Q, ϕ̄^{μ̄}] = η̄^{μ̄} {Q, η̄^{μ̄}} = {Q, ϑ_μ} = 0 {Q, ρ^μ} = dϕ^μ . (3.2)

The B-model is a topological field theory, being independent of the complex structure of the Riemann surface Σ and of the Kähler matric of the target space. In addition, it is independent of the coupling

8 Here we are using the notion “self–dual” rather loosely to include not only the terms related to self–dual Yang–Mills by N = 4 supersymmetry, but all terms appearing at the same order after the rescalings above.

9 To revert to the conventions of [35] we need to rescale η̄^{μ̄} → −η̄^{μ̄}, ϑ_μ → −iϑ_μ, ρ^μ → iρ^μ, and set^1_κ = t.

constant parameter t, while its dependence on κ can be absorbed into a rescaling of the ϑ field. We can readily see this by rewriting the action as [37] S = 1 κ ∫ Σ ρ^μdϑ_μ + { Q, ∫ Σ ( tg_{μμ̄}ρ^μ ∗ dϕ̄^{μ̄} − 1 2κ Γ^λ_{μν} ρ^μρ^ν ϑ_λ )} . (3.3)

The fact that t appears in a Q–exact term implies that computations can be performed in the large t limit—the weak coupling limit of the theory—and we can expect the results to be valid for all t.

The observables of the model are defined as BRST closed but not exact operators of the following form: V = 1 p!q! η̄^{μ̄1} · · · η̄^{μ̄p} V_{μ̄1 ···μ̄p}^{ν1···νq} ϑ_{ν1} · · · ϑ_{νq} (3.4) with BRST invariance imposing ¯∂V = 0 and non–exactness V ≠ ¯∂Λ, for any Λ. In the large t limit we can identify η̄^{μ̄} as the (0, 1)–forms dϕ̄^{μ̄} on X, and ϑ_μ as tangent space elements^∂_{∂ϕμ} . Additionally, the BRST operator can be identified with the ¯∂ operator on X. Thus we can think of of the observables (3.4) as elements of ⊕_{p,q} H^p(X, ∧^qT^{(1,0)}X) = H^{−q,p}(X).

The closed string field theory of the B–model has been analysed in detail in [38] and was found to describe deformations of the complex structure of the manifold. The resulting field theory was called the Kodaira–Spencer theory of gravity.

In the case of open strings [36], the boundary conditions imply that ϑ_μ vanishes on the boundary of the worldsheet, so the physical states are just polynomials in η̄^{μ̄}. In open string field theory, the requirement that the ghost number equals one leaves us with just the term linear in η̄^{μ̄}:

A = η̄^{μ̄}A_{μ̄} . (3.5)

Given the above–mentioned identification of η̄^{μ̄} as the (0, 1)–forms on the target space, we interpret A_{μ̄} as a holomorphic gauge field living on the Calabi–Yau manifold. In a straightforward manner one can show [36] that the standard cubic string field theory action reduces to holomorphic Chern-Simons: S = 1 2 ∫ X Ω ∧ Tr ( A ¯∂A + 2 3 A ∧ A ∧ A ) . (3.6)

Here Ω is the holomorphic (3, 0) form of the Calabi–Yau manifold, and the trace is over SU(N ) for oriented strings. In modern language, A is thought of as the worldvolume field of a space–filling D5– brane (actually a stack of such branes to account for non–abelian interactions).

3.2 Open/Closed amplitudes

As is well known, in a topological conformal field theory, we can associate to a physical state the following three types of operators (here for the closed case):

V (P ) = V^{(0)} , V (C) = ∫ C V^{(1)} , V (Σ) = ∫ Σ V^{(2)} (3.7)

where P indicates a point, C a closed contour and Σ a surface. Since P is a point, the operators V^{(0)} can be identified with the usual BRST invariant observables. The other operators are derived from these through descent equations and are thus called descendants:^{10}

{Q, V^{(0)}] = 0 , {Q, V^{(1)}] = dV^{(0)} , {Q, V^{(2)}] = dV^{(1)} .

(3.8)

10 Here we already anticipated the presence of a boundary by not considering left– and right–movers independently.

A^{(1)} p_3 A^{(1)} p_2

A p_1 ϕ Figure 1: A closed string contribution to the open string disk three–point amplitude.

For open strings (where the worldsheet has a boundary) we can similarly define (first) descendants of open string states A, the difference being that (because of cyclicity) the contour C is replaced by an integral between two consecutive punctures on the boundary.

These ingredients can be combined to construct open/closed correlation functions^{11}. In particular, we can define on the disk F_{p1p2···pn} (t) = ⟨A_{p1} A_{p2} P ∫ A_{p3} · · · ∫ A_{pn−1} A_{pn} e^{t ∫D V (2)} ⟩_D . (3.9)

Here P means path–ordered integration. This correlation function describes an open string n–point function, deformed by the presence of a closed string background. We will now specialise to the B–model and study closed string deformations of the three–point open string correlation function. Recall that this is the amplitude that specifies the cubic terms in the target space string field theory action (3.6). We will also consider only the first term in the expansion of the background, so the worldsheet we will be interested in is the disk with three boundary punctures and one bulk puncture. This geometry has two moduli to be integrated over, which correspond to the position of the bulk insertion. It is known, however [39, 41], that the resulting correlation function is equivalent (up to normalisation) to the one with the bulk insertion fixed, and the moduli associated to the positions of two of the open string insertions. Explicitly, ⟨ ∫ V^{(2)}A_{p1} A_{p2} A_{p3} ⟩_D = ⟨V^{(0)}A_{p1} ∫ A^{(1)}_{p2} ∫ A^{(1)}_{p3} ⟩_D . (3.10)

This expresses the deformation of the product of the open string algebra by a single closed string operator. Let us now calculate the second correlation function of (3.10) in the B–model. We will need the form of the first descendant boundary operators:

A^{(1)} = A_{μ̄}(ϕ, ϕ̄)dϕ̄^{μ̄} + ∂_μA_{μ̄}(ϕ, ϕ̄)ρ^μη̄^{μ̄} . (3.11)

It is easy to see that this satisfies the relevant descent equations. We still have to pick a particular closed string mode from the ones appearing in (3.4). For purposes to be clear later, we choose the vertex operator V^{(0)} = V ∈ H^0_{¯∂} (X, ∧^2T_X ) = H^{−2,0}(X). We follow the treatment of [37]. Since this vertex operator contains two ϑ_μ’s and they have no zero modes, to obtain a non-vanishing correlation function on the disk, one has to contract them with two ρ^μ’s. Looking at (3.11) we see that these are provided by the two descendants^{12} . The correlation function is then: ⟨V A^{(0)} ∫ A^{(1)} ∫ A^{(1)}⟩_D = ∫ dσ ∫ dσ^′⟨( 1 2 V^{μν} ϑ_μϑ_ν)(u)(A_{μ̄}η̄^{μ̄})(1)(A_{ν̄} ∂_σϕ̄^{ν̄} + ∂_λA_{ν̄} ρ^λ_ση̄^{ν̄} )(σ)(A¯_λ∂_σ′ ϕ̄^{λ̄} + ∂_τ A¯_λρ^τ_σ′ η̄^{λ̄})(σ^′)⟩_D .

(3.12)

11 For detailed discussions in the context of topological strings, see [39, 40, 37, 41, 42] and references therein. 12 So we see that this closed string mode yields no corrections to the one and two point functions.

We will calculate (3.12) in the weak coupling limit t → ∞ where the path integral reduces to an integral over the zero modes of the fields. Here, σ and σ^′ are the coordinates of the insertions on the boundary (at points p_2 and p_3 in figure 1) and integration is understood to run between neighbouring insertions. Ordering is therefore important. First, we integrate over the three zero modes of η̄^{μ̄}. The result is simply −ϵ^{μ̄ν̄λ̄} which provides the wedge product for the A_{μ̄}’s. The contraction of the ϑ_μ’s with the ρ^λ_σ ’s will then give a term equal to^{2κ2}_{2π(σ−u)2π(σ′−u)} . This we can integrate as: ∮ ∫_σ 1 dσdσ^′ (σ − u)(σ^′ − u) = ∫_{2π} 0 ∫_φ 0 d(e^{iφ})d(e^{iφ′} ) (e^{iφ} − u)(e^{iφ′} − u) = 1 2 ∮ dz 1 z − u ∮ dz^′ 1 z^′ − u = − (2π)^2 2 . (3.13)

Including the overall factor of −^{κ2}_{(2π)2} we arrive to the conclusion that [37]: ⟨V A^{(0)} ∫ A^{(1)} ∫ A^{(1)}⟩_D = κ^2 2 ∫ X Ω ∧ Tr(A ∧ V^{μν} ∂_μA ∧ ∂_νA) . (3.14)

As is obvious from the result, the specific closed string mode provides a deformation of the cubic term of the holomorphic Chern-Simons action. More precisely, one can recognize in this term the first order correction corresponding to a noncommutative star product. What about the higher orders? In fact, as discussed in [37], higher order open/closed string correlators have a similar structure to those appearing in the Cattaneo–Felder model [43] and are thus expected to give rise to the full non-commutative product defined by Kontsevich [44] in the context of deformation quantisation: A ∗ A =A ∧ A + κ^2 2 V^{μν} ∂_μA ∧ ∂_ν A + κ^4 8 V^{μν} V^{λτ} ∂_μ∂_λA ∧ ∂_ν ∂_τ A+ + κ^4 12 V^{μν} (∂_ν V^{λτ} ) (∂_μ∂_λA ∧ ∂_τ A − ∂_λA ∧ ∂_μ∂_τ A) + O(κ^6V^3) .

(3.15)

We should remark here that for a generic Calabi–Yau threefold the deformations we have considered are absent, since, by contracting with the holomorphic three–form, the dimension of H^{−2,0} can be mapped to h^{1,0} which vanishes as a consequence of the SU(3) holonomy. Thus one usually restricts attention to the complex structure deformations, which lie in H^{−1,1}. However, H^{−2,0} can be nontrivial for special Calabi–Yau’s with even more reduced holonomy, and such cases have been studied in [45].

3.3 Extension to supermanifolds

So far we have discussed well–known facts about the B–model on an arbitrary Calabi–Yau manifold. Of course, for our application to^|CP^{3|4} [5] we need a super–Calabi–Yau target space. In the following we give a brief, non–rigorous (and possibly naive) discussion of the generalisation to this case. Since the B–model, being topological, does not explicitly depend on the target space metric, we can (for simplicity) think of working in a metric that is block diagonal, with one block containing the bosonic and another containing the fermionic part^{13}. Then the sigma model action will have a completely split form, with no mixing between the bosonic and fermionic coordinates.

Thus, we still have the action (3.1), where we now think of μ = {i, A} as a coordinate over both the even and odd subspaces, and the various fields have either only bosonic indices (i,ī) or fermionic ones (A, Ā). The BRST rules (3.2) are also trivially extended to this case. It follows that the observables of the B–model on a super–Calabi–Yau now belong to ⊕_{p,q,m,n}H^{p|q}(X, ∧^{m|n}T^{(1,0)}X). They can be written as V = 1 p!q!m!n! η̄^{ī1} · · · η̄^{īp}η̄^{Ā1} · · · η̄^{Āq} V¯_{i1···}¯_{ip}¯_{A1···}¯_{Aq}^{i1···im A1···An} ϑ_{i1} · · · ϑ_{im} ϑ_{A1} · · · ϑ_{An} (3.16) where V¯_{i1···}^{i1···} generically depends on all the supermanifold coordinates (Z^i, Z^ī, ψ^A, ψ̄^Ā), but has to be such that V is BRST closed but not exact. Note that the above expression is antisymmetric in the i

13 Note that this metric does not have to be the Ricci–flat metric on the manifold. For instance, the super–Fubini–Study metric on CP^{(3|4)} does not split in this way.

indices but symmetric in the A indices, since η̄^Ā and ϑ_A are commuting. Finally, the requirement that our manifold be super–Calabi–Yau boils down to the existence of a globally defined holomorphic volume form, which, specialising to the most relevant case of^|CP^{3|4}, can roughly be taken to be Ω = d^3Zd^4ψ.

Turning to open strings, we can now follow [5] in extending the holomorphic Chern–Simons action (3.6) to the specific case of^|CP^{3|4}: S = 1 2 ∫ D5 Ω ∧ Tr ( A ¯∂A + 2 3 A ∧ A ∧ A ) . (3.17)

It is now crucial to observe (see [5] for a discussion of this) that the fields A(Z^i, Z^ī, ψ^A) now live on the worldvolume of a D5–brane which is not space–filling. Rather, it is identified with the submanifold ψ̄^Ā = 0 within |CP3|4. In a similar way, we can extend the discussion of open/closed amplitudes to |CP^{3|4}. We will say more about this case in section 4.2, but we note here that since the volume form is now a seven–form, the argument for triviality of deformations in H^{−2,0} that we discussed at the end of the previous section might not go through in the same way in the supermanifold case.

4 Twistor String Theory

The starting point of the twistor string programme is the observation that if the above discussion on the B–model on a Calabi–Yau is extended to supertwistor space^|CP^{3|4}, the spectrum of physical states can be mapped (via the Penrose transform) to that of the N = 4 theory. In the following we will review the spectrum and open string action of the B–model on^|CP^{3|4}, and then, applying the discussion in section 3.2, examine the effects of turning on a very particular closed string mode.

4.1 The B–model on C P^{3|4}

Our starting point is the holomorphic Chern–Simons action (3.6). Since we want to write things in an SU(3) × U(1) invariant way in preparation for breaking supersymmetry down to N = 1, we distinguish the four fermionic coordinates ψ^A of^{||}CP^{3|4} as ψ^A = {ξ, ψ^I }, where I = 1, 2, 3 is the index parametrizing the SU(3). We can now expand the superfield A(x, ψ^A) into components as A =A(Z, Z) + ξλ(Z, Z) + ψ^I χ_I (Z, Z) + ξψ^I ϕ_I (Z, Z) + 1 2 ψ^I ψ^J ϵ_{IJK} ~ϕ^K (Z, Z) + 1 2 ξψ^I ψ^J ϵ_{IJK} ~χ^K (Z, Z) + 1 3! ψ^I ψ^J ψ^K ϵ_{IJK} ~λ(Z, Z) + 1 3! ξψ^I ψ^J ψ^K ϵ_{IJK} G(Z, Z) . (4.1)

All fields are understood as functions of the bosonic coordinates of twistor space. As discussed in [5] these fields (which are just one–forms with certain homogeneity properties on^{||}CP^3) can be mapped through the Penrose transform^{14} to fields with helicities corresponding to their homogeneity. According to this mapping, A (having homogeneity zero) is mapped to the positive helicity part of a four–dimensional gauge field, λ, χ_I give helicity +^1_2 Weyl spinors, ϕ_I, ~ϕ^I yield scalars, ~λ, ~χ^I helicity −^1_2 Weyl spinors and finally G maps to the negative helicity part of the gauge field (we denote the four–dimensional fields with the same letters as the six dimensional ones, hoping no confusion will arise). Clearly we can group the (4d) {A, λ, ~λ, G} together to obtain an on–shell N = 1 vector multiplet, and the {χ_I , ϕ_I, ~ϕ^I, ~χ^I } together make up three on–shell N = 1 chiral multiplets (one for each value of I), to obtain the field content of N = 4 SYM in SU(3) × U(1) notation.

Expanding the holomorphic Chern–Simons action (3.6) in components, we obtain S_{HCS} = ∫ CP^3

Ω ∧ Tr ( G ∧ F + ~λ ∧ Dλ − ~χ^I ∧ Dχ_I + ~ϕ^I ∧ Dϕ_I −λ ∧ (χ_I ∧ ~ϕ^I + ~ϕ^I ∧ χ_I ) + ϵ^{IJK} χ_I ∧ ϕ_J ∧ χ_K ) . (4.2)

14 See the appendix of [5] for a review and references.

The first line in (4.2) contains the gauge–covariantised kinetic terms, while the second line contains what would correspond to Yukawa–type couplings in the four dimensional theory. Through the Penrose transform, this action is analogous to the self–dual part of the four–dimensional N = 4 SYM action [5]^{15}. Now we would like to see how this action can be deformed.

4.2 Closed string corrections to holomorphic Chern–Simons

After reviewing the correspondence between the holomorphic Chern–Simons lagrangian and the self–dual part of the N = 4 lagrangian, we now turn to understanding the effect of turning on a closed–string background as in section 3.2 in the context of^{||}CP^{3|4}. In particular, let us consider the deformation (3.14), but supersymmetrised so that all fields become superfields. The closed string modes generically depend on all coordinates, but the open–string modes A living on the D5–brane are constrained to lie at ψ̄^¯A = 0. Also, the indices μ, ν in that formula will now range over both the even and odd coordinates of |CP^{3|4}. To proceed, we take the indices of V to both be in the fermionic directions, and in particular in the directions ψ^I corresponding to the SU(3) part. This corresponds to choosing V = 1 2 V^{IJ} (Z, Z, ψ^A, ψ̄^Ā)ϑ_I ϑ_J (4.3)

as the closed string mode in (3.12). So this is a closed string background that lives purely in the fermionic directions of^|CP^{3|4}, and explictly breaks the symmetry between ξ and the other three ψ^I components of ψ^A. Then the total target–space action, including the correction term induced by V , is^{16} S_{def} = S_{HCS} + 1 2 ∫ D5 Ω ∧ Tr ( V^{IJ} (Z, Z, ψ^A)A ∧ (A ←−− ∂ ∂ψ^I ) ∧ ( −−→ ∂ ∂ψ^J A) ) . (4.4)

Note that in (4.4) V^{IJ} can still depend on both the bosonic and fermionic coordinates Z, Z, ψ^A of^|CP^{3|4}, but not on ψ̄^Ā since the brane sits at ψ̄^Ā = 0. We will now make a particular choice for the coordinate dependence of this vertex operator, corresponding to a choice of a particular closed string background. We thus specify that it be constant in the bosonic directions, but have a quadratic dependence on the ψ coordinates: V = 1 2 V^{IJ}_{KL}ψ^K ψ^Lϑ_I ϑ_J (4.5)

where now V^{IJ}_{KL} is a constant tensor, which has to be symmetric in its upper indices (ϑ_μ is normally fermionic but its component in the odd directions ϑ_I will be bosonic) and antisymmetric in its lower indices. In effect, we have Taylor expanded the superfield V^{IJ} (ψ^A) = V^{IJ} (ξ, ψ^I ) in the fermionic directions, and set all coefficients to zero apart from V^{IJ}_{KL}. There is a final step to fully specify this tensor, because it actually corresponds to a reducible 18 of SU(3). We would like to project to an irreducible representation, so we make a further choice by taking: V^{IJ}_{KL} = h^{IJQ}ϵ_{QKL} . (4.6) Here h^{IJQ} is taken to be totally symmetric, resulting in the irreducible 10 of SU(3). So we have finally completely specified our closed string background^{17}, and we can turn to checking what, if any, corrections are added to the holomorphic Chern–Simons action when this mode is turned on. The additional piece S_{def} − S_{HCS} = ∫ D5 Ω ∧ Tr ( 1 2 h^{IJQ}ϵ_{QKL}ψ^K ψ^LA ∧ (A ←−− ∂ ∂ψ^I ) ∧ ( −−→ ∂ ∂ψ^J A) ) (4.7)

15 Strictly speaking the standard Penrose transform applies to free fields. The full, nonlinear correspondence has been analysed in [46].

16 Here we have absorbed the B–model coupling κ into the definition of V^{IJ} . In addition fermionic derivatives are defined

as ψ^I ←−−_∂ ∂ψJ = −−→_∂ ∂ψJ ψ^I = δ^I_J . 17 It is easy to check that our final V is BRST closed and non–exact.

leads to several terms, most of which turn out to be zero after integration over the four fermionic coordinates of the D5–brane, even if they contain the right number of fermions. For instance, one of the terms that arises is^{18} 1 2 ∫ dξdψ^1dψ^2dψ^3h^{IJR}ϵ_{RKL}ψ^K ψ^LA ∧ (ξϕ_I ) ∧ (ϵ_{JNQ}ψ^N ~ϕ^Q) = 1 2 ϵ^{KLN} h^{IJR}ϵ_{RKL}A ∧ ϕ_I ∧ ~ϕ^Qϵ_{JNQ} = h^{IJR}A ∧ ϕ_I ∧ ~ϕ^Qϵ_{JRQ} (4.8)

which vanishes, exactly because h^{IJR} is totally symmetric. The terms that do not vanish are 1 2 ∫ d^4ψh^{IJR}ϵ_{RKL}ψ^K ψ^LTr(ψ^M χ_M ∧ χ_I ∧ (ξϕ_J ) + ψ^M χ_M ∧ (ξϕ_I ) ∧ χ_J − ξψ^M ϕ_M ∧ χ_I ∧ χ_J ) = 1 2 ∫ d^4ψh^{IJR}ϵ_{RKL}ψ^K ψ^LTr(ψ^M χ_M ∧ χ_I ∧ (ξϕ_J ) + χ_J ∧ ψ^M χ_M ∧ (ξϕ_I ) − χ_I ∧ χ_J ∧ (ξψ^M ϕ_M )) = 1 2 ∫ d^4ψ(ξψ^M ψ^K ψ^L)h^{IJR}ϵ_{RKL}Tr(−χ_M ∧ χ_I ∧ ϕ_J + χ_J ∧ χ_M ∧ ϕ_I − χ_I ∧ χ_J ∧ ϕ_R)

=h^{IJM} Tr(−χ_M ∧ χ_I ∧ ϕ_J + χ_J ∧ χ_M ∧ ϕ_I − χ_I ∧ χ_J ∧ ϕ_M ) = −h^{IJK} Tr(χ_I ∧ χ_J ∧ ϕ_K )

=h^{IJK} Tr(χ_I ∧ ϕ_J ∧ χ_K )

(4.9)

where to pass from the third to the fourth line we integrated over superspace, to obtain ϵ^{MKL}h^{IJR}ϵ_{RKL} = 2h^{IJR}δ^M_R . So this is the only correction term we need to add to the B–model open string field theory action (4.2), and we are left with the following component action for the modes living on the bosonic part of the D5–brane, which is just^|CP^3: S_{dHCS} = ∫ CP^3

Ω ∧ Tr ( G ∧ F + ~λ ∧ Dλ − ~χ^I ∧ Dχ_I + ~ϕ^I ∧ Dϕ_I −λ ∧ (χ_I ∧ ~ϕ^I + ~ϕ^I ∧ χ_I ) + (ϵ^{IJK} + h^{IJK} )χ_I ∧ ϕ_J ∧ χ_K ) . (4.10)

Comparing this deformed holomorphic Chern–Simons action with the four dimensional action (2.10) and repeating the arguments in [5] about the Penrose transform, we conclude that the open/closed correlation function with the particular choice of closed string background we made in (4.5) and (4.6) ends up adding a term that is analogous to the self–dual part of the marginal deformation. Observe that the new term explicitly breaks the SU(3) × U(1) symmetry, and in exactly the same way as the deformation of the superpotential does in the four–dimensional theory. In principle one should check the equivalence of the two theories at the nonlinear level by repeating the analysis of [46] in this case.

We expect, but have not verified, that higher–point disk amplitudes (suitably regularised to account for the contributions of the boundary of moduli space where two insertions meet) can be matched to amplitudes calculated from the action (4.10) using Feynman diagrams, as is the case for the undeformed action [36].

4.3 Interpretation as a star product

As we saw in section 3.2, the bosonic deformations in H^{−2,0}(X), for X a Calabi–Yau, amount to a change in the product between open string field modes. In our case, following the same line of thought, we can interpret the effect of turning on V^{IJ} (as in (4.4)) as introducing non–anticommutativity between the ψ^I s, leaving the product of ψ^I with the bosonic coordinates and ξ unaffected.

The calculation we performed (in (3.12)) is valid only to linear order in the deformation parameter (in other words, we have not considered disk diagrams with more than one closed string mode). For now we will consider the implications of (4.7) and comment on higher order corrections at the end of this section.

18 In the following two expressions we ignore the bosonic part of Ω and focus only on the fermionic part of the measure d^4ψ := dξdψ^1dψ^2dψ^3.

We will work in a non–anticommutative^{||}CP^{3|4}, or rather on the worldvolume of a non–space–filling D5 brane within^{||}CP^{3|4} (defined by ψ̄^I = ξ̄ = 0) with coordinates satisfying the following commutation relations:

[Z, Z] =[Z, Z] = [Z, Z] = 0, [Z, ξ] = [Z, ξ] = [Z, ψ^I] = [Z, ψ^I ] = 0 {ξ, ψ^I } = 0, {ψ^I , ψ^J } = h^{IJQ}ϵ_{QKL}ψ^K ψ^L . (4.11)

To account for the only nontrivial commutation relation, we introduce the following star product: A ∗ B = AB + A ←−− ∂ ∂ψ^I 1 2 h^{IJQ}ϵ_{QKL}ψ^K ψ^L −−→ ∂ ∂ψ^J B (4.12)

for any superfields A(Z, Z, ξ, ψ^I ) and B(Z, Z, ξ, ψ^I ), which we assume to be scalar for simplicity. The deformed superspace thus defined is a graded Poisson structure on^|CP^{3|4}, or put differently, a graded Lie algebra with the additional requirement that (here p_A denotes the grading of the field A etc.): {AB, C] = A{B, C] + (−1)^{pB pC} {A, C]B , {A, BC] = (−1)^{pB pA} B{A, C] + {A, B]C . (4.13)

To explicitly verify the last equations is quite straightforward. Note that in applying (4.12), expressions of the form ψ^I ψ^J ψ^K (i.e. multiplied without a ∗) are understood as being Weyl ordered (i.e. they anticommute as usual). These equations are satisfied for any choice of h^{IJK} . The validity of the Jacobi Identity however, which ensures the associativity of the star product, depends on the symmetry properties of h^{IJK} . For example, for bosonic superfields [C, [A, B]] + [A, [B, C]] + [B, [C, A]] = F_{IJK} h^{IJQ}h^{KLM} ϵ_{QLN} ϵ_{MRS} ψ^Rψ^S ψ^N (4.14) where F_{IJK}, which we do not write out explicitly, is a generically nonzero function that depends solely on various components of the superfields. We can easily deduce^{19} that with h^{IJK} being totally symmetric, as we have chosen it in (4.6), the Jacobi Identity is automatically satisfied.

We can now write the deformed holomorphic Chern–Simons action in terms of this star product. It is straightforward to verify that the action S_{def} = 1 2 ∫ D5 Ω ∧ Tr ( A ∗ ¯∂A + 2 3 A ∗ A ∗ A ) (4.15)

reproduces the component action (4.10). (Here we make the obvious generalisation of (4.12) to forms).

One might worry about the fact that in defining the star product as we did, we only took account of the terms linear in the deformation parameter h^{IJK} . We assume, as discussed in section 3.2 based on the results of [37], that the higher order open/closed correlators would yield the formula proposed by Kontsevich in [44], suitably applied to the fermionic case we consider^{20}. Note here that, although Kontsevich’s product was derived for the case of the deformation being a Poisson structure, it is argued in [48] that the same formula would arise from disk calculations even for the non-associative case.

However it is easy to check that in our case, due to the fermionic coordinate dependence of the deformation parameter, most of the higher order terms in Kontsevich’s product immediately vanish (for instance, the second term in the formula (3.15) would contain four ψ^I ’s which gives zero). As for the term containing a derivative on V^{IJ} , it also vanishes by the total symmetry of h^{IJK} (which, as we saw above, also guarantees the associativity of the product). We conclude that the star product (4.12) is actually exact and therefore encodes the full effect of turning on the closed string deformation (4.5)-(4.6) on the open string fields, and thus on the holomorphic Chern–Simons action.

19 To see this, note that we can replace ψ^R ψ^S ψ^N = ϵ^{RSN} ψ^1ψ^2 ψ^3 in (4.14).

20 An extension of the path–integral formula of [43] to the spacetime supersymmetric case can be found in [47], however the focus there is on the non–anticommutativity properties of the superspace coordinates, which, unlike our case, are spacetime spinors.

Let us, in addition, remark that the deformation parameter V^{IJ} = V^{IJ}_{ST} ψ^S ψ^T , being a bivector, is usually associated to the inverse of the B field [49, 50] (in the regime of large B where one can ignore the closed string metric). Then, the condition of associativity is linked to the condition that B be a closed two–form. Given the non–invertibility of V^{IJ} due to its fermionic dependence, we do not know how to relate it with a B field in this sense.

5 Analytic Amplitudes in N = 4 Super–Yang–Mills

In this section we will review the calculation of analytic tree–level amplitudes in the N = 4 theory, as set out in [5], based on earlier work in [51]. We will not be very thorough since this is well–known material (see e.g. [14]). However we will do everything in an SU(3) × U(1) invariant way, since we are interested in breaking supersymmetry to N = 1 in the next section.

To make contact with four dimensional physics, recall that the momentum p_{αα̇} of a massless particle can be decomposed as p_{αα̇} = λ_αλ̃_{α̇}, where λ_α and λ̃_{α̇} are two–component commuting spinors called twistors. In terms of these spinors, one can construct all fifteen generators of the four–dimensional conformal group SU(2, 2). However, if we define the conjugate variables μ^{α̇}, μ_{α̇} through λ̃_{α̇} → i^∂_{∂μα̇} and −i^∂_{∂λ̃α̇} → μ_{α̇}, the generators of the conformal group all become first order in derivatives (see [5]). The space spanned by the coordinates Z = (λ^α, μ_{α̇}) and their conjugates, modulo the relation Z ∼ tZ, is the twistor space we have been discussing. If the theory is superconformal, one can also add fermionic variables ψ^A, which results in supertwistor space^|CP^{3|4}. In the following we use the standard notation ⟨12⟩ = ϵ_{αβ}λ^α_1 λ^β_2 and [12] = ϵ^{α̇β̇}λ̃_{α̇1}λ̃_{β̇2}.

5.1 The prescription for analytic amplitudes

As observed in [5], the MHV amplitudes in gauge theory can be thought of as supported on holomorphic degree one complex lines in supertwistor space^{||}CP^{3|4}. In the topological string approach of [5], these degree one curves are interpreted as the D1–branes of the B–model. In this context the rules given in [51] are derived by considering the interaction between the fields living on the brane and background gauge field, and then considering the contribution of a D1–brane background to correlation functions of these fields. Actually, since we will be mostly interested in N = 4 amplitudes containing external fields other than gluons, and these do not necessarily correspond to maximal helicity violation even if they are supported on degree one curves, we follow [14] in calling all degree one amplitudes analytic^{21}. So now we briefly recall the resulting prescription for the calculation of analytic amplitudes.

First, one should consider only sub–amplitudes with a definite cyclic order, and then sum over non– cyclic orderings at the end. To each incoming (on–shell) field we associate a wavefunction w_i, which is essentially the coefficient of that field in the expansion of the superfield A as given in (4.1)^{22}. For instance, for an incoming ~χ^I we take w_i =^1_2 ξψ^M ψ^N ϵ_{MNI} .

Since a particular D1–brane embedded in^|CP^{3|4} clearly breaks the SU(2, 2|4) superconformal group, we are instructed to integrate over all possible such D1–branes. Thus we need to know their moduli space. In the case of degree one (which is all we will consider) the conditions for a holomorphically embedded, genus zero, curve are μ_{α̇} + x_{αα̇}λ^α = 0 and ψ^A + θ^A_α λ^α = 0 . (5.1) Since we wish to work in SU(3) × U(1) notation, we split the last equation into two:

ξ + θ^0_αλ^α = 0 and ψ^I + θ^I_αλ^α = 0 . (5.2)

Now we can put all the above ingredients together in the formula

A_{(n)} = ∫ d^8θ w_1 · w_2 · · · w_n⟨J^{a1}_1 · · · J^{an}_n ⟩ (5.3)

21 The notation stems from the fact that these amplitudes contain only ⟨pq⟩ contractions, not [pq] ones. 22 The analysis of [5] includes other factors that are useful for transforming to coordinate space, but we will not write these out as we are only interested in momentum space amplitudes.

for an n–point analytic amplitude. Here the J’s are free–fermion currents on the D1–brane which couple to the external (D5–brane) fields. The path integral is over the fields living on the D1–brane’s worldvolume. It is clear that the nonzero amplitudes are those that saturate the fermionic integral by providing precisely two ξ’s and six ψ’s. The product of the currents provides the gauge theory trace^{23} and the denominator of the analytic amplitudes:

⟨J^{a1} (λ_1) · · · J^{an} (λ_n)⟩ = Tr(T^{a1} · · · T^{an} ) 1 ⟨12⟩ · · · ⟨n1⟩ . (5.4)

The wavefunctions, on the other hand, give rise to the numerator of the amplitudes when integrated over the fermionic directions. In the next subsection we will go through a few such analytic amplitudes, mainly in order to emphasize the differences with the deformed theory in the next sections. Since we consider only amplitudes with specified cyclic order, we will not write the gauge theory trace explicitly in the following.

5.2 Some sample amplitudes

In this section we give four examples of the computation of analytic amplitudes in N = 4 SYM, mainly in order to set notation and to highlight differences with the deformed amplitudes when we compute them in section 6. These calculations are well–known (see the list of references in the introduction, and [14] for a review), the only significant deviation from the literature being the SU(3) × U(1) notation.

A. The amplitude (A_1A_2G_3G_4)

This is the standard MHV four point amplitude that appears in pure Yang–Mills theory. According to the superfield expansion (4.1) the positive helicity gluon A has no ψ dependence, while the negative helicity gluon G is found at order (ξψ^3), so the prescription outlined above dictates that we write A^{AAGG} (4) = ∫ d^8θ 1 3!3!

(ξ_3ψ^I_3ψ^J_3 ψ^K_3 )(ξ_4ψ^L_4 ψ^M_4 ψ^N_4 )ϵ_{IJK} ϵ_{LMN} 1 ⟨12⟩⟨23⟩⟨34⟩⟨41⟩ . (5.5)

To integrate over the fermions, we should convert the ξ, ψ coordinates to the θ ones. To do this we use equation (5.2). The ξ’s clearly give a unique choice:

ξ_3ξ_4 = θ^0_αλ^α_3 θ^0_β λ^β_4 = (θ^0)^2ϵ_{αβ}λ^α_3 λ^β_4 = (θ^0)^2⟨34⟩ . (5.6)

So integration gives ∫ d^2θ^0 ξ_3ξ_4 = ⟨34⟩. As for the ψ’s, we have various ways to contract the indices before integrating, and this will lead to more structure. For later use, let us do the integration in steps. One way to do the contraction of the SU(3) indices is the following:

ψ^I_3 ψ^J_3 ψ^K_3 ψ^L_4 ψ^M_4 ψ^N_4 = ψ^1_3ψ^2_3ψ^3ψ^1_4 ψ^2_4ψ^3_4(δ^{IL}δ^{JM} δ^{KN} ) . (5.7)

Integrating this over the six remaining θ coordinates gives (−δ^{IL}δ^{JM} δ^{KN} )⟨34⟩^3 There are five more contractions to do, which give the result^{24} ∫ d^6θψ^I_3 ψ^J_3 ψ^K_3 ψ^L_4 ψ^M_4 ψ^N_4 = −ϵ^{IJK} ϵ^{LMN} ⟨34⟩^3 . (5.8)

Putting all the factors together, we obtain (with an extra minus from anticommuting ξ_4 to the left) A^{AAGG} (4) =

⟨34⟩^4 ⟨12⟩⟨23⟩⟨34⟩⟨41⟩ (5.9)

which is the familiar formula for this MHV amplitude.

23 To be precise, it also involves multitrace terms which we ignore. 24 Here and in the following we use ∫ d^8θ = ∫ d^2θ^0 d^6θ to denote integration over all fermionic moduli, and define ∫ d^6θ = d^2θ^1 d^2θ^2 d^2θ^3 for just the θ^I ’s.

B. The amplitude (~χ^I_1 ~χ^J_2 ~ϕ^K_3 )

This is the analytic amplitude that is conjugate to the χχϕ vertex of the self–dual theory. The relevant part of the amplitude is A^{~χ~χ~ϕ}_{(3)} = ∫ d^8θ 1 2^3

(ξ_1ψ^M_1 ψ^N_1 )(ξ_2ψ^P_2 ψ^Q_2 )(ψ^R_3 ψ^S_3 )ϵ_{MNI} ϵ_{P QJ} ϵ_{RSK} . (5.10)

As before, the ξ integration gives a factor of ⟨12⟩, but this time the integration over the ψ’s gives ∫ d^6θψ^M_1 ψ^N_1 ψ^P_2 ψ^Q_2 ψ^R_3 ψ^S_3 = −ϵ_{XY Z} ϵ^{XMN} ϵ^{Y P Q}ϵ^{ZRS} ⟨12⟩⟨23⟩⟨31⟩ . (5.11)

Thus, after integrating over all odd coordinates, we obtain A^{~χ~χ~ϕ}_{(3)} = − 1 8 ϵ_{XY Z}ϵ^{XMN} ϵ^{Y P Q}ϵ^{ZRS} ϵ_{MNI} ϵ_{P QJ} ϵ_{RSK} ⟨12⟩^2⟨23⟩⟨31⟩ ⟨12⟩⟨23⟩⟨31⟩ = −ϵ_{IJK} ⟨12⟩ . (5.12)

Looking at (2.10), we find agreement with the corresponding term in the lagrangian (note the overall minus sign in (2.10)).

C. The amplitude (~λ_1, ~χ^I_2, ϕ_{J,3})

This is the amplitude conjugate to the λχ~ϕ vertex in the self–dual action. Its structure is A^{~λ~χϕ}_{(3)} = ∫ d^8θ 1 3!2 (ψ^P_1 ψ^Q_1 ψ^R_1 )(ξ_2ψ^M_2 ψ^N_2 )(ξ_3ψ^J_3 )ϵ_{P QR}ϵ_{MNI} 1 ⟨12⟩⟨23⟩⟨31⟩ . (5.13)

Integrating over the ψ coordinates results in ∫ d^6θψ^P_1 ψ^Q_1 ψ^R_1 ψ^M_2 ψ^N_2 ψ^J_3 = ϵ^{P QR}ϵ^{MNJ} ⟨12⟩^2⟨13⟩ (5.14)

which, inserted in the amplitude, gives A^{~λ~χϕ}_{(3)} = 1 3!2 ϵ^{P RQ}ϵ^{MNJ} ϵ_{P QR}ϵ_{MNI} ⟨12⟩^2⟨13⟩⟨23⟩ ⟨12⟩⟨23⟩⟨31⟩ = −δ^J_I ⟨12⟩ . (5.15)

Note that the spinor product that appears is the same as in the previous example, and also the normalisation of the amplitude is exactly what we would expect from the corresponding term in the lagrangian (2.10). The fact that these amplitudes are equal (apart from their SU(3) × U(1) structure) is of course a consequence of N = 4 supersymmetry.

D. The amplitude (χ_{I,1}χ_{J,2} ~χ^K_3 ~χ^L_4 )

As a final, more interesting example, let us calculate this particular four point amplitude. It goes like A^{χχ~χ~χ}_{(4)} = ∫ d^8θ 1 2 · 2 ψ^I_1ψ^J_2 (ξ_3ψ^M_3 ψ^N_3 )(ξ_4ψ^P_4 ψ^Q_4 )ϵ_{MNK} ϵ_{P QL} 1 ⟨12⟩⟨23⟩⟨34⟩⟨41⟩ . (5.16)

Here we have an important difference from the previous examples we considered, in that there are three possible contractions of the momenta when integrating over the θ coordinates. They are (a) ∫ d^6θψ^I_1 ψ^J_2 ψ^M_3 ψ^N_3 ψ^P_4 ψ^Q_4 + {^{M↔N}_{P ↔Q} } = δ^{IJ} (δ^{MQ}δ^{NP} − δ^{MP} δ^{NQ})⟨12⟩⟨34⟩^2

(b) ∫ d^6θψ^I_1 ψ^J_2 ψ^M_3 ψ^N_3 ψ^P_4 ψ^Q_4 + {^{M↔N}_{P ↔Q} } = ( δ^{IJ} (δ^{MP} δ^{NQ} − δ^{MQ}δ^{NP} ) − ϵ^{IMN} ϵ^{JP Q} ) ⟨23⟩⟨34⟩⟨41⟩

(c) ∫ d^6θψ^I_1 ψ^J_2 ψ^M_3 ψ^N_3 ψ^P_4 ψ^Q_4 + {^{M↔N}_{P ↔Q} } = ( δ^{IJ} (δ^{MP} δ^{NQ} − δ^{MQ}δ^{NP} ) − ϵ^{IP Q}ϵ^{JMN} ) ⟨13⟩⟨24⟩⟨34⟩ . (5.17)

On each line we have summed over the different permutations that are related by M ↔ N and P ↔ Q. In fact, the three momentum structures in (5.17) are not independent, but are related through the Schouten identity (see e.g. [32], p. 141) ⟨pq⟩⟨rs⟩ + ⟨qr⟩⟨ps⟩ + ⟨rp⟩⟨qs⟩ = 0 . (5.18) Applying this to the third factor in (5.17), in the form ⟨13⟩⟨24⟩ = ⟨12⟩⟨34⟩ − ⟨23⟩⟨41⟩, we get just two factors, ∫ d^6θψ^I_1 ψ^J_2 ψ^M_3 ψ^N_3 ψ^P_4 ψ^Q_4 = −ϵ^{IP Q}ϵ^{JMN} ⟨12⟩⟨34⟩^2 + (ϵ^{IP Q}ϵ^{JMN} − ϵ^{IMN} ϵ^{JP Q})⟨23⟩⟨34⟩⟨41⟩ . (5.19)

Now we can insert this result in (5.16), and soon obtain A^{χχ~χ~χ}_{(4)} = −δ^I_Lδ^J_K ⟨34⟩^2 ⟨23⟩⟨41⟩ − [ ϵ^{IJQ}ϵ_{QKL} ] ⟨34⟩ ⟨12⟩ . (5.20)

Since this is just a four–point amplitude, it is easy to calculate it using standard field theory Feynman diagrams. We find that there are two contributions, as shown in figure 2. Again, we can verify the χ_{I,1} χ_{J,2} ~χ^K_3 ~χ^L_4 ϕ_Q ~ϕ^Q (a)

~χ^L_4 χ_{I,1} χ_{J,2} ~χ^K_3 A A (b) Figure 2: The two Feynman diagrams that contribute to tree–level (χχ~χ~χ) scattering.

answer (5.20) by explicitly computing these Feynman diagrams. It will be important later to be able to distinguish the contributions of these two diagrams through their difference in momentum structure, since only one of them (the one with scalar exchange) is expected to change when we deform the superpotential as in (2.4).

6 Calculation of Analytic Amplitudes in the Deformed Theory

In section 4.3 we found that the deformation from the self–dual part of the N = 4 action to that of the marginally deformed theory can be described by a simple star product, which encodes the non– anticommutativity of three of the fermionic coordinates of^|CP^{3|4}. Motivated by the appearance of non–anticommutativity, in this section we will give a heuristic prescription for modifying the calculation of tree–level analytic amplitudes (as presented in the previous section) in order to directly compute amplitudes in the marginally deformed theories. We then check our proposal via several examples.

6.1 Extension of the Star Product

Our prescription should be rather obvious: The ψ’s appearing in the calculation of amplitudes should now be thought of as non–anticommuting, and thus should be multiplied with a suitable star product. The first obvious choice is to multiply them using the same star product (4.12). However some thought quickly shows that (4.12) cannot be the whole story: As can be inferred from the action (2.10), generic amplitudes in the non–self dual deformed theory will involve not only the tensor h^{IJK} but also its complex conjugate h_{IJK} , and the star product (4.12) would not be able to produce such terms. We propose the following generalisation of (4.12):

f(ψ_1) ∗ g(ψ_2) = f(ψ_1)g(ψ_2) + 1 2 V^{IJ}_{KL} ( f(ψ_1) ←−− ∂ ∂ψ^I_1 ) ψ^K_1 ψ^L_2 (−−→ ∂ ∂ψ^J_2 g(ψ_2) ) (6.1) where ψ_1 and ψ_2 are the fermionic coordinates of two different wavefunctions, and the tensor V^{IJ}_{KL} is defined to be V^{IJ}_{KL} = ( h^{IJQ}ϵ_{QKL} + ϵ^{IJQ}h_{QKL} ) . (6.2)

When acting between functions of the same coordinate ψ, this reduces to the star product (4.12) we obtained in holomorphic Chern–Simons theory. A few simple calculations using this star product are summarized in the appendix.

Clearly we have not derived (6.1), but introduced it based on the fact that (as we will show) it works. To understand how topological strings might lead to such a product, we would certainly need a better understanding of the behaviour of a D1–brane in the particular closed string background we turned on in section 4.2. It is important to note that the star product, as defined in (6.1), is not complete, since it could well include terms of higher order in V. If we ignore these possible terms, the star product is not associative (e.g. (ψ^I_1 ∗ ψ^J_2 ) ∗ ψ^K_3 ≠ ψ^I_1 ∗ (ψ^J_2 ∗ ψ^K_3 )), yet the non–associativity only shows up in the terms of second order and higher in V. Although in this article we are only interested in the terms linear in V, we will make some preliminary comments on the higher order terms in the next section.

The implications of making the odd coordinates of superspace non–anticommutative (and the way this non–anticommutativity arises from string theory considerations) have been much explored recently in the literature [52, 53, 54, 54, 55, 56]. In fact, in [57] this idea is explored in the context of N = 4 SYM, necessarily using the equations of motion due to the lack of a covariant superspace formulation of N = 4 supersymmetry. The type of non–anticommutativity we have found differs in some crucial aspects from those previously discussed. Clearly, here it is not the four–dimensional superspace that becomes non– anticommutative, but the fermionic directions of^|CP^{3|4}. Also, in our case the non–anticommutativity parameter turns out to be coordinate dependent (though it depends only on the odd coordinates). We do not know whether it is possible to map this non–anticommutativity to four dimensional superspace, though clearly given the relation ψ^I = θ^I_αλ^α for degree one curves, we could perhaps think of attributing the non–anticommutativity to the θ’s rather than the ψ’s. Even if this makes sense, however, it does not seem to generalise to non–analytic amplitudes, since in that case the relation between θ^I_α and ψ^I is not linear.

To proceed, let us associate, as in section 5.1, to each component in the superfield expansion (4.1) a wavefunction w_i, which we again take to be the coefficient in front of the component. In terms of these wavefunctions, the prescription we propose for calculating analytic amplitudes in the marginally deformed theory is

A_{(n)} = ∫ d^8θ w_1 ∗ w_2 ∗ · · · ∗ w_n 1 ⟨12⟩⟨23⟩ · · · ⟨n1⟩ . (6.3)

As mentioned, the only difference from the standard formula (5.3) is that we now multiply the wavefunctions with the star product (6.1). Note that since the twistor space superfields A are taken to be Weyl–ordered, the same holds for the corresponding wavefunctions w_i. This means that we need not consider star products between ψ’s belonging to the same wavefunction^{25}.

It remains to check that our star product leads to the correct amplitudes for the Leigh–Strassler theories. Since there are amplitudes with different numbers of star products to compute, in the following we start from the simplest case and move up to more complicated ones. To actually compare with field theory Feynman diagrams we restrict to low–point amplitudes, but, since the positive helicity gluons A do not depend on the ψ^I ’s, and so do not affect the star products we calculate, we can trivially add any number of them to our amplitudes and obtain the full MHV n–point series.

6.2 Products of the form (ψψψ) ∗ (ψψψ)

This product would contribute to the purely gluonic MHV amplitude A^{AAGG}_{(4)} , but also to various other

amplitudes like A^{Aλ~λG}_{(3)} and A^{λλ~λ~λ}_{(4)} . Clearly these amplitudes, which come purely from the gauge part of

25 Another way of seeing this is that the ψ^I s in the same wavefunction are at the same point, so the second part of (6.2) acting on them gives zero, but they also always come antisymmetrised with an ϵ–symbol, so the first part is also trivial.

the action, do not feel the deformation of the superpotential and should be the same as in the N = 4 theory. To make the formulas shorter, we introduce the notation Ψ^{IJKMNP} A := ψ^I_3 ψ^J_3 ψ^K_3 ψ^M_4 ψ^N_4 ψ^P_4 . (6.4)

It is easy to find the result of integrating this over the θ^I coordinates of superspace (see (5.8)): ∫ d^6θ Ψ^{IJKMNP} A = −ϵ^{IJK} ϵ^{MNP} ⟨34⟩^3 . (6.5)

In this notation, calculation of the star product gives

(ψ^I_3ψ^J_3 ψ^K_3 ) ∗ (ψ^M_4 ψ^N_4 ψ^P_4 )ϵ_{IJK} ϵ_{MNP} = Ψ^{IJKMNP}_A ϵ_{IJK} ϵ_{MNP} + 9 2 V^{KM}_{XY} Ψ^{IJXY NP} A ϵ_{IJK}ϵ_{MNP} . (6.6) Let us now use this result in the calculation of the amplitude A^{AAGG}_{(4)} . 1 3!3! ∫ d^8θ(ξ_3ψ^I_3ψ^J_3 ψ^K_3 ) ∗ (ξ_4ψ^M_4 ψ^N_4 ψ^P_4 )ϵ_{IJK} ϵ_{MNP} 1 ⟨12⟩⟨23⟩⟨34⟩⟨41⟩ = − ∫ d^6θ [ Ψ^{IJKMNP} A + 9 2 V^{KM}_{XY} Ψ^{IJXY NP} A ] ϵ_{IJK} ϵ_{MNP} ⟨34⟩ ⟨12⟩⟨23⟩⟨34⟩⟨41⟩ . (6.7)

Doing the superspace integration gives A^{AAGG} (4) = 1 3!3! [ ϵ^{IJK} ϵ^{MNP} + 9 2 V^{KM}_{XY} ϵ^{IJX} ϵ^{Y NP} ] ϵ_{IJK} ϵ_{MNP} ⟨34⟩^4 ⟨12⟩⟨23⟩⟨34⟩⟨41⟩ . (6.8)

The term linear in V vanishes, since we have V^{KM}_{XY} δ^X_K δ^Y_M = V^{KM}_{KM} = 0, thus the only contribution comes from the first term. So we have reproduced the standard gluonic MHV result (5.9).

Changing the positions of the ξ’s gives amplitudes related to this one by N = 1 supersymmetry, and can be seen to receive no V–corrections either. So we conclude that, as expected from the field theory, amplitudes containing the structure (ψψψ) ∗ (ψψψ) are identical to the N = 4 ones.

6.3 Products of the form ψ ∗ (ψψ) ∗ (ψψψ)

Depending on where the ξ’s are placed, this structure contributes to three–point amplitudes like (ϕ~ϕG), (ϕ~χ~λ) and (χ~χG), and also to four–point amplitudes like (λϕ~ϕ~λ). As these amplitudes may get contributions only from D–terms, we do not expect them to change when we turn on V. We again define the notation Ψ^{IJKMNP} B := ψ^I_1 ψ^J_2 ψ^K_2 ψ^M_3 ψ^N_3 ψ^P_3 , ∫ d^6θ Ψ^{IJKMNP} B = ϵ^{IJK} ϵ^{MNP} ⟨13⟩⟨23⟩^2 . (6.9)

Using this notation, we can now calculate

ψ^I_1 ∗ (ψ^J_2 ψ^K_2 ) ∗ (ψ^M_3 ψ^N_3 ψ^P_3 )ϵ_{JKL}ϵ_{MNP} = Ψ^{IJKMNP}_B ϵ_{JKL}ϵ_{MNP} +

+ 1 2 ( 6V^{KM}_{XY} Ψ^{IJXY NP} B + 3V^{IM}_{XY} Ψ^{XJKY NP} B + 2V^{IJ}_{XY} Ψ^{XY KMNP} B ) ϵ_{JKL}ϵ_{MNP}

+ 3V^{IJ}_{XY} ( V^{KM}_{ST} Ψ^{XY ST NP} B + V^{Y M}_{ST} Ψ^{XSKT NP} B + V^{XM}_{ST} Ψ^{SY KT NP} B ) ϵ_{JKL}ϵ_{MNP} .

(6.10)

From (6.9) we see that integration over ψ will essentially introduce a factor of ϵ^{IJK} ϵ^{MNP} . Then we can easily show that both the terms linear and the terms quadratic in V vanish in this case also. For instance, take the term 3V^{KM}_{XY} Ψ^{IJXY NP} B ϵ_{JKL}ϵ_{MNP} → 3V^{KM}_{XY} ϵ^{IJX} ϵ^{Y NP} ϵ_{JKL}ϵ_{MNP} = 6V^{KM}_{XM} ϵ^{IJX} ϵ_{JKL} = 0 . (6.11) Again, this is just as it is expected to be from the field theory side.

6.4 Products of the form (ψψ) ∗ (ψψ) ∗ (ψψ)

This case is more interesting. This structure appears in the three–point amplitude (~χ~χ ~ϕ), which, as can be seen from the form of the Leigh–Strassler action (2.10), does change in the deformed theory. Thus we expect the action of the star product to be nontrivial for this amplitude. As before, we define Ψ^{MNP QUV} C := ψ^M_1 ψ^N_1 ψ^P_2 ψ^Q_2 ψ^U_3 ψ^V_3 , ∫ d^6θ Ψ^{MNP QUV} C = −ϵ_{XY Z} ϵ^{XMN} ϵ^{Y P Q}ϵ^{ZUV} ⟨12⟩⟨23⟩⟨31⟩ (6.12) and find the star product

(ψ^M_1 ψ^N_1 ) ∗ (ψ^P_2 ψ^Q_2 ) ∗ (ψ^U_3 ψ^V_3 )ϵ_{MNI} ϵ_{P QJ} ϵ_{UV K} = ( Ψ^{MNP QUV} C +

+2 [ V^{NP}_{ST} Ψ^{MST QUV} C + V^{QU}_{ST} Ψ^{MNP ST V} C + V^{NU}_{ST} Ψ^{MSP QT V} C ]) ϵ_{MNI} ϵ_{P QJ} ϵ_{UV K} + O(V^2) . (6.13)

The first line contains the term with no V’s, which contributes to the N = 4 (~χ~χ~ϕ) amplitude, as we saw in section 5.2. We can now calculate the same amplitude in the deformed theory: A^{~χ~χ~ϕ}_{(3)} = ∫ d^8θ 1 8 (ξ_1ψ^M_1 ψ^N_1 ) ∗ (ξ_2ψ^P_2 ψ^Q_2 ) ∗ (ψ^R_3 ψ^S_3 )ϵ_{MNI} ϵ_{P QJ} ϵ_{RSK} 1 ⟨12⟩⟨23⟩⟨31⟩ = = −(ϵ_{IJK} + h_{IJK} )⟨12⟩ (6.14)

just as expected from the deformed action (2.10).

6.5 Products of the form ψ ∗ ψ ∗ ψ ∗ (ψψψ)

This product contributes to amplitudes like (χχϕG) and (χϕϕ~λ), which contain vertices that are affected by the marginal deformation. Defining the notation Ψ^{IJKMNP} D := ψ^I_1 ψ^J_2 ψ^K_3 ψ^M_4 ψ^N_4 ψ^P_4 , ∫ d^6θ Ψ^{IJKMNP} D = ϵ^{IJK} ϵ^{MNP} ⟨24⟩⟨34⟩⟨41⟩ , (6.15) up to linear order in the deformation we have ψ^I_1 ∗ ψ^J_2 ∗ ψ^K_3 ∗ (ψ^M_4 ψ^N_4 ψ^P_4 )ϵ_{MNP} = Ψ^{IJKMNP}_D ϵ_{MNP} +

+ 3 2 ( V^{KM}_{ST} Ψ^{IJST NP} D + V^{JM}_{ST} Ψ^{ISKT NP} D + V^{IM}_{ST} Ψ^{SJKT NP} D ) ϵ_{MNP}

+ 1 2 ( V^{JK}_{ST} Ψ^{IST MNP} D + V^{IK}_{ST} Ψ^{SJT MNP} D + V^{IJ}_{ST} Ψ^{ST KMNP} D ) ϵ_{MNP} .

(6.16)

It is easy to see that integration over the θ’s will be such that the terms in the second line will always give factors like V^{KM}_{SM} and thus vanish. So the only contribution comes from the terms in the third line, where they combine to give 1 2 6 ( V^{JK}_{ST} ϵ^{IST} + V^{IK}_{ST} ϵ^{SJT} + V^{IJ}_{ST} ϵ^{ST K} ) = 6h^{IJK} . (6.17)

Taking as our example the amplitude (χ_I ϕ_J ϕ_K ~λ), we find A^{χϕϕ~λ}_{(4)} = ∫ d^8θ 1 3! ( ψ^I_1 ∗ (ξ_2ψ^J_2 ) ∗ (ξ_3ψ^K_3 ) ∗ (ψ^M_4 ψ^N_4 ψ^P_4 )ϵ_{MNP} ) 1 ⟨12⟩⟨23⟩⟨34⟩⟨41⟩ = = − ( ϵ^{IJK} + h^{IJK} ) ⟨24⟩ ⟨12⟩ . (6.18)

This is indeed the result we expected, as can be seen from the corresponding gauge theory Feynman diagram shown in figure 3.

χ_{I,1} ϕ_{J,2} ϕ_{K,3} ~λ_4 χ ~χ

Figure 3: (χϕϕ~λ) scattering.

6.6 Products of the form ψ ∗ ψ ∗ (ψψ) ∗ (ψψ)

As mentioned briefly at the end of section 5.2, this case should be more interesting because the amplitudes it contributes to (like (χχ~χ~χ) and (ϕϕ~ϕ~ϕ)) are made up of more than one Feynman diagram on the gauge theory side, and not all of these diagrams should change in the marginal theory. We take as an example the amplitude (χχ~χ~χ). It is given by A^{χχ~χ~χ} (4) = ∫ d^8θ 1 4 ψ^I_1 ∗ ψ^J_2 ∗ (ξ_3ψ^M_3 ψ^N_3 ) ∗ (ξ_4ψ^P_4 ψ^Q_4 )ϵ_{MNK} ϵ_{P QL} 1 ⟨12⟩⟨23⟩⟨34⟩⟨41⟩ . (6.19)

Let us again define Ψ^{IJKLMN}

E := ψ^I_1ψ^J_2 ψ^K_3 ψ^L_3 ψ^M_4 ψ^N_4 . Calculating the star product to linear order, we find ψ^I_1∗ψ^J_2 ∗ (ψ^M_3 ψ^N_3 ) ∗ (ψ^P_4 ψ^Q_4 )ϵ_{MNK} ϵ_{P QL} = ( Ψ^{IJMNP Q} E + 1 2 V^{IJ}_{ST} Ψ^{ST MNP Q} E + V^{JM}_{ST} Ψ^{IST NP Q} E +

+V^{IM}_{ST} Ψ^{SJT NP Q} E + V^{JP}_{ST} Ψ^{ISMNT Q} E + V^{IP}_{ST} Ψ^{SJMNT Q} E + 2V^{NP}_{ST} Ψ^{IJMST Q} E ) ϵ_{MNK} ϵ_{P QL} . (6.20)

Now consider integrating this over superspace. As discussed in some detail in section 5.2.D, this integration naturally splits up into two parts, one per underlying Feynman diagram (see (5.19)). So if we want to compute corrections to the gluon exchange diagram (figure 2.a), we simply need to substitute each occurence of Ψ_E above by the corresponding product of antisymmetric tensors. Explicit calculation shows that in this particular case all contributions linear in V cancel, as expected because this diagram contains no vertices arising from the superpotential. As for the scalar exchange diagram (figure 2.b), substituting the analogous expression for each Ψ_E , we eventually find that the terms linear in V sum up to −4V^{IJ}_{KL}. So the overall amplitude for this example becomes A^{χχ~χ~χ} (4) = −δ^I_Lδ^J_K

⟨34⟩^2 ⟨23⟩⟨41⟩ − [ ϵ^{IJQ}ϵ_{QKL} + h^{IJQ}ϵ_{QKL} + ϵ^{IJQ}h_{QKL} ] ⟨34⟩ ⟨12⟩ (6.21)

exactly as we would expect from the field theory side.

It is worth remarking that, although as we just saw the product ψ ∗ ψ ∗ (ψψ) ∗ (ψψ) does result in terms of order V, the very similar–looking product ψ ∗ (ψψ) ∗ ψ ∗ (ψψ) does not give such terms. This is just as well, because it contributes (for instance) to the amplitude (ϕ~ϕϕ~ϕ), which in the gauge theory arises either from gluon exchange or from the D–term quartic vertex in the lagrangian (2.10), and so will not be affected by changes to the superpotential.

6.7 Higher–point functions

The two products that we have not analysed yet are ψ ∗ ψ ∗ ψ ∗ ψ ∗ (ψψ) and ψ ∗ ψ ∗ ψ ∗ ψ ∗ ψ ∗ ψ. They clearly contribute to analytic amplitudes that are five–point or higher. Computation of the corrections to these amplitudes is straightforward but tedious, so, as a final check on our method, we will simply do an example and check that it matches field theory expectations to linear order in the deformation parameter.

The example we take is the five–point amplitude A_{(5)}(χ_I χ_J ϕ_K ϕ_L ~ϕ^P ). This corresponds to A^{χχϕϕ~ϕ} (5) = ∫ d^8θ 1 2 ( ψ^I_1 ∗ ψ^J_2 ∗ (ξ_3ψ^K_3 ) ∗ (ξ_4ψ^L_4 ) ∗ (ψ^M_5 ψ^N_5 )ϵ_{MNP} ) 1 ⟨12⟩ · · · ⟨51⟩ . (6.22)

The first task is to identify the various momentum structures that arise. Applying all possible contractions on the six ψ’s, we get six different spinor products, however by (sometimes repeated) use of the Schouten identity (5.18) they can be reshuffled into only three, resulting in ∫ d^6θψ^I_1 ψ^J_2 ψ^K_3 ψ^L_4 (ψ^M_5 ψ^N_5 )ϵ_{MNP} = − ϵ^{IMN} ϵ^{JKL}⟨12⟩⟨35⟩⟨45⟩ + ϵ^{IJK} ϵ^{MNL}⟨25⟩⟨34⟩⟨51⟩ + (ϵ^{IJK} ϵ^{MNL} − ϵ^{IJL}ϵ^{MNK} )⟨23⟩⟨45⟩⟨51⟩ . (6.23)

Substituting this result in (6.22), and recalling the factor of ⟨34⟩ from the ξ integration, we obtain three momentum structures, which can be seen to correspond to the following three Feynman diagrams:

χ_{I,1}

~ϕP_5 ϕ_{L,4} ϕ_{K,3}

χ_{J,2} λ ~λ ~χ χ

(a) ϕ_{K,3} χ_{J,2} χ_{I,1} ~ϕP_5

ϕ_{L,4} χ ~χ A A

(b) χ_{J,2} χ_{I,1} ϕ ~ϕ ~ϕP_5 ϕ_{L,4} ϕ_{K,3} (c) Figure 4: The three amplitudes that contribute to tree–level (χχϕϕ~ϕ) scattering.

Let us now concentrate on the last of these diagrams, which involves both a three-point and a four– point vertex. Introducing Ψ^{IJKLMN} F := ψ^I_1 ψ^J_2 ψ^K_3 ψ^L_4 ψ^M_5 ψ^N_5 , (6.24) computing the star product in (6.22) and keeping just the linear terms, we have

ψ^I_1 ∗ ψ^J_2 ∗ ψ^K_3 ∗ ψ^L_4 ∗ (ψ^M_5 ψ^N_5 )ϵ_{MNP} = Ψ^{IJKLMN}_F ϵ_{MNP} + 1 2 ( 2V^{LM}_{ST} Ψ^{IJKST N} F + 2V^{KM}_{ST} Ψ^{IJSLT N}_F

+ 2V^{JM}_{ST} Ψ^{ISKLT N} F + 2V^{IM}_{ST} Ψ^{SJKLT N} F + V^{KL}_{ST} Ψ^{IJST MN} F + V^{JL}_{ST} Ψ^{ISKT MN} F + +V^{IL}_{ST} Ψ^{SJKT MN} F + V^{JK}_{ST} Ψ^{IST LMN} F + V^{IK}_{ST} Ψ^{SJT LMN} F + V^{IJ}_{ST} Ψ^{ST KLMN} F ) ϵ_{MNP} + O(V^2) . (6.25)

For the spinor product we want, integration over the θ’s converts Ψ^{IJKLMN}_F → (ϵ^{IJK} ϵ^{LMN} −ϵ^{IJL}ϵ^{KMN} ). The final result is ∫ d^6θψ^I_1 ∗ ψ^J_2 ∗ ψ^K_3 ∗ ψ^L_4 ∗ (ψ^M_5 ψ^N_5 )ϵ_{MNP} = ( 2V^{LK}_{SP} ϵ^{IJS} + 2(h^{IJK} δ^L_P − h^{IJL}δ^K_P ) ) ⟨23⟩⟨45⟩⟨51⟩ (6.26)

Writing this result in a slightly more suggestive way, and substituting in (6.22), we conclude that A^{χχϕϕ~ϕ} (5c) = ( h^{IJQ}ϵ^{LKR}ϵ_{QRP} + ϵ^{IJQ}(h^{RLK} ϵ_{RP Q} + ϵ^{RLK} h_{RP Q}) ) 1 ⟨12⟩ . (6.27)

These are exactly the terms we expect to find from the field theory point of view at linear order in the deformation.

7 Comments on higher order terms

In the previous section we saw, through numerous examples, that our prescription for calculating analytic amplitudes correctly reproduces the field theory results in the marginally deformed N = 4 theory, to linear order in the deformation parameter V. How about higher orders in V? It is straightforward to check that for the amplitudes in sections 6.2–6.5, the higher order terms are either absent or vanish upon integration over superspace, consistent with field theory expectations. However the amplitude considered in section 6.6 should have contributions of second order (specifically, a term proportional to h^{IJQ}h_{QKL}). Calculation shows that apart from the expected terms, we obtain some extra ones, of the form ϵ^{IJQ}ϵ_{KLP} h^{MNQ}h_{MNP} .

A mismatch at second order is perhaps to be expected, given that in our calculations, we have not included possible higher order terms in the star product (6.1). An obvious guess for the second order terms would be to consider an extension of Kontsevich’s formula (3.15), as in [47]. As we saw in section 4.3, adding such terms to the star product in the self–dual part of the theory gave no contribution. Here, we have products between ψ’s of different particles, so these terms could in principle be there. In any case, since for analytic amplitudes we never need to multiply more than six ψ’s, and thus there is only a finite amount of terms that need be fixed in the star product, the issue is not really whether we can find a proper prescription, but to understand how it would arise from the underlying theory. Such an understanding would certainly be useful in extending our method to non–analytic amplitudes.

A related issue concerns exactly marginal deformations. All our calculations have assumed a general form for the parameter h^{IJK} , rather than the specific choice in (2.5). If we would like to restrict ourselves to the exactly marginal case, apart from making this choice we know that at second order in β and ρ we would have to add other operators to the superpotential, corresponding to changing the coefficient of the ϵ^{IJK} term. Also, in a generic basis, the gauge coupling g will depend on all the other couplings in the theory as well. Still, by convenient rescalings of the fields, these effects will only appear in the non–self–dual part of the action. Assuming the mapping of the self–dual piece of the deformed action to the deformed holomorphic Chern–Simons theory, this implies that at higher orders we need not consider more general corrections to the latter theory, but just modifications to the prescription for calculating amplitudes (which probes the non–self–dual part of the gauge theory)^{26}.

It is worth remarking that the unexpected terms at higher orders are such that if we choose h^{IJK} to be of exactly marginal form, they reduce to expressions proportional to ϵ^{IJQ}ϵ_{QKL}, which could be thought of as arising from the ϵ^{IJK} term in the superpotential. However, one would expect that since we are working at tree level, no conditions need to be imposed on the coefficient of that term for the gauge theory calculations to agree with the twistor ones. In other words, it would be strange to see any effects of exact marginality in our calculation. Could tree–level (in the sense of genus zero D1–instantons) twistor string theory know about one–loop gauge theory results? A more thorough analysis of the higher–order terms should resolve this question.

8 Conclusions

In this article we identified a closed–string deformation to the target space open–string action of the B–model on supertwistor space that corresponds to adding a marginal deformation to the corresponding four–dimensional field theory. The undeformed case is simply N = 4 Super–Yang–Mills [5], while the deformed theory belongs to the class of N = 1 conformal field theories studied by Leigh and Strassler [1].

We saw how this deformation affects the self–dual part of the theory, by adding appropriate terms to the action of holomorphic Chern–Simons theory. These terms can be understood in a geometric way as a consequence of non–anticommutativity in some of the fermionic directions of^{||}CP^{3|4}. As for the non–self–dual part, we found how the prescription of [51, 5] for calculating analytic amplitudes in N = 4 SYM needs to be modified to apply to the deformed four–dimensional gauge theories. In a similar way

26 We would expect that our method would correspond to the theory in which, after suitable rescalings, the coefficient of the non–self–dual ϵ_{IJK} coupling (|κ cos^β_2 |^2 in the notation of (2.2)) is set to one.

to the self–dual case, the only modification is that we have to introduce an appropriate star product between the wavefunctions that enter the formulas of [51, 5].

However, we have shown that our prescription reproduces the expected gauge theory amplitudes only at linear order in the deformation parameter. As discussed in the previous section, we expect that a slight modification of our method will be adequate to correctly account for the quadratic and higher terms.

There are various possibilities for future work. A first task would be to understand how to compute non–analytic tree–level amplitudes in this theory. In the original approach of [5] (see also [58, 59, 60]), these amplitudes are supported on holomorphic curves of degree two and higher embedded in^{||}CP^{3|4}, and thus integration over their moduli space involves more than eight θ coordinates. Is non–anticommutativity of the ψ’s still all that is needed to obtain these amplitudes? One would also expect that the equivalence [61] between this connected prescription and the disconnected one of [6] would persist in the marginally deformed theories, but perhaps one should check whether the proof goes through in the same way for our non–anticommutative^|CP^{3|4}.

More interesting is the extension of our results to loop amplitudes. As we have discussed, at the classical level any superpotential of the form (2.3), with h^{IJK} an arbitrary symmetric tensor, will preserve conformal invariance. In accordance with this fact, we find no obstruction to deforming the N = 4 theory with this superpotential in our tree–level calculations. However, quantum–mechanically things are very different: The tensor h^{IJK} should be constrained to be of the form (2.5), for the deformation to be exactly marginal. Any other value of h^{IJK} would give a non–conformal four–dimensional theory and would thus presumably not be describable in terms of a string thery on^{||}CP^{3|4}. Unfortunately, at the moment the prescription for calculation of loop diagrams from twistor space [62, 63, 64, 65, 66, 67] has not been derived in a completely fundamental way from string theory, and perhaps extending our results to loops will have to wait for a better understanding of this issue.

It is understood [5, 68, 69] that the closed B–model on^|CP^{3|4} contains information about conformal N = 4 supergravity in four dimensions^{27}. So the closed–string mode that we have employed to bring about the marginal deformation in the gauge theory may correspond to a particular field in conformal N = 4 supergravity (and thus the deformation could perhaps be thought of as spontaneous N = 4 → N = 1 supersymmetry breaking in N = 4 SYM coupled to N = 4 conformal supergravity). However, the matching of the B–model closed–string states with the fields of conformal N = 4 supergravity in [69] does not seem (at first sight) to include such a mode^{28}, and it would be important to establish whether it is indeed part of the four dimensional supergravity theory or not.

A related issue concerns the open twistor string formulation of [71, 72], which is believed to be equivalent to the B–model approach that we have been discussing. Recall that, despite being an open string theory, that model also encodes information about conformal supergravity in four dimensions. The vertex operators that correspond to supergravity in that theory have been matched with some of those of the closed B–model in [69]. Since the particular mode (4.5) does not seem to appear in this mapping, we do not yet know how the deformation would arise in the approach of [71] (would perhaps considering a closed string completion of that formalism provide this state?)^{29}. In any case, one could think of how to deform the open string field theory star product of [72] to account for non–anticommuting odd coordinates.

It will be interesting to understand how these deformations manifest themselves in other proposed topological string models for N = 4 SYM [17, 18, 74, 75, 76], like the A–model on^{||}CP^{3|4} or its mirror B–model on super–ambitwistor space (the quadric in^{||}CP^{3|3} ×^{||}CP^{3|3}).

In this article we have concentrated on the Leigh–Strassler theories in their superconformal phase, where no fields have expectation values. As discussed earlier, these theories also have a very interesting vacuum structure, including (apart from their Coulomb branch) Higgs and even confining phases [2, 3, 30] for particular values of the deformation parameters. Is there an extension of the twistor string formalism to account for those cases also? This question has been raised already in [5] about (the presumably simpler case of) the Coulomb branch of N = 4 SYM, but to our knowledge has not been addressed yet.

27 This correspondence has also been extended to other super–Calabi–Yau manifolds [70]. 28 In particular, one would expect [4] this mode to belong to the 45 of SU(4) which contains the 10 of SU(3). 29 Similarly one could look for this mode within the alternative formulation of [73].

It is worth remarking, however, that in the case of the Higgs and confining phases of the β–deformed theories, Dorey [3, 30] has recently argued that (in certain limits) they can be described by a Little String Theory. Perhaps the appearance of another six–dimensional string theory here is not altogether coincidental.

In summary, we have described the marginal deformations of N = 4 SYM in the context of the twistor B–model. It turned out that the deformation corresponds not to a change in the geometry of^{||}CP^{3|4}, but is a consequence of making it non–anticommutative in a certain way. There are several unexplored issues which we hope to address in future work.

Note Added Since the first version of this paper, the understanding of the marginally deformed theories at strong coupling (and large N) has greatly increased thanks to the work of Lunin and Maldacena [77], who constructed the supergravity dual of the β–deformation. Although our work is valid in the opposite regime, we believe that it will be very useful to explore further the connections between these two string theoretical approaches to the marginal deformations of N = 4 SYM.

Acknowledgments We wish to thank B. Carlini–Vallilo, S. Giombi, R. Ionas, R. Ricci, D. Robles– Llana, M. Roček, W. Siegel and D. Trancanelli for useful discussions and comments. We would also like to thank the participants of the second Simons Workshop in Mathematics and Physics at Stony Brook for creating a stimulating environment from which we benefited greatly. M. K. acknowledges support through NSF award PHY–0354776.

A Examples of star product calculations

Since the star product defined in section 6.1 is slightly unfamiliar because of the ψ–dependence of the deformation parameter, in this appendix we do a few simple examples. First, note that as defined in (6.2), the tensor V^{IJ}_{KL} satisfies V^{IJ}_{KL} = −V^{JI}_{LK} and also V^{IM}_{JM} = 0. The basic star product between two ψ’s is ψ^I_1 ∗ ψ^J_2 = ψ^I_1 ψ^J_2 + 1 2 V^{IJ}_{KL}ψ^K_1 ψ^L_2 (A.1)

It is certainly worth remarking (and perhaps relevant for discussions of integrability) that similar quadratic products appear in the context of quantum groups, see [53] for a short discussion in the context of non– anticommutative superspace. A more complicated example is the following:

ψ^I_1 ∗ ( ψ^K_2 ψ^L_2 ) ϵ_{KLM} = ψ^I_1ψ^K_2 ψ^L_2 ϵ_{KLM} + 1 2 ( V^{IK}_{RS} ψ^R_1 ψ^S_2 ψ^L_2 − V^{IL}_{RS} ψ^R_1 ψ^S_2 ψ^K_2 ) ϵ_{KLM} = ψ^I_1 ψ^K_2 ψ^L_2 ϵ_{KLM} + 1 2 ( V^{IK}_{RS} ψ^R_1 ψ^S_2 ψ^L_2 + V^{IL}_{RS} ψ^R_1 ψ^K_2 ψ^S_2 ) ϵ_{KLM} = ψ^I_1 ψ^K_2 ψ^L_2 ϵ_{KLM} + V^{IK}_{RS} ψ^R_1 ψ^S_2 ψ^L_2 ϵ_{KLM}

(A.2)

To go from the first line to the second one we simply anticommuted ψ^S_2 and ψ^K_2 , which we are allowed to do since all expressions are now Weyl ordered. In passing from the second to the third line we made use of the antisymmetric tensor ϵ_{KLM} to interchange the K, L indices of the second term in the parenthesis. This brings in a minus sign which is cancelled when we anticommute the ψ’s, so we see that this term is exactly equal to the first term in the parenthesis.

A final useful formula that can be derived from the definition (6.1) is

(ψ^I_1 ψ^J_1 ) ∗ (ψ^M_2 ψ^N_2 )ϵ_{IJK} ϵ_{MNP} = ψ^I_1ψ^J_1 ψ^M_2 ψ^N_2 ϵ_{IJK} ϵ_{MNP} + 2V^{JM}_{RS} ψ^I_1ψ^R_1 ψ^S_2 ψ^N_2 ϵ_{IJK} ϵ_{MNP} (A.3)

As discussed in the main text, the definition (6.1) leads to a non–associative star product. We can see this by calculating:

(ψ^I_1 ∗ ψ^J_2 ) ∗ ψ^K_3 − ψ^I_1 ∗ (ψ^J_2 ∗ ψ^K_3 ) = 1 4 ( V^{IJ}_{MP} V^{MK}_{NQ} + V^{IJ}_{NM} V^{MK}_{P Q} − V^{JK}_{P M} V^{IM}_{NQ} − V^{JK}_{MQ}V^{IM}_{NP} ) ψ^N_1 ψ^P_2 ψ^Q_3 (A.4)

Thus non–associativity arises only at second order in V.

References

[1] R. G. Leigh and M. J. Strassler, Exactly marginal operators and duality in four dimensional N = 1 supersymmetric gauge theory, Nucl. Phys. B 447 (1995) 95, [hep-th/9503121].

[2] N. Dorey, T. J. Hollowood, and S. P. Kumar, S–duality of the Leigh–Strassler deformation via matrix models, J. High Energy Phys. 12 (2002) 003, [hep-th/0210239].

[3] N. Dorey, S–duality, deconstruction and confinement for a marginal deformation of N = 4 SUSY Yang–Mills, J. High Energy Phys. 08 (2004) 043, [hep-th/0310117].

[4] O. Aharony, S. Gubser, J. Maldacena, H. Ooguri, and Y. Oz, Large N field theories, string theory and gravity, Phys. Rept. 323 (2000) 183, [hep-th/9905111].

[5] E. Witten, Perturbative gauge theory as a string theory in twistor space, Comm. Math. Phys. 252 (2004) 189, [hep-th/0312171].

[6] F. Cachazo, P. Svrcek, and E. Witten, MHV vertices and tree amplitudes in gauge theory, J. High Energy Phys. 09 (2004) 006, [hep-th/0403047].

[7] C.-J. Zhu, The googly amplitudes in gauge theory, J. High Energy Phys. 04 (2004) 032, [hep-th/0403115].

[8] G. Georgiou and V. V. Khoze, Tree amplitudes in gauge theory as scalar MHV diagrams, J. High Energy Phys. 05 (2004) 070, [hep-th/0404072].

[9] J.-B. Wu and C.-J. Zhu, MHV vertices and scattering amplitudes in gauge theory, J. High Energy Phys. 07 (2004) 032, [hep-th/0406085].

[10] I. Bena, Z. Bern, and D. A. Kosower, Twistor–space recursive formulation of gauge–theory amplitudes, Phys. Rev. D 71 (2005) 045008, [hep-th/0406133].

[11] J.-B. Wu and C.-J. Zhu, MHV vertices and fermionic scattering amplitudes in gauge theory with quarks and gluinos, J. High Energy Phys. 09 (2004) 063, [hep-th/0406146].

[12] D. A. Kosower, Next–to–maximal helicity violating amplitudes in gauge theory, Phys. Rev. D 71 (2005) 045007, [hep-th/0406175].

[13] G. Georgiou, E. W. N. Glover, and V. V. Khoze, Non–MHV tree amplitudes in gauge theory, J.

High Energy Phys. 07 (2004) 048, [hep-th/0407027].

[14] V. V. Khoze, “Gauge theory amplitudes, scalar graphs and twistor space.” hep-th/0408233, 2004. [15] X. Su and J.-B. Wu, Six–quark amplitudes from fermionic MHV vertices, Mod. Phys. Lett. A 20 (2005) 1065, [hep-th/0409228].

[16] A. D. Popov and M. Wolf, Topological B–model on weighted projective spaces and self–dual models in four dimensions, J. High Energy Phys. 09 (2004) 007, [hep-th/0406224].

[17] A. Neitzke and C. Vafa, “N=2 strings and the twistorial Calabi–Yau.” hep-th/0402128, 2004. [18] N. Nekrasov, H. Ooguri, and C. Vafa, S–duality and topological strings, J. High Energy Phys. 10 (2004) 009, [hep-th/0403167].

[19] M. F. Sohnius, Introducing supersymmetry, Phys. Rep. 128 (1985) 39.

[20] A. Parkes and P. C. West, Finiteness in rigid supersymmetric theories, Phys. Lett. B 138 (1984) 99. [21] D. R. T. Jones and L. Mezincescu, The chiral anomaly and a class of two–loop finite supersymmetric gauge theories, Phys. Lett B 138 (1984) 293.

[22] A. J. Parkes and P. C. West, Three–loop results in two–loop finite supersymmetric gauge theories, Nucl. Phys. B 256 (1985) 340.

[23] M. T. Grisaru, B. Milewski, and D. Zanon, The structure of UV divergences in SS YM theories, Phys. Lett. B 155 (1985) 357.

[24] D. R. T. Jones, Coupling constant reparameterization and finite field theories, Nucl. Phys. B 277 (1986) 153.

[25] O. Aharony, B. Kol, and S. Yankielowicz, On exactly marginal deformations of N = 4 SYM and Type IIB supergravity on AdS_5 × S^5, J. High Energy Phys. 06 (2002) 039, [hep-th/0205090].

[26] A. Fayyazuddin and S. Mukhopadhyay, “Marginal deformations of N=4 Yang–Mills as deformations of AdS_5 × S^5.” hep-th/0204056.

[27] V. Niarchos and N. Prezas, BMN operators for N = 1 superconformal Yang–Mills theories and associated string backgrounds, J. High Energy Phys. 06 (2003) 015, [hep-th/0212111].

[28] D. Berenstein and R. G. Leigh, Discrete torsion, AdS/CFT and duality, J. High Energy Phys. 01 (2000) 038, [hep-th/0001055].

[29] D. Berenstein, V. Jejjala, and R. G. Leigh, Marginal and relevant deformations of N = 4 field theories and non–commutative moduli spaces of vacua, Nucl. Phys. B 589 (2000) 196, [hep-th/0005087].

[30] N. Dorey, A new deconstruction of little string theory, J. High Energy Phys. 07 (2004) 016, [hep-th/0406104].

[31] D. Berenstein and S. A. Cherkis, Deformations of N = 4 SYM and integrable spin chain model, Nucl. Phys. B 702 (2004) 49, [hep-th/0405215].

[32] W. Siegel, “Fields.” hep-th/9912205, Second Version.

[33] E. Witten, Topological sigma models, Commun. Math. Phys. 118 (1988) 411. [34] R. Dijkgraaf, H. Verlinde, and E. Verlinde, Notes on topological string theory and 2D quantum gravity, in String Theory and Quantum Gravity, Proceedings of the Trieste Spring School 1990 (M. Green, R. Iengo, S. Randjbar-Daemi, E. Sezgin, and H. Verlinde, eds.), p. 91, World Scientific, 1991. [http://turing.wins.uva.nl/^∼rhd/publications.html].

[35] E. Witten, Mirror manifolds and topological field theory, hep-th/9112056. [36] E. Witten, Chern–Simons gauge theory as a string theory, Prog. Math. 133 (1995) 637, [hep-th/9207094].

[37] C. Hofman, On the open–closed B–model, J. High Energy Phys. 11 (2003) 069, [hep-th/0204157]. [38] M. Bershadsky, S. Cecotti, H. Ooguri, and C. Vafa, Kodaira–Spencer theory of gravity and exact results for quantum string amplitudes, Commun. Math. Phys. 165 (1994) 311, [hep-th/9309140].

[39] C. Hofman and W. K. Ma, Deformations of topological open strings, J. High Energy Phys. 01 (2001) 035, [hep-th/0006120].

[40] C. I. Lazaroiu, On the structure of open–closed topological field theory in two dimensions, Nucl.

Phys. B 603 (2001) 497, [hep-th/0010269].

[41] M. Herbst, C.-I. Lazaroiu, and W. Lerche, Superpotentials, A_∞ relations and WDVV equations for open topological strings, J. High Energy Phys. 02 (2005) 071, [hep-th/0402110].

[42] A. Kapustin and L. Rozansky, On the relation between open and closed topological strings, Comm.

Math. Phys. 252 (2004) 393, [hep-th/0405232].

[43] A. S. Cattaneo and G. Felder, A path integral approach to the Kontsevich quantization formula, Commun. Math. Phys. 212 (2000) 591, [math.QA/9902090].

[44] M. Kontsevich, Deformation quantization of Poisson manifolds, I, Lett. Math. Phys. 66 (2003) 157, [q-alg/9709040].

[45] A. Kapustin, Topological strings on noncommutative manifolds, Int. J. Geom. Meth. Mod. Phys. 1 (2004) 49, [hep-th/0310057].

[46] A. D. Popov and C. Sämann, “On supertwistors, the Penrose–Ward transform, and N=4 super Yang–Mills theory.” hep-th/0405123.

[47] I. Chepelev and C. Ciocarlie, A path integral approach to noncommutative superspace, J. High Energy Phys. 06 (2003) 031, [hep-th/0304118].

[48] L. Cornalba and R. Schiappa, Nonassociative star product deformations for D–brane worldvolumes in curved backgrounds, Comm. Math. Phys. 225 (2002) 33, [hep-th/0101219].

[49] V. Schomerus, D–branes and deformation quantization, J. High Energy Phys. 06 (1999) 030, [hep-th/9903205].

[50] N. Seiberg and E. Witten, String theory and noncommutative geometry, J. High Energy Phys. 09 (1999) 032, [hep-th/9908142].

[51] V. P. Nair, A current algebra for some gauge theory amplitudes, Phys. Lett. B 214 (1988) 215. [52] D. Klemm, S. Penati, and L. Tamassia, Non(anti)commutative superspace, Class. Quant. Grav. 20 (2003) 2905, [hep-th/0104190].

[53] J. de Boer, P. A. Grassi, and P. van Nieuwenhuizen, Non–commutative superspace from string theory, Phys. Lett. B 574 (2003) 98, [hep-th/0302078].

[54] H. Ooguri and C. Vafa, Gravity induced C–deformation, Adv. Theor. Math. Phys. 7 (2004) 405, [hep-th/0303063].

[55] N. Seiberg, Noncommutative superspace, N =^1_2 supersymmetry, field theory and string theory, J.

High Energy Phys. 06 (2003) 010, [hep-th/0305248].

[56] S. Ferrara, M. A. Lledó, and O. Maciá, Supersymmetry in noncommutative superspaces, J. High Energy Phys. 09 (2003) 068, [hep-th/0307039].

[57] C. Sämann and M. Wolf, Constraint and super Yang–Mills equations on the deformed superspace R^{(4|16)} ℏ , J. High Energy Phys. 03 (2004) 048, [hep-th/0401147].

[58] R. Roiban, M. Spradlin, and A. Volovich, A googly amplitude from the B–model in twistor space, J.

High Energy Phys. 04 (2004) 012, [hep-th/0402016].

[59] R. Roiban and A. Volovich, All googly amplitudes from the B–model in twistor space, Phys. Rev.

Lett. 93 (2004) 131602, [hep-th/0402121].

[60] R. Roiban, M. Spradlin, and A. Volovich, On the tree–level S–matrix of Yang–Mills theory, Phys.

Rev. D 70 (2004) 026009, [hep-th/0403190].

[61] S. Gukov, L. Motl, and A. Neitzke, “Equivalence of twistor prescriptions for super Yang–Mills.”

hep-th/0404085.

[62] F. Cachazo, P. Svrcek, and E. Witten, Twistor space structure of one–loop amplitudes in gauge theory, J. High Energy Phys. 10 (2004) 074, [hep-th/0406177].

[63] A. Brandhuber, B. Spence, and G. Travaglini, One–loop gauge theory amplitudes in N=4 super Yang–Mills from MHV vertices, Nucl. Phys. B 706 (2005) 150, [hep-th/0407214].

[64] F. Cachazo, P. Svrcek, and E. Witten, Gauge theory amplitudes in twistor space and holomorphic anomaly, J. High Energy Phys. 10 (2004) 077, [hep-th/0409245].

[65] M. Luo and C. Wen, One–loop maximal helicity violating amplitudes in N = 4 super Yang–Mills theories, J. High Energy Phys. 11 (2004) 004, [hep-th/0410045].

[66] I. Bena, Z. Bern, D. A. Kosower, and R. Roiban, Loops in twistor space, Phys. Rev. D 71 (2005) 106010, [hep-th/0410054].

[67] F. Cachazo, “Holomorphic anomaly of unitarity cuts and one–loop gauge theory amplitudes.”

hep-th/0410077.

[68] S. Giombi, R. Ricci, D. Robles-Llana, and D. Trancanelli, A note on twistor gravity amplitudes, J.

High Energy Phys. 07 (2004) 059, [hep-th/0405086].

[69] N. Berkovits and E. Witten, Conformal supergravity in twistor–string theory, J. High Energy Phys.

08 (2004) 009, [hep-th/0406051].

[70] C. Ahn, N=1 conformal supergravity and twistor string theory, J. High Energy Phys. 10 (2004) 064, [hep-th/0409195].

[71] N. Berkovits, An alternative string theory in twistor space for N = 4 super-Yang-Mills, Phys. Rev.

Lett. 93 (2004) 011601, [hep-th/0402045].

[72] N. Berkovits and L. Motl, Cubic twistorial string field theory, J. High Energy Phys. 04 (2004) 056, [hep-th/0403187].

[73] W. Siegel, “Untwisting the twistor superstring.” hep-th/0404255. [74] M. Aganagic and C. Vafa, “Mirror symmetry and supermanifolds.” hep-th/0403192. [75] S. P. Kumar and G. Policastro, Strings in twistor superspace and mirror symmetry, Phys. Lett. B 619 (2005) 163, [hep-th/0405236].

[76] A. Sinkovics and E. Verlinde, A six dimensional view on twistors, Phys. Lett. B 608 (2005) 142, [hep-th/0410014].

[77] O. Lunin and J. Maldacena, Deforming field theories with U(1) × U(1) global symmetry and their gravity duals, J. High Energy Phys. 05 (2005) 033, [hep-th/0502086].