arXiv:hep-th/0411027 v1 2 Nov 2004

Exact Scale Invariance of Composite-Field Coupling Constants

Keiichi Akama^1 and Takashi Hattori^2 1 Department of Physics, Saitama Medical College, Saitama, 350-0496, Japan and 2Department of Physics, Kanagawa Dental College, Kanagawa, 238-8580, Japan (Dated: November 2, 2004)

We show that the coupling constant of a quantum-induced composite field is scale invariant due to its compositeness condition. It is first demonstrated in next-to-leading order in 1/N in typical models, and then we argue that it holds exactly.

Composite fields induced by quantum fluctuations play important roles in wide areas of physics. The Cooper pair, or the order parameter in the Landau-Ginzberg theory of superconductivity can be taken as such a composite of elementary fields in the system. The ideas are also successfully used to describe properties of hadron dynamics in the Nambu-Jona-Lasinio model (NJL) [1]. They are further applied to induced gauge theories [2], induced gravity [3], composite models of quarks, leptons, gauge bosons and Higgs scalar [4], various collective motions in nuclei and solid states, and brane-induced gravity and field theories [5] etc. The theories of the quantum induced composites are not renormalizable in many cases. They can, however, be formulated as the special case of some renormalizable theory with the compositeness condition (CC) [6], which says that Z = 0, where Z is the renormalization constant of the to-be-composite field. For example, with CC, the Yukawa model for elementary fermions and bosons reduces to the NJL model with elementary fermions and composite bosons.

In spite of extensive studies in their long history, it is not clear what happens in the infinite cutoff limit, or equivalently, integral dimension limit of these nonrenormalizable theories [6, 7]. In fact, in any of known pertuabative treatments, the induced composite coupling constants vanish in this limit. Here we do not adhere on this difficult problem. Instead we consider non-limiting cases, by fixing the number of spacetime dimensions d = d_0 − 2ϵ at some value close to but different from the integral number of physical dimensions d_0 (=4 or 6 below). We interpret that it simulates existing finite cutoffs in various physical systems in the nature. We adopt the minimal subtraction scheme, where the poles in ϵ are retained in the renormalization constants. Note that, in this scheme, the renormalization group is well defined even for the non-limiting case ϵ ≠ 0.

In this paper, we show the following fact: In a composite field theory which is equivalent to some renormalizable field theory under CC, the induced coupling constant of the composite field is exactly scale invariant by virtue of the CC itself. We previously demonstrated it in some models at the leading order in 1/N where N is the number of the elementary matter species [8]. Here we first show it to next-to-leading order in 1/N and to leading order in ϵ with g^2 ∼ ϵ/N in three typical models. Then we argue that the scale invariance holds exactly [9]. It is remarkable that the awkward non-renormalizable theories bury such a high symmetry in their depth! The compositeness i. e. absence of its elementary degree of freedom protects the coupling constants from flowing with the scale parameter.

A) Scalar composite in six dimensions We consider a system of 2N complex scalar fields χ^i_0 = (χ^i_{01}, · · ·, χ^i_{0N} ) (i = 1, 2) with mass m_0 in six dimensions:

L = Σ_i(|∂_μχ^i_0|^2 − m^2_0|χ^i_0|^2) − F |(χ^1_0χ^2_0)|^2, (1)

where F is a coupling constant. This is one of the simplest models that realize our present idea. Naively we can see that the chain of χ^i_0-loop diagrams gives rise to their composite pole in the total momentum square of the channel. It is systematically described in the following way. The Lagrangian (1) is equivalent to

L^′ = Σ_i(|∂_μχ^i_0|^2 − m^2_0|χ^i_0|^2)

−|Φ|^2/F + Φ(χ^1_0χ^2_0) + h.c., (2)

where Φ is an auxiliary field. We compare this with the renormalizable model for χ^i_0 and an elementary complex scalar ϕ_0 with mass M_0 and a coupling constant g_0:

L̃ = Σ_i(|∂_μχ^i_0|^2 − m^2_0|χ^i_0|^2) + |∂_μϕ_0|^2 −M^2_0 |ϕ_0|^2 + g_0ϕ_0(χ^1_0χ̃^2_0) + h.c.. (3)

We renormalize χ^i_0, ϕ_0, m_0, M_0, and g_0 with the renormalization constants Z_1, Z_2, Z_3, Z_m, and Z_M and the renormalized quantities χ, ϕ, m, M and g: χ^i_0 = √ Z_2χ^i, ϕ_0 = √ Z_3ϕ, √ Z_2m_0 = √ Z_mm, √ Z_3M_0 = √ Z_M M and

Z_2 √ Z_3g_0 = Z_1gμ^ϵ, (4)

where a mass parameter μ is introduced to make the coupling constant g dimensionless. We can directly see that (3) entirely coincides with (2) if

Z_3 = 0, Z_1 ≠ 0, Z_2 ≠ 0, Z_m ≠ 0, Z_M ≠ 0, (5)

and if we identify Z_2Φ with Z_1gμ^ϵϕ and F with Z^2_1 g^2μ^{2ϵ}/Z^2_2 Z_M M^2. Thus we can calculate the physical quantities in the system with (1) at non-vanishing ϵ via well understood Lagrangian (3) with the condition (5), which is called “compositeness condition (CC)”. Eq. (4) indicates that the CC (5) is equivalent to

g_0 → ∞, Z_1 ≠ 0, Z_2 ≠ 0, Z_m ≠ 0, Z_M ≠ 0. (6)

After calculations, we get (with I = 1/6(4π)^3ϵ)

Z_1 = 1, Z_2 = 1 + N^{−1} ln ( 1 − N g^2I ) , (7) Z_3 = 1 − (N + 2)g^2I

−2N^{−1}(1 − N g^2I) ln(1 − N g^2I) (8)

to next-to-leading order in 1/N and leading order in ϵ with g^2 ∼ ϵ/N . Then, the renormalization group beta function is calculated as β ≡ μ∂g/∂μ = −ϵg + (N + 2)g^3/6(4π)^3. (9) The differential equation (9) is solved to give the running coupling constant

g^2 = [ (N + 2)/6(4π)^3ϵ + μ^{2ϵ}/g^2_0 ]_{−1} = [ a − (N + 2) ln μ^2/6(4π)^3 ]_{−1} + O(ϵ), (10)

where the integration constant is chosen in accordance with (4), and a = lim_{ϵ→0}{(N + 2)I + 1/g^2_0)}.

With CC (6), the μ-dependent part in (10) disappears, and (10) reduces to the scale invariant form

g^2 = 6(4π)^3ϵ/(N + 2). (11)

In fact, (11) is the solution of CC (5) with Z_3 in (8), and it implies β = 0 within the present approximation. Thus, here, the compositeness implies the scale invariance of the induced coupling constant.

B) Nambu-Jona-Lasinio model in four dimensions We consider a system of N fermions ψ_0 = (ψ_{01}, · · · , ψ_{0N} ) in four dimensions with the Lagrangian

L = ψ_0i ̸∂ψ_0 − F |ψ_{0L}ψ_{0R}|^2, (12)

where F is a coupling constant. (Note that the notations are renewed model by model.) The composite pole due to the chain of ψ_0-loops is systematically described in the following way. The Lagrangian (12) is equivalent to

L^′ = ψ_0i ̸∂ψ_0 + ψ_{0L}Φψ_{0R} + h.c. − F^{−1}|Φ|^2 (13)

where Φ is an auxiliary field. We compare this with the Yukawa model for ψ_0 and an elementary boson ϕ_0 with mass M_0 and coupling constants g_0 and λ_0:

L̃ = ψ_0i ̸∂ψ_0 + g_0(ψ_{0L}ϕ_0ψ_{0R} + h.c.)

+|∂_μϕ_0|^2 − M^2_0 |ϕ_0|^2 − λ_0|ϕ_0|^4 (14)

We renormalize ψ_0, ϕ_0, M_0, g_0 and λ_0 with the renormalization constants Z_1, Z_2, Z_3, Z_4, and Z_M and the renormalized quantities ψ, ϕ, M , g and λ: ψ_0 = √ Z_2ψ, ϕ_0 = √ Z_3ϕ, √ Z_3M_0 = √ Z_M M and

Z_2 √ Z_3g_0 = Z_1gμ^ϵ, Z^2_3 λ_0 = Z_4λμ^{2ϵ}, (15)

where the coupling constants g and λ are made dimensionless with a mass parameter μ. We can see that (14) entirely coincides with (13) if we have the CC

Z_3 = 0, Z_4 = 0, Z_1 ≠ 0, Z_2 ≠ 0, Z_M ≠ 0, (16) and we identify F with Z^2_1 g^2μ^{2ϵ}/Z^2_2 Z_M M^2 and Z_2Φ with Z_1gμ^ϵϕ. Thus we can calculate the physical quantities in the system with (12) at non-vanishing ϵ via well understood Lagrangian (14) with CC (16). Eq. (15) indicatse that the CC (16) is equivalent to

g_0 → ∞, Z_1 ≠ 0, Z_2 ≠ 0, Z_M ≠ 0 (17)

with arbitrary λ_0

After calculations, we get (with I = 1/(4π)^2ϵ)

Z_1 = 1, Z_2 = 1 + ln(1 − N g^2I), (18) Z_3 = 1 − (N + 1)g^2I − N^{−1}(1 − N g^2I) ln(1 − N g^2I) Z_4 = 1 − (N − 8)g^2I/λ − 20(λ − g^2)^2I/λ(1 − N g^2I) −(N λ)^{−1} ( 20λ − 18g^2 − 2N g^4I ) ln ( 1 − N g^2I ) (19)

to next-to-leading order in 1/N and leading order in ϵ with g^2 ∼ ϵ/N . Then the renormalization group beta functions are calculated as β_g ≡ μ∂g/∂μ = −ϵg + (N + 1)g^3/(4π)^2. β_λ ≡ μ∂λ/∂μ = −2ϵλ + (4N λg^2 − 2N g^4)/(4π)^2 +(40λ^2 − 40λg^2 + 20g^4)/(4π)^2 (20)

The coupled differential equation (20) is solved to give the running coupling constants

g^2 = 1/[(N + 1)I + μ^{2ϵ}/g^2_0], λ = (N − 8)I + λ_0μ^{2ϵ}/g^4_0 ((N + 1)I + μ^{2ϵ}/g^2_0)^2 − 20(λ_0 − g^2_0)^2Iμ^{2ϵ} (N g^2_0I + μ^{2ϵ})^3 − 18(λ_0 − g^2_0)μ^{2ϵ} N (N g^2_0I + μ^{2ϵ})^2 ln ( 1 + N g^2_0μ^{−2ϵ}I ) (21)

where the integration constants are chosen with (15).

With CC (17), the μ-dependent parts in (21) disappear, and (21) reduces to the scale invariant form

g^2 = (4π)^2ϵ/(N + 1), λ = (4π)^2ϵ/(N + 10). (22)

In fact, (22) is the solution of CC (16) with Z_3 and Z_4 in (19) [10], and it implies β_g = 0 and β_λ = 0 within the present approximation. Thus, here, the compositeness implies the scale invariance of the induced coupling constants.

C) Induced gauge theory in four dimensions We consider the strong coupling limit F → ∞ of the system of N SU (N_c)-N_c-plet fermions ψ_0 = (ψ_{01}, · · · , ψ_{0N} ) with mass m_0 in four dimensions:

L = ψ_0(i ̸∂ − m_0)ψ_0 − F (ψ_0T^aγ_μψ_0)^2, (23)

where T^a is the generator matrix of the fundamental representation of SU (N_c), and γ_μ is the Dirac matrix. (Note that the notations are renewed model by model.) The composite pole due to the chain of ψ_0-loops is systematically described in the following way. The Lagrangian (23) is equivalent to

L^′ = ψ_0(i ̸∂ − m_0)ψ_0 + ψ_0T^a ̸Φ^aψ_0 − F^{−1}|Φ^a_μ|^2 (24) where Φ^a_μ is an auxiliary vector field in the adjoint representation of SU (N_c). We compare this with the SU (N_c) gauge theory for ψ_0 and the elementary gauge boson G^a_{0μ} with the gauge coupling constant g_0

L̃ = ψ_0(i ∂̸ − m_0)ψ_0 + g_0ψ_0T^a G̸^a_0ψ_0 − 1 4 (G^a_{0μν})^2,(25)

where G^a_{0μν} is the field strength of G^a_{0μ}. We renormalize ψ_0, G^a_{0μ}, M_0 and g_0 with the renormalization constants Z_1, Z_2, Z_3 and Z_m and the renormalized quantities ψ, G^a_μ, M and g: ψ_0 = √ Z_2ψ, G^a_{0μ} = √ Z_3G^a_μ, Z_2m_0 = Z_mm and

Z_2 √ Z_3g_0 = Z_1gμ^ϵ, (26)

where the coupling constant g is made dimensionless with a mass parameter μ. We can see that (25) entirely coincides with (24) if we have the CC

Z_3 = 0, Z_1 ≠ 0, Z_2 ≠ 0, Z_m ≠ 0, (27)

and we take Z_2Φ^a_μ = Z_1gμ^ϵG^a_μ and F → ∞. Thus we can calculate the physical quantities in the system with (23) at non-vanishing ϵ via well understood Lagrangian (25) with CC (27). Note that, for a consistent quantum description, we should and we can introduce the gauge fixing term and the Fadeev-Popov term without changing physical contents. We denote the gauge parameter by α. Eq. (26) indicates that the CC is equivalent to

g_0 → ∞, Z_1 ≠ 0, Z_2 ≠ 0, Z_m ≠ 0, (28)

in terms of the bare parameters of (25).

After calculations, we obtain (with I = 1/(4π)^2ϵ)

Z_1 = 1 + 9N_c 8N ln ( 1 − 2N g^2I 3 ) − αg^2I 3N^2_c − 2 4N_c , Z_2 = 1 − αg^2I(N^2_c − 1)/2N_c, (29)

Z_3 = 1 −

(2N − 11N_c)g^2I 3 − αN_cg^2I 2 ( 1 − 2N g^2I 3 )

+ 9N_c 4N ( 1 − 2N g^2I 3 ) ln ( 1 − 2N g^2I 3 ) (30)

to next-to-leading order in 1/N and leading order in ϵ with g^2 ∼ ϵ/N . Then, the renormalization group beta function is calculated as β ≡ μ∂g/∂μ = −ϵg + (2N − 11N_c)g^3/3(4π)^2. (31) The differential equation (31) is solved to give the running coupling constant

g^2 = [(2N − 11N_c)/3(4π)^2ϵ + μ^{2ϵ}/g^2_0]^{−1} ( = [a − (2N − 11N_c) ln μ^2/3(4π)^2]^{−1} + O(ϵ) ) (32)

where the integration constant is chosen with (26), and a = lim_{ϵ→0}{(2N − 11N_c)I/3 + 1/g^2_0)}.

With CC (28), the μ-dependent part in (32) disappears, and (32) reduces to the scale invariant form

g^2 = 3(4π)^2ϵ/(2N − 11N_c). (33)

In fact, (33) is the solution of CC (27) with Z_3 in (30), and it implies β = 0 within the present approximation. Thus, here again, the compositeness implies the scale invariance of the induced coupling constant.

We argue that the scale invariance of the compositefield coupling constants persists in all orders. The μ dependences of g’s and λ in (10), (21) and (32) due to the differential equations (9), (20) and (31) originally come from the relations (4), (15) and (26). The solutions of (9), (20) and (31) are given by the algebraic solutions of the equations (4), (15) and (26) with Z’s in (7), (8), (18), (19), (29) and (30) inserted. The μ-dependences of the coupling constants as the algebraic solutions of equations (4), (15) and (26) arise through the factors μ^ϵ and μ^{2ϵ} in the right-hand side of (4), (15) and (26). With CC (6), (17) and (28), the μ-dependent parts disappear from the equations (4), (15) and (26) in all orders. Therefore the coupling constants g’s and λ with CC are independent of the scale μ in all orders. The scale invariance of the composite-field coupling constants holds exactly.

It holds in any order as far as the expansion is proper as in the case of the 1/N -expansion. However, the couplingconstant expansions and loop expansions are improper under CC, because CC at the lowest two orders implies that infinite higher diagrams have the same order of magnitude, and we cannot see the CC based scale invariance at any particular order in these expansions. In general, the CC can have isolated solution that is not a limit with respect to some particular perturbative parameter. The CC based scale invariance persists even in this nonperturbative case. The composite coupling constants are entirely on the fixed point from infrared to ultraviolet region. They neither are asymptotically free nor blow up at some finite scale. The composite field coupling constant has no Landau pole. So far we considered the cases where the induced coupling constants are dimensionless. It is straightforward to extend the present argument to the cases of induced coupling constants with positive mass dimensions, i.e. the composite theories equivalent to super-renormalizable theories with CC. The induced composite-field coupling constants would scale with its canonical dimensions.

The scaling properties would provide a powerful clue to discriminate between compositeness and elementariness phenomenologically. For example, if the weak bosons and Higgs scalar are quantum-induced composites [4], the coupling constants should be scale invariant. On the other hand, the photon and gluons cannot be quantuminduced composites in spite of several theoretical suggestions [2, 11], since running of coupling constants are supported by experiments. The elementariness of the gluon is consistent with the related theoretical indication by complementarity that asymptotically free gauge bosons cannot be a quantum-induced composite [12]. The scaling behavior would also be realized in various phenomena based on collective motions in condensed matters. When fundamental fermions are coupled to gravity, the dimensionless part of the induced composite scalar sector is known to exhibit conformal symmetry, reflecting asymptotic conformal invariance of the fermion sector in the ultraviolet region [13]. It would be an interesting challenge to inquire the interrelations between this conformal symmetry and the scale invariance demonstrated here. The idea of the quantum-induced composite is used explicitly or implicitly in many areas from particle to cosmological physics. We expect that the scaling properties presented here would have chances to be realized in many of such systems and would elucidate varieties of phenomena in the nature.

[1] W. Heisenberg, Rev. Mod. Phys. 29, 269 (1957);

Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122, 345 (1961); T. Hatsuda and T. Kunihiro, Phys. Rept. 247, 221 (1994).

[2] J. D. Bjorken, Ann. Phys. 24, 174 (1963); I. Bialynicki- Birula, Phys. Rev. 130, 465 (1963); K. Akama and T. Hattori, Phys. Lett. B 392, 383 (1997).

[3] A. D. Sakharov, Dokl. Akad. Nauk SSSR 177, 70 (1967) [Sov. Phys. Dokl. 12, 1040 (1968)]; K. Akama, Y. Chikashige and T. Matsuki, Prog. Theor. Phys. 59, 653 (1978); K. Akama, Y. Chikashige, T. Matsuki and H. Terazawa, Prog. Theor. Phys. 60, 868 (1978); K. Akama, Prog. Theor. Phys. 60, 1900 (1978); A. Zee, Phys. Rev. Lett. 42, 417 (1979); S. L. Adler, Phys. Rev. Lett. 44, 1567 (1980).

[4] K. Akama and H. Terazawa, INS-Rep-257 (1976);

H. Terazawa, Y. Chikashige and K. Akama, Phys. Rev. D 15, 480 (1977); T. Saito and K. Shigemoto, Prog. Theor. Phys. 57, 242 (1977); L. Susskind, Phys. Rev. D 20, 2619 (1979); O. W. Greenberg and J. Sucher, Phys. Lett. B 99, 339 (1981); L. F. Abbott and E. Farhi, Phys. Lett. B 101, 69 (1981); K. Akama and T. Hattori, Phys. Rev.

D 40, 3688 (1989); V.A. Miransky, M. Tanabashi and K. Yamawaki, Phys. Lett. B221, 177 (1989); Mod. Phys. Lett. A4, 1043 (1989). W.A. Bardeen, C.T. Hill and M. Lindner, Phys. Rev. D 41, 1647 (1990).

[5] K. Akama, Lect. Notes in Phys. 176, 267 (1983); Prog.

Theor. Phys. 78, 184 (1987); 79, 1299 (1988); 80, 935 (1988); hep-th/0307240 (2003); V. A. Rubakov and M. E. Shaposhnikov, Phys. Lett. B 125 (1983) 136; K. Akama and T. Hattori, Mod. Phys. Lett. A 15, 2017 (2000); T. Shiromizu, K. I. Maeda, and M. Sasaki, Phys. Rev. D62, 024012 (2000); G. Dvali, G. Gabadadze, and M. Porrati, Phys. Lett. B485, 208 (2000); G. Dvali and G. Gabadadze, Phys. Rev. D 63, 065007 (2001); K. I. Maeda, S. Mizuno and T. Torii, Phys. Rev. D 68, 024033 (2003).

[6] B. Jouvet, Nuovo Cim. 5, 1133 (1956); M. T. Vaughn, R. Aaron and R. D. Amado, Phys. Rev. 124, 1258 (1961); A. Salam, Nuovo Cim. 25 (1962) 224; S. Weinberg, Phys. Rev. 130 (1963) 776; D. Lurié and A. J. Macfarlane, Phys. Rev. 136, B816 (1964); T. Eguchi, Phys. Rev. D 14 (1976) 2755; D 17, 611 (1978); D. Campbell, F. Cooper, G. S. Guralnik and N. Snyderman, Phys. Rev. D 19, 549 (1979); K. I. Shizuya, Phys. Rev. D 21, 2327 (1980); R. W. Haymaker and F. Cooper, Phys. Rev. D 19, 562 (1979); D. Lurié and G.B. Tupper, Phys. Rev. D 47, 3580 (1993); K. Akama, Phys. Rev. Lett. 76, 184 (1996) [7] D. J. Gross and A. Neveu, Phys. Rev. D 10, 3235 (1974); T. Kugo, Prog. Theor. Phys. 55, 2032 (1976); K. Kikkawa, Prog. Theor. Phys. 56, 947 (1976). J. Zinn- Justin, Nucl. Phys. B 367, 105 (1991); P. M. Fishbane, R. E. Norton and T. N. Truong, Phys. Rev. D 46, 1768 (1992); P. M. Fishbane and R. E. Norton, Phys. Rev. D 48, 4924 (1993); J. A. Gracey, Phys. Lett. B 308, 65 (1993); Phys. Lett. B 342, 297 (1995) [8] K. Akama, Phys. Lett. B 583, 207 (2004); A. Akabane and K. Akama, Prog. Theor. Phys. 112, No. 4 (2004).

[9] K. Akama, arXiv:hep-th/0312152. [10] K. Akama, in Ref. [6];

[11] H. Terazawa, Y. Chikashige and K. Akama, in Ref. [4]. [12] K. Akama, Nucl. Phys. A 629, 37C (1998) K. Akama and T. Hattori, Phys. Lett. B 445, 106 (1998).

[13] T. Matsuki, Prog. Theor. Phys. 59, 235 (1978); C. T. Hill and D. S. Salopek, Annals Phys. 213, 21 (1992); M. Reuter, Phys. Rev. D 49, 6379 (1994).