arXiv:hep-th/0412023 v2 23 Mar 2006

hep-th/0412023 SWAT-04-420

Twistor Space Structure of the Box Coefficients of N = 1 One-loop Amplitudes

Steven J. Bidder , N. E. J. Bjerrum-Bohr , David C. Dunbar and Warren B. Perkins

Department of Physics, University of Wales Swansea, Swansea, SA2 8PP, UK

Abstract

We examine the coefficients of the box functions in N = 1 supersymmetric one-loop amplitudes. We present the box coefficients for all six point N = 1 amplitudes and certain all n example coefficients. We find for “next-to MHV” amplitudes that these box coefficients have coplanar support in twistor space.

{pysb, n.e.j.bjerrum-bohr, d.c.dunbar, w.perkins}@swan.ac.uk

1 Introduction

Recently a “weak-weak” duality has been proposed between N = 4 supersymmetric gauge theory and topological string theory [1]. This relationship becomes manifest by transforming amplitudes into twistor space where they are supported on simple curves. A consequence of this picture is that tree amplitudes, when expressed as functions of spinor variables k_{aȧ} = λ_aλ̃_ȧ, are annihilated by various differential operators corresponding to the localization of points to lines and planes in twistor space. In particular the operator corresponding to collinearity of points i, j, k in twistor space is [F_{ijk}, η] = ⟨i j⟩ [ ∂ ∂λ̃_k , η ] + ⟨j k⟩ [ ∂ ∂λ̃_i , η ] + ⟨k i⟩ [ ∂ ∂λ̃_j , η ] (1.1)

and similarly annihilation by K_{ijkl} = ⟨i j⟩ ϵ^{ȧḃ} ∂ ∂λ̃^ȧ_k ∂ ∂λ̃^ḃ_l + perms (1.2)

indicates co-planarity of points i, j, k and l, i.e., these four points lie on a plane in twistor space.

As an example, the collinear operator annihilates the “maximally helicity violating” (MHV) n-gluon tree amplitudes, [F_{ijk} , η]A^{tree MHV} n (1, 2, · · ·n) = 0, (1.3) indicating that such amplitudes only have non-zero support on a line in twistor space. These MHV colour-ordered amplitudes, where exactly two of the gluons have negative helicity, have a remarkably simple form (see equation (2.3)), conjectured by Parke and Taylor [2] and proved by Berends and Giele [3]. Using “cut-constructibility” and collinear limits, the one-loop MHV amplitudes have also been constructed for N = 4 [4] and N = 1 supersymmetric theories [5]. “Cut-constructible” implies that the entire amplitude can be reconstructed from a knowledge of its four-dimensional cuts [4, 5, 6]. The MHV tree amplitudes appear to play a key role in gauge theories. Cachazo, Svrček and Witten have conjectured that Yang-Mills amplitudes could be calculated using off-shell MHV vertices [7]. This construction can be extended to other particle types [8] and has already had multiple applications [9].

An understanding of the twistor structure of loop amplitudes has proven more difficult. However, Brandhuber et. al. [10] demonstrated by computation of the N = 4 MHV n-point amplitudes how the CSW construction can be extended to one-loop amplitudes. Furthermore, the twistor space structure has been shown to manifest itself in the coefficients of the integral functions defining one-loop amplitudes. For N = 4 one-loop amplitudes where only box integral functions appear, the coefficients of these box functions satisfy co-planarity and collinearity conditions in twistor space [11, 12]. These twistor space conditions have been shown to be useful in determining the coefficients of N = 4 one-loop amplitudes [13, 14, 15, 16].

For N = 1 supersymmetric one-loop amplitudes much less is known. In refs. [17, 18] it was shown that the CSW constructions [7, 8] can be employed in computing one-loop N = 1 amplitudes by reproducing the MHV n-point amplitude and in ref. [19] it was shown how the holomorphic anomaly applies to N = 1 amplitudes. N = 1 amplitudes have a more complicated structure than N = 4 amplitudes, containing box, triangle and bubble integral functions. In this letter, we present the box coefficients of all six point one-loop N = 1 amplitudes and some specific box coefficients in n-point amplitudes. We find that, as in the case of N = 4, for amplitudes with three negative helicities (“next to MHV”) the box coefficients have coplanar support in twistor space, while for q > 3 negative helicities this simple behaviour is no longer true.

2 Organization of One-Loop Gauge Theory Amplitudes

Tree-level amplitudes for U(N_c) or SU(N_c) gauge theories with n external gluons can be decomposed into colour-ordered partial amplitudes multiplied by an associated colour-trace [20, 21, 22]. Summing over all non-cyclic permutations reconstructs the full amplitude A^{tree}_n from the partial amplitudes A^{tree}_n (σ),

A^{tree}_n ({k_i, λ_i, a_i}) = g^{n−2} ∑ σ∈S_n /Z_n Tr(T^{aσ(1)} · · · T^{aσ(n)} ) A^{tree}_n (k^{λσ(1)}_{σ(1)} , . . ., k^{λσ(n)}_{σ(n)} ) , (2.1)

where k_i, λ_i, and a_i are respectively the momentum, helicity (±) and colour-index of the i-th external gluon, g is the coupling constant and S_n/Z_n is the set of non-cyclic permutations of {1, . . ., n}. The U(N_c) (SU(N_c)) generators T^a are the set of hermitian (traceless hermitian) N_c × N_c matrices, normalized such that Tr ( T^aT^b ) = δ^{ab}. The colour decomposition (2.1) can be derived in conventional field theory simply by using f^{abc} = −i Tr ([ T^a, T^b ] T^c ) / √ 2, where the T^a may be either SU(N_c) matrices or U(N_c) matrices.

In a supersymmetric theory amplitudes with all helicities identical, or with all but one helicity identical, vanish due to supersymmetric Ward identities [23]. Tree-level gluon amplitudes in super- Yang-Mills and in purely gluonic Yang-Mills are identical (fermions do not appear at this order), so that A^{tree}_n (1^±, 2^+, . . ., n^+) = 0. (2.2)

The non-vanishing Parke-Taylor formula [2] for the MHV partial amplitudes is,

A^{tree MHV} jk (1, 2, . . ., n) ≡ A^{tree}_n (1^+, . . ., j^−, . . ., k^−, . . ., n^+), = i ⟨j k⟩^4 ⟨1 2⟩ ⟨2 3⟩ · · ·⟨n 1⟩ , (2.3)

for a partial amplitude where j and k are the only legs with negative helicity. In our convention all legs are outgoing. The result (2.3) is written in terms of spinor inner-products, ⟨j l⟩ ≡ ⟨j^−|l^+⟩, [j l] ≡ ⟨j^+|l^−⟩, where |i^±⟩ is a massless Weyl spinor with momentum k_i and chirality ± [24, 22]. In terms of the variables λ^i_m, λ̃^i_ṁ,

⟨i j⟩ = ϵ^{mn}λ^i_mλ^j_n , [i j] = ϵ^{ṁṅ}λ̃^i_ṁλ̃^j_ṅ. (2.4)

The spinor products are related to the momentum invariants by ⟨i j⟩[j i] = 2k_i · k_j ≡ s_{ij} with (⟨i j⟩)^∗ = [j i]. The tree amplitudes contain many residual features of higher symmetries [25]. For one-loop amplitudes, one may perform a similar colour decomposition to the tree-level decomposition (2.1) [26]. In this case there are two traces over colour matrices and one must also sum over the different spins, J, of the internal particles circulating in the loop. When all particles transform as colour adjoints, the result takes the form, A_n ({k_i, λ_i, a_i}) = g^n ∑ J

⌊n/2⌋+1 ∑ c=1 ∑ σ∈S_n/S_{n;c} Gr_{n;c} (σ) A^{[J]}_{n;c}(σ), (2.5)

where ⌊x⌋ is the largest integer less than or equal to x. The leading colour-structure factor,

Gr_{n;1}(1) = N_c Tr (T^{a1} · · ·T^{an} ) , (2.6)

is just N_c times the tree colour factor, and the subleading colour structures (c > 1) are given by

Gr_{n;c}(1) = Tr (T^{a1} · · · T^{ac−1} ) Tr (T^{ac} · · ·T^{an} ) . (2.7)

S_n is the set of all permutations of n objects, and S_{n;c} is the subset leaving Gr_{n;c} invariant. Once again it is convenient to use U(N_c) matrices; the extra U(1) decouples [26]. (For internal particles in the fundamental (N_c + N̄_c) representation, only the single-trace colour structure (c = 1) would be present, and the corresponding colour factor would be smaller by a factor of N_c. In this case the U(1) gauge boson will not decouple from the partial amplitude, so one should only sum over SU(N_c) indices when colour-summing the cross-section.)

For one-loop amplitudes, the subleading in colour amplitudes A_{n;c} c > 1 may be obtained by summations of permutations of the leading in colour amplitude [4], A_{n;c}(1, 2, . . ., c − 1; c, c + 1, . . ., n) = (−1)^{c−1} ∑ σ∈COP {α}{β} A_{n;1}(σ), (2.8)

where α_i ∈ {α} ≡ {c − 1, c − 2, . . ., 2, 1}, β_i ∈ {β} ≡ {c, c + 1, . . ., n − 1, n}, and COP {α}{β} is the set of all permutations of {1, 2, . . ., n} with n held fixed that preserve the cyclic ordering of the α_i within {α} and of the β_i within {β}, while allowing for all possible relative orderings of the α_i with respect to the β_i. Hence, we need only focus on the leading in colour amplitude and use this relationship to generate the full amplitude if required.

For N = 1 super Yang-Mills with external gluons there are two possible supermultiplets contributing to the one-loop amplitude: the vector and the chiral matter multiplets, which can be decomposed into single particle contributions,

A^{N =1 vector} n ≡ A^{[1]}_n + A^{[1/2]}_n ,

A^{N =1 chiral} n ≡ A^{[1/2]}_n + A^{[0]}_n .

(2.9)

For spin-0 we always consider a complex scalar. Throughout we assume the use of a supersymmetry preserving regulator [27, 28, 29]. For N = 4 super Yang-Mills theory there is a single multiplet whose contribution is given by

A^{N =4}_n ≡ A^{[1]}_n + 4A^{[1/2]}_n + 3A^{[0]}_n . (2.10)

The contributions from the three supersymmetric multiplets are not independent but satisfy

A^{N =1 vector} n ≡ A^{N =4}_n − 3A^{N =1 chiral} n . (2.11)

Thus, provided the N = 4 amplitude is known, one need only calculate one of the two possibilities for N = 1. The N = 4 six-point amplitudes are known [4, 5] and their twistor space structure has been examined. In this letter we focus on the A^{N =1 chiral}_6 amplitudes.

3 Basis of Functions

In general, one-loop amplitudes can be decomposed in terms of a set of basis functions, I_i, with coefficients, c_i, that are rational in terms of spinor products, A = ∑ i c_iI_i . (3.1)

In a Feynman diagram calculation the coefficients may, in principle, be obtained from a Passerino- Veltman reduction [30]. For supersymmetric amplitudes, the set is restricted due to cancellations within the loop-momentum integrals. For N = 1 amplitudes the set can be taken to contain scalar boxes, I_4, scalar triangles, I_3, and scalar bubbles, I_2. In this letter we focus on the behaviour of the box functions. In general, we can organize the box functions according to the number of legs with non-null input momenta and the relative labeling of legs. Specifically we have,

I^{1m}_{4:i} I^{2me}_{4:r;i} I^{2mh}_{4:r;i} I^{3m}_{4:r,r}′_{,i} I^{4m}_{4:r,r}′_{,r}′′_{,i} (3.2)

with the labeling as indicated,

• • i i-1 i-2 i-3 I^{1m}_{4:i} • •

• •

i i-1 i+r I^{2me}_{4:r;i} • •

• •

i i-1 i-2 i+r I^{2mh}_{4:r;i}

• •

• • • •

i i-1 i+r+r^′ i+r I^{3m}_{4:r,r}′_{,i}

• •

• • • •

• • i i+r+r^′+r^{′′} i+r+r^′ i+r I^{4m}_{4:r,r}′_{,r}′′_{,i}

There is a choice as to which basis of functions to use, particularly with the bubble and triangle functions. For the boxes there is rather less freedom. Nevertheless we can consider three choices of basis, each of which has advantages in certain circumstances:

• D = 4 scalar box integrals, • D = 6 scalar box integrals, • D = 4 scalar box F -functions The D = 4 scalar box integrals are the natural choice, but D = 6 scalar box integrals have several practical advantages. Firstly they are IR finite, which makes determining their collinear limits particularly simple. Secondly, for the N = 1 chiral multiplet, the amplitude has a leading ϵ^{−1} singularity in dimensional regularization [31]. Scalar triangles have 1/ϵ^2 and ln(s)/ϵ singularities. As the D = 6 boxes are IR finite, there can be no cancellation of the ϵ^{−2} and ln(s)/ϵ terms between them and the triangles. This implies the absence of the scalar triangle integrals in these amplitudes. The relationship between the D = 4 boxes and D = 6 boxes involves an overall factor and triangles functions, specifically, using the notation of ref. [32],

I^{D=4}_4 = 1 2N_4 [ ∑ i α_iγ_iI^{(i)}_3 + (−1 + 2ϵ)Δ̂_4I^{D=6}_4 ] . (3.3)

The Δ̂_4 are rational functions of the momentum invariants,

Δ̂1m_{4:i} 2N_4

= − 2 ( t^{[2]}_{i−3} + t^{[2]}_{i−2} − t^{[n−3]}_i

t^{[2]}_{i−3}t^{[2]}_{i−2} ) = 2 (k_{i−1} + k_{i−3})^2 (k_{i−3} + k_{i−2})^2(k_{i−2} + k_{i−1})^2 Δ̂2mh_{4:r;i} 2N_4

= − 2 ( (t^{[r+1]}_{i−1} − t^{[r]}_i )(t^{[r+1]}_{i−1} − t^{[n−r−2]}_{i+r} ) + t^{[r+1]}_{i−1} t^{[2]}_{i−2}) t^{[2]}_{i−2}(t^{[r+1]}_{i−1} )^2 ) = tr( /k_{i−1} /P_{i−1...i+r−1} /k_{i−2} /P_{i−1...i+r−1}) (k_{i−2} + k_{i−1})^2(P^2_{i−1...i+r−1})^2 Δ̂2me_{4:r;i} 2N_4

= − 2 ( t^{[r+1]}_{i−1} + t^{[r+1]}_i − t^{[r]}_i − t^{[n−r−2]}_{i+r+1}

t^{[r+1]}_{i−1} t^{[r+1]}_i − t^{[r]}_i t^{[n−r−2]}_{i+r+1} )

(3.4) where t^{[p]}_a ≡ (k_a + k_{a+1} + · · · + k_{a+p−1})^2 = P^2_{a...a+p−1} and P_{i...j} = k_i + k_{i+1} . . . + k_j .

The four dimensional boxes have dimension −2. It is convenient to define dimension zero F - functions by removing the momentum prefactors of the D = 4 scalar boxes [5],

I^{D=4}_4 = 1 K F_4 . (3.5)

For the N = 4 amplitudes, it is the coefficients of these F -functions which the collinearity and co-planarity operators annihilate [13, 14, 11]. Explicitly,

I^{1m}_{4:i} = −2r_Γ

F^{1m}_{n:i} t^{[2]}_{i−3}t^{[2]}_{i−2}

I^{2me}_{4:r;i} = −2r_Γ F^{2m e}_{n:r;i} t^{[r+1]}_{i−1} t^{[r+1]}_i − t^{[r]}_i t^{[n−r−2]}_{i+r+1}

, I^{2mh}_{4:r;i} = −2r_Γ F^{2m h}_{n:r;i} t^{[2]}_{i−2}t^{[r+1]}_{i−1} ,

I^{3m}_{4:r,r}′_{,i} = −2r_Γ F^{3m}_{n:r,r}′_{;i} t^{[r+1]}_{i−1} t^{[r+r′ ]}_i − t^{[r]}_i t^{[n−r−r′ −1]} i+r+r^′ , I^{4m}_{4:r,r}′_{,r}′′_{,i} = −2 F^{4m}_{n:r,r}′_{,r}′′_{;i} t^{[r+r′]} i t^{[r′+r′′ ]} i+r ρ . (3.6) For the box functions it is easy to switch between bases since

A|_{boxes} = ∑ i c^{D=4}_i I^{D=4}_i = ∑ i c^{D=6}_i I^{D=6}_i = ∑ i c^F_i F_i, (3.7)

thus the coefficients must satisfy

c^{D=4}_i = c^{D=6}_i (−Δ̂_4/2N_4)

= c^F_i K . (3.8)

4 Box Coefficients of The Six Point N = 1 Amplitudes

We can organise the six point amplitudes according to the number of negative helicities; amplitudes with zero, one, five or six vanish in any supersymmetric theory. The amplitudes with two negative helicities are the MHV amplitudes, which were computed previously [5], while those with four are the “googly” MHV amplitudes which are obtained by conjugation of the MHV amplitudes. Here we present the remaining box coefficients and examine the twistor structure of all the six point amplitudes.

The two independent types of six point amplitude have rather different box structures. The MHV amplitudes contain “two-mass easy” and single mass boxes, whereas the amplitudes with three negative helicities contain “two-mass hard” and single mass boxes. This feature does not extend to higher point functions.

MHV Amplitudes

There are three independent MHV amplitudes. In terms of the D = 6 boxes the box parts of these amplitudes are , A(1^−, 2^−, 3^+, 4^+, 5^+, 6^+)|_{box} = 0 A(1^−, 2^+, 3^−, 4^+, 5^+, 6^+)|_{box} = b^{D=6}_1 I^{2m e}_{4:3} + b^{D=6}_2 I^{1m}_{4:5} + b^{D=6}_3 I^{1m}_{4:3} A(1^−, 2^+, 3^+, 4^−, 5^+, 6^+)|_{box} = c^{D=6}_1 I^{2m e}_{4:1} + c^{D=6}_2 I^{2m e}_{4:3} + c^{D=6}_3 I^{1m}_{4:6} + c^{D=6}_4 I^{1m}_{4:3}

(4.1)

where,

b^{D=6}_1 = A^{tree MHV} 13 tr_+(1325) tr_+(1352) s^2_{13}s_{25} b^{D=6}_2 = A^{tree MHV} 13 tr_+(1324) tr_+(1342) s^2_{13}s_{24} b^{D=6}_3 = A^{tree MHV} 13 tr_+(1326) tr_+(1362) s^2_{13}s_{26}

(4.2)

c^{D=6}_1 = A^{tree MHV} 14 tr_+(1436) tr_+(1463) s^2_{14}s_{36} c^{D=6}_2 = A^{tree MHV} 14 tr_+(1425) tr_+(1452) s^2_{14}s_{25} c^{D=6}_3 = A^{tree MHV} 14 tr_+(1435) tr_+(1453) s^2_{14}s_{35} c^{D=6}_4 = A^{tree MHV} 14 tr_+(1426) tr_+(1462) s^2_{14}s_{26}

(4.3)

where tr_+(abcd) = [a b] ⟨b c⟩ [c d] ⟨d a⟩. If we examine the coefficients of the F -functions we have, for example,

b^F_1 = A^{tree MHV}

13 × tr_+(1325) tr_+(1352) s^2_{13}s^2_5

= A^{tree MHV}

13 × ⟨3 2⟩ ⟨1 5⟩ ⟨3 5⟩ ⟨2 1⟩ ⟨1 3⟩^2 ⟨2 5⟩^2

, (4.4)

which is a holomorphic function (i.e. a function of λ alone). The amplitude has an overall factor in dimensional regularisation of r_Γ, where

r_Γ =

(μ^2)^ϵ (4π)^{2−ϵ} Γ(1 + ϵ)Γ^2(1 − ϵ) Γ(1 − 2ϵ)

, (4.5)

which we will not write explicitly here or in following cases.

Amplitudes with three minus helicities

There are also three independent amplitudes with three minus helicities: A(1^−, 2^−, 3^−, 4^+, 5^+, 6^+), A(1^−, 2^−, 3^+, 4^−, 5^+, 6^+) and A(1^−, 2^+, 3^−, 4^+, 5^−, 6^+). Of these, the first consists only of triangle and bubble integrals [19] so we have a trivial box structure, A(1^−, 2^−, 3^−, 4^+, 5^+, 6^+)|_{box} = 0. (4.6) The next amplitude, A(1^−, 2^−, 3^+, 4^−, 5^+, 6^+), does have a non-trivial box structure, which we express in terms of D = 6 boxes as, A(1^−, 2^−, 3^+, 4^−, 5^+, 6^+)|_{box} = c^{D=6}_1 I^{2m h}_{4:2;6} + c^{D=6}_2 I^{2m h}_{4:2;2} + c^{D=6}_3 I^{2m h}_{4:2;4} + c^{D=6}_4 I^{1m}_{4:5} + c^{D=6}_5 I^{1m}_{4:6} , (4.7) where the integral boxes are,

c^{D=6}_1 5

6 1 2 3

4 +c^{D=6}_2 1

2 3 4 5

6 +c^{D=6}_3 3

4 5 6 1

2 +c^{D=6}_4 3

4 5 6 1

2 +c^{D=6}_5 4

5 6 1 2

3 and the coefficients have been computed to be,

c^{D=6}_1 = i (⟨3| /P |1⟩)^2⟨5| /P |4⟩⟨3| /P |5⟩ ⟨4| /P |5⟩⟨2| /P |5⟩ ⟨5 1⟩ [2 3] ⟨5 6⟩ ⟨6 1⟩ P^2

, P = P_{234},

c^{D=6}_2 = i (⟨3| /P |4⟩)^2⟨6| /P |1⟩ ⟨1| /P |6⟩ [3 1] ⟨6 4⟩ [1 2] [2 3] ⟨4 5⟩ ⟨5 6⟩ P^2

, P = P_{123},

c^{D=6}_3 = i (⟨6| /P |4⟩)^2⟨2| /P |4⟩⟨3| /P |2⟩ ⟨2| /P |3⟩⟨2| /P |5⟩ [6 2] ⟨4 5⟩ [6 1] [1 2] P^2

, P = P_{345},

c^{D=6}_4 = i (⟨3| /P |1⟩)^2⟨2| /P |1⟩ ⟨2| /P |5⟩ ⟨2 4⟩ ⟨5 6⟩ ⟨6 1⟩ P^2 [2 4]

, P = P_{234},

c^{D=6}_5 = i (⟨6| /P |4⟩)^2⟨6| /P |5⟩ ⟨2| /P |5⟩ [3 5] [6 1] [1 2] P^2 ⟨3 5⟩

, P = P_{345},

(4.8)

where ⟨a| /K|c⟩ ≡ ⟨a^+| /K|c^+⟩. The remaining amplitude, A(1^−, 2^+, 3^−, 4^+, 5^−, 6^+), contains all six one-mass and all six “twomass-hard” boxes,

A(1^−, 2^+, 3^−, 4^+,5^−, 6^+)_{box} = a^{D=6}_1 I^{1m}_{4:4} + a^{D=6}_2 I^{1m}_{4:5} + a^{D=6}_3 I^{1m}_{4:6} + a^{D=6}_4 I^{1m}_{4:1} + a^{D=6}_5 I^{1m}_{4:2} + a^{D=6}_6 I^{1m}_{4:3} +b^{D=6}_1 I^{2m h}_{4:2;5} + b^{D=6}_2 I^{2m h}_{4:2;6} + b^{D=6}_3 I^{2m h}_{4:2;1} + b^{D=6}_4 I^{2m h}_{4:2;2} + b^{D=6}_5 I^{2m h}_{4:2;3} + b^{D=6}_6 I^{2m h}_{4:2;4} .

(4.9)

Fortunately these are not all independent and symmetry demands relationships amongst the a^{D=6}_i ’s,

a^{D=6}_3 (123456) = a^{D=6}_1 (345612), a^{D=6}_5 (123456) = a^{D=6}_1 (561234), a^{D=6}_4 (123456) = a^{D=6}_2 (345612), a^{D=6}_6 (123456) = a^{D=6}_2 (561234), a^{D=6}_2 (123456) = ā^{D=6}_1 (234561), a^{D=6}_1 (123456) = a^{D=6}_1 (321654),

(4.10)

where ā^{D=6}_1 denotes a^{D=6}_1 with ⟨i j⟩ ↔ [i j]. Thus there is a single independent a^{D=6}_i . Similarly we can use symmetry to generate all the b^{D=6}_i ’s from b^{D=6}_1 . The expressions for a^{D=6}_1 and b^{D=6}_1 are,

a^{D=6}_1 = i ⟨2| /P |5⟩^2⟨1| /P |5⟩⟨3| /P |5⟩ ⟨3| /P |6⟩⟨1| /P |4⟩P^2 ⟨3 1⟩ [1 3] ⟨4 5⟩ ⟨5 6⟩

, P = P_{123},

b^{D=6}_1 = i ⟨2| /P |5⟩^2⟨3| /P |5⟩⟨2| /P |4⟩⟨4| /P |3⟩ ⟨3| /P |6⟩⟨1| /P |4⟩⟨3| /P |4⟩P^2 1 [1 2] ⟨5 6⟩

, P = P_{123}.

(4.11)

Googly MHV Amplitudes

The googly MHV amplitudes can be obtained from the MHV amplitudes by conjugation. These amplitudes are useful for testing hypotheses regarding amplitudes containing four minus helicities. For example we have,

A(1^+, 2^−, 3^+, 4^−, 5^−, 6^−)|_{box} = b^{D=6}_1^′I^{2m e}_{4:2;3} + b^{D=6}_2^′I^{1m}_{4:5} + b^{D=6}_3^′I^{1m}_{4:3} , (4.12)

with b^{D=6}_i^′ = b^{D=6}_i . The coefficients of the F -functions are anti-holomorphic functions, e.g.

b^F_1^′ = Ā^{tree}_{24} ×

[3 2] [1 5] [3 5] [2 1] [1 3]^2 [2 5]^2

. (4.13)

5 Cut Constructibility

In this section, we review and discuss the status of the box coefficients calculated by evaluating the cuts in one-loop amplitudes. In ref [4] the concept that an amplitude was “cut constructible” was introduced. At first sight the meaning of this term appears obvious: that one may calculate an amplitude from a knowledge of its cuts, C_{i...j} ≡ i 2 ∫ dLIPS [ A^{tree}(ℓ_1, i, i + 1, . . ., j, ℓ_2) × A^{tree}(−ℓ_2, j + 1, j + 2, . . ., i − 1, −ℓ_1) ] (5.1)

in all channels i . . .j.

Any amplitude involving massless particles can be reconstructed from a full knowledge of its cuts (see ref. [33] for a modern review). This means that if we calculate the cuts precisely and regularize them in the same fashion as the amplitude, then we can determine any amplitude. Specifically, if we regularize the amplitude by dimensional regularization then, for consistency, in the cut C_{i...j} we should use tree amplitudes with external momenta in four dimensions, while the momenta crossing the cut should reside in 4 − 2ϵ dimensions. These are not the normal tree amplitudes. In ref [34] this was explicitly realized and used to determine a specific non-supersymmetric amplitude. This method may also be used for amplitudes beyond one-loop [35, 36].

Fortunately, for N = 4 and N = 1 supersymmetric gauge theory amplitudes it is not necessary to evaluate the cuts in this precise manner, instead one may calculate the cut using amplitudes where the cut legs lie in four dimensions. This means that the cut can be evaluated using the conventional four dimensional tree amplitudes. In principle this introduces errors in the trees at O(ϵ). It is non-trivial that these errors do not produce finite terms within the possibly divergent integrals. The proof of this lies in a detailed study of the possible integral functions which may occur within a one-loop calculation. For the restricted case of supersymmetric theories the cuts contain enough information to determine the coefficients of these functions unambiguously. This is a more precise definition of ‘cut-constructibility’. A small number of supergravity amplitudes are also cut-constructible [37]. For N = 4 amplitudes the integral functions are precisely scalar boxes. For N = 1 amplitudes we have scalar boxes plus scalar triangles and bubbles. As presented in refs [4, 5] the uniqueness of the coefficients hinges on the uniqueness of the classes of logarithms appearing in the cuts. Generically, the boxes are in a different class of functions from bubbles and triangles since the latter do not contain terms like ln(P^2_{i...j} ) ln(P^2_i′_{...j}′ ), (5.2)

which reside in boxes. By considering such terms, or specifically the coefficients of ln(P^2_i′_{...j}′ ) in the P_{i...j} -channel cut, together with the limited number of boxes which may contain such a term in the P_{i...j} -channel, one can show that the coefficients are uniquely defined. Generically this makes it unambiguous to extract the coefficients of boxes from a single cut. In performing a cut in, e.g., the P_{i...j} -channel we can determine boxes with terms like ln(P^2_{i...j} ) ln(P^2_i′_{...j}′ ) by determining the coefficients of ln(P^2_i′_{...j}′ ) in this cut. In fact we tend not to evaluate the cut directly, but rather manipulate the cut into a form where it can be recognized as the cut of specific scalar boxes with coefficients.

We have carried out such a process in evaluating the coefficients of the box functions in the six point amplitudes. We shall illustrate this explicitly in the following section where we evaluate the coefficients of certain boxes in higher point functions.

6 Higher Point Box Coefficients

In this section we evaluate some sample box coefficients for certain n-point amplitudes. This will enable us to examine whether the twistor space structure of the six-point amplitudes extends to higher point amplitudes.

For higher point amplitudes the number of helicity configurations grows quite rapidly with increasing numbers of legs. As our first example we will consider the specific amplitude,

A^{N =1,chiral}(1^−2^− · · ·j^+(j + 1)^−5^+ · · · n^+) . (6.1)

We calculate the 123 · · ·j-cut of this amplitude, i.e., C_{123···j} = i 2 ∫ dLIPS ∑ h∈{−1/2,0,1/2} A^{tree}(ℓ^h_1 , 1^−, 2^−, · · · , j^+, ℓ^{−h}_2 )A^{tree}((−ℓ_2)^h, (j+1)^−, · · · , n^+, (−ℓ_1)^{−h}) ,

(6.2) The sum is over the particles in the N = 1 chiral multiplet. The two tree amplitudes are a MHV amplitude and a MHV-googly amplitude. For MHV amplitudes the different tree amplitudes for different particle types are related by simple cofactors determined by solving the supersymmetric Ward identities [23, 22]. Using these to replace the tree amplitudes by the amplitudes for scalars with cofactors and summing the cofactors we obtain, C_{123···j} = i 2 ∫ dLIPSA^{tree MHV} (ℓ^s_1, 1^−, 2^−, · · · , j^+, ℓ^s_2)

× A^{tree MHV googly}((−ℓ_2)^s, (j + 1)^−, · · · , n^+, (−ℓ_1)^s) × ρ^{N =1}

(6.3)

where, ρ^{N =1} = −x + 2 − 1 x = − (x − 1)^2 x , with x =

[j ℓ_2] ⟨j + 1 ℓ_2⟩ [j ℓ_1] ⟨j + 1 ℓ_1⟩ so that,

ρ^{N =1} = −

[j ℓ_1] ⟨j + 1 ℓ_1⟩ [j ℓ_2] ⟨j + 1 ℓ_2⟩ ( [j ℓ_2] ⟨j + 1 ℓ_2⟩ [j ℓ_1] ⟨j + 1 ℓ_1⟩ − 1 )_2 = − ⟨j|P_{123·j}|j + 1⟩^2 [j ℓ_1] ⟨j + 1 ℓ_1⟩ [j ℓ_2] ⟨j + 1 ℓ_2⟩

. (6.4)

This gives the integrand above as,

[j ℓ_1]^2 [j ℓ_2]^2 [1 2] [2 3] · · ·[j − 1 j] [j ℓ_2] [ℓ_2 ℓ_1] [ℓ_1 1] × ⟨j + 1 ℓ_1⟩^2 ⟨j + 1 ℓ_2⟩^2 ⟨j + 1 j + 2⟩ ⟨j + 2 j + 3⟩ · · ·⟨n − 1 n⟩ ⟨n ℓ_1⟩ ⟨ℓ_1 ℓ_2⟩ ⟨ℓ_2 j + 1⟩ × ⟨j|P_{123···j} |j + 1⟩^2 [j ℓ_1] ⟨j + 1 ℓ_1⟩ [j ℓ_2] ⟨j + 1 ℓ_2⟩ = ⟨j|P_{123···j} |j + 1⟩^2 [1 2] [2 3] · · · [j − 1 j] ⟨j + 1 j + 2⟩ ⟨j + 2 j + 3⟩ · · ·⟨n − 1 n⟩ P^2_{123···j} × [j ℓ_1] [ℓ_1 1] × ⟨j + 1 ℓ_1⟩ ⟨n ℓ_1⟩ = ⟨j|P_{123···j} |j + 1⟩^2 [1 2] [2 3] · · · [j − 1 j] ⟨j + 1 j + 2⟩ ⟨j + 2 j + 3⟩ · · ·⟨n − 1 n⟩ P^2_{123} × [j ℓ_1] ⟨ℓ_1 1⟩ ⟨j + 1 ℓ_1⟩ [ℓ_1 n] (ℓ_1 − k_1)^2(ℓ_1 + k_n)^2 . (6.5) This corresponds to the cut of a box integral with integrand quadratic in the loop momentum, i.e., C_{123···j} = ⟨j|P_{123···j} |j + 1⟩^2 [1 2] · · · [j − 1 j] ⟨j + 1 j + 2⟩ ⟨j + 2 j + 3⟩ · · ·⟨n − 1 n⟩ P^2_{123···j} × ( I^{2mh}_2 [[j ℓ_1] ⟨ℓ_1 1⟩ ⟨j + 1 ℓ_1⟩ [ℓ_1 n]] ) cut . (6.6)

The specific box integral is the “two mass hard” depicted below,

• •

• •

j 1 n j+1

with a non-trivial (quadratic in loop momenta) numerator.

Rewriting the numerator, ⟨j| /ℓ_1|1⟩⟨n| /ℓ_1|j + 1⟩ = ⟨j^+| /ℓ_1|1^+⟩⟨1^+|P |n^+⟩⟨n| /ℓ_1|j + 1⟩ ⟨1^+|P |n^+⟩ = ⟨j| /ℓ_1 /1 /P /k_n /ℓ_1|j + 1⟩ ⟨1| /P |n⟩ , (6.7)

and commuting the cut momenta toward /P = /ℓ_1 − /ℓ_2,

/ℓ_1 /1 /P /k_n /ℓ_1 = (2ℓ_1 · k_1) /P /k_n /ℓ_1 − /1 /ℓ_1 /P /k_n /ℓ_1 = (2ℓ_1 · 1) /P /k_n /ℓ_1 − (2ℓ_1 · k_n) /1 /ℓ_1 /P + /1 /ℓ_1 /P /ℓ_1 /k_n = −(ℓ_1 − k_1)^2 /P /k_n /ℓ_1 − (ℓ_1 + k_n)^2 /k_1 /ℓ_1 /P + (2ℓ_1 · P ) /k_1 /ℓ_1 /k_n .

(6.8)

In this expression the first two terms cancel a propagator yielding triangle integrals - which we discard for the present purposes - and the third term can be rearranged as (2ℓ_1 ·P ) = −(ℓ_1 −P )^2 +ℓ^2_1 +P^2 = −ℓ^2 + ℓ^2_1 + P^2 ≡ P^2 discarding momenta null on the cut. The remaining expression is a box with linear integrand which can be evaluated and the result expressed as a D = 6 scalar box function, C_{123···j} = ⟨j|P_{123···j} |(j + 1)⟩^2⟨n| /P |1⟩ [1 j]⟨j + 1 n⟩ ⟨1| /P |n⟩ [1 2] [2 3] · · · [j − 1 j] ⟨j + 1 j + 2⟩ ⟨j + 2 j + 3⟩ · · · ⟨n − 1 n⟩ P^2_{123···j} ( I^{2mh,D=6} 4 ) cut (6.9) so we deduce, using the arguments of the previous section, that the coefficient of the box is

f^{D=6}_1 = i ⟨j| /P |(j + 1)⟩^2⟨n| /P |1⟩ [1 j] ⟨j + 1 n⟩ ⟨1| /P |n⟩ [1 2] [2 3] · · · [j − 1 j] ⟨j + 1 j + 2⟩ ⟨j + 2 j + 3⟩ · · ·⟨n − 1 n⟩ P^2 , P = P_{123···j} , (6.10) which is a generalisation of the coefficient c_2 within the six point amplitude A(1^−, 2^−, 3^+, 4^−, 5^+, 6^+).

As a further example, by looking at the C_{n···j−1} cut we can deduce that the amplitude,

A^{N =1,chiral}(1^−2^− · · ·(j − 1)^−j^+(j + 1)^+ · · ·k^− · · ·(n − 1)^+n^+) , (6.11)

(where legs 1 to j − 1 and leg k have negative helicity and the remainder have positive helicity) contains boxes,

g^{D=6}_1 • •

• • j-1 n

j+1 j n-1 +g^{D=6}_2 • •

• •

j+1 j j-1 n + · · ·

The first appearance of the two-mass easy box in non-MHV amplitudes occurs at seven point amplitudes. The coefficients are

g^{D=6}_1 = − i ⟨n| /P |k⟩^2⟨n| /P |n − 1⟩ ⟨k n − 1⟩ [n − 1 j] ⟨j k⟩ [n 1] [1 2] · · · [j − 2 j − 1] ⟨j j + 1⟩ ⟨j + 1 j + 2⟩ · · ·⟨n − 2 n − 1⟩ ⟨j − 1| /P |n − 1⟩ ⟨n − 1 j⟩ P^2 g^{D=6}_2 =i ⟨n| /P |k⟩^2⟨j − 1| /P |k⟩⟨j| /P |j − 1⟩ [n j − 1] ⟨j k⟩ [n 1] [1 2] · · ·[j − 2 j − 1] ⟨j j + 1⟩ ⟨j + 1 j + 2⟩ · · · ⟨n − 2 n − 1⟩ ⟨j − 1| /P |j⟩⟨j − 1| /P |n − 1⟩P^2 (6.12) Using symmetry arguments various other box coefficients can be obtained from these expressions by relabeling.

7 Twistor Structure

It was observed by Witten [1] that the twistor space properties of amplitudes expressed in terms of the helicity states (λ_i, λ̃_i) can be investigated using particular differential operators. Specifically, if a function has non-zero support when points i, j and k are collinear in twistor space, then it is annihilated by the operator [F_{ijk}, η] = ⟨i j⟩ [ ∂ ∂λ̃_k , η ] + ⟨j k⟩ [ ∂ ∂λ̃_i , η ] + ⟨k i⟩ [ ∂ ∂λ̃_j , η ] , (7.1)

where the square brackets indicate spinor products rather than commutators. Similarly, annihilation by the operator K_{ijkl} = 1 4 [ ⟨ij⟩ϵ^{ȧḃ} ∂ ∂λ̃^ȧ_k ∂ ∂λ̃^ḃ_l − ⟨ik⟩ϵ^{ȧḃ} ∂ ∂λ̃^ȧ_j ∂ ∂λ̃^ḃ_l + ⟨il⟩ϵ^{ȧḃ} ∂ ∂λ̃^ȧ_j ∂ ∂λ̃^ḃ_k + ⟨jk⟩ϵ^{ȧḃ} ∂ ∂λ̃^ȧ_i ∂ ∂λ̃^ḃ_l + ⟨jl⟩ϵ^{ȧḃ} ∂ ∂λ̃^ȧ_k ∂ ∂λ̃^ḃ_i − ⟨kl⟩ϵ^{ȧḃ} ∂ ∂λ̃^ȧ_j ∂ ∂λ̃^ḃ_i ] , (7.2)

indicates co-planarity of points i, j, k and l in twistor space.

Here we will explore the twistor space structure of the box coefficients of the N = 1 amplitudes. At tree-level an important implication of the CSW-formalism is that the twistor space properties of amplitudes are completely determined by the number of minus legs. For this reason we organise the one-loop amplitudes according to the number of negative helicities. We have investigated the twistor space properties for all the possible 5-point box coefficients and all the 6-point box coefficients together with the n-point coefficients of the previous section. This was carried out by generating sets of on-shell kinematic points consisting of specific values of λ_i and λ̃_i and determining the action of the operators at these points.

For the six point amplitudes there are three different classes of amplitudes organised by the number of negative helicities: MHV-amplitudes, next-to-MHV amplitudes and googly MHV-amplitudes. For the n-point amplitudes we have extended certain six point amplitudes by adding extra plus legs to the MHV side of the cut and extra minus legs to the googly side. This produces the following classes of n-point configurations: (− · · · − + · · · + − + · · · +) and (− · · · − + − + · · · +).

For the MHV-amplitudes all helicity configurations for the box coefficients are holomorphic and are thus annihilated by any F_{ijk} and K_{ijkl} operator, as noted in [38]. The geometric picture of these configurations is simply a line in twistor space.

Now we consider next-to-MHV amplitudes with three minus helicities. By acting with the K_{ijkl} operators we find that the box coefficients are annihilated for any four points, K_{ijkl} [ c^F_{next to MHV} ] = 0, (7.3)

indicating a geometric picture where all points lie in a plane in twistor space.

The line structure of the box coefficients can be deduced by acting with the F_{ijk} operators. In the cuts we have used to determine these coefficients, there is a MHV tree amplitude on one side of the cut (the “mostly plus side”) and a googly MHV tree amplitude on the other (the “mostly minus side”). The box coefficients calculated from each cut will be annihilated by F_{ijk} when i, j and k are any legs lying on the mostly plus side of that cut, indicating that these legs define points in twistor space that lie on a line. Similar behaviour was found for the box coefficients in N = 4 amplitudes [11, 12].

For the q(> 3) minus configurations, the box coefficients are only annihilated by F_{ijk} operators where all three of the points lie on the MHV, mostly plus, side of the cut used to calculate them. These points will lie on a line in twistor space. Hence the box coefficients are annihilated by any K_{ijkl} operator where three or more of these points lie on the line. For generic points in twistor space, we have confirmed explicitly that only these K_{ijkl} operators annihilate the box coefficients. The geometric interpretation is thus of n−q points lying on a line with no restriction on the positions of the remaining q points. In general, if a box has a cut in the channel C_{i...j} and A^{tree}(i . . .j) is a MHV tree amplitude, then the box coefficient is supported on configurations in twistor space where points i . . .j are collinear. If there are two or more such cuts, this would imply a support of two or more lines with the remaining points unrestricted. When any pair of these cuts have a common leg, the corresponding lines intersect at the common point.

We have presented explicitly the results for the N = 1 chiral multiplet. Since the N = 1 vector multiplet is a linear combination of this and the N = 4 multiplet, the box coefficients of the N = 1 vector multiplet will also have planar support for next to MHV amplitudes.

8 Conclusions

In the twistor space realisation of gauge theory amplitudes many fascinating geometric features appear. These are of interest both formally and, possibly, practically in the determination of scattering amplitudes. One-loop amplitudes can be expressed as a sum of integral functions whose coefficients, in particular the coefficients of the box functions, contain interesting twistor space structure. For example in N = 4 gauge theory it has been shown that the box coefficients of next to MHV amplitudes have planar support in twistor space, analogous to the behaviour of the tree amplitudes. In this paper we have investigated whether similar behaviour exists for N < 4 by computing and examining the box coefficients for all six point N = 1 amplitudes and certain classes of n point N = 1 amplitudes. It would be interesting to extend this analysis to N = 0 amplitudes, although in this case, the box coefficients represent a smaller fraction of the information contained in the amplitude. We find that for next to MHV amplitudes these coefficients have planar support in twistor space, explicitly confirming that the N = 4 structure persists to N = 1.

Acknowledgments This work was supported by a PPARC rolling grant. SB would like to thank PPARC for a research studentship.

References

[1] E. Witten, Commun. Math. Phys. 252 (2004) 189 [hep-th/0312171]. [2] S.J. Parke and T.R. Taylor, Phys. Rev. Lett. 56:2459 (1986). [3] F. A. Berends and W. T. Giele, Nucl. Phys. B 306, 759 (1988).

[4] Z. Bern, L. Dixon, D.C. Dunbar and D.A. Kosower, Nucl. Phys. B 425, 217 (1994), [hep-ph/9403226] [5] Z. Bern, L. Dixon, D.C. Dunbar and D.A. Kosower, Nucl. Phys. B 435, 59 (1995), [hep-ph/9409265]; [6] Z. Bern and A. G. Morgan, Nucl. Phys. B 467 (1996) 479 [hep-ph/9511336]. [7] F. Cachazo, P. Svrček and E. Witten, JHEP 0409, 006 (2004) [hep-th/0403047]. [8] G. Georgiou and V. V. Khoze, JHEP 0405, 070 (2004) [hep-th/0404072];

L. J. Dixon, E. W. N. Glover and V. V. Khoze, hep-th/0411092; X. Su and J. B. Wu, hep-th/0409228;

J. B. Wu and C. J. Zhu, JHEP 0409 (2004) 063 [hep-th/0406146]. [9] C. J. Zhu, JHEP 0404, 032 (2004) [hep-th/0403115];

R. Roiban, M. Spradlin and A. Volovich, Phys. Rev. D 70, 026009 (2004) [hep-th/0403190]; S. Giombi, R. Ricci, D. Robles-Llana and D. Trancanelli, JHEP 0407 (2004) 059 [hep-th/0405086]; I. Bena, Z. Bern and D. A. Kosower, hep-th/0406133;

J. B. Wu and C. J. Zhu, JHEP 0409, 063 (2004) [hep-th/0406146]; JHEP 0407, 032 (2004) [hepth/0406085];

D. A. Kosower, hep-th/0406175;

G. Georgiou, E. W. N. Glover and V. V. Khoze, JHEP 0407, 048 (2004) [hep-th/0407027]. [10] A. Brandhuber, B. Spence and G. Travaglini, hep-th/0407214. [11] Z. Bern, V. Del Duca, L. J. Dixon and D. A. Kosower, hep-th/0410224. [12] R. Britto, F. Cachazo and B. Feng, hep-th/0411107.

[13] F. Cachazo, P. Svrcek and E. Witten, JHEP 0410, 077 (2004) [arXiv:hep-th/0409245]. [14] F. Cachazo, hep-th/0410077.

[15] R. Britto, F. Cachazo and B. Feng, hep-th/0410179. [16] I. Bena, Z. Bern, D. A. Kosower and R. Roiban, hep-th/0410054. [17] C. Quigley and M. Rozali, hep-th/0410278.

[18] J. Bedford, A. Brandhuber, B. Spence and G. Travaglini, hep-th/0410280. [19] S. J. Bidder, N. E. J. Bjerrum-Bohr, L. J. Dixon and D. C. Dunbar, hep-th/0410296. [20] J.E. Paton and H.M. Chan, Nucl. Phys. B10:516 (1969) [21] F.A. Berends and W.T. Giele, Nucl. Phys. B 294, 1987 (700);

M. Mangano, S. Parke, and Z. Xu, Nucl. Phys. B 298, 1988 (653); M. Mangano, Nucl. Phys. B 309, 1988 (461) [22] M. Mangano and S.J. Parke, Phys. Rep. 200:301 (1991) [23] M.T. Grisaru, H.N. Pendleton and P. van Nieuwenhuizen, Phys. Rev. D 15, 1977 (996);

M.T. Grisaru and H.N. Pendleton, Nucl. Phys. B 124, 1977 (81); S.J. Parke and T. Taylor, Phys. Lett. B 157, 1985 (81).

[24] Z. Xu, D.-H. Zhang and L. Chang, Nucl. Phys. B 291, 1987 (392) [25] V. P. Nair, Phys. Lett. B 214 (1988) 215.

[26] Z. Bern and D.A. Kosower, Nucl. Phys. B 362, 1991 (389)

[27] W. Siegel, Phys. Lett. B 84, 1979 (193)

D.M. Capper, D.R.T. Jones and P. van Nieuwenhuizen, Nucl. Phys. B 167, 1980 (479) L.V. Avdeev and A.A. Vladimirov, Nucl. Phys. B 219, 1983 (262) .

[28] Z. Bern and D.A. Kosower, Phys. Rev. Lett. 66:1669 (1991); Nucl. Phys. B 379, 1992 (451);

Z. Bern, Phys. Lett. B 296, 1992 (85);

Z. Bern, D.C. Dunbar and T. Shimada, Phys. Lett. B 312, 1993 (277); Z. Bern and D.C. Dunbar, Phys. Lett. B 379, 1992 (562).

[29] Z. Kunszt, A. Signer and Z. Trocsanyi, Nucl. Phys. B 411, 1994 (397) . [30] G. Passarino and M. Veltman Nucl. Phys. B 160, 1979 (151).

[31] Z. Kunszt, A. Signer and Z. Trocsanyi, Nucl. Phys. B 420 (1994) 550 [hep-ph/9401294]. [32] Z. Bern, L. Dixon and D.A. Kosower, Nucl. Phys. B 412, 1994 (751) [hep-ph/9306240]. [33] Z. Bern, L. J. Dixon and D. A. Kosower, JHEP 0408 (2004) 012 [hep-ph/0404293]. [34] Z. Bern, L. Dixon, D.C. Dunbar and D.A. Kosower, Phys. Lett. B 394, 105 (1997) [hep-th/9611127]. [35] Z. Bern, J.S. Rozowsky and B. Yan, Phys. Lett. B401:273 (1997) [hep-ph/9702424]. [36] Z. Bern, L. Dixon, D.C. Dunbar, M. Perelstein and J.S. Rozowsky, Nucl. Phys. B 530, 401 (1998) [hepth/9802162] Class. and Quant. Grav. 17, 979 (2000) [hep-th/9911194]; Z. Bern, L. Dixon, D. C. Dunbar, A. K. Grant, M. Perelstein and J. S. Rozowsky, Nucl. Phys. Proc. Suppl. 88 (2000) 194 [hep-th/0002078] [37] D.C. Dunbar and P.S. Norridge, Nucl. Phys. B 433, 181 (1995) [hep-th/9408014]

Z. Bern, L. J. Dixon, M. Perelstein and J. S. Rozowsky, Nucl. Phys. B 546 (1999) 423 [hep-th/9811140] D.C. Dunbar, B. Julia, D. Seminara and M. Trigiante, JHEP 0001:046 (2000) [hep-th/9911158] D. C. Dunbar and N. W. P. Turner, Class. Quant. Grav. 20, 2293 (2003) [hep-th/0212160].

[38] F. Cachazo, P. Svrček and E. Witten, hep-th/0406177.