arXiv:hep-th/0412126 v3 14 Feb 2006

The flux of noncommutative U(1) instanton through the fuzzy spheres

A.A.Henni^∗and M.Lagraa^† Laboratoire de physique theorique Université d’Oran Es-Senia, 31100, Algerie.

February 14, 2006

Abstract

From the ADHM construction on noncommutative R^4_θ vector space we investigate different U(1) instanton solutions tied by partial isometry trasformations. We recast these solutions under a form of vector fields in noncommutative R^3_θ vector space which makes possible the calculus of their fluxes through fuzzy spheres. For this end, we establish the noncommutative analog of Gauss theorem from which we show that the flux of the U(1) instantons through fuzzy spheres does not depend on the radius of these spheres and it is invariant under partial isometry transformations.

PACS NUMBER: 11.10.Nx, 11.15.Tk.

Introduction Noncommutative geometry is a generalization of the usual differential geometry in the sense that the usual description of manifolds by their corresponding algebra of functions is reformulated by using noncommutive algebras which are considered as algebras on noncommutative spaces [1, 2, 3]. In physics one can hope that noncommutative geometry gives alternatives to solve many problems such as renormalization of quantum field theories where the fuzzy spheres are used in the regularization scheme [4], quantization of gravity [5], superstring and M-theory [6, 7, 8] and quantum Hall effect [9, 10].

In the several last years a great variety of works in field theories on noncommutative geometry have been developed. In particular the Yang-Mills gauge theories which are emerged from certain low energy limit of string theory [11, 12] or from M theory compactification [7, 8]. In the most part of this development are treated some non perturbative aspects of noncommutative gauge theories especially to describe noncommutative instantons and their topological charge [13, 14, 15, 16, 17, 18, 19, 20] .

In this work we mainly treat the invariance of the one topological charge under partial isometry transformations of U (1) instantons on noncommutative

∗h moubine@yahoo.fr †m.lagraa@mailcity.lycos.com

R^4_θ and establish the analog of Gauss theorem in noncommutative R^3_θ space from which we show that the flux of U (1) instantons through fuzzy spheres does not depend on their radius (does not depend on the Hilbert space representations of different fuzzy sphere algebras).

We begin this paper by recalling in section 1 some properties of noncommutative R^4_θ space and review briefly in section 2 the ADHM (Atiyah-Drinfeld- Hitchin-Manin) construction of instantons on this noncommutative space [22, 23, 24, 13].

In the third section, explicit solutions deduced from partial isometries are investigated. We show that these partial isometries acts as noncommutative U (1) gauge transformations leaving invariant the instanton number.

In section 4 we recast the U (1)-one-instantons in terms of operator algebra over R^3_θ. This will leads us to view the strength field of the U (1) instanton as a vector field in R^3_θ. Finally we establish in the last section a noncommutative analog to the Gauss theorem to calculate the flux of the U (1) instanton fields through fuzzy spheres then we show its invariance under partial isomerty transformations.

1 Noncommutative R^4_θ

In this section we consider R^4_θ noncommutative space which can be described by the complex coordinates

^z_1 = ^x_2 + i^x_1, ^z_2 = ^x_4 + i^x_3,

satisfying the commutation relations : [ ^z_α, ^z_β ] = −2δ_{α,β}θ, [^z_α, ^z_β] = 0 , (α, β = 1, 2) The Hilbert space representation H, on which the operators ^z_α, ^z_α act, is spanned by the basis

|n_1, n_2⟩ = (^z_1/ √ 2θ)^{n1} √ n_1! (^z_2/ √ 2θ)^{n2} √ n_2! |0, 0⟩ , ^z_α |0, 0⟩ = 0 where the states |n_1, n_2⟩ are orthonormalized

⟨n_1, n_2 |m_1, m_2⟩ = δ_{n1m1} δ_{n2m2}. (1)

^z_α and ^z_α act on theses states as:

^z_1 |n_1, n_2⟩ = √ 2θ (n_1 + 1) |n_1 + 1, n_2⟩ , ^z_2 |n_1, n_2⟩ = √ 2θ (n_2 + 1) |n_1, n_2 + 1⟩ , ^z_1 |n_1, n_2⟩ = √ 2θn_1 |n_1 − 1, n_2⟩ , ^z_2 |n_1, n_2⟩ = √ 2θn_2 |n_1, n_2 − 1⟩ .

The operator algebra over R^4_θ , denoted by ^A^4_θ, can also be described by the algebra A^4_θ of c-number functions f(z, z) endowed with the normal ordering star product [25] f(z, z) ∗ g(z, z) = e^{2θ ∂∂z ∂∂z′} f(z, z)g(z^′, z^′)_{|z}′_{=z,z}′_{=z}. (2) The correspondence between the operators and the c-number functions is given by: : ^f(^z_{α,}^z_α) :←→ f(z_α, z_α) = ⟨z |: ^f (^z_{α,}^z_α) :| z⟩ , (3) where |z⟩ = exp ( − z_α^z_α 4θ ) exp ( z_α^z_α 2θ ) |0, 0⟩ is the coherent state satisfying ^z_α |z⟩ = z_α |z⟩ and ⟨z |z⟩ = 1.

The derivatives ∂_α =^∂_{∂zα} and ∂_α =^∂_{∂zα} satisfy Leibnitz rules with respect to this star product (2). In the operator description, these derivatives are defined as ^∂_α (·) = 1 2θ [ ^z_α, · ] , ^∂_α (·) = −1 2θ [^z_α, ·] . (4) For the integration, the correspondence between the operator description and the c-number function is given by ∫ d^4xf ←→ (2πθ)^2T r_H( ^f ) (5)

where the trace of the operator is over the Hilbert space representation H.

2 Instantons and ADHM construction

Instantons are localized finite-action non-perturbative solutions for the Euclidian equations of motion of Yang-Mills gauge theories. In this section we will recall the basic algoritm of ADHM construction [13] to get instanton solutions in noncommutative spaceR^4_θ which are just deformed versions of the commutative one [22, 23, 24].

The different steps of the ADHM construction for U (N ) k-instantons can be summarized as follows

1. Solve the deformed ADHM equations [ B_1, B^†_1 ] + [ B_2, B^†_2 ] + II^† − J^†J = 4θid_k. [B_1, B_2] + IJ = 0.

where B_1, B_2 ∈ End ( C^k ) , I ∈ Hom ( C^N , C^k ) and J ∈ Hom ( C^k, C^N ) 2. Define Dirac operator D_z: ( C^k ⊕ C^k ⊕ C^N ) ⊗ ^A^4_θ −→ ( C^k ⊕ C^k ) ⊗ ^A^4_θ D_z = ( B_2 − ^z_2 B_1 − ^z_1 I −(B^†_1 − ^z_1) B^†_2 − ^z_2 J^† ) . (6)

3. Look for all the N orthonormalized solutions Ψ^a : ^A^4_θ −→ ( C^k ⊕ C^k ⊕ C^N ) ⊗ ^A4_θ (the zero-modes) to the equation

D_z Ψ^a = 0, Ψ^{a†}Ψ^b = δ^{ab}.

4. Construct the U (N ) gauge field ^A = Ψ^†dΨ. The field strength of the gauge field ^A is given by ^F = d ^A + ^A^2 and the topological number is defined by K = −1 16π^2

(2πθ)^2 T r ( ^F )_2 (7) where the trace is taken both on the group indices (for the general case of the U (N ) gauge group) and on the Hilbert space H. The formula (7) is the noncommutative version of the second Chern character defined by: K = −1 16π^2 ∫ d^4xT r_{U(N)} ( F_{μν} ~F^{μν} )

where ~F^{μν} = ∗F^{μν} =^1_2 ϵ^{μνρσ}F^{ρσ} is the dual of the strength field.

3 U(1)-one-Instanton and partial isometries

We will now concentrate on the partial isometry transformations of the known example of U (1)-one-instanton solution on R^4_θ(see[14]). For the U (1)-oneinstanton solutions on R^4_θ , k = N = 1, thus the matrices B_{1,2}, I, J become complex numbers. Inserting this in the ADHM equations we obtain II^† − J^†J = 4θ and IJ = 0, we take I = 2 √ θ, J = 0.The parameters B_{1,2} are interpreted as the position of the instanton. Due to the translational invariance of R^4_θ we can consider the case where the instanton is localized at the origin i.e. B_{1,2} = 0. In this case the Dirac operator reads

D_z = ( −^z_2 −^z_1 2 √ θ ^z_1 −^z_2 0 ) . (8)

Finely we look for the solution Ψ of the Dirac equation

D_zΨ = 0 (9)

whose solution is given by :

ψ_0 = 2 √ θ^z_2 2 √ θ^z_1 ^z^z 1 √ ^z^z(^z^z + 4θ) (10) where ^z^z = ^z_1^z_1 + ^z_2^z_2. We can see that this solution is not normalized as said in the ADHM data, because of the operator^1√_{^z^z(^z^z+4θ)} which indefinite on the

vacuum state |0, 0⟩. However this solution is well normalized in the subspace where the state |0, 0⟩ is projected out. The subspace H− {|0, 0⟩} will be denoted by H_{00}.

The gauge field is directly calculated in H_{00} by

^A_{00} = ψ^†_0 1 2θ [ ^z^i, ψ_0 ] dz^i − ψ^†_0 1 2θ [ ^z^i, ψ_0 ] dz^i. (11)

By using the relations ^z_α ^f ( ^z^z ) = ^f ( ^z^z − 2θ ) ^z_α, ^z_α ^f ( ^z^z ) = ^f ( ^z^z + 2θ ) ^z_α and the solution (10) we may compute explicitly (11) to get:

^A_{00} = 1 2θ (( ^z^z(^z^z + 6θ) (^z^z + 2θ)(^z^z + 4θ) )^{12} − 1)^z_αdz^α − h.c. (12)

leading to a strength field ^F_{00} = d ^A_{00} + ^A_{00} · ^A_{00} of the form

^F_{00} = − 8θ ^z^z(^z^z + 2θ)(^z^z + 4θ) (^z_1^z_2)dz_1dz_2 − (^z_1^z_2) 8θ ^z^z(^z^z + 2θ)(^z^z + 4θ) dz_2dz_1 − 4θ(^z_1^z_1 − ^z_2^z_2) ^z^z(^z^z + 2θ)(^z^z + 4θ) dz_1dz_1 +

4θ(^z_1^z_1 − ^z_2^z_2) ^z^z(^z^z + 2θ)(^z^z + 4θ) dz_2dz_2 (13)

which exhibits the anti-self duality conditions :

^F_{00z1z1} = − ^F_{00z2z2} , ^F_{00z1z2} = 0.

The topological charge of the U (1) instanton expressed like in relation (7) by using

(F_{00})^2 = [ 16 ( ^F_{00z1z1} ^F_{00z2z2} − 1 2 ( ^F_{00z1z2} ^F_{00z2z1} + ^F_{00z2z1} ^F_{00z1z2} ))]

= − (16θ)^2 ^z^z(^z^z + 2θ)(^z^z + 4θ) (14)

to get [14] K = θ^2 4 T r_{H00} ( (16θ)^2 ^z^z(^z^z + 2θ)(^z^z + 4θ) ) = ∑ −→n ≠−→0 4 (n_1 + n_2)(n_1 + n_2 + 1)^2(n_1 + n_2 + 2) = 4 ∑ n≠0 1 n(n + 1)(n + 2)

= 1.

where we denote the ordered couple (n_1, n_2) by −→n and the sum n_1 + n_2 by n.

The investigation of the transformed solution by partial isomery is deduced from the fact that the solution

~ψ_0 = 2 √ θ^z_2 2 √ θ^z_1 ^z^z of (9) belong to a right module. Then we may also consider others solutions of the form ψ = ~ψ_0(^z_1)^K (^z_2)^L (K ≥ 0, L ≥ 0). The normalization of these solutions gives

ψ = ψ_0U = 2 √ θ^z_2 2 √ θ^z_1 ^z^z 1 √ ^z^z(^z^z + 4θ) ( ^z_1 1√ ^z_1^z_1 )_K ( ^z_2 1√ ^z_2^z_2 )_L (15)

where U is given by

U = ( ^z_1 1√ ^z_1^z_1 )_K ( ^z_2 1√ ^z_2^z_2 )_L . (16)

One can check that (15) can be rewritten as

ψ = ~ψ_0^z^K_1 ^z^L_2 N (^z, ^z)^{− 12} (17)

where

N (^z, ^z) = (^z^z−2θ(K+L))(^z^z−2θ(K+L−2))^KΠ_{k=1}(^z_1^z_1−2θ(k−1))^LΠ_{l=1}(^z_2^z_2−2θ(l−1)). We will restrict ourselves, for the same reason explained above, on the Hilbert subspace states H_{KL} on which the solution is well defined and well normalized i.e., the eigenstates of N (^z, ^z) whose the eigenvalues do not vanish. These nonsingular states are |n_{1,}n_2⟩ such that n_1 ⩾ K, n_2 ⩾ L, and (n_1, n_2) ≠ (K, L). This basis span the subspace H_{KL} = P_{KL}H where the projector P_{KL} reads

P_{KL} = 1 − K∑ n_1=0 L∑ n_2=0

|n_1, n_2⟩ ⟨n_1, n_2| − K∑ n_1=0 ∞∑ n_2=L+1

|n_1, n_2⟩ ⟨n_1, n_2|

− ∞∑ n_1=K+1 L∑ n_2=0

|n_1, n_2⟩ ⟨n_1, n_2| .

Before we study this solution, we investigate some properties of U transformations which we will see below that they act like noncommutative U (1) gauge transformations. They are not unitary but satisfy the properties of partial isometries^1.

U U^† = id_H, U^†U = P_{KL}, (18) P_{KL}U^† = U^†, U P_{KL} = U.

In H_{KL}, the relations (18) read

U U^† = U^†U = id_{HKL} . (19)

Under U , the gauge field transforms in this subspace as

^A_{KL} = ψ^†dψ = U^†ψ^†_0d(ψ_0)U + U^†ψ^†_0ψ_0dU

= U^† ^A_{00}U + U^†dU (20)

where we have used the fact that in H_{KL} we have U^†ψ^†_0ψ_0 = U^†. We can see from the relation (20) that U acts (from H_{00} to H_{KL}) like noncommutative U (1)-gauge transformations act on the gauge fields.

Now the strength field in H_{KL} is defined as usual by: ^F_{KL} = d ^A_{KL} + ^A_{KL} ^A_{KL}. (21) Using (20), dU^†U = −U^†dU and dU U^† = −U dU^† in H_{KL}, we get

^F_{KL} = U^† ^F_{00}U (22)

which is the gauge transform of the strength field ^F_{00} (in H_{00}) in the subspace H_{KL}. The instanton number must be unchanged by the U -transformations, this is what we will see in the calculus of K = −1 16π^2 (2πθ)^2 T r_{HKL} ( ^F_{KL} )_2 = −1 16π^2 (2πθ)^2 T r_{HKL} ( U^† ( ^F_{00} )_2 U ) . (23)

In fact, by using (14) we get ( ^F_{KL} )_2

= U^† ( ^F_{00} )_2 U = −U^† (16θ)^2 ^z^z(^z^z + 2θ)^2(^z^z + 4θ) U = − (16θ)^2 (^z^z − 2θ (K + L))(^z^z − 2θ (K + L − 1))^2(^z^z − 2θ (K + L − 2)) P_{KL}(24)

1The transformation U correspond to a multiplication by a phase factor in the classical limit (θ −→ 0). In this limit z_i , z_i become usual complexe coordinates, then if we put z_i = r_i e^{iφi} (polar coordinates r_i ,φ_i ) it is obvious to have ( z_i^{1√}_{zizi} )_J = ( e^{iφi} )_J , thus the transformation take the usual form U = e^{iΦ}, where Φ = Kφ_1 + Lφ_2 .

Inserting (24) in (23), we obtain

K = 4 ∑ −→n ≠(K,L) n_1≥K n_2≥L

1 (n − (K + L))(n − (K + L − 1))^2(n − (K + L − 2))

= 4 ∑ −→n ≠(0,0) 1 n(n + 1)^2(n + 2)

= 1.

which shows the invariance of the instanton number partial isometries.

4 Reduction to the vector space R^3_θ

In this section we will calculate the flux of the U (1)-one instanton strength field through the fuzzy sphere. This investigation is justified by the fact that the U (1) instanton components (13) can be written in terms of the R^3_θ vector space coordinates ^x^i as a three vector −→ F whose components are defined in H_{00} as:

^F_{00z1z1} = ^F^3 = −θ^x^3 ^x^0(^x^0 + θ)(^x^0 + 2θ) , ^F_{00z1z2} = ^F^+ = −θ ^x^0(^x^0 + θ)(^x^0 + 2θ) ( ^x^1 + i^x^2 ) = F^1 + iF^2,

^F_{00z2z1} = ^F^− = −θ ^x^0(^x^0 + θ)(^x^0 + 2θ) ( ^x^1 − i^x^2 ) = F^1 − iF^2 (25)

with ^x^0 =^1_2 ^z^z. The coordinates on R^3_θ are defined from those on R^4_θ by (Hopf fibration) ^x^i = 1 2 ^z_ατ^i_{αβ}^z_β, i = 1, 2, 3; α, β = 1, 2 (26)

where τ^i are the three Pauli matrices. The coordinates ^x^i generate a subalgebra ^A3_θ ⊂ ^A4_θ satisfying the commutation rules [ ^x^i, ^x^j ] = i2θϵ^{ijk}^x^k, [ ^x^0, ^x^i ] = 0 (27)

and the relation ^x^i · ^x^i = ^x^0 ( ^x^0 + 2θ ) where the repeated indices are summed over. It is convenient to use, for the ^A^3_θ algebra the Schwinger basis of the Hilbert space

|J, m⟩ = (_{^z1√} 2θ )_{J+m} √ (J + m)! (_{^z2√} 2θ )_{J−m} √ (J − m)! |0, 0⟩ where J = 0,^1_2 , 1, ...∞ and m runs by integer steps over the range − J ≤ m ≤ J.

The algebra ^A^3_θ can also be described by the algebra A^3_θ of c-number function

f(x) of x^i =^1_2 z_ατ^i_{αβ}z_β and x^i · x^i = ( x^0

)_2

endowed with the star product [21] f(x) ∗ g(x) = e^{θ(x0δij +iϵijk xk) ∂∂xi ∂yj} f(x)g(y)_{|y}i_{=x}i . (28) deduced from the star product of A^3_θ by restriction.

In terms of elements of the algebra A^3_θ we can decompose the strength field components (25) as

F^i_J = − ∞∑ J=^1_2 θ x^0 ∗ (x^0 + θ) ∗ (2x^0 + 2θ) ∗ x^i ∗ P_J ( x^0 )

= − 1 4θ^2 ∞∑ J=^1_2 1 J (J + 1) (2J + 1) x^i ∗ P_J ( x^0 )

= − 1 4θ^2 ∞∑ J=^1_2 1 J (J + 1) (2J + 1) x^iP_{J−} 1_2 = ∞∑ J=^1_2

F^i_J (29)

where we have used x^0 ∗ P_J ( x^0 ) = 2θJP_J ( x^0 ) to define (x^0)^{−1} ∗ P_J ( x^0 ) = 1 2θJ P_J ( x^0 ) for J ≠ 0 and x^i ∗ P_J ( x^0 ) = x^iP_{J−} 1_2 ( x^0 ) . P_J ( x^0 ) = (_{x0} θ )_{2J} (2J)! e −^{x0}_θ is the projector on the Fuzzy sphere of radius J corresponding to the operator

projector ^P_J =^J ∑ m=−J |J, m⟩ ⟨J, m|. Each term of the sum (29), F^i_J =^{−1}_{J(J+1)(2J+1)} x^i ∗ P_J ( x^0 ) =^{−1}

J(J+1)(2J+1) x i J corresponds to the strength field defined on the fuzzy sphere algebra of radius J, S^2_{θ,J} = P_J ∗ A^3_θ ∗ P_J ⊂ A^3_θ ⊂ A^4_θ generated by x^i_J = P_J ∗ x^i ∗ P_J = x^i ∗ P_J .

The corresponding operator subalgebra ^S^2_{θ,J} generated by ^x^i_J = ^P_J ^x^i ^P_J =

^x^i ^P_J satisfy the commutation relation rules on the fuzzy sphere [ ^x^i_J , ^x^j_J ] = i2θϵ^{ijk}^x^k, [ ^x^0_J , ^x^i_J ] = 0. and ^x^i_J · ^x^i_J = ^x^0_J ( ^x^0_J + 2θ ) = 4θ^2J(J + 1) ^P_J

The subalgebra ^S^2_{θ,J} is realized in the Hilbert subspace H_J ⊂ H spanned by the basis |J, m⟩, − J ≤ m ≤ J. 5 Flux through the Fuzzy sphere

The form ( −→ F ≈^{−→x}_{(x0)3} ) of the strength field (25) permits us to view it as the

noncommutative analog of the classical Dirac magnetic monopole field (or by duality as the static coulombian electric field). So it is interesting to calculate the flux of this noncommutative vector field through a fuzzy sphere. To perform the calculus of the flux of the vector fields through fuzzy spheres, we generalize the technics of the Gauss theorem to the noncommutative space by using the integration measures on R^3_θ and on the fuzzy sphere investigated in [21].

For this end we start with the derivatives with respect to z_α and z_α of a scalar field φ (x) ∈ A^3_θ giving components ∂_αφ (x), ∂_ᾱφ (x) ∈ A^4_θ of a quadri-vector given as

∂_αφ (x) = ∂_ᾱ ( x^i ) ∂_iφ (x) = 1 2 τ^i_{αβ}z_β∂_iφ (x) , ∂_ᾱφ (x) = ∂_ᾱ ( x^i ) ∂_iφ (x) = 1 2 z_β τ^i_{βα}∂_iφ (x) (30) where ∂_i =^∂_{∂xi} . These relations are similar to the transformations of the covariant components of a quadri-vector under a coordinate transformations. In our case the transformation z_α, z_α −→ x^i =^1_2 z_ατ^i_{αβ} z_β is a surjection from R^4_θ to R^3_θ which is not invertible. In what follows, we only consider quadri-vectors V of components V_α, V_ᾱ ∈ A^4_θverifying the same transformations like in (30) V_α(z, z) = 1 2 τ^i_{αβ}z_βV_i(x), V_ᾱ(z, z) = 1 2 z_βτ^i_{βα}V_i(x). (31)

where V^i (x) ∈ A^3_θ are the components of a three vector −→ V (x) of R^3_θ. The quadri-divergence of (31) is given in terms of three-divergence of −→ V (x) as

∂_ᾱV_α + ∂_αV_ᾱ = x^0∂_iV_i ∈ A^3_θ (32) where we have used T r (τ ) = 0 and the relation^1_4 z_ατ^i_{αρ}τ^j_{ρβ}z_β =^1_2 (x^0δ^{ij} + iϵ^{ijk}x^k).The integration of the above divergence over R^4_θ reduces to the integration over R^3_θ. In fact for a coordinate system of the form

z_1 = R cos θ 2 e^{i ψ+φ2} , z_2 = R sin θ 2 e^{i ψ−φ2} the measure on R^4_θ reads

dz_1dz_1dz_2dz_2 =

R^2 2 d ( R^2 2 ) sin θdθdφdψ = x^0dx^0dΩdψ where^{R2}_2 =^{zz}_2 = x^0. Since the elements of A^3_θ ⊂ A^4_θ do not depend on the angle ψ, their integration over R^4_θ factorize into an integration over R^4_θ as ∫ x^0dx^0dΩA^3_θ times an integration along the angle ψ, ∫ dψ = π. Then the measure over the R^4_θ is given by d^3x_θ = x^0dx^0dΩ which differs from the usual d^3x by factors of 1 x^0 . The integration of (32) in R 3 θ is given by ∫ dz_1dz_1dz_2dz_2 π (∂_ᾱV_α + ∂_αV_ᾱ) = ∫ d^3x_θx^0∂_iV_i = ∫ d^3x∂_iV_i. (33)

This relation suggests that for the integration over R^3_θ, the correspondence between the operator description and the c-number functions is given by ∫ d^3x x^0 f(x) ←→ (2πθ)^2 π T r_H ( ^f (^x) ) where f(x) ∈ A^3_θ and ^f(^x) ∈ ^A^3_θ. Now if we take V^i = F^i, the divergence^2 ∂_iF^i reads

∂_iF^i = − 1 4θ^2 ∞∑ J=^1_2 ( 2P_{J−} 1_2 ( x^0 ) (J)(2J + 1) − 2P_J ( x^0 ) (J + 1)(2J + 1) )

Its integration over a volume in R^3_θ bounded by two fuzzy spheres of radii J_2 > J_1 respectively (J_1 ≠ 0) reads Φ = ∫ d^3x

J_2∑

J=J_1 ∂_iF^i_J = − 1 4θ^2 ∫ d^3x

J_2∑

J=J_1 ( 2P_{J−} 1_2 ( x^0 ) (J)(2J + 1) − 2P_J ( x^0 ) (J + 1)(2J + 1) )

The contribution of the first term for J +^1_2 automatically cancel those of the second term of J to leave the contributions at the boundaries as

Φ = − 4π 4θ^2 ∫ ( x^0

)_2 dx^0 J_2∑

J=J_1 ( 2P_{J1−} 1_2 ( x^0 ) (J_1)(2J_1 + 1) − 2P_{J2} ( x^0 ) (J_2 + 1)(2J_2 + 1) ) = 0 (34)

where we have used ∫ d^3xP_J ( x^0 ) = 4πθ^3(2J + 2) (2J + 1) .The formula (34) shows clearly that the contributions to the divergence of the vector field −→ F to the integral come from the boundaries only i.e. the two fuzzy spheres of radii J_1 and J_2. This suggests that each of the two terms in (34) represent the flux (of magnitude −4πθ ) through the fuzzy sphere J_{1,2} independently from the radii J_i. The opposite signs represent the directions of the fluxes; entering or outgoing flux in the volume bounded by the two spheres of radii J_{1,2}. The fact that the result of the integral is zero shows the absence of a charge between the spheres of radii J_{1,2} ≠ 0 which express the absence of singularities of −→ F in this integration volume. In what follows we will see that the singularity of the U (1) instanton field −→ F at the origin is in fact due to a charge.

Each term in (34) can be represented by a flux of F^i_J through a fuzzy sphere of radius J as − 4π 4θ^2 ∫ ( x^0

)_2 dx^0 2P_{J−} 1_2 ( x^0 ) J(2J + 1) = − 4π 4θ^2 ∫ x^0dx^0

2x^0P_{J−} 1_2 ( x^0 ) J(2J + 1) = 4π 4θ ∫ x^0dx^0 − 1 4θ 8θ^2J (J + 1) P_J ( x^0 ) J(J + 1)(2J + 1)

(35) = 1 2θ ∫ d^3x x^0 ( x^i ∗ F^i_J + F^i_J ∗ x^i ) = −4πθ where we have used x^0P_{J−} 1_2 ( x^0 ) = 2JθP_J ( x^0 ) , x^i ∗ x^i ∗ P_J ( x^0 ) = x^0 ∗ ( x^0 + 2θ ) ∗ P_J ( x^0 ) = 4θ^2J (J + 1) P_J ( x^0 ) and ∫ x^0dx^0P_J ( x^0 ) = θ^2 (2J + 1) .

The third term of the right hand side of (35) represents the analog of the classical

2Since the derivative ∂_i is not a proper derivative with respect to the star-prduct [21], we perform the calculus of the star-products then use the derivatives ∂_i on the result which is a c-number function of x^i.

flux of F^i_J through the fuzzy sphere of radius J. In what follows we will establish the noncommutative analog of the Gauss theorem for any vector −→ V (x) ∈ A^3_θ to justify the form of the third term of the right hand side of (35). For this end we calculate the flux in the operator formalism. In terms of operators, the integration (33) over a volume bounded by a fuzzy sphere of radius J is represented by a trace over the Hilbert space representation H_0 ⊕ ...⊕ H_J as Φ = (2πθ)^2 π J∑ j=0 j∑ m=−j ⟨j, m| 1 2θ [ ^z_α, ^V_α ] − 1 2θ [ ^z_α, ^V_α ] |j, m⟩ (36)

= 2πθ J∑ m=−J ⟨J, m| ^z_α ^V_α + ^V_α ^z_α |J, m⟩ (37) here the same mechanism of cancellation occurs for j < J to leave only the contribution of the boundary term which is a trace over H_J .

^z_α ^V_α + ^V_α^z_α can now be translated in terms of c-number function as:

z_α ∗ V_α + V_α ∗ z_α = z_αV_α + (2θ) ∂ ∂z_α V_α + V_αz_α + (2θ) ∂ ∂z_α V_α. (38)

By using (31) and (32) we can rewrite (38) in terms of star-product in A^3_θ as

x^iV_i + V_ix^i + x^0∂_iV_i = x^i ∗ V_i + V_i ∗ x^i

which corresponds in terms of operators to ^x^i ^V_i + ^V_i ^x^i ∈ ^A^3_θ. Then the right hand side of (37) can be rewritten as

Φ = 2πθ J∑ m=−J ⟨J, m| ^x^i ^V_i + ^V_i^x^i |J, m⟩ = 2πθT r_{HJ} ( ^x^i ^V_i + ^V_i^x^i ) (39) = 2πθT r_H ( ^x^i_J ^V^J_i + ^V^J_i ^x^i_J ) (40)

which is the flux of the vector field ^V through the fuzzy sphere of radius J. ^x^i_J = ^P_J ^x^i_J ^P_J and ^V^J_i = ^P_J ^V^J_i ^P_J belong to the fuzzy sphere subalgebra ^S^2_{θ,J} = ^P_J ^A^3_θ ^P_J ⊂ ^A^3_θ ⊂ ^A^4_θ.

Note that we can use the correspondence (3) to translate (31) in terms of operators as ^V_α ( ^z, ^z ) = ^V_i (^x) 1 2 τ^i_{αβ}^z_β , ^V_α ( ^z, ^z ) = 1 2 ^z_β τ^i_{βα} ^V_i (^x) Then from (37), we get directly (40) by using the commutation relations of the coordinates ^z_α and ^z_α, T r (τ) = 0 and (26).

By combining (33) with (40) translated in term of integral of x^i_J ∗V^J_i +V^J_i ∗x^i_J over a fuzzy sphere of radius J, we can establish the noncommutative analog of

Gauss theorem for any vector field −→ V =^∞ ∑ J=0 P_J ∗ −→ V ∗ P_J =^∞ ∑ J=0 −→ V^J ∈ A^3_θ as

∫ d^3x

J_1∑

J=0 ∂_iV^J_i = 1 2θ ∫ d^3x x^0

(x^i_{J1} ∗ V^{J1}_i + V^{J1}_i ∗ x^i_{J1} )

where the left hand side is the integral of the divergence of −→ V over a volume in R^3_θ bounded by a fuzzy sphere of radius J_1 and the right hand side is a surface term which is the integral over the fuzzy sphere of radius J_1 which express the flux of the vector field −→ V ∈ A^3_θ through this sphere.

Applying the above formalism to the case of our strength field ^F^i, we get from (40) the flux through the fuzzy sphere as Φ = 2πθT r_{HJ} ( ^x^i ^F^i + ^F^i^x^i ) = 2πθT r_H ( −2^x_i^x_i ^P_J 4θ^2J (J + 1) (2J + 1) )

= 4πθT r_{HJ} ( −J (J + 1) J (J + 1) (2J + 1) ) = −4πθ J∑ m=−J 1 (2J + 1) = −4πθ. This result shows that the Flux Φ is independent from the choice of the representation J i.e. it is independent from the choice of the sphere radius

Φ = −4πθ ∀J the radius of the fuzzy sphere. (41)

This is similar to the classical Gauss theorem which states that the total charge calculated by the flux of a coulombian or Dirac monopole field through a closed surface is independent from the shape of this closed surface.

Thus (41) is the noncommutative analog of the Gauss theorem on the noncommutative space R^3_θ

This result shows also that the quantity Φ represents a source of the field ^−→ F which we can be interpreted as a magnetic charge, Thus the U (1)-one-instanton on R^4_θ gives rise to a magnetic charge at the origin of the noncommutative space R^3_θ.

5.1 H_{KL}-Instanton solution Flux through the fuzzy sphere and gauge invariance

In this section we try to see in what sense the magnetic flux is invariant under partial isometries. First we rewrite the transformation U in the Schwinger basis as U = ∞∑ J=0 J∑ m=−J |J, m⟩ ⟨J + P, m + Q| = ∞∑ J=P

J−P +Q ∑ m=−(J−P )+Q |J − P, m − Q⟩ ⟨J, m| (42) where P =^1_2 (K + L) , Q =^1_2 (K − L). Then the components of the transformed field is given by ^−→ F_{KL} = U^† ^−→ F_{00}U = ^−→ F_u = − θ ^x^0_u(^x^0_u + 2θ)(2^x^0_u + 2θ) ^−→x_u (43) where

^x^i_u = U^†^x^iU.and ^x^0_u = U^†^x^0U. (44)

These new coordinates ^x^i_u satisfy the same commutation relations as the old ones [ ^x^i_u, ^x^j_u ] = i2θϵ^{ijk}^x^k_u, [ ^x^0_u, ^x^i_u ] = 0. and ^x^i_u^x^i_u = ^x^0_u(^x^0_u + 2θ)

Note that in this case the formalism is expressed in the subalgebra ^A^3_{θ,u} = U^† ^A^3_θU ⊂ ^A^3_θ ⊂ ^A^4_θ. The formula (44) is similar to the transformations of the angular momentum in quantum mechanics^3. These transformations are concretely given by

^x^3_u = ∞∑ J=P

J−P +Q ∑ m=−(J−P )+Q 2θ (m − Q) |J, m⟩ ⟨J, m| ,

^x^+_u = ∞∑ J=P

J−P +Q ∑ m=−(J−P )+Q 2θ √ (J − P ) (J − P + 1) − (m − Q) (m − Q + 1) |J, m + 1⟩ ⟨J, m| ,

^x^−_u = ∞∑ J=P

J−P +Q ∑ m=−(J−P )+Q 2θ √ (J − P ) (J − P + 1) − (m − Q) (m − Q − 1) |J, m − 1⟩ ⟨J, m| ,

^x^0_u = ∞∑ J=P

J−P +Q ∑ m=−(J−P )+Q 2θ (J − P ) |J, m⟩ ⟨J, m| .

As in the above section, we can use the projector on the fuzzy sphere ^P_J ,with J = J^′ + P , to define the map (surjection): H_J −→ H_J ′

U_J = U ^P_J = J−P +Q ∑ m=−(J−P )+Q |J − P, m − Q⟩ ⟨J, m| satisfying

U^†_J U_J = J−P +Q ∑ m=−(J−P )+Q |J, m⟩ ⟨J, m| which is a projector on a part of states of the fuzzy sphere of radius J and

3The difference between the quantum mechanical gauge transformation and the isometry we discuss in our present paper is that unitary gauge transformations in quantum mechanics just rotate the states |Jm⟩, whereas in our case the isometry (which is a gauge transformation) generate a shift of J then a rotation of the same basis vectors |Jm⟩.

U_J U^†_J = j−P +Q ∑ m=−(j−P )+Q |j − P, m − Q⟩ ⟨j − P, m − Q| . = P_J ′ is a projector on the fuzzy sphere of radius J^′ . Under U_J , The coordinates ^x^i transform as ^x^i_{u,J} = U^†_J ^x^iU_J = ^P_J ^x^i_u ^P_J . They satisfy the commutation rules on the fuzzy sphere [ ^x^i_{u,J} , ^x^j_{u,J} ] = i2θϵ^{ijk}^x^k_{u,J} , [ ^x^0_{u,J} , ^x^i_{u,J} ] = 0. and ^x^i_{u,J} ^x^i_{u,J} = ^x^0_{u,J} (^x^0_{u,J} + 2θ), where ^x^0_{u,J} = U^†_J ^x^0U_J .

The transformed coordinates generate the subalgebra ^S^2_{u,J} which is an algebra describing a truncated fuzzy sphere realized in the Hilbert subspace H_{u,J} ⊂ H_J spanned by the basis |J, m − Q⟩ with J = J^′ +P and − J^′ ≤ m ≤ J^′ . In this truncated space H_{u,J} the coordinates ^x^i_{u,J} act as ^x^3_{u,J} |J, m⟩ = 2θ (m − Q) |J, m⟩ , ^x^+_{u,J} |J, m⟩ = 2θ √ (J − P ) (J − P + 1) − (m − Q) (m − Q + 1) |J, m + 1⟩ , ^x^−_{u,J} |J, m⟩ = 2θ √ (J − P ) (J − P + 1) − (m − Q) (m − Q − 1) |J, m − 1⟩ which show that the highest state is |J, J − P + Q⟩ (^x^+_{Ju} |J, J − P + Q⟩ = 0) and the lower state is |J, −(J − P ) + Q⟩ (^x^−_{Ju} |j, −(j − P ) + Q⟩ = 0).

Now this formalism is expressed in the subalgebra ^S^2_{u,J} ⊂ ^A^3_{θ,u} ⊂ ^A^3_θ ⊂ ^A^4_θ. The calculus of the flux is now given by a trace over H_{u,J}. Φ = 2πθT r_{Hu,J} ( ^x^i_{u,J} ^F^i_{u,J} + ^F^i_{u,J} ^x^i_{u,J} ) = −2πθT r_{Hu,J} 2θ^x^i_{u,J} ^x^i_{u,J} ^x^0_u(^x^0_u + 2θ)(2^x^0_u + 2θ) = −2 (2πθ) (2J − 2P + 1) J−P +Q ∑ m=−(J−P )+Q 1 = −4πθ Thus we obtain the same result as in (41) and also in this gauge the flux of the transformed strength field is independent from the choice of the radius i.e. independent from the Hilbert space representation H_{u,J}

Φ = −4πθ ∀J > P the radius of the fuzzy sphere, ∀ K, L ≥ 0

or P = 0, 1 2 , 1, ...∞ and Q runs by integer step over − P ≤ Q ≤ P.

Discussion and conclusion

In this paper we have investigated U (1)-one-instanton solutions with the intension of studying the relation between the instanton number and partial isometries. This allows us to see that the partial isometry transformations which act like U (1) gauge transformations leave invariant the instanton number The second result, obtained in this paper, is that the description of the U (1)- one-instanton solution in terms of ^A^3_θ algebra, gives rise to an object behaving like Dirac magnetic monopole field. Its flux through the fuzzy spheres is independent from the choice of the radius of these ones. This fact can be seen as the noncommutative analog of the Gauss theorem for the coulombian forces in the classical case. Furthermore we have seen that the flux is invariant under the partial isometry transformations of the U (1) instanton field, provided that the coordinates on R^3_θ transform as ^x^i_u = U^†^x^iU . This transformation preserve the commutation rules of the coordinates algebra on R^3_θ, and confirm the mixture between gauge theory and geometrical transformations acting on the base space, which, in our case, rotate the fuzzy sphere and shifts the radius.

Finally we hope to comment the fact that the flux Φ can be related to the quantization of the magnetic charge; This can be done by remarking that the action of the R^3_θ coordinates is the same as the quantum mechanical angular momentum. Thus we have in one part : J^3 |J, m⟩ = mℏ |J, m⟩ J^± |J, m⟩ = ℏ √ J (J + 1) − m (m ± 1) |J, m ± 1⟩ and in the other part : ^x^3 |J, m⟩ = m (2θ) |J, m⟩ ^x^± |J, m⟩ = (2θ) √ J (J + 1) − m (m ± 1) |J, m ± 1⟩ So we can identify ℏ with (2θ), then the flux will be given by Φ = −2πℏ, which correspond to a monopole magnetic charge −1.

As further directions one can generalize the statements above on noncommutative multi-U (1)-instanton solutions on R^4_θ by searching for general solutions to calculate their flux through fuzzy spheres to hope to find higher monopole charges.

Acknowledgment I would like to thank M. Dubois-Violette for hepful discussion.

References

[1] A.Connes, ”Noncommutative geometry”, Academic Press(1994).

[2] J.Madore, ”An Introduction Noncommutative Differential Geometry and its Physical Application”, LMS 257. Cambridge University Press (2000).

[3] J. M. Gracia-Bondia, J. C. Varilly and H. Figueroa, ”Elements of Noncommutative Geometry”, Birkhauser Boston (2001).

[4] H. Grosse, C. Klimcik and P. Presnajder, ”Towards finit quantum field theory in noncommutative geometry” , Int. J. Theor. Phys. 35(1996)231, [hep-th/9505175].

[5] S. Doplicher, K. Frenhagen and J. E. Roberts, ”The quantum structure of spacetime at the Planck scale and quantum fields”, commun. Math. Phys. 172(1995)187, [hep-th/0303037].

[6] T. Banks, W. Fischler, S. H. Shenker and L. Susskind, ”M theory as a matrix model: A conjecture, Phys. Rev. D 55 (1997) 5112, [hep-th/9610043].

[7] A. Connes, M. Douglas and A. Schwarz, JHEP 9802 (1998) 003.

[8] K.Anatoly, A.Schwartz, ”Introduction to M(atrix) theory and noncommutative geometry, Part II”, Phys.Rept.360:353-465 (2002),(Parts 1 [hep-th/0012145]& 2 [hep-th/0107251] combined in journal).

[9] J. Bellissard, A. Van Elst and H. Schultz-Baldes, ”The noncommutative geometry of the quantum hall effect” J. Math. Phys. 35 (1994) 5373.

[10] Z. F. Ezawa, G. Tsitnishvili and K. Hasebe, ”Noncommutative geometry, extended W_∞ algebra and Grassmannian solitons in multicomponents quantum hall systems” hep-th/0209198.

[11] V. Schomerus, ”D-Branes and deformation quantization” JHEP 9906 (1999) 030.

[12] N. Seiberg and W. Witten, ”String theory and noncommutative geometry”, JHEP 9909 (1999) 032, [hep-th/9908142].

[13] N. Nekrasov, A. Schwartz, ”Instanton on noncommutative R^4_θ, and (2,0) superconformal six dimensional theory”, Commun. Math. Phys. 198 (1998) 689, [hep-th/9802068].

[14] K.Furuuchi, ”Topological charge of U (1) Instantons on noncommutative R^4_θ ”, Prog. Theor. Phys. Suppl. 144 (2001) 79, [hep-th/0010006].

[15] K.Furuuchi, ”Instantons on noncommutative R^4_θ and Projection Operators” , Prog. Theor. Phys. 103 (2000) 1043, [hep-th/9912047].

[16] K.Furuuchi, ”Equivalence of Projections as Gauge Equivalence on Noncommutative space”, Commun.Math.Phys.217 (2001) 579, [hep-th/0005199].

[17] K.Furuuchi, ”Dp-D(p+4) in Noncommutative Yang-Mills”, JHEP 0103 (2001) 033, [hep-th0010119].

[18] H.Masashi, ”Noncommutative Solitons and D-branes”, hep-th/0303256.

[19] N.Nekrasov, ”Noncommutative instantons revisited”, Commun.Math.Phys. 241 (2003)143, [hep-th/0010017].

[20] A. Sako, ”Instanton Number of Noncommutative U (1) gauge theory”, JHEP 0304 (2003) 023, [hep-th/0209139].

[21] A.B.Hammou, M.Lagraa, M.M.Sheikh-Jabbari, ”Coherent state induced star product on R^4_λ and Fuzzy sphere”, Phys. Rev D66 (2002) 025025.

[22] M.F.Atiyah, N.J.Hitchin, V.G.Drinfeld, Yu.I.Manin, ”Construction of Instantons”, Phys. Lett. 65A (1978) 185.

[23] E.Corrigan, P.Goddard, ”Construction of Instanton and Monopole Solutions and Reciprocity”, Ann. Phys 154 (1984) 253.

[24] R.Rajaraman, ”Solitons and Instantons”, North-Holland (1982).

[25] G. Alexianian, A. Pinzul, A. Stern, ”Generalized Coherent state Approch to starproducts and Applications to Fuzzy sphere”, Nucl. Phys. B600 (2001) 531.