arXiv:hep-th/0411138 v2 28 Mar 2005

Gauge invariant counterparts and quantization of systems under holonomic constraints

M. I. Krivoruchenko^{1,2}, Amand Faessler^2, A. A. Raduta^{2,3,4}, C. Fuchs^2 1Institute for Theoretical and Experimental Physics, B. Cheremushkinskaya 25, 117259 Moscow, Russia 2Institut für Theoretische Physik, Universität Tübingen, Auf der Morgenstelle 14, D-72076 Tübingen, Germany 3Department of Theoretical Physics and Mathematics, Bucharest University, Bucharest, POBox MG11, Romania 4 Institute of Physics and Nuclear Engineering, Bucharest, POBox MG6, Romania

Systems under holonomic constraints are classified within the generalized Hamiltonian framework as second-class constraints systems. We show that each system of point particles with holonomic constraints has a hidden gauge symmetry which allows to quantize it in the original phase space as a first-class constraints system. The proposed method is illustrated with quantization of a point particle moving on an n − 1-dimensional sphere S^{n−1} as well as its field theory analog the O(n) nonlinear sigma model.

PACS numbers: 11.10.Ef, 11.10.Lm, 11.15.-q, 11.30.-j, 12.39.Fe

A systematic study of the generalized Hamiltonian dynamics was made by Dirac [1] who classified the constraint structure and developed the corresponding operator quantization schemes of the constrained Hamiltonian systems.

Gauge theories appear under first-class constraints. The Dirac’s theory of first-class constraints was combined with the Feynman path integral method [2, 3]. A general approach to quantization of first-class constraints systems was developed by Fradkin and his collaborators [4, 5], it is reviewed in [6]. An alternative symplectic scheme has been proposed by Faddeev and Jackiw [7, 8].

Among physical systems under second-class constraints are anomalous gauge theories [9, 10, 11], the nonlinear chiral model [12], many-body systems involving collective and independent-particle degrees of freedom [13, 14, 15]. The Dirac’s quantization method of such systems consists in constructing operators replicating the Dirac bracket for canonical variables and taking constraints to be operator equations. Batalin and Fradkin [16] proposed a quantization scheme which converts constraints to first class by introducing new canonical variables. The problem reduces thereby to quantization of a first-class constraints system in an enlarged phase space. This method has found many useful applications.

The Hamilton-Jacobi procedure is also used for quantization of constrained systems [17, 18, 19].

We show that each system of point particles with holonomic constraints has a hidden gauge symmetry which allows to perform its quantization without introducing new canonical variables. A mathematical pendulum on an n − 1-dimensional sphere S^{n−1} as an example of a mechanical system and the O(n) nonlinear sigma model as an example of a field theory are quantized using the proposed method.

Let L be Lagrangian of point particles with holonomic constraints [20] L = 1 2 ϕ̇^αϕ̇^α − U + λ_Aχ_A (1) where λ_A are Lagrange multipliers, χ_A = χ_A(ϕ^α) = 0, with A = 1..m, are constraints in the coordinate space (ϕ^α) with α = 1..n, and U = U (ϕ^α) is a potential energy term.

A more general class of systems with kinetic energy T =^1_2 ∑ a_{ij}(q)q̇^iq̇^j can be converted to (1) by an isometric embedding into a euclidean space of a higher dimension [21].

The vectors e^α_A = ∂χ_A/∂ϕ^α constitute a local basis in a manifold orthogonal to the constraint surface χ_A = 0. By linear transformations of χ_A with ϕ-dependent coefficients, one can ensure the global orthogonality conditions e^α_Ae^α_B ≈ δ_{AB} [22].

A straightforward follow-up to the Dirac’s scheme [1] leads to the following results: Let π^α and π_A be canonical conjugated momenta corresponding to the canonical coordinates ϕ^α and the Lagrange multipliers λ_A, respectively. The primary Hamiltonian is given by H_p =^1_2 π^απ^α + U − λ_Aχ_A. The primary constraint functions are Θ_A = π_A. The canonical Hamiltonian is H_c = H_p + u_Aπ_A where u_A are undetermined functions of time. The holonomic constraints χ_A = 0 appear again within the generalized Hamiltonian framework as secondary constraints: χ_A = {Θ_A, H_c} ≈ 0. The constraints of the next generation look like Ω_A = {χ_A, H_c} = π^αe^α_A ≈ 0, while the third generation is ν_A = {Ω_A, H_c} = π^απ^β∂^2χ_A/∂ϕ^α∂ϕ^β − e^α_A∂U/∂ϕ^α + e^α_Ae^α_B λ_B ≈ 0. Equations ν_A = 0 allow to fix λ_A in terms of ϕ^α and π^α, no new constraints then appear.

The phase space can be reduced by eliminating the m canonical pairs (λ_A, π_A) from the Hamiltonian and the Poisson bracket. We solve equations Θ_A = 0 with respect to π_A and ν_A = 0 with respect to λ_A and substitute solutions into H_c. The result is

H^′_c = 1 2 π^απ^α+U +(π^απ^β ∂^2χ_A ∂ϕ^α∂ϕ^β −e^α_A ∂U ∂ϕ^α )(e^α_Ae^α_B )^{−1}χ_B . (2) The remaining constraint functions χ_A and Ω_A satisfy {χ_A, χ_B} = 0, {χ_A, Ω_B} = e^α_Ae^α_B , and {Ω_A, Ω_B} =

∂e^β_A/∂ϕ^αe^β_B π^α − ∂e^β_B /∂ϕ^αe^β_Aπ^α. These are second-class constraints. The H^′_c is first class.

Two sets of the constraint functions are equivalent if they describe the same constraint surface. Two hamiltonian functions are equivalent i.e. provide the same hamiltonian dynamics if they and their first derivatives coincide on the constraint surface. E.g. the replacement (e^α_Ae^α_B )^{−1} → δ_{AB} in Eq.(2) results to an equivalent Hamiltonian, since the variance is of the second order in the constraint functions. The replacements π^α → π^α_s = π^α − e^α_AΩ_A provide a possible modification also, etc.

The replacement Ω_A → Ω^′_A = Ω_A − ∂e^β_A/∂ϕ^αe^β_B π^αχ_B gives an equivalent set of the constraint functions G_a = (χ_A, Ω^′_A) with the Poisson bracket

{G_a, G_b} = I_{ab} + C^c_{ab} G_c (3)

where I_{AB} = I_{m+A m+B} = 0, I_{A m+B} = −I_{m+B A} = δ_{AB} , so that I_{ab} = −I_{ba} and I_{ab}I_{bc} = −δ_{ac}. In what follows, tensors with the upper and lower indices are related by T_a = I_{ab}T^b.

The constraint and hamiltonian functions can be extrapolated from the constraint surface G_a = 0 into the whole phase space in various ways. We wish to establish the normal form of the constraint and hamiltonian functions, G̃_a and H̃, for which the relations {G̃_a, G̃_b} = I_{ab} and {G̃_a, H̃} = 0 are valid in the strong sense, at least locally near the constraint surface.

Let us set G^{[1]}_a = G_a, H^{[1]} = H^′_c. The relations {G^{[k]}_a , G^{[k]}_b } = I_{ab} + C^{c1...ck}_{ab} G^{[k]}_{c1} ...G^{[k]}_{ck} , (4) {G^{[k]}_a , H^{[k]}} = R^{b1...bk}_a G^{[k]}_{b1} ...G^{[k]}_{bk} , (5) are valid for k = 1. If Eqs.(4) and (5) are fulfilled for k ≥ 1, the equivalent constraints and hamiltonian functions of order k + 1 can be constructed:

The Jacobi identities and symmetry of the structure functions C^{c1...ck}_{ab} and R^{b1...bk}_a with respect to permutations of the last k indices give C_{abc1...ck} + C_{bc1a...ck} + C_{c1ab...ck} ≈ 0, (6) R_{ab1...bk} − R_{b1a...bk} ≈ 0. (7) The next-order constraint and hamiltonian functions are given by

G^{[k+1]}_a = G^{[k]}_a + 1 k + 2 C^{c0c1...ck} a G^{[k]}_{c0} G^{[k]}_{c1} ...G^{[k]}_{ck} , (8)

H^{[k+1]} = H^{[k]} − 1 k + 1 R^{b0b1...bk} G^{[k]}_{b0} G^{[k]}_{b1} ...G^{[k]}_{bk} . (9) They define the same constraint surface and the same hamiltonian flow on the constraint surface as one step before. Using Eqs.(4) and (5), one can calculate the next-order structure functions C^{c1...ck+1}_{ab} and R^{b1...bk+1}_a and repeat the procedure. If structure functions vanish, we shift the k by one unit and check Eqs.(4) and (5) again. At each step, the Poisson bracket relations get closer to the normal form. In the limit k → +∞, we obtain {G̃_a, G̃_b} = I_{ab} and {G̃_a, H̃} = 0. A similar theorem on the normal form exists for systems under first-class constraints [6].

The χ_A depend on the ϕ^α only, Ω^′_A ∼ π^α, and H^′_c = T + V where T ∼ π^απ^β and V ∼ 1. These properties propagate throughout the above algorithm, being thus inherent for G̃_a and H̃: Indeed, let I, J, K.. = 1..m and Q, R, S.. = m + 1..2m. Let at an k-th step G_I be a function of ϕ^α and G_Q be linear in π^α. By inspection of Eq.(4) one can conclude that C^{Qc1...ck} I = 0 for all c_i, C^{Jc1...ck}_I ≠ 0 only if c_i = K, L, M... The coefficient C^{Ic1...ck}_Q can be expanded into zero- and first-order terms in π^α. The zeroth term does not vanish if c_i = J, K, L.. at i = 1..k except for i = l with c_l = R, S, T... The first-order term does not vanish if c_i = J, K, L.. at i = 1..k. Eq.(8) implies that G_I ∼ 1 and G_Q ∼ π^α at step k + 1.

Eq.(5) is valid at k = 1 separately for T and V . Let T^{[k]} ∼ π^απ^β . By inspection of Eq.(4) one finds that structure functions of the kinetic energy T obey R^{J...K}_I ∼ π^α, R^{QJ...K} I ∼ 1, R^{QRJ...K} I = 0, R^{J...K}_Q ∼ π^απ^β , R^{RJ...K} Q ∼ π^α, R^{RSJ...K}_Q ∼ 1, and R^{RST J...K}_Q = 0. Eq.(9) implies that the next-order kinetic part of the Hamiltonian remains quadratic with respect to π^α. Let further V^{[n]} ∼ 1. Eq.(4) tells that structure functions of the potential energy V satisfy R^{IJ...K}_Q ∼ 1, the other functions vanish. In virtue of Eq.(9), the next-order V is again a potential.

The above algorithm assures G_a ≈ G̃_a, H^′_c ≈ H̃, {f, G_a} ≈ {f, G̃_a}, and {f, H^′_c} ≈ {f, H̃} for arbitrary functions f. In the basis G̃_a = (χ̃_A, Ω̃_A), E^α_A = ∂χ̃_A/∂ϕ^α. Since Ω̃_A is linear in the momenta, it can be written as Ω̃_A = π^αF^α_A . The normal form of the constraints implies E^α_AF^α_B = δ_{AB} and

F^β_B ∂F^α_A /∂ϕ^β = F^β_A∂F^α_B /∂ϕ^β. (10)

In addition, we have e^α_A ≈ E^α_A ≈ F^α_A .

The constraint functions G̃_a generate transformations of the canonical variables

δϕ^α = {ϕ^α, χ̃_A}θ_A = 0, (11) δπ^α = {π^α, χ̃_A}θ_A = −E^α_Aθ_A, (12) Δϕ^α = {ϕ^α, Ω̃_A}η_A = F^α_A η_A, (13)

Δπ^α = {π^α, Ω̃_A}η_A = −π^β ∂F^β_A/∂ϕ^αη_A, (14)

with respect to which H̃ is invariant, with θ_A and η_A being infinitesimal parameters.

Lagrangian L̃(ϕ^α, π^α, ϕ̇^α) = π^αϕ̇^α − H̃ calculated for ϕ̇α = {ϕα, H̃} is invariant under (11) - (14) up to a total differential of some function. Suppose we have solved the ϕ̇^α = {ϕ^α, H̃} for the π^α and got L̃(ϕ^α, ϕ̇^α) = L̃(ϕ^α, π^α(ϕ^β , ϕ̇^β), ϕ̇^α). The transformation properties the ϕ̇^α are as follows δϕ̇^α = {{ϕ^α, H̃}, χ̃_A}θ_A = 0, (15) Δϕ̇^α = {{ϕ^α, H̃}, Ω̃_A}η_A = ∂F^α_A /∂ϕ^βϕ̇^βη_A. (16) Lagrangian L̃(ϕ^α, ϕ̇^α) as a function in the tangent bundle (ϕ^α, ϕ̇^α) is invariant with respect to the m-parameter family of the global transformations (13) and (16). Equations {Ω̃_A, H̃} = 0 are equivalent to the following equations ∂L̃ ∂ϕ^α F^α_A + ∂L̃ ∂ϕ̇^α ∂F^α_A ∂ϕ^β ϕ̇^β = 0 (17)

which indicate explicitly [23] the invariance of L̃ against the transformations (13) and (16).

The constraint functions χ̃_A do not induce transformations in the tangent bundle (ϕ^α, ϕ̇^α). This is a specific feature of holonomic systems whose constraints do not depend on velocities. Equations {χ̃_A, H̃} = 0 imply, however, E^α_Aϕ̇^α = 0. Consequently, L̃(ϕ^α, ϕ̇^α) is defined on the constraint surface E^α_Aϕ̇^α = 0. It can be extrapolated from the constraint surface according to L̃^′(ϕ^α, ϕ̇^α) = L̃(ϕ^α, Δ^{αβ}ϕ̇^β) where Δ^{αβ} = δ^{αβ} − F^α_A E^β_A,

Δ^{αβ} acts as a projection operator. L̃^′ is invariant under an m-parameter family of transformations

δ^′ϕ^α = 0, (18)

δ^′ϕ̇^α = F^α_A ϑ_A (19)

where ϑ_A are infinitesimal parameters. Equations Ω̃_A = π^αF^α_A = 0 are equivalent to the following equations ∂L̃ ∂ϕ̇^α F^α_A = 0 (20)

which show the invariance of L̃ under transformations (18) and (19). Lagrangian L̃, as a Legendre transform of H̃, depends thereby on the tangent velocities Δ^{αβ}ϕ̇^β automatically, i.e., L̃^′(ϕ^α, ϕ̇^α) = L̃(ϕ^α, ϕ̇^α).

The invariance of Lagrangian L̃ under the 2mparameter family of the global transformations (13) and (16), (18) and (19) provides the invariance under an mparameter family of local transformations of trajectories ϕ^α(t). Let η_A be time dependent functions and ϑ_A = η̇_A. The transformation law in the tangent bundle (ϕ^α, ϕ̇^α) reads

δ^′ϕ^α + Δϕ^α = F^α_A η_A, (21)

δ^′ϕ̇^α + Δϕ̇^α = F^α_Aη̇_A + ∂F^α_A ∂ϕ^β ϕ̇^βη_A = d dt (F^α_A η_A) .(22)

The last equation suggests that this transformation acts on the trajectories ϕ^α(t). Lagrangian L̃ is therefore invariant with respect to the local transformations. The variations of ϕ^α(t) along the vectors F^α_A correspond to the m gauge degrees of freedom. The constraints χ_A = 0 play a role of the gauge-fixing conditions. The gaugeinvariant observables are projections of trajectories ϕ^α(t) onto the constraint surface χ_A = 0. Eq.(10) ensures that the symmetry group is abelian.

If L̃ would be chosen as the starting Lagrangian to pass over to the Hamiltonian framework, one could get H̃ as primary Hamiltonian and Ω̃_A = παF α_A = 0 as primary first-class constraints by virtue of Eq.(20). The constraints χ̃_A = 0 can be selected as a set of the admissible gauge-fixing conditions. Starting from Lagrangian (1), we arrive at the set of second-class constraints χ̃_A = 0 and Ω̃_A = 0. Starting from L̃, we obtain the same set as gauge-fixing conditions χ̃_A = 0 and first-class constraints Ω̃_A = 0 associated with the gauge symmetry. It shows that classification of constraints in the holonomic systems is a matter of convention.

As Lagrangian (1) is equivalent to its gauged counterpart L̃(ϕ^α, ϕ̇^α) under the gauge-fixing conditions χ_A = 0, one can apply one of the quantization schemes specific for gauge theories.

The system is quantized by the algebra mapping (ϕ^α, π^α) → (ϕ̂^α, π̂^α) and {, } → −i[, ]. Consequently, to any symmetrized function in the phase space variables one may associate an operator function. The function is symmetrized in such a way that quantal image is a hermitian operator.

The wave functions obey the Dirac’s supplementary condition

^̃Ω_AΨ = 0. (23)

In the quasiclassical limit, gradients of the wave functions along the vectors F^α_A vanish.

The path integral for the evolution operator becomes

Z = (24) ∫ ∏ d^nϕd^nπ ∏ A δ(χ̃_A)δ(Ω̃_A) exp { i ∫ dt(π^αϕ̇^α − H̃) } .

Eqs.(23) and (24) solve the quantization problem for systems of point particles with holonomic constraints.

Given the initial state wave function Ψ(0) satisfying (23), the final wave function Ψ(t) can be found applying the evolution operator (24) on Ψ(0). Since ^̃Ω_A commute with the Hamiltonian, the final state wave function obey Eqs.(23).

It is desirable that the quantization procedure does not destroy the classical symmetries which results in having the supplementary condition (23) satisfied by the state Ψ(t) for any value of t. This feature can apparently be violated either due to complex terms entering H̃ or by approximations adopted for treating the operator eigenvalues. The supplementary condition (23) assures, however, that the symmetry is preserved in average. As we shall see latter on, the quantization procedure preserves the gauge symmetries explicitly in the applications considered.

The supplementary condition (23) does not comprise the constraints χ̃_A = 0. In gauge theories, the evolution operator is independent of the gauge-fixing conditions [2]. We can insert det{χ̃_A, Ω̃_B} = 1 into the integrand of Eq.(24) to bring the measure into the form identical to the one prescribed by gauge theories. In the path integral, the χ̃_A can then be replaced with arbitrary functions.

It is remarkable that physical observables are determined only by half of the number of second-class constraints.

Let us illustrate the method proposed with quantization of a mathematical pendulum on an n−1-dimensional sphere S^{n−1}.

Lagrangian is given by Eq.(1) with m = 1 and χ = ln ϕ. Using the Dirac scheme, we obtain the primary Hamiltonian H_p =^1_2 π^2 − λ ln ϕ and the primary constraint G_0 = π_λ ≈ 0. The canonical Hamiltonian becomes H_c = H_p + uπ_λ where u is an undetermined function of time. The secondary constraints G_{a+1} = {G_a, H_c} can be found: G_1 = ln ϕ, G_2 = ϕπ/ϕ^2, G_3 = π^2/ϕ^2 − 2(ϕπ)^2/ϕ^4 + λ/ϕ^2. The last constraint G_3 = 0 allows to fix λ in terms of ϕ^α and π^α, no new constraints then appear. The canonical pair (λ, π_λ) is eliminated by solving equations G_0 = 0 and G_3 = 0. The result is H^′_c =^1_2 π^2 +(π^2 −2(ϕπ)^2/ϕ^2) ln ϕ. There remain two constraint functions G_1 and G_2, such that {G_1, G_2} = 1/ϕ^2. These are second-class constraints. The Hamiltonian H^′_c is first class.

In order to split the constraints into a gauge-fixing condition and a gauge generator, we should construct G̃_a and H̃ starting from G_a and H′_c. The same constraint surface is described by the functions χ̃ = ln ϕ and Ω̃ = ϕπ satisfying {χ̃, Ω̃} = 1, so one can set G̃_1 = ln ϕ and G̃_2 = ϕπ.

The Hamiltonian H̃ can be found to be

H̃ = 1 2 ϕ^2Δ^{αβ}π^απ^β (25)

where Δ^{αβ} = δ^{αβ} − ϕ^αϕ^β/ϕ^2. For n = 3, H̃ =^1_2 L^αL^α where L^α is the orbital momentum. The difference H̃ − H^′_c is of the second order in the constraint functions. This is sufficient to have identical hamiltonian flows on the constraint surface.

Ω̃ is stable with respect to time evolution {Ω̃, H̃} = 0. The relations Δϕ^α = {ϕ^α, Ω̃} = ϕ^α and Δπ^α = {π^α, Ω̃} = −π^α show that Ω̃ generates dilatations of ϕ^α and contractions of π^α. The χ̃ is identically in involution with the Hamiltonian {χ̃, H̃} = 0. The Poisson bracket relations {ϕ^α, χ̃} = 0 and {π^α, χ̃} = −ϕ^α define shifts of the longitudinal component of the canonical momenta.

The gauged Lagrangian is given by

L̃ = 1 2 Δ^{αβ}(ϕ)ϕ̇^αϕ̇^β/ϕ^2. (26)

It is invariant under the local dilatations of ϕ^α. In the context of the dynamics defined by L̃ with no constraints imposed, ϕ is an arbitrary function of time. It can always be selected to fulfill the constraint χ = 0 or some other admissible constraint. The Euler-Lagrange equations have the form Δ^{αβ} d^2 dt^2 (ϕ^β/ϕ) = 0. (27)

The point particle moves thereby without tangent acceleration. Eqs.(27) are not affected by constraints.

L̃ depends on the spherical coordinates ϕ^α/ϕ which lie on an n − 1-dimensional sphere of a unit radius. Eqs.(27) for unconditional extremals in the coordinate space ϕ^α coincide therefore with the D’Alembert-Lagrange equations for extremals in the spherical coordinates space, considered as independent Lagrange variables, under the condition that they lie on an n − 1-dimensional sphere of a unit radius.

The constraint χ̃ = 0 can therefore be treated as a gauge-fixing condition, the function ϕ as a gauge degree of freedom, the ratios ϕ^α/ϕ as gauge invariant observables. The equations of motion (27) are formulated in terms of the gauge invariant observables. The extremals of the action functionals ∫ Ldt and ∫~ Ldt under the constraint χ̃ = 0 coincide.

The quantum hermitian Hamiltonian has the form ^̃H = 1_2 ϕΔ_{αβ}π̂_βϕΔ_{αγ}π̂_γ . The vector iϕΔ_{αβ}π̂_β gives the

angular part of the gradient operator. Although it is not conspicuous, ^̃H does not depend on the radial coordinate ϕ. The constraint operator can be defined as ^̃Ω = (ϕ_απ̂_α + π̂_αϕ_α)/2. It acts only on the radial com-

ponent of ϕ^α, so the relation [ ^̃Ω, ^̃H] = 0 holds. The supplementary condition (23) implies Ψ = ϕ^{−n/2}Ψ_1(ϕ^α/ϕ). The important information about the system is contained in Ψ_1(ϕ^α/ϕ) only.

The integral over the canonical momenta Eq.(24) can be evaluated explicitly to give Z = ∫ ∏ √ (∂χ̃/∂ϕ^α)^2δ(χ̃)d^nϕ exp { i ∫ dtL̃ } . (28)

Lagrange’s measure √ (∂χ̃/∂ϕ^α)^2δ(χ̃)d^nϕ coincides with the volume element of the S^{n−1} sphere. It can be rewritten as an invariant volume of the configuration space e.g. in terms of the angular variables (φ_1...φ_{n−1}) with the help of the induced metric tensor. Lagrange’s measure is invariant under the group O(n). It remains the same for all functions χ̃ vanishing for ϕ = 1.

The O(n) nonlinear sigma model represents the field theory analog of the spherical n − 1-dimensional pendulum. The n = 4 case corresponds to the chiral nonlinear sigma model which is invariant under the SU (2)_L ⊗ SU (2)_R ∼ SO(4) group. Its quantization does not involve essentially new ingredients. The coordinates ϕ^α become functions of x_μ = (t, x, y, z), the time derivatives ϕ̇α in Eqs.(1) and (26) should be replaced with ∂_μϕα. The wave functionals depend on the spherical coordinates ϕ^α(x)/ϕ(x), the path integral has the form of Eq.(28) with dt replaced by d^4x.

The quantized gauged pendulum and O(n) nonlinear sigma model preserve the hidden gauge symmetries. Consequently, the wave functions Ψ satisfy the Dirac’s supplementary condition at any time, i.e., the systems evolve always on the constraint surfaces.

We showed that systems of point particles with holonomic constraints have hidden abelian gauge symmetries. Their physical origin is the following: We allow virtual displacements of the particles from the constraint surface and treat such displacements as unphysical gauge degrees of freedom. The holonomic constraints turn thereby into gauge-fixing conditions. The physical variables are fully specified by projecting the particle coordinates onto the constraint surface. In the considered examples, the projected coordinates are the spherical coordinates ϕ^α/ϕ. The existence of the equivalent gauge models allows us to quantize the original holonomic systems in their own phase space using standard methods of quantization known from the gauge theories.

After submitting this work, our attention has been called to papers [24, 25, 26, 27, 28, 29]. In Ref. [24], a mathematical pendulum is quantized using the Dirac approach. The O(n) non-linear sigma model is discussed along the line [16] in Ref. [25]. In Ref. [26], hidden gauge symmetries of second class constraints systems are discussed and a quantization method in the original phase space and an extended configuration space is proposed. The holonomic systems, as we showed, admit the quantization in the original phase and configuration spaces. The methods [16, 26] are applyed for quantization of various physical systems and compared in Refs. [27, 28, 29].

M.I.K. and A.A.R. wish to acknowledge kind hospitality at the University of Tuebingen. This work is supported by the Helmholtz Gemeinschaft grant for GSI (Darmstadt), DFG grant No. 436 RUS 113/721/0-1 and RFBR grant No. 03-02-04004.

[1] P. A. M. Dirac, Canad. J. Math. 2, 129 (1950). [2] L. D. Faddeev, Theor. Math. Phys. 1, 1 (1969) [Teor.

Mat. Fiz. 1, 3 (1969)].

[3] L. D. Faddeev and V. N. Popov, Phys. Lett. 25, 29 (1967).

[4] E. S. Fradkin and G. A. Vilkovisky, Phys. Lett. B55, 224 (1975).

[5] I. A. Batalin and G. A. Vilkovisky, Phys. Lett. B69, 309 (1977).

[6] M. Henneaux, Phys. Rep. 126, 1 (1985).

[7] L. Faddeev and R. Jackiw, Phys. Rev. Lett. 60, 1692 (1985).

[8] R. Jackiw, Diverse Topicks in Theoretical and Mathematical Physics, World Scientific, Singapore, 1995.

[9] L. D. Faddeev, Phys. Lett. B145, 81 (1984). [10] S.-G. Jo, Phys. Lett. B163, 353 (1985).

[11] M. Kobayashi, K. Seo and A. Sugamoto, Nucl. Phys.

B273, 607 (1986).

[12] J. Gasser and H. Leutwyler, Ann. Phys. 158, 142 (1984). [13] E. R. Marshalek, Nucl. Phys. A161, 401 (1971). [14] J. B. Blaizot and E. R. Marshalek, Nucl. Phys. A309, 422 (1974), 453 (1974).

[15] M. Yaamamura and A. Kuriyama, Prog. Theor. Phys.

65, 550 (1981); 1094 (1981); 66, 2147 (1981).

[16] I. A. Batalin and E. S. Fradkin, Phys. Lett. B180, 157 (1986); Nucl. Phys. B279, 514 (1987).

[17] H. A. Kastrup, Phys. Rep. 101, 1 (1983). [18] B. M. Pimentel, R. G. Teixeira and J. L. Tomazelli, Ann.

Phys. 267, 75 (1998).

[19] D. Baleanu and Y. Güler, Mod. Phys. Lett. A16, 873 (2001).

[20] V. I. Arnold, Mathematical Methods of Classical Mechanics, 2-nd ed., Springer-Verlag, New York Inc. 1989.

[21] J. Nash, Ann. Math. 63, 20 (1956).

[22] Let χ^′_1 = χ1 , e^{′α}_1 = e^α_1 , and χ^′_{A+1} = − ∑_A B=1 (e^{′α}_B e^α_{A+1}/e^{′β}_B e^{′β}_B )χ^′_B +χA+1, e^{′α}_{A+1} = ∂χ^′_{A+1} /∂ϕ^α. The constraint functions χ^′_A defined above recursively describe the same constraint surface χA = 0, while the vectors e^{′α}_A are orthogonal in the weak sense. The functions χ^{′′}_A = χ^′_A/ √ e^{′α}_B e^{′α}_B define further a set of the normalized orthogonal vectors e^{′′α}_A .

[23] Indeed, ∂L̃/∂ϕ^α =^d_{dt} ∂L̃/∂ϕ̇^α =^d_{dt} π^α = {π^α, H̃}.

The second term can be rewritten as π^α ∂F^α_A /∂ϕ^βϕ̇^β = π^α {F^α_A , H̃}. The sum F^α_A {π^α , H̃} + π^α {F^α_A , H̃} gives {Ω̃A, H̃}. [24] E. Abdalla and R. Banerjee, Braz. J. Phys. 31, 80 (2001). [25] N. Banerjee, S. Ghosh and R. Banerjee, Nucl. Phys.

B417, 257 (1994).

[26] P. Mitra and R. Rajaraman, Ann. Phys. 203, 137 (1990);

157 (1990).

[27] A. S. Vytheeswaran, Ann. Phys. 236, 297 (1994). [28] A. S. Vytheeswaran, Contribution to Photon and Poincare Group, ed. V. Dvoeglazov, Nova Science Pub., New York, 2000, pp. 396-407. [hep-th 9904084].

[29] A. S. Vytheeswaran, Int. J. Mod. Phys. A17, 4095 (2002).