arXiv:hep-th/0412042 v1 6 Dec 2004

hep-th/0412042 ITP–UH–27/04

On Explicit Point Multi-Monopoles in SU(2) Gauge Theory

Alexander D. Popov^∗

Institut für Theoretische Physik Universität Hannover Appelstraße 2, 30167 Hannover, Germany

Email: popov@itp.uni-hannover.de

Abstract

It is well known that the Dirac monopole solution with the U(1) gauge group embedded into the group SU(2) is equivalent to the SU(2) Wu-Yang point monopole solution having no Dirac string singularity. We consider a multi-center configuration of m Dirac monopoles and n antimonopoles and its embedding into SU(2) gauge theory. Using geometric methods, we construct an explicit solution of the SU(2) Yang-Mills equations which generalizes the Wu-Yang solution to the case of m monopoles and n anti-monopoles located at arbitrary points in R^3.

∗ On leave from Bogoliubov Laboratory of Theoretical Physics, JINR, Dubna, Russia

1 Introduction Abelian magnetic monopoles play a key role in the dual superconductor mechanism of confinement [1] which has been confirmed by many numerical simulations of the lattice gluodynamics (see e.g. [2, 3] and references therein). Due to a dominant role of abelian monopoles in the confinement phenomena, it is important to understand better how do they arise in nonabelian pure gauge theories.

A spherically-symmetric monopole solution of the SU(2) pure gauge field equations was obtained by Wu and Yang in 1969 [4]. This solution is singular at the origin and smooth on R^3−{0}. Initially it was thought that it is genuinely nonabelian, yet later it was shown [5] that this solution is nothing but the abelian Dirac monopole [6] in disguise. Note that the gauge potential of the finite-energy spherically symmetric ’t Hooft-Polyakov monopole [7] approaches just the Wu-Yang gauge potential for large r^2 = x^ax^a.

In this note, we generalize the Wu-Yang solution to a configuration describing m monopoles and n anti-monopoles with arbitrary locations in R^3. This explicit solution to the Yang-Mills equations can also be used as a guide to the asymptotic r → ∞ behaviour of unknown finite-energy solutions in Yang-Mills-Higgs theory, whose form for small r is determined by multiplying the solution by arbitrary functions and minimizing the energy functional, as was proposed in [8].

2 Generic U(1) configurations We consider the configuration of m Dirac monopoles and n anti-monopoles located at points ⃗a_i = {a^1_i , a^2_i , a^3_i } with i = 1, . . ., m and i = m + 1, . . ., m + n, respectively. There are delta-function sources for the magnetic field at these points.

Let us introduce the following two regions in R^3:

R^3_{N,m+n} := R^3 − {_{m+n} ⋃ i=1 (x^1 = a^1_i , x^2 = a^2_i , x^3 ≤ a^3_i ) } ,

R^3_{S,m+n} := R^3 − {_{m+n} ⋃ i=1 (x^1 = a^1_i , x^2 = a^2_i , x^3 ≥ a^3_i ) } . (1)

For simplicity we restrict ourselves to the generic case

a^{1,2}_i ≠ a^{1,2}_j for i ≠ j , (2)

when R^3_{N,m+n} ∪ R^3_{S,m+n} = R^3 − {⃗a_1, . . .,⃗a_{m+n}} , (3) and the two open sets are enough for describing the above (m, n)-configuration. Namely, the generic configuration of m Dirac monopoles and n anti-monopoles is described by the gauge potentials A^{N,m+n} = m∑ j=1 A^{N,j} + m+n∑ j=m+1 Ā^{N,j} and A^{S,m+n} = m∑ j=1 A^{S,j} + m+n∑ j=m+1 Ā^{S,j} , (4)

where A^{N,m+n} and A^{S,m+n} are well defined on R^3_{N,m+n} and R^3_{S,m+n}, respectively. Here

A^{N,j} = A^{N,j}_a dx^a with A^{N,j}_1 = ix^2_j 2r_j(r_j + x^3_j ) , A^{N,j}_2 = − ix^1_j 2r_j(r_j + x^3_j )

, A^{N,j}_3 = 0 , (5)

A^{S,j} = A^{S,j}_a dx^a with A^{S,j}_1 = − ix^2_j 2r_j (r_j − x^3_j ) , A^{S,j}_2 = ix^1_j 2r_j(r_j − x^3_j )

, A^{S,j}_3 = 0 , (6)

where x^c_j = x^c − a^c_j , r^2_j = δ_{ab}x^a_j x^b_j , a, b, c = 1, 2, 3 , (7)

and Ā^{N,j} = −A^{N,j} , Ā^{S,j} = −A^{S,j} . On the intersection R^3_{N,m+n} ∩ R^3_{S,m+n} we have

A^{N,m+n} = A^{S,m+n} + d ln m∏ i=1 ( ȳ_i y_i ) 1_{2 m+n}∏ j=m+1 ( y_j ȳ_j ) 1_2 , (8)

where y_j = x^1_j + ix^2_j and bar denotes a complex conjugation.

Remark. Note that in the case when a^{1,2}_i = a^{1,2}_j for some i ≠ j, one has to introduce more than two open sets covering the space R^3 − {⃗a_1, . . .,⃗a_{m+n}} and define gauge potentials on each of these sets as well as transition functions on their intersections. However, for the case ⃗a_1 = . . . = ⃗a_{m+n} = ⃗a the two sets (1) are again enough to cover R^3 − {⃗a} and the gauge potential (4)-(6) will describe m − n monopoles (if m > n) or n − m anti-monopoles (if m < n) sitting on top of each other.

One can simplify expressions (4)-(8) by introducing functions of coordinates

w_j := y_j r_j − x^3_j

= ei^{φj} cot ϑ_j 2 and v_j := 1 w_j = ȳ_j r_j + x^3_j

= e^−i^{φj} tan ϑ_j 2 , (9)

where x^1_j = r_j sin ϑ_j cos φ_j , x^2_j = r_j sin ϑ_j sin φ_j and x^3_j = r_j cos ϑ_j . (10)

Note that w_i → ∞ for x^{1,2} → a^{1,2}_i , x^3 ≥ a^3_i , and v_i → ∞ for x^{1,2} → a^{1,2}_i , x^3 ≤ a^3_i . In terms of w_j and v_j the gauge potentials (4)-(6) have the form A^{N,m+n} = m∑ i=1 1 2(1 + v_iv̄_i)

(v̄_idv_i − v_idv̄_i) + m+n∑ i=m+1 1 2(1 + v_iv̄_i)

(v_idv̄_i − v̄_idv_i) , (11)

A^{S,m+n} = m∑ i=1 1 2(1 + w_iw̄_i)

(w̄_idw_i − w_idw̄_i) + m+n∑ i=m+1 1 2(1 + w_iw̄_i)

(w_idw̄_i − w̄_idw_i) . (12)

On the intersection R^3_{N,m+n} ∩ R^3_{S,m+n} of two domains (1) these configurations are related by the transformation A^{N,m+n} = A^{S,m+n} + d ln m∏ i=1 ( w̄_i w_i )^1_{2 m+n}∏ j=m+1 ( w_j w̄_j )^1_2 , (13) since ȳ_i/y_i = w̄_i/w_i. Note that the transition function in (13) can also be written in terms of v_i by using the relation v_i/v̄_i = w̄_i/w_i.

For the abelian curvature F^{D,m+n} we have F^{D,m+n} = d A^{N,m+n} = − m∑ i=1 dv_i ∧ dv̄_i (1 + v_iv̄_i)^2 + m+n∑ i=m+1 dv_i ∧ dv̄_i (1 + v_iv̄_i)^2 =

= − m∑ i=1 dw_i ∧ dw̄_i (1 + w_iw̄_i)^2 + m+n∑ i=m+1 dw_i ∧ dw̄_i (1 + w_iw̄_i)^2

= d A^{S,m+n} . (14)

It is not difficult to see that F^{D,m+n} is singular only at points {⃗a_1, . . .,⃗a_{m+n}}, where monopoles and anti-monopoles are located.

3 Point SU(2) configurations The generalization of the Wu-Yang SU(2) monopole [4] to a configuration describing m monopoles and n anti-monopoles can be obtained as follows. Let us multiply equation (13) by the Pauli matrix σ_3 and rewrite it as A^{N,m+n}σ_3 = f^{(m,n)}_{N S} A^{S,m+n}σ_3 ( f^{(m,n)} N S )_{−1} + f^{(m,n)}_{N S} d ( f^{(m,n)} N S )_{−1} , (15)

where f^{(m,n)} N S = m∏ i=1 (_{wi} w̄_i ) 1_{2 m+n}∏ j=m+1 (_{w̄j} w_j ) 1_2 0 0^m ∏ i=1 (_{w̄i} w_i ) 1_{2 m+n}∏ j=m+1 (_{wj} w̄_j ) 1_2

. (16)

It can be checked by direct calculation that the transition matrix (16) can be splitted as f^{(m,n)} N S = (g^{(m,n)}_N )^{−1}g^{(m,n)}_S , (17)

where the 2 × 2 unitary matrices

g^{(m,n)} N = 1 ( 1 +^{m+n} ∏ i=1 v_iv̄_i ) 1_2 m∏ j=1 v_j^{m+n} ∏ k=m+1 v̄_k 1 −1^m ∏ j=1 v̄_j^{m+n} ∏ k=m+1 v_k (18)

and g^{(m,n)} S = 1 ( 1 +^{m+n} ∏ i=1 w_iw̄_i ) 1_2

1^m ∏ j=1 w̄_j^{m+n} ∏ k=m+1 w_k −^m ∏ j=1 w_j^{m+n} ∏ k=m+1 w̄_k 1

(19)

are well defined on R^3_{N,m+n} and R^3_{S,m+n}, respectively. Using formulae (9) and (10), one can rewrite these matrices in the coordinates x^a_i with explicit dependence on moduli ⃗a_i for i = 1, . . ., m + n.

Substituting (17) into (15), we obtain A^{N,m+n}g^{(m,n)}_N σ_3 ( g^{(m,n)} N )_† +g^{(m,n)}_N d ( g^{(m,n)} N )_† =A^{S,m+n}g^{(m,n)}_S σ_3 ( g^{(m,n)} S )_† +g^{(m,n)}_S d ( g^{(m,n)} S )_† =:A^{(m,n)}_{su(2)} , (20) where by construction A^{(m,n)}_{su(2)} is well defined on R^3_{N,m+n} ∪ R^3_{S,m+n} = R^3 − {⃗a_1, . . .,⃗a_{m+n}}. Geometrically, the existence of splitting (17) means that Dirac’s nontrivial U(1) bundle over R^3 − {⃗a_1, . . .,⃗a_{m+n}} trivializes when being embedded into an SU(2) bundle. The matrices (18) and (19) define this trivialization since f^{(m,n)}_{N S} → f̃^{(m,n)}_{N S} = g^{(m,n)}_N f^{(m,n)}_{N S} ( g^{(m,n)} S )_{−1} = 1_2.

Remark. Recall that we consider generic configurations with the conditions (2). In the case of a^{1,2}_i coinciding for some i ≠ j, one has R^3_{N,m+n} ∪ R^3_{S,m+n} ≠ R^3 − {⃗a_1, . . .,⃗a_{m+n}} and the gauge potential (20) can have singularities outside R^3_{N,m+n} ∪ R^3_{S,m+n}. For example, in the case m = 2, n = 0, a^{1,2}_1 = a^{1,2}_2 = 0 and a^3_1 = −a^3_2 = a, the gauge potential describing two separated monopoles will be singular on the interval −a ≤ x^3 ≤ a. To have nonsingular A^{(2,0)}_{su(2)} one should consider a^{1,2}_1 ≠ a^{1,2}_2 or to use three open sets covering R^3 − {⃗a_1,⃗a_2} instead of two ones.

The field strength for the configuration (20) is given by F^{(m,n)} su(2) = dA (m,n) su(2) + A (m,n) su(2) ∧ A (m,n) su(2) = iF D,m+n Q (m,n) , (21) where the su(2)-valued matrix

Q_{(m,n)} := −ig^{(m,n)}_N σ_3(g^{(m,n)}_N )^† = −ig^{(m,n)}_S σ_3(g^{(m,n)}_S )^† (22)

is well defined on R^3_{N,m+n} ∪ R^3_{S,m+n}. It is easy to see that Q^2_{(m,n)} = −1 and Q_{(m,n)} may be considered as the generator of the group U(1) embedded into SU(2). Then the abelian nature of the configuration (20)-(21) becomes obvious. Furthermore, for

A^{(m,n)}_{su(2)} = A^{(m,n)}_a dx^a and F^{(m,n)}_{su(2)} = 1 2 F^{(m,n)} ab dx^a ∧ dx^b (23)

one can easily show that

∂_aF^{(m,n)}_{ab} + [A^{(m,n)}_a , F^{(m,n)}_{ab} ] = i ( ∂_aF^{D,m+n} ab ) Q_{(m,n)} (24)

and therefore on the space R^3 − {⃗a_1, . . .,⃗a_{m+n}} we have

∂_aF^{(m,n)}_{ab} + [A^{(m,n)}_a , F^{(m,n)}_{ab} ] = 0 , (25)

which follows from the field equations describing m Dirac monopoles and n anti-monopoles. Note that the solution (20)-(23) of the SU(2) gauge theory can be embedded in any larger gauge theory following e.g. [9].

4 Point monopoles via Riemann-Hilbert problems Here we want to rederive the described configurations by solving a matrix Riemann-Hilbert problem. For simplicity, we restrict ourselves to the case of m monopoles.

Let us consider the Bogomolny equations [10] F_{ab} = ϵ_{abc} D_cχ , (26) where D_c = ∂_c + [A_c, · ] and the fields A_a, F_{ab} = ∂_aA_b − ∂_bA_a + [A_a, A_b] and χ take values in the Lie algebra u(q). Obviously, in the abelian case D_cχ = ∂_cχ. Note that for the gauge fields F^{D,m} given by (14) we have

F^{D,m}_{ab} = ϵ_{abc} ∂_cϕ^{(m)} with ϕ^{(m)} = m∑ k=1 i 2r_k . (27)

Analogously, for the field F^{(m)}_{ab} from (23) we have

F^{(m)}_{ab} = ϵ_{abc} D_cΦ^{(m)} with Φ^{(m)} = i ϕ^{(m)}Q_{(m)} , (28) where ϕ^{(m)} is given in (27) and Q_{(m)} in (22). Thus, both U(1) and SU(2) multi-monopoles as well as (m, n)-configurations (11)-(14) and (20)-(22) can be considered as solutions of the Bogomolny equations (26). In fact, the second order pure Yang-Mills equations for F^{D,m}_{ab} and F^{(m)}_{ab} can be obtained by differentiating (27) and (28), respectively. Moreover, in pure SU(2) Yang-Mills theory in (3+1)-dimensional Minkowski space-time, one can choose the component A_0 of the gauge potential A=A_0dt+A_adx^a to be nonzero and proportional to Φ^{(m)} (the abelian case is similar). Then the configuration {A^{(m)}_0 , A^{(m)}_a } will be a static multi-dyon solution of the Yang-Mills equations.

Recall that the Bogomolny equations (26) can be obtained as the compatibility conditions of the linear system [ D_ȳ − λ 2 (D_3 + iχ) ] ψ = 0 and [1 2 (D_3 − iχ) + λD_y ] ψ = 0 , (29)

where D_ȳ =^1_2 (D_1 + iD_2), D_y =^1_2 (D_1 − iD_2) and the auxiliary q × q matrix ψ(x^a, λ) depends holomorphically on a new variable λ ∈ U ⊂ C P^1 . Such matrices ψ can be found via solving a parametric Riemann-Hilbert problem which is formulated in the monopole case as follows [11]. Suppose we are given a q × q matrix f_{+−} depending holomorphically on

η = y − 2λx^3 − λ^2ȳ (30)

and λ for λ ∈ U_+ ∩ U_−, where U_+ = C P^1 − {∞} and U_− = C P^1 − {0}. Then for each fixed (x^a) ∈ R^3 and λ ∈ S^1 ⊂ U_+ ∩ U_− one should factorize this matrix-valued function,

f_{+−}(x, λ) = ψ^{−1}_+ (x, λ)ψ_−(x, λ) , (31)

in such a way that ψ_+ and ψ_− extend holomorphically in λ onto subsets of U_+ and U_−, respectively. In order to insure that A^†_a = −A_a and χ^† = −χ in (29) with ψ = ψ_± one should also impose the (reality) conditions

f^†_{+−}(x, −λ̄^{−1}) = f_{+−}(x, λ) and ψ^†_+(x, −λ̄^{−1}) = ψ^{−1}_− (x, λ) . (32)

After finding such ψ_± for an educated guess of f_{+−}, one can get A_a and χ from the linear system (29) with the matrix function ψ_+ or ψ_− instead of ψ. Namely, from (29) we get

A_ȳ :=^1_2 (A_1 + iA_2) = ψ_+∂_ȳψ^{−1}_+ |_{λ=0} , A_3 − iχ = ψ_+∂_3ψ^{−1}_+ |_{λ=0} , (33)

A_y :=^1_2 (A_1 − iA_2) = ψ_−∂_y ψ^{−1}_− |_{λ=∞} , A_3 + iχ = ψ_−∂_3ψ^{−1}_− |_{λ=∞} . (34)

For more details see [11, 12] and references therein.

The construction of U(1) multi-monopole solutions via solving the Riemann-Hilbert problem for the function f^{D,m}_{+−} = λ^m ∏_m k=1 η_k =: ρ_m with η_k = η − h(a^1_k, a^2_k, a^3_k, λ) = (1−λ^2)x^1_k + i(1+λ^2)x^2_k − 2λx^3_k (35)

was discussed in [12] and here we describe only the SU(2) case. The ansatz for f^{(m)}_{+−} which satifies (32) only for odd m was written down in the appendix C of [12]. Here we introduce the ansatz

f^{(m)}_{+−} = ( ρ_m λ^{−m} (−1)^mλ^m ρ^{−1}_m + (−1)^mρ^{−1}_m ) (36) satisfying the reality condition (32) for any m. It is not difficult to see that

f^{(m)}_{+−} = ( 1 0 (−1)^mλ^mρ^{−1}_m 1 ) ( f^{D,m}_{+−} 0 0 (f^{D,m}_{+−} )^{−1} ) ( 1 λ^{−m}ρ^{−1}_m 0 1 ) ∼ ( f^{D,m}_{+−} 0 0 (f^{D,m}_{+−} )^{−1} ) , (37)

where the diagonal matrix in (37) describes the Dirac line bundle L (the U(1) gauge group) embedded into the rank 2 complex vector bundle (the SU(2) gauge group) as L ⊕ L^{−1}. This gives another proof of the equivalence of U(1) and SU(2) point monopole configurations (see [12] for more details). Furthermore, the matrix (36) can be splitted as follows:

f^{(m)}_{+−} = ( ψ^{(m)}_+ )_{−1} ψ^{(m)}_− , (38)

where ψ^{(m)}_+ = ψ̂^{(m)}_+ ( 1 0 (−1)^{m+1}λ^mρ^{−1}_m 1 ) , ψ^{(m)}_− = ψ̂^{(m)}_− ( 1 −λ^{−m}ρ^{−1}_m 0 1 ) , (39)

ψ̂^{(m)}_+ = g^{(m)}_S ( ψ^{S,m}_+ 0

0 (ψ^{S,m}_+ )^{−1} ) , ψ̂^{(m)}_− = g^{(m)}_N ( ψ^{N,m}_− 0 0 (ψ^{N,m}_− )^{−1} ) , (40)

ψ^{S,m}_+ = m∏ i=1 ψ^S_+(x^a_i , λ) , ψ^S_+(x^a_i , λ) = ξ_+(x^a_i ) − λξ^{−1}_+ (x^a_i )ȳ_i , ξ_+(x^a_i ) = (r_i − x^3_i )^12 , (41)

ψ^{N,m}_− = m∏ i=1 ψ^N_− (x^a_i , λ) , ( ψ^N_− (x^a_i , λ) )_{−1} = ξ_−(x^a_i )ȳ_i + λ^{−1}ξ^{−1}_− (x^a_i ) , ξ_−(x^a_i ) = (r_i + x^3_i )^{− 1}2 . (42)

The explicit form of g^{(m)}_N and g^{(m)}_S is given in (18) and (19). Note that both ψ^{(m)}_± and ψ̂^{(m)}_± satisfy the reality conditions (32).

Formulae (38)-(42) solve the parametric Riemann-Hilbert problem for our f^{(m)}_{+−} restricted to a

contour on C P^1 which avoids all zeros of the function^m ∏ k=1 η_k. Substituting (39)-(42) into formulae

(33)-(34), we get

A^{(m)}_ȳ = ĝ^{(m)}_S ∂_ȳ ( ĝ^{(m)}_S )_{−1} , A^{(m)}_y = ĝ^{(m)}_N ∂_y ( ĝ^{(m)}_N )_{−1} , A^{(m)}_3 = g^{(m)}_S ∂_3 ( g^{(m)}_S )_† = g^{(m)}_N ∂_3 ( g^{(m)}_N )_† , (43)

χ^{(m)} = i 2 ( ĝ^{(m)}_S ∂_3 ( ĝ^{(m)}_S )_{−1} −ĝ^{(m)}_N ∂_3 ( ĝ^{(m)}_N )_{−1}) , (44)

where

ĝ^{(m)}_S =g^{(m)}_S ( ξ_+ 0 0 ξ^{−1}_+ ) with g^{(m)}_S =^1 ( m_∏ i=1 (r_i−x^3_i )^2+^m ∏ i=1 y_iȳ_i ) 1_2 m∏ j=1 (r_j −x^3_j )^m ∏ j=1 ȳ_j −^m ∏ j=1 y_j^m ∏ j=1 (r_j−x^3_j ) , (45)

ĝ^{(m)}_N =g^{(m)}_N ( ξ^{−1}_− 0 0 ξ_− ) with g^{(m)}_N =^1 ( m_∏ i=1 (r_i+x^3_i )^2+^m ∏ i=1 y_iȳ_i ) 1_2 m∏ j=1 ȳ_j^m ∏ j=1 (r_j+x^3_j ) −^m ∏ j=1 (r_j+x^3_j )^m ∏ j=1 y_j (46) and ξ_+ = m∏ k=1 ξ_+(x^a_k) = m∏ k=1 (r_k−x^3_k)^12 , ξ_− = m∏ k=1 ξ_−(x^a_k) = m∏ k=1 (r_k+x^3_k )^{− 1}2 . (47)

It is not difficult to see that the configuration (43) coincides with (20) and χ^{(m)} from (44) with Φ^{(m)} from (28). Thus, we have derived SU(2) multi-monopole point-like solutions via a parametric Riemann-Hilbert problem.

Acknowledgements I thank O. Lechtenfeld and H. Müller-Ebhardt for useful comments. This work was supported by the Deutsche Forschungsgemeinschaft (DFG).

References [1] G. ’t Hooft, E.P.S. Int. Conf. on High Energy Physics, Palermo, Italy, 23-28 June, 1975, Ed.

A.Zichichi (Editrice Compositori, Bologna, 1976); “Confinement at large N_c,” hep-th/0408183; S. Mandelstam, Phys.Lett. B 53 (1975) 476; Phys.Rept. 23 (1976) 245;

[2] A. Di Giacomo, Prog.Theor.Phys.Suppl. 131 (1998) 161 [hep-lat/9802008];

M. N. Chernodub, F. V. Gubarev, M. I. Polikarpov and A. I. Veselov, Prog.Theor.Phys.Suppl. 131 (1998) 309 [hep-lat/9802036]; G. S. Bali, “The mechanism of quark confinement,” hepph/9809351; R. W. Haymaker, Phys.Rept. 315 (1999) 153 [hep-lat/9809094].

[3] M. N. Chernodub, F. V. Gubarev, M. I. Polikarpov and V. I. Zakharov, Nucl.Phys.B 592 (2001) 107 [hep-th/0003138]; “Monopoles and confining strings in QCD,”hep-lat/0103033; F. V. Gubarev and V. I. Zakharov, “Gauge invariant monopoles in SU(2) gluodynamics,” heplat/0204017; A. Di Giacomo, “Independence on the Abelian projection of monopole condensation in QCD,” hep-lat/0206018; “Confinement of color: Recent progress,” hep-lat/0310021.

[4] T. T. Wu and C. N. Yang, in: “Properties of matter under unusual conditions”, eds. H.Mark and S.Fernbach (Wiley, New York, 1969) p.349.

[5] T. T. Wu and C. N. Yang, Phys. Rev. D 12 (1975) 3843. [6] P. A. M. Dirac, Proc. Roy. Soc. Lond. A 133 (1931) 60.

[7] G. ’t Hooft, Nucl. Phys. B 79 (1974) 276; A. M. Polyakov, JETP Lett. 20 (1974) 194. [8] J. Arafune, P. G. O. Freund and C. J. Goebel, J. Math. Phys. 16 (1975) 433;

E. Corrigan, D. I. Olive, D. B. Fairlie and J. Nuyts, Nucl. Phys. B 106 (1976) 475. [9] P. Goddard, J. Nuyts and D. I. Olive, Nucl. Phys. B 125 (1977) 1;

F. A. Bais, Phys. Rev. D 18 (1978) 1206;

E. J. Weinberg, Nucl. Phys. B 167 (1980) 500; Nucl. Phys. B 203 (1982) 445. [10] E. B. Bogomolny, Sov. J. Nucl. Phys. 24 (1976) 449.

[11] R. S. Ward, Commun. Math. Phys. 79 (1981) 317; Commun. Math. Phys. 80 (1981) 563;

P. Forgács, Z. Horváth and L. Palla, Nucl. Phys. B 229 (1983) 77. [12] O. Lechtenfeld and A. D. Popov, JHEP 0401 (2004) 069 [hep-th/0306263].