arXiv:hep-th/0412045 v3 9 Feb 2005

hep-th/0412045

K-Chameleon and the Coincidence Problem

Hao Wei^∗ Institute of Theoretical Physics, Chinese Academy of Sciences, P.O. Box 2735, Beijing 100080, China Graduate School of the Chinese Academy of Sciences, Beijing 100039, China

Rong-Gen Cai^† Institute of Theoretical Physics, Chinese Academy of Sciences, P.O. Box 2735, Beijing 100080, China CASPER, Department of Physics, Baylor University, Waco, TX76798-7316, USA

Abstract In this paper we present a hybrid model of k-essence and chameleon, named as k-chameleon. In this model, due to the chameleon mechanism, the directly strong coupling between the k-chameleon field and matters (cold dark matters and baryons) is allowed. In the radiation dominated epoch, the interaction between the k-chameleon field and background matters can be neglected, the behavior of the k-chameleon therefore is the same as that of the ordinary k-essence. After the onset of matter domination, the strong coupling between the k-chameleon and matters dramatically changes the result of the ordinary k-essence. We find that during the matter-dominated epoch, only two kinds of attractors may exist: one is the familiar K attractor and the other is a completely new, dubbed C attractor. Once the universe is attracted into the C attractor, the fraction energy densities of the k-chameleon Ωϕ and dust matter Ωm are fixed and comparable, and the universe will undergo a power-law accelerated expansion. One can adjust the model so that the K attractor do not appear. Thus, the k-chameleon model provides a natural solution to the cosmological coincidence problem.

PACS numbers: 98.80.-k, 98.80.Cq, 04.80.Cc

∗ Email address: haowei@itp.ac.cn † Email address: cairg@itp.ac.cn

I. INTRODUCTION

There are now a lot of cosmological observations, such as SNe Ia [1, 2, 3], WMAP [4], SDSS [5] etc.. All suggest that the universe is spatially flat, and consists of approximately 70% dark energy with negative pressure, 30% dust matter (cold dark matter plus baryon), and negligible radiation, and that the universe is undergoing an accelerated expansion. To understand the nature of the dark energy remains as one of biggest challenges to theorists and cosmologists [6]. The simplest candidate of the dark energy is a tiny positive cosmological constant. However, it is difficult to understand why the cosmological constant is about 120 orders of magnitude smaller than its natural expectation, namely the Planck energy density. This is the so-called cosmological constant problem. Another puzzle of the dark energy is the cosmological coincidence problem, i.e. why are the dark energy density and the dust matter energy density comparable now? and why does the universe begin the accelerated expansion just only near recent?

In order to have an interpretation to the accelerated expansion of the universe, many alternatives to the cosmological constant have been proposed. One of interesting scenarios is the so-called quintessence model [7]. The quintessence is a slowly varying scalar field with a canonical kinetic energy term. With the evolution of the universe, the scalar field slowly rolls down its potential. A class of tracker solutions of quintessence [8, 9] is found in order to solve the cosmological coincidence problem. As is shown, however, the quintessence model still needs some fine-tuning in order for the quintessence component to overtake the matter density at the present epoch (for example, see Refs. [9, 12]). Motivated by the k-inflation [10], in which a scalar field with non-canonical kinetic energy terms acts as the inflaton, the so-called kessence [11, 12, 13, 14] is introduced to the coincidence problem. In this well-known model, by the help of non-linear kinetic energy terms, a dynamical solution to the cosmological coincidence problem without fine-tuning is possible [11, 12]. In fact, k-essence is based on the idea of a dynamical attractor solution which makes it act as a cosmological constant only at the onset of matter domination. Consequently, k-essence overtakes the matter energy density and makes the universe start with accelerated expansion just near recently. It is worth noting that to achieve a later-time acceleration attractor, one needs to design the Lagrangian of the model so that r^2(y_d) > 1 in order to avoid the dust attractor [12]. After all, the quintessence and k-essence fields are very light scalar fields. Such light fields may mediate a long-range force, and therefore are subject to tight constraints from the searches of the fifth force [15] and the tests of the equivalence principle (EP) [16].

On the other hand, the coupling between scalar field and matters has been studied for some years (for example, see Refs. [17, 18, 19, 25, 26, 27, 28]). Recently, a novel scenario named chameleon [20, 21, 22, 23, 24] has been proposed (see also [29]). In this scenario, the scalar field can be directly coupled to matters (cold dark matters or baryons) with gravitational strength, in harmony with general expects from string theory, while this strong coupling can escape from the local tests of EP violations and fifth force searches. The basic idea of the chameleon scenario is that the scalar field acquires a mass which depends on the ambient matter density (so the name chameleon). While nearly massless in the cosmos where the matter density is tiny, the chameleon mass is of order of an inverse millimeter on the earth where the matter density is high, which is sufficient to evade the tightest constraints from the tests of EP violations and fifth force searches.

It is interesting to wonder what will happen when the k-essence is strongly coupled to matters through the chameleon mechanism. May the virtues of k-essence and chameleon join together and the shortcomings be avoided? The answer is yes. In this paper, we will combine the k-essence with chameleon and present a so-called k-chameleon model, which of course is a hybrid of the k-essence and chameleon. Through the chameleon mechanism, the directly strong coupling between k-chameleon and matters (cold dark matters and baryons) is allowed. We study the cosmological evolution of k-chameleon and find that the k-chameleon model can provide a natural solution to the cosmological coincidence problem.

In the k-chameleon model, during the radiation dominated epoch, the interaction between the kchameleon field and ambient matters can be negligible. Therefore the behavior of the k-chameleon is the completely same as that of the ordinary k-essence without the interaction between the scalar field and background matters. As a result, three kinds of attractors, namely R, K, S (following the notations of the k-essence model [11, 12]) may exist. The radiation tracker, i.e. the R attractor, has the largest basin of attraction on the whole phase plane so that most initial conditions join onto it and then makes this scenario became insensitive to initial conditions. However, after the onset of matter domination, the strong coupling between k-chameleon and matters dramatically changes the result for the ordinary k-essence. In the matter-dominated epoch, the D and S attractors (which may exist in the ordinary k-essence model) are physically forbidden due to the strong coupling between k-chameleon and matters. Note that unlike the ordinary k-essence model, the disappearance of D and S attractors naturally occurs in the k-chameleon model, need not any artificial design of the Lagrangian. Actually, during the matter dominated epoch, only two kinds of attractors may exist: one is the familiar K attractor and the other is a completely new one named as C attractor. The new attractor C has some desirable features which may provide a promising solution to the cosmological coincidence problem.

Once the universe is attracted into the C attractor, the fraction energy densities of the k-chameleon Ω_ϕ and the matters Ω_m are fixed and they are comparable. Further, many parameters, such as the parameter of equation-of-state of the k-chameleon field w_ϕ and its kinetic energy term X, are also fixed. And the universe will undergo a power-law accelerated expansion forever. In this sense the k-chameleon model gives a natural solution to the cosmological coincidence problem. On the other hand, note that if the kinetic energy term X of the k-chameleon is fixed at a somewhat small value (equivalently y ≡ 1/ √ X is large), the k-chameleon can be treated as a canonical chameleon approximately. Therefore, we cannot detect it from the tests of EP violation and fifth force searches on the earth and in the solar system today, although it is strongly coupled to background matters.

This paper is organized as follows: In Sec. II, a brief review of the chameleon mechanism is given. In Sec. III, we present our k-chameleon model and illustrate how the directly strong coupling between k-chameleon and matters (cold dark matters and baryons) is allowed while it cannot be detected from the tests of EP violation and fifth force searches on the earth and in the solar system. In Sec. IV, the cosmological evolution of k-chameleon is studied and the result shows that the k-chameleon model may provide a promising solution to the cosmological coincidence problem. A brief conclusion will be given in Sec. V.

We use the units h̄ = c = 1 throughout this paper. M_{pl} ≡ (8πG)^{−1/2} is the reduced Planck mass. We adopt the metric convention as (+−− −).

II. A BRIEF REVIEW OF THE CHAMELEON MECHANISM

Following Refs. [20, 21, 22], consider a canonical chameleon scalar field ϕ governed by the action S = ∫ d^4x √ −g [ − M^2_{pl} 2 R + 1 2 g^{μν} ∂_μϕ∂_νϕ − V (ϕ) ] + ∫ d^4xL_m(ψ^{(i)}_m , g^{(i)}_{μν} ), (1)

where g is the determinant of the metric g_{μν} , R is the Ricci scalar and ψ^{(i)}m are various matter fields labeled by i. In the chameleon mechanism, the scalar field ϕ is supposed to directly interact with matters through a conformal coupling. In other words, each matter field ψ^{(i)}_m couples to a metric g^{(i)}_{μν} which is related to the Einstein-frame metric g_{μν} by the rescaling g^{(i)}_{μν} = e^{2βiϕ/Mpl} g_{μν} , (2) where β_i are dimensionless constants. Moreover, the different ψ^{(i)}_m fields are assumed not to interact with each other for simplicity. From the action Eq. (1), the equation of motion for ϕ is ∇^2ϕ = −V_{,ϕ} − ∑ i β_i M_{pl} e^{4βiϕ/Mpl} g^{μν}_{(i)} T^{(i)}_{μν} , (3) where ∇^2ϕ ≡ g^{μν} ∇_μ∇_νϕ = 1 √ −g ∂_μ [√ −gg^{μν} ∂_νϕ ]

and T^{(i)}_{μν} = (2/ √ −g^{(i)})δL_m/δg^{μν}_{(i)} is the stress-energy tensor density for the i-th form of matter. V_{,ϕ}

denotes the derivative of V with respect to ϕ. For non-relativistic dust-like matter, g^{μν}_{(i)} T^{(i)}_{μν} = ρ̃_i, where ρ̃_i is the energy density. Defined in this way, however, ρ̃_i is not conserved in Einstein frame. Instead, it is more convenient to define a matter density ρ_{mi} ≡ ρ̃_i e^{3βiϕ/Mpl} which is independent of ϕ and is conserved in Einstein frame. Thus, Eq. (3) can be recast as ∇^2ϕ = −V_{,ϕ} − ∑ i β_i M_{pl} ρ_{mi} e^{βiϕ/Mpl} = −V^{eff}_{,ϕ} . (4)

Note that the dynamics of ϕ is not governed solely by V (ϕ), but rather by an effective potential

V_{eff} (ϕ) = V (ϕ) + ∑ i ρ_{mi} e^{βiϕ/Mpl} , (5) which depends explicitly on the matter density ρ_{mi}. The key ingredient to achieve a successful chameleon model is that the effective potential V_{eff} (ϕ) has a minimum even when V (ϕ) is monotonic. In fact, if V (ϕ) is monotonically decreasing and β_i > 0 or, equivalently, V (ϕ) is monotonically increasing and β_i < 0, the effective potential V_{eff} (ϕ) has a minimum ϕ_{min} satisfying V^{eff}_{,ϕ} (ϕ_{min}) = V_{,ϕ}(ϕ_{min}) + ∑ i β_i M_{pl} ρ_{mi} e^{βiϕmin /Mpl} = 0. (6) Meanwhile, the mass of small fluctuations about the minimum ϕ_{min} is m^2_{eff} ≡ V^{eff}_{,ϕϕ} (ϕ_{min}) = V_{,ϕϕ}(ϕ_{min}) + ∑ i β^2_i M^2_{pl} ρ_{mi} e^{βi ϕmin /Mpl} . (7) In other words, the originally massless scalar field acquires a mass which depends on the local matter density. The denser the environment, the more massive the chameleon is. Actually, while the coupling constants β_i can be of order unity as the natural expectations from string theory, it is still possible for the mass of chameleon, i.e. m_{eff} , to be sufficiently large on the earth to evade current constraints on EP violation and fifth force. On the other hand, through the so-called “thin-shell” effect, the chameleonmediated force between two large objects, such as the earth and the sun, is much suppressed, which thereby ensures that solar system tests of gravity are satisfied. For more details, see the original papers [20, 21, 22, 23]. The quantum stability analysis of the chameleon model is presented in Ref. [24].

It is worth noting that, in most existing canonical chameleon models, the potentials V (ϕ) are assumed to be of the runaway form, namely it is monotonically decreasing and satisfies

lim_{ϕ→∞} V = 0, lim_{ϕ→∞} V_{,ϕ} V = 0, lim_{ϕ→∞} V_{,ϕϕ} V_{,ϕ} = 0 . . . as well as

lim_{ϕ→0} V = ∞, lim_{ϕ→0} V_{,ϕ} V = ∞, lim_{ϕ→0} V_{,ϕϕ} V_{,ϕ} = ∞ . . . . Actually, the fiducial potentials are chosen to be

V (ϕ) = M^4 ( M ϕ )_n and V (ϕ) = M^4 exp(M^n/ϕ^n) (8)

in Ref. [20, 22] and Ref. [21], respectively. However, for the potentials given in Eq. (8), to achieve a successful chameleon model, the mass scale M has to statisfy

M ∼< 10^{−3} eV, (9)

which is about 30 orders of magnitude smaller than its natural expectation, namely the Planck mass. Fortunately, Ref. [23] shows that a chameleon model with a non-runaway form potential

V (ϕ) = 1 2 m^2_ϕ ϕ^2 + ξ 4! ϕ^4 (10)

can be a successful example even when the parameter ξ is of order unity. In Sec. III C of the present paper, a completely new canonical chameleon with non-runaway potential and without any fine-tuning like in Eq. (9) will be presented. This new canonical chameleon model is another successful example.

III. K-CHAMELEON MODEL

So far, all chameleon models existing in the literature is of the form of quintessence-like, namely the kinetic energy term of the scalar field is canonical one. As is well-known, non-linear kinetic energy terms naturally appear in many models unifying gravity with other particle forces, including supergravity and superstring theory. For many years, the contributions of these higher order terms have been ignored for the reasons of simplicity. The example of k-essence [11, 12, 13, 14] demonstrates that the effects of non-linear dynamics can be dramatic. Here, motivated by k-essence, we put the chameleon and k-essence together and present a k-chameleon model. Namely, we consider a scalar field with non-linear kinetic terms and the scalar field is strongly coupled to matters.

A. Setup

Our starting point is the action S = ∫ d^4x √ −g [ − M^2_{pl} 2 R + p(ϕ, X) ] + ∫ d^4xL_m(ψ^{(i)}_m , g^{(i)}_{μν}), (11)

where g is the determinant of the metric g_{μν} , R is the Ricci scalar and ψ^{(i)}_m are various matter fields labeled by i. The scalar field ϕ interacts directly with matters through a conformal coupling. Explicitly, each matter field ψ^{(i)}_m couples to a metric g^{(i)}_{μν} which is related to the Einstein-frame metric g_{μν} by the rescaling

g^{(i)}_{μν} = A^2_i (ϕ)g_{μν} , (12)

where A_i(ϕ) is a function of the k-chameleon field ϕ. Note that Eqs. (11) and (12) are of the general form arising from string theory, supergravity and Brans-Dicke theory. Moreover, the different fields ψ^{(i)}_m are assumed not to interact with each other for simplicity. The kinetic energy term is defined by X ≡ 1 2 g^{μν} ∂_μϕ∂_νϕ . (13) Note that if one takes p (ϕ, X) = X − V (ϕ) and A_i(ϕ) = exp(β_iϕ/M_{pl}), this case then reduces to the canonical chameleon model presented in Sec. II.

Varying the action Eq. (11) with respect to ϕ yields the equation of motion for the k-chameleon field ϕ 1 √ −g ∂_μ [√ −g p_{,X} g^{μν} ∂_ν ϕ ] = p_{,ϕ} − ∑ i α_i(ϕ) A^4_i (ϕ) g^{μν}_{(i)} T^{(i)}_{μν} , (14)

where p_{,X} denotes the derivative of p with respect to X, and

T^{(i)}_{μν} = 2 √ −g^{(i)} δL_m δg^{μν}_{(i)} (15)

is the stress-energy tensor density for the i-th form of matter, and α_i(ϕ) ≡ ∂ ln A_i(ϕ) ∂ϕ . (16)

For the i-th non-relativistic dust-like matter, the energy density in Einstein frame

ρ_i = T^μ_μ = g^{μν} 2 √ −g δL_m δg^{μν} = A^4_i (ϕ)ρ̃_i, (17)

where

ρ̃_i = g^{μν}_{(i)} T^{(i)}_{μν} = g^{μν}_{(i)} 2 √ −g^{(i)} δL_m δg^{μν}_{(i)} (18)

is the energy density in the matter frame. However, ρ̃_i is not conserved in Einstein frame. Instead, it is more convenient to define matter density

ρ_{mi} ≡ A^3_i (ϕ)ρ̃_i (19) which is independent of ϕ and conserved in Einstein frame. Then Eq. (14) can be rewritten as 1 √ −g ∂_μ [√ −g p_{,X} g^{μν} ∂_ν ϕ ] = p_{,ϕ} − ∑ i α_i(ϕ) ρ_i. (20)

In addition, form the action Eq. (11), we have the pressure and energy density of the k-chameleon field ϕ [10] p_ϕ = p(ϕ, X), ρ_ϕ = 2Xp_{,X} − p , (21) respectively. Consider a flat FRW universe, whose metric is ds^2 = dt^2 − a^2(t)dx^2, (22) where a is the scale factor. If the scalar field ϕ is spatially homogeneous, one then has X = 1 2 ϕ̇^2, (23) where a dot denotes the derivative with respect to the cosmic time t. Furthermore, by using Eq. (21), the equation of motion for the k-chameleon field ϕ, namely Eq. (20), can be recast as ρ̇_ϕ + 3H(ρ_ϕ + p_ϕ) = − ∑ i α_i(ϕ) ρ_i ϕ̇, (24)

where H = ȧ/a is the Hubble parameter. From the total energy conservation equation ρ̇_{tot} + 3H(ρ_{tot} + p_{tot}) = 0, (25) where the total pressure and energy density are p_{tot} = p_ϕ + p_r, and ρ_{tot} = ρ_ϕ + ∑ i ρ_i + ρ_r , (26)

respectively, we have ρ̇_i + 3Hρ_i = α_i(ϕ) ρ_i ϕ̇, (27) and ρ̇_r + 4Hρ_r = 0, (28) where p_r = ρ_r /3 and ρ_r are the pressure and energy density of radiation respectively. Note that there is no coupling between the scalar field ϕ and radiation because the trace of the stress-energy tensor of radiation vanishes. Finally we write down the Friedmann equation 3H^2M^2_{pl} = ρ_{tot} = ρ_ϕ + ρ_m + ρ_r (29) where ρ_m = ∑ i ρ_i is the sum of the energy density of all matter components.

B. Master equations of k-chameleon In this paper, following k-essence [11, 12], we only consider a factorizable Lagrangian of the form p (ϕ, X) = K(ϕ)D(X), (30) where we assume K(ϕ) > 0. From Eq. (21), we have p_ϕ = p (ϕ, X) = K(ϕ)D(X), ρ_ϕ = 2Xp_{,X} − p = K(ϕ) [ 2XD_{,X} (X) − D(X)] ≡ K(ϕ)E(X). (31)

The parameter of equation-of-state is w_ϕ ≡ p_ϕ ρ_ϕ = D E = D 2XD_{,X} − D . (32)

According to the definition in [10], the sound speed is

C^2_s = p_{ϕ,X} ρ_{ϕ,X} = D_{,X} E_{,X} . (33)

Substituting Eqs. (31) and (23) into Eq. (24), we obtain dX dN = − E E_{,X} [ 3(1 + w_ϕ) + σ K_{,ϕ} K √ 2X H + σ ∑ i α_i(ϕ)ρ_i √ 2X HKE ] , (34)

where N ≡ ln a is the so-called e-folding time, σ is the sign of ϕ̇.

It is convenient to re-express D as D = g(y)/y and to view it as a function of the new variable y ≡ 1/ √ X. Eqs. (30)–(33) then become

p_ϕ = Kg y , ρ_ϕ = −Kg^′, (35)

w_ϕ = − g g^′y , C^2_s = g − g^′y g^{′′}y^2 , (36)

where a prime denotes the derivative with respect to y. Taking into account Eqs. (29), (35) and (36), one can recast Eq. (34) in terms of the new variable as dy dN = 3 2 w_ϕ(y) − 1 s^′(y) [ s(y) + σ K_{,ϕ} 2K^{3/2} √ ρ_ϕ ρ_{tot} + σ ∑ i α_i(ϕ) 2K^{1/2} ρ_i √ρ_ϕρ_{tot} ] , (37)

where s(y) = ( − 3g^′ 8M^2_{pl} )_{1/2} y(1 + w_ϕ) = √ 3 8M^2_{pl} g − g^′y √ −g^′ . (38)

Note that the requirements of positivity of the energy density, ρ_ϕ > 0, and stability of the k-chameleon background, C^2_s > 0, imply −g^′ > 0, g^{′′} > 0. (39) These conditions indicate that g should be a decreasing convex function of y = 1/ √ X. A sample of the function g(y) is plotted in Fig. 1.

Since we are attempting to study the cosmological evolution of k-chameleon and try to find out its attractors, we impose the condition that the coefficients of the last two terms in Eq. (37) to be constants for simplicity. Thus, K(ϕ), α_i(ϕ) and A_i(ϕ) should be the form K(ϕ) = M^2 ϕ^2

, α_i(ϕ) = β_i ϕ , A_i(ϕ) = ( ϕ M )_{βi} , (40)

where M is a constant mass scale and β_i are dimensionless positive constants. Furthermore, although β_i may be different for different matter species, we take a same value β for all β_i for simplicity [α(ϕ), A(ϕ) for all α_i(ϕ), A_i(ϕ) accordingly]. In fact, it is straightforward to generalize it to the generic case with different β_i. In addition, without loss of generality, we restrict ourselves to the most interesting case of positive ϕ̇, namely σ = +1. Under these simplifications, Eq. (37) becomes dy dN = 3 2 w_ϕ(y) − 1 r^′(y) [ r(y) − √ Ω_ϕ + β 2 Ω_m √ Ω_ϕ ] , (41)

where r(y) ≡ M s(y) is a dimensionless function of y. It is worth noting that if M = √ 3M_{pl}, r(y) then is completely the same as that of the k-essence case [11, 12]. The fraction energy densities Ω_ϕ ≡ ρ_ϕ/ρ_{tot} and Ω_m ≡ ρ_m/ρ_{tot}, where ρ_m = ∑ i ρ_i is the sum of the energy density of all matter components. At the

same time, from Eqs. (24)–(28), we reach dΩ_ϕ dN = − α H Ω_mϕ̇ + 3 Ω_ϕ(w_{tot} − w_ϕ), (42)

dΩ_m dN = α H Ω_mϕ̇ + 3 Ω_mw_{tot}, (43)

where w_{tot} ≡ p_{tot} ρ_{tot} = w_ϕΩ_ϕ + 1 3 Ω_r , (44)

and Ω_r ≡ ρ_r /ρ_{tot} is the fraction energy density of radiation.

Thus we have obtained the master equations governing the whole system. Compared to the ordinary kessence model [11, 12], we find that some new terms which describe the coupling between k-chameleon and matters enter these equations. In addition, let us mention that in our k-chameleon model, the coupling function A(ϕ) is of a form of power-law [see Eq. (40)], while in the ordinary chameleon models [20, 21, 22, 23, 24] or other coupled models of scalar field to matters in the literature [18, 19], the coupling function is of either the exponential type [18, 20, 21, 22, 23, 24] or linear type [19].

C. Coupling constant β and mass scale M

In this subsection we will discuss the constraints on the coupling constant β and the mass scale M imposed by the fifth force experiment [15] and the tests of the equivalence principle (EP) [16], in order to obtain a successful chameleon mechanism.

Note that all the searches of the fifth force and EP violation have been performed only at the present epoch on the earth or in the solar system. This point is very important. As we will see, in the kchameleon model, the kinetic energy term X of the k-chameleon field could be fixed at a somewhat small value (equivalently y ≡ 1/ √ X is large) at the current accelerated expansion epoch. In this case, the non-linear kinetic energy terms can be neglected and the k-chameleon can be treated as a canonical chameleon approximately.

In this case, D(X) in the Lagrangian p(ϕ, X) = K(ϕ)D(X) can be approximated to

D(X) ≃ c_1X − c_2, (45)

where c_1 is a dimensionless positive constant and c_2 is a positive constant with dimension of energy density. To change the Lagrangian to a canonical form, we make a redefinition of the field variable. Introducing a new scalar field ϕ_{new} = − √ c_1M ln ϕ M (46)

satisfying X_{new} = 1 2 g^{μν} ∂_μϕ_{new}∂_νϕ_{new} = c_1K(ϕ)X, where K(ϕ) = M^2/ϕ^2 has been considered. Accordingly, the conformal coupling A(ϕ) = (ϕ/M )^β is transformed to

A(ϕ_{new}) = exp [ − βϕ_{new} √ c_1M ] , (47)

and the Lagrangian becomes the canonical one, p(ϕ_{new}, X_{new}) = X_{new} − V (ϕ_{new}), (48) where the potential

V (ϕ_{new}) = c_2 exp [ 2ϕ_{new} √ c_1M ] . (49)

The equation of motion Eq. (20) then becomes ∇^2ϕ_{new} = −V^{eff}_{,ϕnew} (ϕ_{new}), (50) where the effective potential V_{eff} (ϕ_{new}) = V (ϕ_{new}) + A(ϕ_{new})ρ^{new}_{mt} , (51) and the matter energy density ρ^{new}_{mt} = A^3(ϕ_{new}) ∑ i ρ̃_i, (52)

which is independent of ϕ_{new} and is conserved in Einstein frame, and ρ̃_i is defined in Eq. (18). Obviously, because V^{eff}_{,ϕnew ϕnew} (ϕ_{new}) is always larger than zero, the effective potential has a minimum at ϕ^{min}_{new} = √ c_1M 2 + β ln βρ^{new}_{mt} 2c_2

(53)

satisfying V^{eff}_{,ϕnew} (ϕ^{min}_{new}) = 0. Thus, the mass of small fluctuations about the minimum ϕ^{min}_{new} is m^2_{new} ≡ V^{eff}_{,ϕnew ϕnew} (ϕ^{min}_{new}). (54) After some algebra, we get m^{−1}_{new} = ( c_1 β^2 + 2β

)_{1/2} ( M M_{pl} ) ( βM^4_{pl} 2c_2 )_{β/(4+2β)} ( ρ^{new}_{mt} M^4_{pl} )_{−1/(2+β)} M^{−1}_{pl} . (55)

It is easy to see that, if one takes the natural expectations of the constants as

c_1 ∼ β ∼ O(1), c_2 ∼ O(M^4_{pl}) and M ∼ O(M_{pl} ), (56)

m^{−1}_{new} is indeed a small quantity for any reasonable matter density. For instance, the atmosphere has mean density ρ_{atm} ∼ 10^{−3} g/cm^3. Substituting into Eq. (55) and assuming Eq. (56), we find

m^{−1}_{atm} ∼ O(1 mm), (57)

which is sufficient [20, 23] to evade current constraints on EP violation and fifth force. Note that the field redefinition Eq. (46) can be taken as ϕ_{new} = √ c_1M ln (ϕ/M ) and the final result obtained above is still valid. In addition, let us stress here that the potential Eq. (49) is different from those in Refs.[20, 21, 22, 23]. Therefore it is interesting to further study this model more details and other aspects such as, the “thin-shell” effect. We will present these details in a separate paper [30].

The upshot of this subsection is that we illustrate briefly how the directly strong coupling between k-chameleon and matters (cold dark matters and baryons) is allowed while we cannot detect it from the tests of EP violations and fifth force searches on the earth or in the solar system today. The coupling constant β needs not to be tuned to an extremely small value and can be of order unity, in harmony with general expectations from string theory. The mass scale M can be of order M_{pl}. In other words, it needs not to be tuned like Eq. (9) mentioned above as in Refs. [20, 21, 22].

IV. COSMOLOGICAL EVOLUTION OF K-CHAMELEON AND THE COSMOLOGICAL COINCIDENCE PROBLEM

In this section, we will study the cosmological evolution of k-chameleon. Just like the cases of quintessence [8, 9] and k-essence [11, 12, 13, 14], the key point is to find out its attractors during the evolution. During the radiation- and matter-dominated epochs, there are several sets of possible attractors in the k-chameleon model. Note that, as illustrated in Sec. III C, the mass scale M can be of order M_{pl}. Thus, for simplicity, we take M = √ 3M_{pl} from now on.

A. Radiation-dominated epoch

In this epoch, the fraction energy density of matter Ω_m ≃ 0. One can see that all terms describing the coupling between k-chameleon and matters can be neglected, and the master equations governing the system, namely Eqs. (41)–(44), reduce to corresponding ones for the ordinary k-essence case [11, 12]. Thus, the cosmological evolution of k-chameleon in this epoch is completely the same as that of ordinary k-essence. A detailed study was presented in Ref. [12] for this case. Therefore we will not repeat here and only mention some key points and make some remarks.

FIG. 1: A sample of function g(y), reproduced from [12]. Here the new attractor C appears between yd < y < ys.

1. Attractors

During the radiation dominated epoch, three kinds of attractors, R (radiation), K (k-field), S (de Sitter) attractors (following notations of the k-essence model [11, 12]) may exist. The location of the R attractor, i.e. y_r = const., is determined by

y_r g^′(y_r ) = −3g(y_r ), (58)

which corresponds to y_r < y_d to ensure g > 0 (positive pressure), where y_d is the location of the function g(y) across the y coordinate axis, i.e. g(y_d) = 0 (see Fig. 1 of the present paper or Fig. 1 of Ref. [12]). The fraction energy density of k-chameleon is given by

Ω^{(r)}_ϕ = r^2(y_r ) = −2g^′(y_r )y^2_r , (59)

and the R attractor exists only if r^2(y_r ) < 1. The parameter of equation-of-state w_ϕ(y_r ) = 1/3, and the k-chameleon mimics the radiation. Note that Ω^{(r)}_ϕ = r^2(y_r ) has to be in the range 1 − 10% in order to satisfy the constraints from the big bang nucleosynthesis (BBN) [31, 32].

The location y_k of the second attractor K is determined by

Ω^{(k)}_ϕ = r^2(y_k) = 1, (60)

which implies that the k-chameleon dominates over other components. The parameter of equation-of-state

w_ϕ(y_k) = −1 + 2 √ 2 3 1 √ −g^′_ky^2_k = const., (61) and the scale factor is a ∝ t^{2/3[1+wϕ(yk)]} = t √_{−g′ky2k/2} . (62)

If √ −g^′_ky^2_k/2 > 1, the solution describes a power-law inflation. Physically, this condition is equivalent to w_{tot}(y_k) = w_ϕ(y_k) < −1/3.

The third attractor S is defined by w_ϕ(y_s) = −1 and Ω^{(s)}_ϕ = r^2(y_s) ≃ 0. From Eq. (36), we have

g(y_s) = g^′_sy_s, C^2_s = 0. (63)

Geometrically, S is a fixed point on the curve g(y), which makes the tangent of g at y_s passes through the origin (see Fig. 1). It is clear that y_s always exists for the convex decreasing function g(y) unless y_s → ∞. The combination of cosmologically relevant attractors during the radiation-dominated epoch can be one of three types:

• R, S and no other attractors at y_r < y < y_s;

• R, S, K plus possibly other attractors at y < y_d;

• R, S (no K attractor) and at least one additional attractor r(?) or k(?) (following notations of k-essence).

The phase diagrams for these three cases have been drawn in Figs. 2, 3 and 4 of Ref. [12], respectively. Obviously, one can see from these phase diagrams that the R attractor has the largest basin of attraction on the whole phase plane for all these three cases.

2. Remarks

The stability analysis of the attractors was done in Ref. [12]. With a closer look, we find that the stability analysis is valid only for the R and D (dust) attractor (which may appear during the matter dominated epoch in the ordinary k-essence model). Actually, because the K and S are not determined by w_ϕ = w_m [following notations of Ref. [12], w_m denotes the state parameter of background matter (radiation or dust)], Eq. (24) of Ref. [12] is not valid for them. In fact, Eq. (24) of Ref. [12] should be changed to dδΩ_ϕ/dN = 3w_ϕ(y_k)δΩ_ϕ and dδΩ_ϕ/dN = 3δΩ_ϕ for K and S, respectively. Therefore, the stability condition for K attractor is √ −g^′_ky^2_k/2 > 2/3 while S is always unstable. This point can be seen clearly in the phase diagrams, i.e. Figs. 2–6 of Ref. [12]: the phase flow can get near to S, but never reaches it, and the phase flow is then forced to leave it.

The second remark is about the basin of attraction of the R attractor. In Ref. [14], the statement “R attractor has the largest basin of attraction on the whole phase plane in the radiation-dominated epoch” was criticized by numerically analyzing two concrete models. In these two models the function D(X) in the Lagrangian has the following forms

D(X) = −2.01 + 2 √ 1 + X + 3 × 10^{−17}X^3 − 10^{−24}X^4, and D(X) = −2.05 + 2 √ 1 + f(X), where

f(X) = X − 10^{−8}X^2 + 10^{−12}X^3 − 10^{−16}X^4 + 10^{−20}X^5 − 10^{−24}X^6/2^6,

which are first given in Refs. [11] and [12], respectively. (Note that in Refs. [11, 12, 14], the unit 3M^2_{pl} = 1 was used.) However, we notice that the conclusion “R attractor has the largest basin of attraction on the whole phase plane in the radiation-dominated epoch” is based on another non-analyzable Lagrangian, i.e. Eq. (42) of Ref. [12], g(y) = g_{glue}(y) ( 1 − y s^2y_d ) , where g(y) is a function parametrized by five parameters: y_r , g^′_r, y_d, g^′_d and s^2y_d (see Sec. V of Ref. [12] for more detail). By choosing suitable parameters, as is shown in Sec. VA and VB of Ref. [12], that the R attractor has indeed the largest basin of attraction on the whole phase plane in the radiation-dominated epoch is possible.

The third remark we would like to stress is about the implication of y_s mentioned above. In the left side of y_s, i.e. y < y_s, one has w_ϕ > −1 and C^2_s > 0 while g^{′′} > 0. Because the g^{′′} is a continuous function, and the sound speed C^2_s cannot diverge at y_s, which implies that g^{′′} ≠ 0 at y_s. Therefore g^{′′} > 0 should still hold in the right side of y_s, i.e. y > y_s. However, in the right side of y_s, g − g^′y < 0, one has w_ϕ < −1 and C^2_s < 0. This is physically forbidden since the k-chameleon becomes unstable. As a result, the phase flow cannot pass across y_s. Any physically reasonable y must be less than y_s, which can be seen clearly from Figs. 2–6 of Ref. [12] as well. Actually, a general discussion on this point has been made in Ref. [33], which shows that a dynamical transition from the states with w_ϕ > −1 to those with w_ϕ < −1 or vice versa is physically impossible. One can see that in fact, the condition y < y_s is equivalent to w_ϕ > −1 physically.

B. Matter-dominated epoch

In this epoch, the fraction energy density of radiation Ω_r ≃ 0, and Ω_m + Ω_ϕ = 1 since the universe is spatially flat, as indicated by many astronomical observations [4, 5]. In this case, the terms due to the strong coupling between k-chameleon and matters cannot be neglected in the master equations Eqs. (41)– (44). As will be seen shortly, due to the appearance of the coupling, the k-chameleon model will have a big difference from the ordinary k-essence model. In this subsection, we will find out all the possible attractor solutions and then study their stability.

1. Attractors

At first, we would like to point out that the D attractor [the scalar field tracks the dust (w_ϕ(y_d) = 0) during the matter dominated epoch] and the S attractor, which may exist in the ordinary k-essence model [11, 12], are physically forbidden in our k-chameleon model, due to the existence of strong coupling between the chameleon and dust matters (cold dark matter and baryons). To see this point, let us note that in the cases of Ω_m ≃ 1, Ω_ϕ ≃ 0 and w_{tot} ≃ 0 for the S attractor and w_{tot} = w_ϕ = 0, but Ω_m ≠ 0 or 1 for the D attractor, the third term in Eq. (41) is extremely large (for the case Ω_ϕ → 0) while the first term in Eq. (42) and Eq. (43) cannot be neglected. Thus, no solutions with y = y_{attractor} = const. satisfying dy/dN = 0 and dΩ_ϕ/dN = 0, dΩ_m/dN = 0 exist. Therefore the attractors D and S will no longer appear in the k-chameleon model.

However, we find that the k-chameleon dominated attractor K with Ω^{(k)}_ϕ = 1 can still occur in the k-chameleon model. Its characteristics is described by Eqs. (60)–(62). A remarkable feature we would like to stress here is that this solution describes a power-law inflation provided √ −g^′_ky^2_k/2 > 1. As we will see below, if this attractor is stable, this condition for accelerated expansion can be satisfied automatically.

Except for the K attractor, we find that there is a new attractor solution in the k-chameleon model, which arises due to the strong coupling between the k-chameleon field and the dust matter. The new attractor is dubbed as C attractor (the letter C stands for “Chameleon”), and has some very interesting features. Let us describe the C attractor in some detail.

Considering ρ_ϕ = −Kg^′ and K(ϕ) = M^2/ϕ^2 [see Eqs. (35) and (40)] and setting M = √ 3M_{pl}, from the Friedmann equation Eq. (29) one has H = √ −g^′ √ Ω_ϕ 1 ϕ . (64)

Note that the relation α = β/ϕ, we have α H = β √ −g^′ √ Ω_ϕ, (65)

which is independent of ϕ. Therefore it is possible to find an attractor solution C with y = y_c = const. and fixed Ω^{(c)}_ϕ , Ω^{(c)}_m = 1 − Ω^{(c)}_ϕ and satisfying the master equations Eqs. (41)–(44),

r(y_c) =

2 + β 2 √ Ω^{(c)}_ϕ − β 2 1 √ Ω^{(c)}_ϕ

, (66) and ( α H ) c ϕ̇_c + 3w_ϕ(y_c)Ω^{(c)}_ϕ = 0. (67)

Substituting Eqs. (65), (36) and (23) into Eq. (67), we get √ Ω^{(c)}_ϕ = − √ 2 β 3g_c √ −g^′_c, (68)

which is determined only by the coupling constant β and the function g(y) at y = y_c. Substituting Ω^{(c)}_ϕ into Eq. (66), we have

r(y_c) =

9g^2_c + 2β(2 + β)g^′_c 6 √ 2 g_c √ −g^′_c . (69)

Comparing with r(y_c) = M s(y_c) = √ 3M_{pl} s(y_c) and using Eq. (38), we obtain

g(y_c) = g_c = −

2β(2 + β) 9y_c . (70)

Geometrically, this means that the C attractor locates at the intersection of curve g(y) and the hyperbola h(y) ≡ −2β(2 + β)/(9y) in the plot of g(y) versus y. Because the asymptotes of the hyperbola h(y) are the two coordinate axes, and g(y) < 0 when y > y_d, this intersection always exists in the regime y_c > y_d so that the k-chameleon contributes a negative pressure. On the other hand, note that the curve g(y) is monotonically decreasing while the hyperbola h(y) is monotonically increasing in the regime of y_d < y < y_s, therefore there is only one intersection. In other words, the C attractor always exists and given a function g(y), there is only one C attractor.

Next let us have a look at the other physical features of the C attractor. From Eqs. (68) and (70), the fraction energy density of the k-chameleon is

Ω^{(c)}_ϕ =

9y^2_c (−g^′_c) 2(2 + β)^2

. (71)

The usual restriction on Ω^{(c)}_ϕ is 0 < Ω^{(c)}_ϕ < 1. However, as mentioned at the end of Sec. IV A 2, the condition y_c < y_s has to be imposed. In that case, one has g_c − g^′_cy_c > 0 while g_c < 0, g^′_c < 0 and w_ϕ(y_c) > −1. By using Eqs. (68) and (70), we find that the bounds of Ω^{(c)}_ϕ should be β 2 + β

< Ω^{(c)}_ϕ < 1. (72)

Note that β ∼ O(1), this result is quite interesting. For instance, the lower bound of Ω^{(c)}_ϕ are 1/3, 1/2, 3/5 and 2/3 for β = 1, 2, 3 and 4, respectively. Therefore, in the C attractor, it is not strange that the fraction energy densities of k-chameleon and dust matters are comparable. In addition, from Eqs. (36), (70), and (71), one has

w_ϕ(y_c) = − β 2 + β 1 Ω^{(c)}_ϕ

. (73)

Thus, the requirement w_ϕ(y_c) > −1 leads to the same lower bound to Ω^{(c)}_ϕ as given in Eq. (72). Furthermore, from Eqs. (44) and (73), we find

w_{tot}(y_c) = w_ϕ(y_c)Ω^{(c)}_ϕ = − β 2 + β

. (74)

From the Einstein equation ä a = − 1 6M^2_{pl} ρ_{tot}(1 + 3w_{tot}), (75) the universe undergoes an accelerated expansion provided β > 1, which is equivalent to w_{tot}(y_c) < −1/3. We can look at this from another angle. Because ϕ̇_c = √ 2X_c = √ 2/y_c is constant, one has ϕ ∝ t. Then, from Eq. (64), H ∝ t^{−1} and the scale factor a ∝ t^λ. If λ > 1, the universe undergoes a power-law inflation. Let us find out the explicit expression of λ for the C attractor. From Eq. (25), one has ρ_{tot}(y_c) ∝ a^{−3[1+wtot(yc)]} = a^{−6/(β+2)}. (76) Since Ω^{(c)}_ϕ and Ω^{(c)}_m = 1 − Ω^{(c)}_ϕ are both fixed, ρ_ϕ(y_c) and ρ_m(y_c) decrease in the same manner as ρ_{tot}(y_c) ∝ a^{−6/(β+2)}. Substituting a ∝ t^λ and Eq. (76) into Eq. (75), we get λ = (β + 2)/3 by comparing the power of t. In fact, from Eqs. (64), (71) one can find the same result

a ∝ t^{(β+2)/3} (77)

by using ϕ = ϕ̇_ct. In short, if β > 1, the C attractor solution describes a power-law inflation.

In summary, in the k-chameleon model there may exist two attractor solutions, K and C, and no D and S attractor solutions in the matter-dominated epoch. If r^2(y) < 1 for any y < y_s, the K attractor cannot exist. Thus, the combination of cosmologically relevant attractors during the matter-dominated epoch can be one of two types:

• Only C and no K;

• C and K.

2. Stability analysis of the attractors

As mentioned in the beginning of Sec. IV A 2, the stability analysis of the attractors K and C ought to be treated separately. We study the behavior of small deviations from the K and C attractor solutions one by one.

(i) K attractor. In this case, Ω^{(k)}_ϕ = 1, Ω^{(k)}_m = 1 − Ω^{(k)}_ϕ = 0. Substituting y(N ) = y_k + δy and Ω_ϕ(N ) = Ω^{(k)}_ϕ + δΩ_ϕ into Eqs. (41)–(43) and linearizing these equations, we get dδy dN = 3 2 w_ϕ(y_k) − 1 r^′_k ( r^′_kδy − 1 2 δΩ_ϕ ) , dδΩ_ϕ dN = ( 3w_ϕ(y_k) + √ 2β √ −g^′_ky^2_k ) δΩ_ϕ. (78)

Considering Eq. (36), one has w_ϕ(y_k) < 0 since −g^′_k > 0 and g_k < 0. Thus, the solutions of δy and δΩ_ϕ decay only if

3w_ϕ(y_k) + √ 2β √ −g^′_ky^2_k < 0. (79)

Substituting Eq. (61) into it, the stability condition for the K attractor becomes √ −g^′_ky^2_k/2 > 2 + β 3 . (80)

Note that, if β > 1 (the same requirement for the C attractor describes power-law inflation), Eq. (80) becomes √ −g^′_ky^2_k/2 > 1 which ensures the K attractor describes power-law inflation too.

(ii) C attractor. In this case, Ω^{(c)}_m = 1 − Ω^{(c)}_ϕ . Substituting y(N ) = y_c + δy and Ω_ϕ(N ) = Ω^{(c)}_ϕ + δΩ_ϕ into Eqs. (41)–(43) and linearizing these equations, we obtain dδy dN = B_1δy + B_2δΩ_ϕ, dδΩ_ϕ dN = B_3δy + B_4δΩ_ϕ, (81) where

B_1 = 3 2 [w_ϕ(y_c) − 1] ,

B_2 = 3 2 w_ϕ(y_c) − 1 r^′(y_c) − 1 4 √ Ω^{(c)}_ϕ ( β + 2 + β Ω^{(c)}_ϕ ) ,

B_3 = 3Ω^{(c)}_ϕ ( Ω^{(c)}_ϕ − 1 ) w^′_ϕ(y_c) + β √ 2 g^{′′}_c y_c( √ −g^′_c)^3 √ Ω^{(c)}_ϕ ( Ω^{(c)}_ϕ − 1 ) + √ 2β y^2_c √ −g^′_c √ Ω^{(c)}_ϕ ( 1 − Ω^{(c)}_ϕ ) ,

B_4 = 3w_ϕ(y_c) ( 2Ω^{(c)}_ϕ − 1 ) + β ( 3Ω^{(c)}_ϕ − 1 )

y_c √ 2Ω^{(c)}_ϕ (−g^′_c)

. (82)

From Eq. (81), we have d^2δy dN^2 − (B_1 + B_4) dδy dN + (B_1B_4 − B_2B_3)δy = 0,

d^2δΩ_ϕ dN^2 − (B_1 + B_4) dδΩ_ϕ dN + (B_1B_4 − B_2B_3)δΩ_ϕ = 0. (83)

We can see that the solutions of δy and δΩ_ϕ decay only if

B_1 + B_4 < 0 and B_1B_4 − B_2B_3 > 0. (84)

By using Eqs. (36), (38), (70), (71), (73) and (82), and considering r(y) = M s(y) = √ 3M_{pl}s(y), we can obatin

B_1 = −

4β + 2β^2 + 9(−g^′_c)y^2_c 6(−g^′_c)y^2_c ,

B_2 = −

(2 + β)^2 [ 4β + 2β^2 + 9(−g^′_c)y^2_c ] 27g^{′′}_c (−g^′_c)y^4_c ,

B_3 = 3 [ 9(−g^′_c)^2y_c + β(β + 2)g^{′′}_c ] [ 2(β + 2)^2 − 9(−g^′_c)y^2_c ] 4 (2 + β)^4(−g^′_c) ,

B_4 = β [ 2(β + 2)^2 − 9(−g^′_c)y^2_c ] 6(2 + β)(−g^′_c)y^2_c . From these quantities, we have

B_1 + B_4 = −

3(1 + β) 2 + β

, (85)

B_1B_4 − B_2B_3 = [ 9(−g^′_c)y^2_c + 2β(β + 2) ] [ 2(β + 2)^2 − 9(−g^′_c)y^2_c ] 4(2 + β)^2g^{′′}_c y^3_c

. (86)

Note that β > 0, −g^′_c > 0, g^{′′}_c > 0 [see Eq. (39)], and Ω^{(c)}_ϕ < 1, which implies 2(β + 2)^2 − 9(−g^′_c)y^2_c > 0 [see Eq. (71)]. Then it is easy to see that the stability conditions Eq. (84) for the C attractor are satisfied. Thus, we conclude that the C attractor is stable.

C. Cosmological evolution of k-chameleon and the coincidence problem

As mentioned in Sec. IV A, in the radiation-dominated epoch, the behavior of k-chameleon field is the completely same as that of the ordinary k-essence without interaction between the scalar field and background matters [12]. As a result, three kinds of attractors, namely, R, K and S, may exist. However, the radiation tracker, R, has been argued to has the largest basin of attraction on the whole phase plane so that most initial conditions join onto it and then makes this scenario became insensitive to initial conditions [12]. Yet the contribution of k-chameleon to the total energy density must not spoil the BBN or not dominate over the matter density at the end of the radiation-dominated epoch. It has been argued that if the contribution of the scalar field energy density in the R attractor satisfies [12]

Ω^{(r)}_ϕ ≃ 10^{−2} − 10^{−1}, (87)

the scalar field (k-essence or k-chameleon) will not violate the constraint from the BBN.

The new features appear in the matter-dominated epoch. As mentioned in Sec. IV B, in the matterdominated epoch, the D and S attractors, which may occur in the ordinary k-essence model, are physically forbidden in the k-chameleon model, due to the strong coupling between k-chameleon and dust matters. Actually, in the k-chameleon model, two kinds of attractors may exist: one is the familiar K attractor and the other is a completely new attractor C. The new attractor C has some desirable features which can make the fraction energy densities of k-chameleon and dust matters (cold dark matter and baryon) be comparable. During the matter dominated epoch, the relevant attractors can appear in the following two possible sets: (1) only C and (2) C and K. If β > 1, the universe will undergo a power-law inflation, regardless the k-chameleon enters into the C or K attractor. Suppose that during the radiation dominated epoch, the universe enters into the R attractor, after the onset of matter domination, it will enter into the C attractor with a large possibility since the values of Ω^{(r)}_ϕ and y_r are required to be somewhat small in order to satisfy the BBN constraint. In particular, one can adjust the model so that the K attractor does not exist (for instance if r^2(y) < 1 for y < y_s), thus the universe has to enter into the unique C attractor where the fraction energy densities of the k-chameleon Ω_ϕ and the matters Ω_m are fixed and keep comparable forever. In this way the k-chameleon model leads to a natural solution to the cosmological coincidence problem.

The evolution of the k-chameleon heavily depends on the function g(y) and other components of the universe like radiation and dust matter. In Fig. 2 we plot a sketch of possible phase diagrams of the evolution of the k-chameleon, where only two attractors R and C appear during the evolution of the universe. In this plot, we expect that during the radiation domination epoch, for most initial conditions, the k-chameleon is attracted to the R attractor satisfying the constraint (87). In this epoch, the kchameleon mimics the equation of state of the radiation component of the universe. With the increase of Ω_m for the dust matter component, the k-chameleon will no longer track the radiation component due to the interaction between the k-chameleon and dust matter. During the matter domination epoch, the Ω_ϕ will continue to decrease until y reaches to y_c, which can be seen from (42) and (43). Beyond y_c, Ω_ϕ will increase and y decreases toward to y_c and passes through it, which can be seen from (41). When y decreases to some value (< y_d), it increases towards to y_c, again. After several such processes, finally the k-chameleon is expected to reach the stable attractor C, where the fraction energy densities of dust matter and dark energies are comparable and the universe undergoes an accelerated expansion.

In order to have a better picture of the k-chameleon model, it is helpful to do some numerical analysis. The astronomical observations, such as SNe Ia [1, 2, 3], WMAP [4], suggest that Ω_ϕ ≃ 0.7, Ω_m ≃ 0.3, and w_ϕ < −0.76 at 95% C.L. today. If adopt Ω_ϕ(y_c) = 0.7 and impose the constraint w_ϕ(y_c) < −0.75, we see from Eqs. (72) and (73) that 2.2 < β < 4.7 has to be obeyed. From Eqs. (73) and (74), we find that w_ϕ(y_c) ≃ −0.86 and w_{tot}(y_c) = −3/5 for β = 3, while w_ϕ(y_c) ≃ −0.95 and w_{tot}(y_c) = −2/3 for β = 4. In these cases, the universe undergoes an accelerated expansion as a ∝ t^{5/3} and t^2 for β = 3 and 4, respectively.

In the C attractor, the kinetic energy term X_c = 1/y^2_c is fixed at a constant value. It is possible to design the function g(y) to get a somewhat large y_c. For instance, if Ω_ϕ(y_c) = 0.7 and β = 3, we have from Eq. (71) that y_c ≃ 100 and X_c ≃ 10^{−4} while g^′_c ≃ −4 × 10^{−4} (the unit 3M^2_{pl} = 1 has been used here). Comparing g^′_c ≃ −4 × 10^{−4} with a particular example g^′_d ≃ −5 × 10^{−3} in Ref. [12], one can see that this value is reasonable, since y_c ≃ 100 ≫ y_d = 17. Therefore, in this example, the k-chameleon indeed can be treated as a canonical chameleon approximately. As a result, we cannot detect it from the tests of EP violations and fifth force searches on the earth or in the solar system today, although it is strongly coupled to ambient matters, as illustrated in Sec. III C.

FIG. 2: A sketch of possible phase diagrams for the case where only the R and C attractors appear.

Note that in order to exclude the K attractor, one has to adjust the model so that r^2(y) < 1 and decreases monotonically in the region y_r < y < y_s [12]. On the other hand, one requires that the C attractor exists in the region y_d < y < y_s. One may wonder whether or not these two conditions can be met simultaneously. To see this, let us take an example. We have from Eq. (66) that r^2(y_c) = [(2 + β)Ω^{(c)}_ϕ − β]^2/(4Ω^{(c)}_ϕ ). If β = 4 and Ω^{(c)}_ϕ = 0.7, one then has r^2(y_c) ≃ 1.4%. In the radiation

dominated epoch, in order to satisfy the constraint from the BBN, r^2(y_c) = Ω^{(r)}_ϕ should be in the region 1 − 10%. So we see that those two conditions can be satisfied, if r^2(y_r ) > 1.4% and the decreasing of r^2(y) is sufficiently slow so that y_c and y_s can be somewhat large values. Note that y_c is always less than y_s since y_s locates at r^2(y_s) = 0.

V. CONCLUSION

Recently a chameleon mechanism has been suggested [20, 21, 22, 23, 24], in which a scalar field (chameleon) can be strongly coupled to ambient matters, but it still satisfies the constraints from the fifth force and EP violation experiments on the earth and in the solar system. In this paper we have combined the chameleon mechanism to the k-essence model of dark energy and have presented a kchameleon model. During the radiation dominated epoch, the evolution of the k-chameleon is the same as that of the ordinary k-essence, and three kinds of attractors, R, K and S, may appear. One can construct a model where the R attractor has the biggest basin of attraction so that for most initial conditions, the universe will be attracted to the R attractor. During the matter dominated epoch, the D and S attractors, which may appear in the ordinary k-essence model, are forbidden in the k-chameleon model, due to the strong coupling between the k-chameleon and background matters (cold dark matter and baryons). Except for the familiar K attractor, a new attractor, dubbed C attractor, exists in the k-chameleon model. In the C attractor, the fraction energy densities of the chameleon field (dark energy) and the dust matter (cold dark matters and baryons) are fixed and comparable, and the universe enters into an accelerated expansion phase in the power-law manner if the coupling constant β > 1. We can adjust the model so that the K attractor does not exist, the universe then has to enter into the C attractor. Thus the k-chameleon model provides a natural solution to the cosmological coincidence problem.

ACKNOWLEDGMENTS

HW is grateful to Ding-Fang Zeng, Xun Su, Fei Wang, Fu-Rong Yin, and Wei-Shui Xu for helpful discussions. RGC would like to express his gratitude to the Physics Department, Baylor University for its hospitality to him during his visit. This work was supported by a grant from Chinese Academy of Sciences, grants from NSFC, China (No. 10325525 and No. 90403029), and a grant from the Ministry of

Science and Technology of China (No. TG1999075401).

[1] A. G. Riess et al. [Supernova Search Team Collaboration], Astrophys. J. 607, 665 (2004) [astro-ph/0402512]. [2] R. A. Knop et al., [Supernova Cosmology Project Collaboration], Astrophys. J. 598, 102 (2003) [astro-ph/0309368].

[3] A. G. Riess et al. [Supernova Search Team Collaboration], Astron. J. 116, 1009 (1998) [astro-ph/9805201];

S. Perlmutter et al. [Supernova Cosmology Project Collaboration], Astrophys. J. 517, 565 (1999) [astro-ph/9812133].

[4] C. L. Bennett et al., Astrophys. J. Suppl. 148, 1 (2003) [astro-ph/0302207];

D. N. Spergel et al., Astrophys. J. Suppl. 148 175 (2003) [astro-ph/0302209]. [5] M. Tegmark et al. [SDSS Collaboration], Phys. Rev. D 69, 103501 (2004) [astro-ph/0310723];

K. Abazajian et al. [SDSS Collaboration], astro-ph/0410239; astro-ph/0403325; astro-ph/0305492; M. Tegmark et al. [SDSS Collaboration], Astrophys. J. 606, 702 (2004) [astro-ph/0310725].

[6] P. J. E. Peebles and B. Ratra, Rev. Mod. Phys. 75, 559 (2003) [astro-ph/0207347];

T. Padmanabhan, Phys. Rept. 380, 235 (2003) [hep-th/0212290]; S. M. Carroll, astro-ph/0310342.

[7] R. R. Caldwell, R. Dave and P. J. Steinhardt, Phys. Rev. Lett. 80, 1582 (1998) [astro-ph/9708069];

C. Wetterich, Nucl. Phys. B 302, 668 (1988);

P. J. E. Peebles and B. Ratra, Astrophys. J. 325, L17 (1988).

[8] P. J. Steinhardt, L. M. Wang and I. Zlatev, Phys. Rev. D 59, 123504 (1999) [astro-ph/9812313]. [9] I. Zlatev and P. J. Steinhardt, Phys. Lett. B 459, 570 (1999) [astro-ph/9906481]. [10] C. Armendariz-Picon, T. Damour and V. Mukhanov, Phys. Lett. B 458, 209 (1999) [hep-th/9904075];

J. Garriga and V. F. Mukhanov, Phys. Lett. B 458, 219 (1999) [hep-th/9904176].

[11] C. Armendariz-Picon, V. Mukhanov and P. J. Steinhardt, Phys. Rev. Lett. 85, 4438 (2000) [astro-ph/0004134].

[12] C. Armendariz-Picon, V. Mukhanov and P. J. Steinhardt, Phys. Rev. D 63, 103510 (2001) [astro-ph/0006373]. [13] T. Chiba, T. Okabe and M. Yamaguchi, Phys. Rev. D 62, 023511 (2000) [astro-ph/9912463]. [14] M. Malquarti, E. J. Copeland and A. R. Liddle, Phys. Rev. D 68, 023512 (2003) [astro-ph/0304277];

M. Malquarti, E. J. Copeland, A. R. Liddle and M. Trodden, Phys. Rev. D 67, 123503 (2003) [astro-ph/0302279].

[15] E. Fischbach and C. Talmadge, The Search for Non-Newtonian Gravity, Springer-Verlag, New York, 1999. [16] C. M. Will, Theory and Experiment in Gravitational Physics, 2nd ed. Basic Books/Perseus Group, New York, 1993; Living Rev. Relativ. 4, 4 (2001).

[17] T. Damour and A. M. Polyakov, Nucl. Phys. B 423, 532 (1994); Gen. Rel. Grav. 26, 1171 (1994);

J. R. Ellis, S. Kalara, K. A. Olive and C. Wetterich, Phys. Lett. B 228, 264 (1989); G. Huey, P. J. Steinhardt, B. A. Ovrut and D. Waldram, Phys. Lett. B 476, 379 (2000) [hep-th/0001112]; C. T. Hill and G. G. Ross, Nucl. Phys. B 311, 253 (1988); G. W. Anderson and S. M. Carroll, astro-ph/9711288.

[18] L. Amendola, Phys. Rev. D 62, 043511 (2000) [astro-ph/9908023];

L. Amendola and D. Tocchini-Valentini, Phys. Rev. D 64, 043509 (2001) [astro-ph/0011243]; L. Amendola and D. Tocchini-Valentini, Phys. Rev. D 66, 043528 (2002) [astro-ph/0111535];

L. Amendola and C. Quercellini, Phys. Rev. D 68, 023514 (2003) [astro-ph/0303228]; L. Amendola, Phys. Rev. D 69, 103524 (2004) [astro-ph/0311175]; L. Amendola, Phys. Rev. Lett. 93, 181102 (2004) [hep-th/0409224];

L. Amendola, C. Quercellini, D. Tocchini-Valentini and A. Pasqui, Astrophys. J. 583, L53 (2003) [astro-ph/0205097];

D. Comelli, M. Pietroni and A. Riotto, Phys. Lett. B 571, 115 (2003) [hep-ph/0302080]. [19] J. A. Casas, J. Garcia-Bellido and M. Quiros, Class. Quant. Grav. 9, 1371 (1992) [hep-ph/9204213];

C. Wetterich, Astron. Astrophys. 301, 321 (1995);

D. Tocchini-Valentini and L. Amendola, Phys. Rev. D 65, 063508 (2002) [astro-ph/0108143]; G. W. Anderson and S. M. Carroll, astro-ph/9711288; R. Bean, Phys. Rev. D 64, 123516 (2001) [astro-ph/0104464];

D. Comelli, M. Pietroni and A. Riotto, Phys. Lett. B 571, 115 (2003) [hep-ph/0302080]; G. R. Farrar and P. J. E. Peebles, Astrophys. J. 604, 1 (2004) [astro-ph/0307316]; M. B. Hoffman, astro-ph/0307350;

S. S. Gubser and P. J. E. Peebles, hep-th/0402225; M. Fairbairn, Phys. Rev. D 70, 084020 (2004) [hep-th/0403138].

[20] J. Khoury and A. Weltman, Phys. Rev. Lett. 93, 171104 (2004) [astro-ph/0309300];

J. Khoury and A. Weltman, Phys. Rev. D 69, 044026 (2004) [astro-ph/0309411]. [21] P. Brax, C. van de Bruck, A. C. Davis, J. Khoury and A. Weltman, astro-ph/0408415. [22] P. Brax, C. van de Bruck, A. C. Davis, J. Khoury and A. Weltman, astro-ph/0410103. [23] S. S. Gubser and J. Khoury, Phys. Rev. D 70, 104001 (2004) [hep-ph/0405231]. [24] S. Nojiri and S. D. Odintsov, Mod. Phys. Lett. A 19, 1273 (2004) [hep-th/0310296]. [25] R.-G. Cai and A. Wang, hep-th/0411025. [26] Z.-K. Guo and Y.-Z. Zhang, astro-ph/0411524.

[27] W. Zimdahl and D. Pavon, Phys. Lett. B 521, 133 (2001) [astro-ph/0105479];

W. Zimdahl, D. Pavon, L. P. Chimento and A. S. Jakubi, astro-ph/0404122;

L. P. Chimento, A. S. Jakubi, D. Pavon and W. Zimdahl, Phys. Rev. D 67, 083513 (2003) [astro-ph/0303145]; F. Piazza and S. Tsujikawa, JCAP 0407, 004 (2004) [arXiv:hep-th/0405054]; S. Tsujikawa and M. Sami, Phys. Lett. B 603, 113 (2004) [arXiv:hep-th/0409212]; U. Franca and R. Rosenfeld, Phys. Rev. D 69, 063517 (2004) [arXiv:astro-ph/0308149].

[28] T. Damour, F. Piazza and G. Veneziano, Phys. Rev. Lett. 89, 081601 (2002) [gr-qc/0204094];

F. Piazza and C. Marinoni, Phys. Rev. Lett. 91, 141301 (2003) [hep-ph/0304228].

[29] J. D. Barrow and D. F. Mota, Class. Quant. Grav. 20, 2045 (2003) [arXiv:gr-qc/0212032]; D. F. Mota and J. D. Barrow, Phys. Lett. B 581, 141 (2004) [arXiv:astro-ph/0306047]. D. F. Mota and J. D. Barrow, Mon. Not. Roy. Astron. Soc. 349, 281 (2004) [arXiv:astro-ph/0309273].

[30] H. Wei and R.-G. Cai, in preparing and will appear soon.

[31] D. Tytler, J. M. O’Meara, N. Suzuki and D. Lubin, Phys. Scripta T85, 12 (2000) [astro-ph/0001318]. [32] K. A. Olive, G. Steigman and T. P. Walker, Phys. Rept. 333, 389 (2000) [astro-ph/9905320]. [33] A. Vikman, astro-ph/0407107.