arXiv:hep-th/0412069 v1 7 Dec 2004

U(1) gauge invariant noncommutative Schrödinger theory and gravity

B. Muthukumar^∗ Saha Institute of Nuclear Physics, 1/AF, Bidhan nagar, Kolkata 700 064, India.

Abstract We consider the complex, massive Klein-Gordon field living in the noncommutative space, and coupled to noncommutative electromagnetic fields. After employing the Seiberg-Witten map to first order, we analyze the noncommutative Klein-Gordon theory as c, the velocity of light, goes to infinity. We show that the theory exhibits a regular ”magnetic” limit only for certain forms of magnetic fields. The resulting theory is nothing but the Schrödinger theory in a gravitational background generated by the gauge fields.

1 Introduction

Gauge theories on noncommutative spaces, which arise as a limit of string theory, exhibit several interesting properties [1, 2]. Noncommutative (NC) spaces are defined by the commutation relation [x̂^μ, x̂^ν] = iθ^{μν} , where θ is a constant antisymmetric matrix. Such a commutator amounts to replace the ordinary products of functions in commutative coordinate space by the Moyal star product defined by

f(x) ∗ g(x) = exp ( i 2 θ^{μν} ∂^y_μ∂^z_ν ) f(y)g(z) | | | y=z=x . (1)

This product is noncommutative, associative and highly non-local. Local-gauge invariant physical observables in ordinary gauge theories, when pass over to noncommutative spaces, acquire this non-local nature. In fact, it was shown in [3] that the translation of the gauge fields along the noncommutative directions is equivalent to gauge transformation plus a constant shift of the gauge field. To put it differently, a gauge transformation can generate a spatial translation and that is why we can not have local gauge-invariant observables in NC gauge theories. This subtle property of NC gauge theories reveals their similarity to general relativity where translations are equivalent to gauge transformations, i.e., the general coordinate transformations.

Exploiting the novel mapping—called the Seiberg-Witten map—between the NC gauge fields and their commutative analogue [1], the analogy to gravity was

∗e-mail: muthu@theory.saha.ernet.in

further corroborated in [4]. It was shown that if ordinary fields are employed, then the analogy with gravity shows up in such a vivid manner that the effect of noncommutativity can be interpreted as a gravitational background that depends on the dynamical gauge fields. The analogy to gravitational coupling of the NC theory of scalar fields coupled to NC Û (1) gauge fields was also clearly established in [4]. The fields considered in [4] are real/complex, massless Klein- Gordon fields coupled to NC Û (1) gauge fields, and it was shown that after performing the Seiberg-Witten map, real and complex fields couple to different gravitational backgrounds and that real field couples more strongly than the complex field.

In this paper, we consider the nonrelativistic limit of the NC Klein-Gordon equation for a massive, complex field coupled to NC electromagnetic fields. This leads to the NC Schrödinger equation, which also provides the quantum mechanical description of nonrelativistic particles. The quantum mechanics on NC spaces has been studied extensively in the literature because of its relevance in the one particle sector of NC field theories in the free field, or weak coupling case [5-20]. In the nonrelativistic sector, the noncommutative systems coupled to external electromagnetic fields have been dealt with, for example, in [5, 6, 14, 18, 19, 20, 21] but a detailed study in the spirit of [4] is lacking. We provide here such an analysis.

The paper is organized as follows.

In Section 2, we discuss the massive NC Û(1) gauge invariant NC Klein- Gordon theory along the lines of [4]. We assume the noncommutativity only among the spatial coordinates; the temporal coordinate is taken to be commuting with the spatial ones. After employing the Seiberg-Witten map (SW map), the theory to first order in θ is nothing but the conventional U (1) gauge invariant Klein-Gordon theory in a gravitational background generated by the gauge fields, and, the mass of the field acquires a field dependent first order correction.

Section 3 is a brief review of the Newton-Cartan spacetime structures that the nonrelativistic limit of the NC Klein-Gordon theory will have. We provide only the necessary details that will be used in the rest of the paper.

Finally, in Section 4 we derive the NC Schrödinger equation from the SWmapped NC Klein-Gordon equation. We employ the method known in the literature as the high frequency phase factor method [23, 24]. As noted in [22] for the case of Galilean electromagnetism, two distinct nonrelativistic (NR) limits—called the magnetic limit and the electric limit—are possible when we have electromagnetic fields. We consider the magnetic limit. We show that this limit exists only for specific forms of the magnetic field ( ⃗B) that need to obey the condition that ⃗θ · ∂_μ ⃗B should be zero, where θ^i is equal to (1/2)ϵ^{ijk}θ_{jk}. The resulting nonrelativistic equation is the Schrödinger equation in a gravitational background generated by the gauge fields. This equation corresponds to the generally covariant Schrödinger equation (in a special gravitational gauge) that was originally obtained in [25, 24]. While the underlying geometrical structure has the regular magnetic limit if and only if ⃗θ · ∂_i ⃗B is zero, the high frequency phase factor method gives consistent limit if and only if ⃗θ · ∂_0 ⃗B vanishes in addition to ⃗θ · ∂_i ⃗B being zero. We also compare this NR theory with the one obtained directly from the conventional U (1) gauge invariant Schrödinger theory deformed via the star product (1), and point out a few drawbacks in the later one.

2 Noncommutative Klein-Gordon Theory

As we are going to deal with the coupling of NC electromagnetic fields with the NC Klein-Gordon field, the NR limiting process needs to be handled with care. It was noticed in [22] for the case of conventional Galilean electromagnetism— the electromagnetic theory that is invariant under Galilean transformations— that when we have the electromagnetic fields, the limiting process will depend on the choice of the system of units and that choosing a system in which c enters in its very definition will lead to inconsistent results. In the case of conventional Maxwell theory, the way out is to use SI units which does not involve c in its definition but has it entered through the relation ϵ_oμ_oc^2 = 1. But this relation suggests that we can not directly take the limit c → ∞, since both ϵ_o and μ_o are finite quantities. The limiting process suggested in [22] is to keep one of the quantities in the theory and eliminate the other by using the relation ϵ_oμ_oc^2 = 1 before taking a limit (see also the end of Section 4). Therefore, one will land up with two different nonrelativistic limits: (i) the magnetic limit in which μ_o is kept in the theory, and (ii) the electric limit in which μ_o is eliminated.

We make use of that technique and write the conventional theory in terms of μ_o. When we deal with the NR limit of a relativistic theory, it is convenient to take the Minkowski metric to be diag (η^{μν} ) = ( −1/c^2, 1, 1, 1 ) in the absence of electromagnetic fields (see, for example, [26]). In the presence of the electromagnetic fields, we take it to be

diag (η^{μν} ) = ( −1/(μ_oc^2), 1, 1, 1 ) , (2)

since we consider the magnetic limit. That is, we employ the coordinate 4- vectors x^μ = ( t/ √ μ_o, x^i ) and x_μ = ( − √ μ_oc^2t, x^i ) . With these forms of covariant and contravariant vectors, the Maxwell tensor becomes

F^{0i} = E^i/(μ_oc^2), F^{ij} = ϵ^{ijk}B^k/ √ μ_o , (3) and F_{0i} = −E^i/(μ_oc^2), F_{ij} = ϵ^{ijk}B^k/ √ μ_o . (4)

The total action for the Klein-Gordon theory coupled to the ordinary U (1) gauge field is

S_c = − 1 4 ∫ d^4x √ −ηF^{μν}F_{μν} + ∫ d^4x √ −η [ (D^μΦ)^† (D_μΦ) + m^2c^2 h̄^2

Φ^†Φ ] , (5)

where η is the determinant of η_{μν} , F_{μν} = ∂_μA_ν −∂_νA_μ and D_μΦ = ∂_μΦ−igA_μΦ; g is the gauge coupling constant. Next, we use the Moyal star product (1) to get the noncommutative version of (5). We assume that the noncommutativity exists only among the spatial coordinates, i.e., we take θ^{0i} to be 0. We follow the Ref. [4] which treats the massless case. The action for the NC Û (1) gauge field is given by

S_A = − 1 4 ∫ d^4x √ −ηF̂^{μν} ∗ F̂_{μν} , (6) where F̂_{μν} = ∂_μÂ_ν − ∂_νÂ_μ − ig ( Â_μ ∗ Â_ν − Â_ν ∗ Â_μ ) . For the scalar field,

S_Φ = ∫ d^4x √ −η [( D̂^μΦ̂ )_† ∗ ( D̂_μΦ̂ ) + m^2c^2 h̄^2

Φ̂^† ∗ Φ̂ ] , (7) where D̂_μΦ̂ = ∂_μΦ̂ − igÂ_μ ∗ Φ̂. In this paper, we assume the scalar field to be complex. The real field has a different minimal coupling to the gauge field [4].

The actions (6) and (7) can be expressed in terms of the ordinary gauge fields A_μ with F_{μν} = ∂_μA_μ − ∂_ν A_μ and the conventional scalar field Φ with D_μΦ = ∂_μΦ − igA_μΦ through the Seiberg-Witten map. To first order in θ, the map is [1, 27, 4]

Â_μ = A_μ − g 2 θ^{αβ}A_α (∂_β A_μ + F_{βμ}) , (8)

Φ̂ = Φ − g 2 θ^{αβ} A_α∂_βΦ. (9)

Employing the map, the action (6) becomes

S_A = −1 4 ∫ d^4x √ −ηF_μ^ρ { η^{μν} − g [ θ^{μγ} F_γ^ν + θ^{νγ} F_γ^μ + η^{μν} 2 θ^{γσ} F_{γσ} ]} F_{νρ}, (10)

which, to first order in θ, can be written as

S_A = − 1 4 ∫ d^4x √ −η g^{μν} g^{ρσ} F_{μρ}F_{νσ}, (11) where g^{μν} = η^{μν} − h^{μν} = η^{μν} − [ g 2 (θ^{μγ} F_γ^ν + θ^{νγ} F_γ^μ) + g 4 η^{μν} θ^{γσ} F_{γσ} ] . (12)

Defining g_{μν} = η_{μν} + h_{μν} which to first order satisfies g_{μλ}g^{λν} = δ^ν_μ, one can check that the determinant of g_{μν} is η, since the trace of h_{μν} would vanish. At this stage, one might think of (11) as the ordinary Maxwell theory coupled to a field dependent gravitational background. But the background cannot be treated as fixed since the fields themselves are dynamical [4]. The NC Maxwell equations, i.e., the corresponding equations of motion for the action (11), are [28] ∂ ⃗B ∂t + ∇ × ⃗E = 0, ∇ · ⃗B = 0, ∂ ⃗D ∂t − ∇ × ⃗H = 0, ∇ · ⃗D = 0, (13)

where ⃗D = 1 μ_oc^2 [ ⃗E + e h̄ ( −(⃗θ · ⃗B) ⃗E + (⃗θ · ⃗E) ⃗B + ( ⃗E · ⃗B)⃗θ )] , ⃗H = 1 μ_o [ ⃗B + e h̄ ( (⃗θ · ⃗B) ⃗B − (⃗θ · ⃗E) ⃗E + 1 2 ( ⃗E^2 − ⃗B^2)⃗θ

)] (14)

are the constitutive relations.

On the other side, the action (7) takes the form:

S_Φ = ∫ d^4x √ −η { g^{μν} (D_μΦ)^† (D_ν Φ) + m^2c^2 h̄^2 [ 1 + g 4 θ^{γσ} F_{σγ} ] Φ^†Φ } . (15)

Note that both (11) and (15) are invariant under ordinary U (1) gauge transformation. With the redefinition of mass: ~m = m [ 1 + g 8 θ^{γσ} F_{σγ} ] , (16) the action (15) is written as

S_Φ = ∫ d^4x √ −η { g^{μν} (D_μΦ)^† (D_ν Φ) +

~m^2c^2 h̄^2

Φ^†Φ } . (17)

This action is like that of the Klein-Gordon theory of the ordinary field Φ, with gauge field dependent mass, coupled to a gravitational background. Indeed, the Riemann tensor constructed out of g_{μν} does not vanish, and the Ricci tensor and the scalar curvature do vanish suggesting that the spacetime is not flat [4]. We like to point out that it has been shown in [29] that (6) boils down to the form (11) to all orders in θ, but there are troubles to establish (17) to all orders in θ for the massless case^1. For the massive case, the problem becomes more serious because in higher orders the mass term gives rise to derivatives of Φ. In this paper, we restrict up to the first order terms. The noncommutativity of spacetime not only causes a field dependent distortion of spacetime, which is elegantly interpreted using the mathematical tools of general relativity, but also provides the mass of the ordinary Klein-Gordon field a gauge field dependency.

We denote the Christoffel symbols by {^κ_{μν} }, and define the covariant derivative of a vector X^κ to be ∇_μX^κ = ∂_μX^κ + {^κ_{μν}}X^ν . Then the minimal coupling to the electromagnetic field in the curved spacetime may be defined by D_μΦ = ∇_μΦ − igA_μΦ. The Klein-Gordon equation in curved spacetime, then, takes the form: g^{μν} D_μD_νΦ − ~m^2c^2 h̄^2

Φ = 0. (18)

We are interested in the NR limit of this equation. Since the energy involved in the NR limit is far less than mc^2, the term involving mc^2 is expected to decouple in the NR limit. In the case of the conventional Klein-Gordon theory in flat spacetime, the limiting theory is achieved through the method of eliminating a high frequency phase factor e^{−imc2t/h̄} from the wave function [23]. In curved spacetime, employing a similar technique, the Klein-Gordon theory has been shown by Duval and Künzle [24] to reduce to the Newton-Cartan-Schrödinger equation [25, 24]. Newton-Cartan-Schrödinger equation is the generally spacetime covariant version of the Schrödinger equation first obtained by Kuchař [25], and later shown by Duval and Künzle [24], using the language of fiber bundles, that a prescription of minimal coupling of Newton-Cartan gravitational field to a complex scalar field leads to the same. The reference [30] gives a coherent review of the Newton-Cartan theory of gravity and the generally covariant Schrödinger theory, and deals further with the quantum aspects of Newton-Cartan theory to show that the quantum field theory of Newtonian gravity coupled to Galilean relativistic matter is exactly soluble. A very brief review of the Newton-Cartan spacetime structures that the NR limiting theory of (18) will have is provided in the next Section.

3 The Newton-Cartan Spacetime Structures

Geometrically speaking, the NR limit (c → ∞) can be viewed as a flattening or opening up of the light cones which would form the spacelike surfaces in the

1 We thank Prof. V.O. Rivelles for private communication drawing our attention to the reference [29] and commenting on this regard.

NR context. In the NR limit the spacetime structure is the general Galilean spacetime—a four-dimensional C^∞ manifold M that is endowed with the three structures: (i) a positive, semi-definite space-metric γ^{μν} with signature (0 + + +); (ii) a never vanishing covariant vector field T_μ that corresponds to the time-metric T_{μν} = T_μT_ν with signature (+ 0 0 0); (iii) a connection represented by the smooth covariant derivative ∇_μ. The following conditions need to be satisfied by these three structures [30, 31]:

γ^{μν} T_ν = 0; ∇_λγ^{μν} = 0; ∇_λT_μ = 0. (19)

The Galilean structure defined by these conditions is said to be integrable if

∂_{[λ} T_{μ]} = 0. (20)

The integrability condition locally allows a time function T such that T_μ = ∂_μT [32, 30]. Then the condition ∇_λT_μ = 0 implies that T is determined up to a linear transformation T → aT + b, where a (> 0) and b are constants [26].

Linear symmetric Galilean connection Γ^κ_{μν} , such that ∇_λγ^{μν} = 0 and ∇_λT_μ = 0, exists if and only if the structure (γ^{μν} , T_μ) is integrable. But the conditions (19) and (20) determine the Galilean connection Γ^κ_{μν} only up to an antisymmetric tensor F_{μν} , i.e.,^2 [31]

Γ^κ_{μν} =^uΓ^κ_{μν} + γ^{λκ} [ T_{(μ} F_{ν)λ} ] , (21)

where^uΓ^κ_{μν} is given by u Γ^κ_{μν} = 1 2 γ^{λκ} [ ∂_μ^uγ_{νλ} + ∂_ν^uγ_{λμ} − ∂_λ^uγ_{μν} ] + u^κ∂_{(ν} T_{μ)}. (22)

The vector u^μ is unit timelike, i.e., u^μT_μ = 1, and it is interpreted as the fourvelocity observer fields. A vector v^μ is spacelike if √ v^μv^ν T_{μν} = 0, timelike if √ v^μv^ν T_{μν} > 0 and future-oriented if v^μT_μ > 0 [30]. The connection^uΓ^κ_{μν} is a unique symmetric Galilean connection such that the observer defined by u^μ is geodesic and nonrotating, i.e.,

u^{μ u}∇_μu^ν = u^μ ( ∂_μu^ν +^uΓ^ν_{μλ}u^λ ) = 0, (23)

γ^{μλ u}∇_λu^ν = γ^{νλ u}∇_λu^μ. (24)

The covariant metric^uγ_{μν}, relative to the observer u^μ, is uniquely defined through the relations u γ_{μν} u^ν = 0,^uγ_{μν}γ^{νλ} = δ^λ_μ − u^λT_μ, (25)

and it is used to lower indices.

The curvature tensor R^λ_{μνα} given by R^λ_{μνρ} = ∂Γ^λ_{μν} ∂x^ρ − ∂Γ^λ_{μρ} ∂x^ν + Γ^η_{μν}Γ^λ_{ρη} − Γ^η_{μρ}Γ^λ_{νη} (26)

2 We employ the symmetrization b^{(μν)} = (b^{μν} + b^{νμ})/2 and the antisymmetrization b^{[μν]} = (b^{μν} − b^{νμ})/2.

has the following properties pertaining to the Galilean spacetime [31, 30] γ^{μ(κ} R^{λ)}_{μνρ} = 0, T_λR^λ_{μνρ} = 0, R^λ_{μ(νρ)} = 0, R^λ_{[μνρ]} = 0. (27)

The Ricci tensor and the scalar curvature are, respectively, R_{μν} = R^λ_{μνλ} and R = γ^{μν} R_{μν}. Newton-Cartan connections are special cases of Galilean connections such that [31]

R^λ_μ^ν_ρ = R^ν_ρ^λ_μ. (28)

Equivalently, the necessary and sufficient condition for a Galilean connection to be Newton-Cartan is that [31, 30] F_{μν} = ∂_μA_ν − ∂_ν A_μ, (29)

where A_μ is interpreted as the combination of gravitational and inertial potentials with respect to the observer u^μ [33]. The connection (21) with the constraint (29) is invariant under the following transformations: u^μ → u^μ + γ^{μν} w_ν, A_μ → A_μ + ∂_μf + w_μ − (u^ν w_ν + 1 2 γ^{νλ}w_νw_λ)T_μ, (30)

where f is a smooth function and w_μ is a covariant vector which is defined only modulo T_μ. The transformations (30) are of the gauge group of the Newtonian gravitation theory [24, 34]. Note that the pair (u^μ, A_μ) helps to uniquely determine the connection (21), whereas the structure (γ^{μν} , T_μ) alone does not. This suggests that we can consider the structure (M; γ^{μν} , T_μ, u^ν, A_μ) with the conditions (19), (20) and (29) instead of (M; γ^{μν} , T_μ, ∇_μ) with (19), (20) and (28) to uniquely define the Newton-Cartan spacetime structures.

4 The Nonrelativistic Limit

We will be making use of the zeroth order in θ of the equations (13) in their magnetic limit (μ_oc^2 → ∞). To get them, we expand the fields ⃗E and ⃗B in orders of θ as [35] ⃗E = ⃗e + ⃗E^′ + ⃗E^{′′} + . . . , ⃗B = ⃗b + ⃗B^′ + ⃗B^{′′} + . . . , (31) substitute them in (13), and take the magnetic limit. The zeroth order equations of the resulting equations are ∂⃗b ∂τ + ∇ × ⃗e = 0, ∇ · ⃗b = 0, ∇ × ⃗b = 0, ∇ · ⃗e = 0, (32) where τ is the absolute time in the nonrelativistic context. The equations (32) are the same as the ones in [22].

To discuss the NR limit form of a generally covariant relativistic theory, it is convenient to choose one fixed local coordinate system and the following one parameter (λ) family of Lorentz metrics [32, 24]:

g^{μν} = γ^{μν} + λ^1g^{μν} + O(λ^2), (33) g_{μν} = − ( 1 λ ) T_μT_ν +^0g_{μν} + O(λ), (34) where 1 g^{μν} = −u^μu^ν + k^{μν} , (35) 0 g_{μν} = −2V T_μT_ν +^uγ_{μν} , (36)

for a spacelike tensor k^{μν} and an arbitrary scalar V . In the limit of flat metric, a comparison of (34) with (2) tells that λ should be identified with (μ_oc^2)^{−1}. The vector u^μ in Eqn.(35) is unit timelike [32] and it is of special significance: Quoting [32], ”Roughly speaking it gives the local time axis of the reference frames with respect to which one expands the relativistic theories in powers of λ from their Newtonian limit”. In the NR limit, the expansion of the Christoffel symbols become {^κ_{μν}} = − 2 λ γ^{ρκ}T_{(ν} ∂_{[μ)} T_{ρ]} + Γ^κ_{μν} − (4V γ^{ρκ} + 2^1g^{ρκ})T_{(ν} ∂_{[μ)} T_{ρ]} + O(λ), (37)

where Γ^κ_{μν} is given by

Γ^κ_{μν} = 1 2 γ^{λκ} [ ∂_μ^uγ_{νλ} + ∂_ν^uγ_{λμ} − ∂_λ^uγ_{μν} ] + u^κ∂_{(ν} T_{μ)} + γ^{κρ}∂_ρV T_μT_ν. (38)

Note that the connection {^κ_{μν}} constructed out of the metric g_{μν} has a regular limit as λ → 0 if and only if ∂_{[λ} T_{μ]} = 0, i.e., if the Galilean structure is integrable—a theorem proved in [32]. Therefore, in this case the connection {^κ_{μν} } takes the form:

{^κ_{μν}} = Γ^κ_{μν} + O(λ), (39)

where Γ^κ_{μν} , given by (38), is the particular case of (21) for which A_μ = −V T_μ.

In the case of the noncommutative Klein-Gordon theory described by (17), the induced background gravitational metric is

g_{μν} = η_{μν} + [ g 2 ( θ_{μγ} F^γ_ν + θ_{νγ} F^γ_μ ) + g 4 η_{μν} θ^{γσ} F_{γσ} ] , (40)

and the inverse metric is given by (12). With the help of (3) and (4), one can show the components of the metric to be

g_{00} = −μ_oc^2(1 + g 2 √ μ_o ⃗θ · ⃗B), g_{0i} = g 2 ( ⃗E × ⃗θ)_i, g_{ij} = δ_{ij}(1 − g 2 √ μ_o ⃗θ · ⃗B) + g 2 √ μ_o ( θ^iB^j + θ^j B^i ) , (41)

and that of the inverse metric to be

g^{00} = − 1 μ_oc^2

(1 − g 2 √ μ_o ⃗θ · ⃗B), g^{0i} = ( g 2 ) ( 1 μ_oc^2 ) ( ⃗E × ⃗θ)_i, g^{ij} = δ_{ij} (1 + g 2 √ μ_o ⃗θ · ⃗B) − g 2 √ μ_o ( θ^iB^j + θ^j B^i ) . (42)

A comparison of the above components with that of (33) and (34) yields, to first order in θ, the following explicit forms for T_μ, u^μ, γ^{μν} ,^uγ_{μν} , V and k^{μν}:

T_μ = ( (1 + g⃗θ · ⃗B 4 √ μ_o ), 0, 0, 0 ) ; (43)

u^μ = ( (1 − g⃗θ · ⃗B 4 √ μ_o ), −g 2 ( ⃗E × ⃗θ)_i ) ; (44)

γ^{0μ} = 0, γ^{ij} = (1 + g⃗θ · ⃗B 2 √ μ_o )δ_{ij} − g 2 √ μ_o ( θ^iB^j + θ^j B^i ) ; (45) u γ_{00} = 0,^uγ_{0i} = g 2 ( ⃗E × ⃗θ)_i,^uγ_{ij} = (1 − g⃗θ · ⃗B 2 √ μ_o )δ_{ij} + g 2 √ μ_o ( θ^iB^j + θ^j B^i ) . (46)

The equation (36), together with the definition that^uγ_{μν} u^ν = 0, leads to V = 0. Therefore,

A_μ = −V T_μ = 0. (47)

The property that k^{μν} is a spacelike tensor, i.e., k^{μν} T_ν = 0, together with T_0 ≠ 0 and T_i = 0, determines that k^{μ0} = 0. Moreover, a comparison of the expression (35) with the O(λ) term of (42) gives that k^{ij} = 0. Therefore, k^{μν} is also equal to zero.

The explicit forms of the components of the connection constructed from the metric components (41) and (42) are:

{^0_0} = g 4 √ μ_o ⃗θ · ∂_0 ⃗B + O(λ) + O(θ^2), (48)

{^0_{μj}} = O(λ) + O(θ^2), (49)

{^i_{00}} = 1 2 g^{ij} ( 1 λ ) g 2 √ μ_o (⃗θ · ∂_j ⃗B) + g 2 (∂_0 ⃗E × ⃗θ)_i + O(θ^2), (50) {^i_{kl}} = g 4 √ μ_o [ θ^l ∂_kB^i + θ^i∂_kB^l + θ^i∂_lB^k + θ^k∂_lB^i −θ^k∂_iB^l − θ^l ∂_iB^k ] + O(λ) + O(θ^2), (51)

{^k_{0j}} = g 4 √ μ_o [ −(⃗θ · ∂_0 ⃗B)δ_{jk} + θ^j ∂_0B^k + θ^k ∂_0B^j ]

+ g 4 [ (∂_j ⃗E × ⃗θ)_k − (∂_k ⃗E × ⃗θ)_j ] + O(θ^2). (52)

We like to draw the reader’s attention to the Eqn.(50) where λ appears in the denominator, and hence the component {^i_{00}} diverges in the limit λ → 0. It has a regular limit if and only if the factor (⃗θ · ∂_j ⃗B) becomes zero. This is also compatible with the theorem previously stated. That is, the integrability condition ∂_λT_μ = ∂_μT_λ gives that ⃗θ · ∂_j ⃗B = 0. (53) This condition, being of first order in θ, is peculiar to the noncommutative theory. In the limit θ → 0, we do not have any such restriction on the form of ⃗B in the NR limit (see [23]).

In the limit λ → 0, the components of the Galilean connection (38) are, then, given by

Γ^0_0 = g 4 √ μ_o ⃗θ · ∂_0 ⃗B; Γ^0_{μj} = 0; Γ^i_{00} = g 2 (∂_0 ⃗E × ⃗θ)_i;

Γ^i_{kl} = g 4 √ μ_o [ θ^l ∂_kB^i + θ^i∂_kB^l + θ^i∂_lB^k + θ^k∂_lB^i − θ^k∂_iB^l − θ^l ∂_iB^k ] ; (54)

Γ^k_{0j} = g 4 √ μ_o [ −(⃗θ · ∂_0 ⃗B)δ_{jk} + θ^j ∂_0B^k + θ^k∂_0B^j ] + g 4 [ (∂_j ⃗E × ⃗θ)_k − (∂_k ⃗E × ⃗θ)_j ] . Next, we classify ⃗θ · ⃗B that obey the condition (53) into two cases: (i) ⃗θ · ∂_0 ⃗B is zero and (ii) ⃗θ · ∂_0 ⃗B is not zero. For the case (i), the mass (16) becomes a constant; however, for the case (ii), it becomes a function of time. In the following, we consider only the case of constant mass, and, at the end of this Section, we comment on the other case in which the mass is a function of time. Note that the components of the connection are of first order. Therefore, making use of (31) and the equations (32), the components of the curvature tensor (26) are worked out to be:

R^j_{00l} = − g 4 √ μ_o [ θ^l ∂_0∂_0b^j + θ^j ∂_0∂_0b^l ] + g 4 [ (∂_0∂_l⃗e × ⃗θ)_j + (∂_0∂_j⃗e × ⃗θ)_l ] ; R^i_{j0l} = g 4 √ μ_o [ θ^i∂_j ∂_0b^l − θ^j ∂_i∂_0b^l ] + g 4 [ (∂_l∂_j⃗e × ⃗θ)_i − (∂_l∂_i⃗e × ⃗θ)_j ] . (55)

Other components which are not symmetric to (55) are zero. Moreover, the Ricci tensor and the scalar curvature vanish. The nonvanishing of the curvature tensor suggests that the spacetime is not flat. Note that when both ⃗e and ⃗b are constant, the spacetime will not be curved as expected from (40). Incidentally, a rigid Galilean observer frame defined by, say v^μ, needs to satisfy γ^{αβ}∇_βv^μ = −γ^{αμ}∇_βv^β [25]. But one can show that the observer frame described by (44) does not satisfy this requirement suggesting that the frame is not a rigid one.

So far we considered the underlying spacetime structure in the NR limit. To achieve the NR limit of (18), following [23, 24] we write the field Φ and the time coordinate x^0 as

Φ = e^{− iαλ x0} Ψ, (56)

x^0 = T + λ^1N + λ^{2 2}N + O(λ^3), (57)

where^1N and^2N are real scalars, and α is equal to ~m/(h̄ √ μ_o). The zeroth order of x^0, i.e., T may be chosen to be equal to (1 +^{g⃗θ· ⃗B}_4√_{μo} )(τ / √ μ_o). One can also

replace Ψ in (56) with (1 + λ^1ω +O(λ^2))Ψ,^1ω being some real scalar, as used in [24]. As we are interested only in the zeroth order in λ of (18), the form (56) suffices our purpose. We write the Klein-Gordon equation (18) as

E_{KG} [Φ] = g^{μν} D_μD_ν Φ − α^2 λ Φ = 0. (58)

After making use of (33), (39), (56) and (57), E_{KG} becomes

E_{KG} [Φ] = e^{− iαλ x0} [( 2α h̄ ) E[Ψ] − 2iαγ^{μν} (∂_μ^1N )(^uD_νΨ) + 2α^2u^μ(∂_μ^1N )Ψ

+α^2γ^{μν} (∂_μ^1N)(∂_ν^1N )Ψ − iαγ^{μν} (^u∇_μ∂_ν^1N )Ψ + O(λ) ] = 0,

(59) where^uD_μΨ =^u∇_μΨ − igA_μΨ and

E[Ψ] = h̄ 2α γ^{μν u}D_μ^uD_ν Ψ + ih̄u^μ(^uD_μΨ) + ih̄ 2 (^u∇_μu^μ)Ψ. (60)

Moreover, it was shown in [24] that in the limit c → ∞,^1N needs to be a constant in which case (59) reduces to

E_{KG} [Φ] = e^{− iαλ x0} [( 2α h̄ ) E[Ψ] + O(λ) ] = 0. (61)

Comparing the terms of like powers of λ, the zeroth order equation is given by

E[Ψ] = h̄ 2α γ^{μν u}D_μ^uD_ν Ψ + ih̄u^μ(^uD_μΨ) + ih̄ 2 (^u∇_μu^μ)Ψ = 0. (62)

Keeping in mind that^uΓ = Γ and that ⃗θ · ∂_0 ⃗B = 0,^u∇_μu^μ in the last term can be shown to be zero. This, finally, leads to the Schrödinger equation in the spacetime defined by the Galilean structure (43), (44), (45) and (47):

E[Ψ] = h̄ 2α γ^{μν u}D_μ^uD_ν Ψ + ih̄u^μ(^uD_μΨ) = 0. (63)

When we go from the coordinate structure (^τ√_{μo} , x^i) to (τ, x^i), u^μ goes to √ μ_ou^μ as it is the four-velocity observer field. In this case, the equation (63) becomes

h̄^2 2 ~m γ^{μν u}D_μ^uD_ν Ψ + ih̄u^μ(^uD_μΨ) = 0. (64)

This equation corresponds to the generally covariant Schrödinger equation

h̄^2 2 ~m γ^{μν} D_μD_ν Ψ + ih̄u^μ(D_μΨ) + ih̄ 2 (∇_μu^μ)Ψ = 0 (65)

obtained by Kuchař [25], and Duval and Künzle [24] (in a special gauge given by (44) and (47) ). The covariant derivative D_μΨ in (65) is defined by D_μΨ = ∇_μΨ −^{i ~m}_{h̄} A_μΨ − igA_μΨ.

One can also show that the Lagrangian in (17) goes over to the Lagrangian for the Schrödinger theory in curved spacetime as λ tends to zero (see [24] which deals with the general Lagrangian): { g^{μν} (D_μΦ)^† (D_ν Φ) +

~m^2c^2 h̄^2

Φ^†Φ } = 2 ~m h̄^2

(L[Ψ]) + O(λ),

where

L[Ψ] = h̄^2 2 ~m γ^{μν} (D_μΨ)^† (D_ν Ψ) + ih̄ 2 u^μ ( (D_μΨ)^† Ψ − Ψ^† (D_μΨ) ) . (66)

For the sake of completeness, we like to compare this Lagrangian with the one obtained directly from the Lagrangian for the conventional U (1) gauge invariant Schrödinger theory deformed by the star product (1).

The action for the conventional Schrödinger field coupled to a U (1) gauge field is

S_c = ∫ d^4x [ h̄^2 2m (D_iΨ)^† (D_iΨ) + ih̄ 2 [ (D_0Ψ)^† Ψ − Ψ^† (D_0Ψ) ]] . The NC version is obtained through the star product (1):

S[Ψ] = ∫ d^4x [ h̄^2 2m (D̂_iΨ̂)^† ∗ (D̂_iΨ̂) + ih̄ 2 [ (D̂_0Ψ̂)^† ∗ Ψ̂ − Ψ̂^† ∗ (D̂_0Ψ̂) ]] . After making use of the Seiberg-Witten map, the above action boils down to the form:

S[Ψ] = ∫ d^4x [ h̄^2 2m γ^{ij} (D_iΨ)^† (D_j Ψ) + ih̄ 2 u^i [ (D_iΨ)^† Ψ − Ψ^† (D_iΨ) ]

+ ih̄ 2 ( 1 − g⃗θ · ⃗B 2 √ μ_o ) [ (D_0Ψ)^† Ψ − Ψ^† (D_0Ψ) ] ] , (67)

where the forms of u^i and γ^{ij} are the same as in (44) and (45), but with one major difference: the magnetic field is not restricted by any condition like ⃗θ·∂_μ ⃗B should be zero. For the magnetic fields satisfying this condition, the Lagrangian in (67) can be shown to be equivalent to (66)—up to an overall constant factor. Therefore, one might be tempted to start from (67) and work towards giving an interpretation of the theory being embedded in a gravitational background generated by the gauge fields. But note that such an interpretation, especially when it comes to Eqn.(20), will be ad hoc and will not be as demanding as it happens in the derivation of the NR theory from the relativistic theory. For other forms of the fields, not only the theory lacks an interpretation of various terms in the Lagrangian, but also it is not furnished with details about which NR limit it corresponds to. Or rather, the theory being nonrelativistic does not clearly distinguish between the two NR limits.

Finally, we comment on the case of the time dependent mass in the magnetic limit, and on the electric limit.

In the case of time dependent mass, if we press on with the high frequency phase factor method, then we would end up with terms of order 1/λ, which diverge in the limit λ → 0. It is precisely for this reason we avoided taking ⃗θ · ⃗B to be a function of t which would have otherwise given an inconsistent limit. To put it in other words (keeping in mind the condition (53)), for a consistent NR magnetic limit to exist, ⃗θ · ∂_μ ⃗B should be zero.

Our consideration of the magnetic limit was based on the existence of the corresponding smooth limit of the Maxwell equations (13). In the case of conventional Maxwell theory, the mere elimination of μ_o by using the relation ϵ_oμ_oc^2 = 1 does not lead to a consistent and correct electric limit. A method has been prescribed in [22] to obtain the theory in the electric limit directly from the Maxwell equations. To quote [22], ”To obtain the electric limit, express the relativistic theory in terms of E and a redefined magnetic field ~B = c^2B, keeping ϵ_o but eliminating μ_o (written 1/ϵ_oc^2), then let c → ∞”. This prescription is based on the a priori knowledge of the limiting theory formulated using physical and group theoretical arguments in [22] itself. To understand whether such a prescription will be applicable in the case of the noncommutative theory, one needs to construct a consistent electric limit form of the NC electrodynamics. Perhaps a group theoretical approach along the lines of [22, 32] might provide a better setting in the case of the electric limit form of the theory. We will report our progress elsewhere.

Acknowledgments

It is a pleasure to thank Prof. P. Mitra for a careful reading of the manuscript and for his questions and comments on it. Correspondence with Prof. V.O. Rivelles is gratefully acknowledged.

References

[1] N. Seiberg and E. Witten, String theory and noncommutative geometry, JHEP 9909(1999)032, hep-th/9908142.

[2] Michael R. Douglas and Nikita A. Nekrasov, Noncommutative field theory, Rev. Mod. Phys. 73(2001)977, hep-th/0106048;

Richard J. Szabo, Quantum field theory on noncommutative spaces, Phys. Rept. 378(2003)207, hep-th/0109162;

[3] D.J. Gross and N.A. Nekrasov, Dynamics of strings in noncommutative gauge theory, JHEP 0010(2000)021, hep-th/0007204.

[4] V.O. Rivelles, Noncommutative field theories and gravity, Phys. Lett. B 558(2003)191, hep-th/0212262; Noncommutative theories, Seiberg-Witten map and gravity, hep-th/0409161.

[5] M. Chaichian, M.M. Sheikh-Jabbari and A. Tureanu, Hydrogen atom spectrum and the Lamb shift in noncommutative QED, Phys. Rev. Lett. 86(2001)2716;

M. Chaichian, M.M. Sheikh-Jabbari and A. Tureanu, Comments on the hydrogen atom spectrum in the noncommutative space, Eur. Phys. J. C 36(2004)251, hep-th/0212259.

[6] V.P. Nair and A.P. Polychronakos, Quantum mechanics on the noncommutative plane and sphere, Phys. Lett. B 505(2001)267, hep-th/0011172;

[7] B. Muthukumar and P. Mitra, Noncommutative oscillators and the commutative limit, Phys. Rev. D 66(2002)027701, hep-th/0204149.

[8] C. Duval and P.A. Horvathy, Exotic Galilean symmetry in the noncommutative plane and the Hall effect, J. Phys. A 34(2001)10097, hep-th/0106089; C. Duval and P.A. Horvathy, Noncommuting coordinates, exotic particles and anomalous anyons in the Hall effect, hep-th/0407010

[9] S.A. Alavi, Berry’s phase in noncommutative spaces, Phys. Scripta 67(2003)366, hep-th/0208098;

[10] K. Bolonek and P. Kosinski, On uncertainty relations in noncommutative quantum mechanics, Phys. Lett. B 547(2002)51, hep-th/0208162.

[11] G.D. Barbosa and N. Pinto-Neto, Noncommutative quantum mechanics and Bohm’s ontological interpretation, Phys. Rev. D 69(2004)065014.

[12] R.C. King and T.D. Palev, The noncommutative and discrete spatial structure of a 3-D Wigner quantum oscillator, J. Phys. A 36(2003)4337, hep-th/0304136.

[13] L. Jonke, S. Meljanac, Representations of noncommutative quantum mechanics and symmetries, Eur. Phys. J. C 29(2003)433, hep-th/0210042;

[14] S. Bellucci, A. Nersessian and C. Sochichiu, Two phases of the noncommutative quantum mechanics, Phys. Lett. B 522(2001)345, hep-th/0106138.

[15] Pijush K. Ghosh, Supersymmetric quantum mechanics on noncommutative space, hep-th/0403083.

E. Harikumar, V. Sunil Kumar and A. Khare, Supersymmetric quantum mechanics on noncommutative plane, Phys. Lett. B 589(2004)155, hep-th/0402064

[16] Subir Ghosh, Wavepackets and duality in noncommutative planar quantum mechanics, hep-th/0405177.

[17] H.R. Chrisiansen and F.A. Schaposnik, Noncommutative quantum mechanics and rotating frames, Phys. Rev. D 65(2002)086005, hep-th/0106181.

[18] A. Kokado, T. Okamura and T. Saito, Noncommutative quantum mechanics and Seiberg-Witten map, Phys. Rev. D 69(2004)125007, hep-th/0401180.

[19] Pei-Ming Ho and Hsien-Chung Kao, Noncommutative quantum mechanics from noncommutative quantum field theory, Phys. Rev. Lett. 88(2002)151602, hep-th/0110191.

[20] Jian-zu Zhang, Testing spatial noncommutativity via Rydberg atoms, Phys.

Rev. Lett. 93(2004)043002, hep-ph/0405143.

[21] B. Chakraborty, S. Gangopadhyay and A. Saha, Quantum hall effect on noncommutative plane through Seiberg-Witten map, hep-th/0312292.

[22] M. Le Bellac and J.-M. Levy-Leblond, Galilean electromagnetism, Nuovo Cimento 14B(1973)217.

[23] L. Schiff, Quantum Mechanics, McGraw-Hill Book Company, 3rd ed. (1968) p.468

[24] C. Duval and H.P. Künzle, Minimal gravitational coupling in the Newtonian theory and the covariant Schrödinger equation, Gen. Rel. Grav. 16(1984)333.

[25] K. Kuchař, Gravitation, geometry and nonrelativistic quantum theory, Phys. Rev. D 22(1980)1285.

[26] A. Trautman, F.A.E. Pirani and H. Bondi, Lectures on general relativity, Vol.1, Prentice-Hall, Inc. Englewood Cliffs, New Jersey (1965) p.116

[27] A.A. Bichl, J.M. Grimstrup, L. Popp, M. Schweda and R. Wulkenhaar, Deformed QED via Seiberg-Witten map, hep-th/0102103.

[28] Z.Guralnik, R.Jackiw, S.Y.Pi and A.P.Polychronakos, Testing noncommutative QED, constructing noncommutative MHD, Phys. Lett. B 517(2001)450, hep-th/0106044.

[29] Hyun Seok Yang, Exact Seiberg-Witten map and induced gravity from noncommutativity, hep-th/0402002.

[30] Joy Christian, Exactly solvable sector of quantum gravity, Phys. Rev. D 56(1997)4844, gr-qc/9701013.

[31] C. Duval and H.P. Künzle, Dynamics of continua and particles from general covariance of Newtonian gravitation theory, Rept. Math. Phys. 13(1978)351. (for more details, see the referred article by H.P.Künzle therein.)

[32] H.P. Künzle, Covariant Newtonian limit of Lorentz space-times, Gen. Rel.

Grav. 7 (1976)445.

[33] C. Duval, G. Burdet, H.P. Künzle and M. Perrin, Bargmann structures and Newton-Cartan theory, Phys. Rev. D. 31(1985)1841.

[34] Christian Rüede and Norbert Straumann, On Newton-Cartan cosmology, Helv. Phys. Acta 70(1997)318, gr-qc/9604054.

[35] G. Berrino, S.L. Cacciatori, A. Celi, L. Martucci and A. Vicini, Noncommutative Electrodynamics, Phys. Rev. D 67(2003)065021, hep-th/0210171.