arXiv:hep-th/0412289 v2 21 Mar 2005

Hamiltonian Loop Group Actions and T-Duality for group manifolds

A. Cabrera & H. Montani^∗ Centro Atómico Bariloche and Instituto Balseiro, 8400 - S. C. de Bariloche, Río Negro, Argentina (Dated: December 2004)

Abstract

We carry out a Hamiltonian analysis of Poisson-Lie T-duality based on the loop geometry of the underlying phases spaces of the dual sigma and WZW models. Duality is fully characterized by the existence of equivariant momentum maps on the phase spaces such that the reduced phase space of the WZW model and a pure central extension coadjoint orbit work as a bridge linking both the sigma models. These momentum maps are associated to Hamiltonian actions of the loop group of the Drinfeld double on both spaces and the duality transformations are explicitly constructed in terms of these actions. Compatible dynamics arise in a general collective form and the resulting Hamiltonian description encodes all known aspects of this duality and its generalizations.

PACS numbers:

INTRODUCTION

Poisson-Lie T-duality [1] refers to a non-Abelian duality between two 1 + 1 σ-models describing the motion of a string on targets being a dual pair of Poisson-Lie groups [2], composing a perfect Drinfeld double group [3]. The Lagrangians of the models are written in terms of the underlying bialgebra structure of the Lie groups, and Poisson-Lie T-duality stems from the self dual character the Drinfeld double. Classical T-duality transformation comes to relate some dualizable subspaces of these phase-spaces, mapping solutions reciprocally. It comes to generalize the Abelian R ←→ R^{−1} [4] and non-Abelian G ←→ g^∗ [6],[5] dualities which hold at classical and quantum level. Former version appears tied to the dual symmetric structure of the target manifolds of dual models [7]. The Poisson Lie T-duality reproduces all of them when the symplectic structure on the Drinfeld double D = G ▷◁ G^∗ [8] is reduced to the cotangent bundle T^∗G with G a trivial Poisson-Lie group.

A generating functional for PLT duality transformations [1] [9] is constructed from the symplectic structure on D, and it was shown [10] from algebraic properties in the dual Lagrangians they are canonical ones (although their domains remain unclear). Also, for closed string models, a Hamiltonian description [11] reveals that there exists Poisson maps from the T-dual phase-spaces to the centrally extended loop algebra of the Drinfeld double, and it holds for any hamiltonian dynamics on this loop algebra and lifted to the T-dual phase-spaces.

In the pioneer works [1] [12], it was proposed a WZW-type model with target on the Drinfeld double group D from which a PL T-dual pair of σ-models are obtained, providing a common roof and making clear how PL T-duality works: solutions on a σ-model are lifted to the WZW model on D and then projected to the dual one. This setting makes natural the appearance of the symplectic structure on D, in the generating functional of the duality transformations. However, in contrast with the hamiltonian approach in [11], the dynamic of the involved models were fixed to a very particular form. It was also noted that PL T-duality just work on some subspaces satisfying some dualizable conditions expressed as monodromy constraints. In the hamiltonian approach to the abelian R ↔ R^{−1} and non Abelian duality G ↔ g^∗, the dualizable spaces were well characterized [5] leading, for example, to the momentum-winding exchange, but it is unclear how to do the same in PL case.

An approach in the framework of bicrossed product of Lie algebras is presented in ref. [13], constructing and classifying many dual models for the quasitriangular case, studying the possible orthogonal decomposition of the Drinfeld double algebra and fixing appropriated hamiltonian dynamics.

The main aim of this work is to carry out a unified description of classical PL T-duality based on the symplectic geometry of the loop groups spaces involved in sigma and WZW models. We encode it in the commutative diagram (Ld^∗_Γ; {, }_{KK} )

(T^∗LG; ω_o) μ μ̃

(T^∗LG^∗; ω̃_o)

(ΩD; ω_{ΩD} )

Φ̂ (1)

where the left and right vertices are the phases spaces of the σ-models, with the canonical Poisson (symplectic) structures, Ld^∗_Γ is the dual of the centrally extended Lie algebra of LD with the Kirillov-Kostant Poisson structure, and ΩD is the symplectic manifold of based loops. In particular, alike Φ̂, we derive μ and μ̃ as momentum maps associated to hamiltonian actions of the centrally extended loop group LD^∧ on the σ-models. These actions split the tangent bundles of the preimages under μ and μ̃ of the pure central extension orbit, and the dualizable subspaces are identified as the orbits of ΩD which turn to be the symplectic foliation. We shall show that the restriction of the diagram to these subspaces, with symplectic arrows, gives precise description of the PL T-duality embodying its essential features and providing a clear framework to link with other approaches. From this setting, we shall be able to build dual hamiltonian models by taking any suitable hamiltonian function on the loop algebra of the double and lifting it in a collective form [21]. For particular choices, the lagrangian formalism will be reconstructed obtaining the known dual σ-models and the master WZW-like model encoding them.

This work is organized as follows: in Section I, we review the main features of the symplectic geometry of the WZW model; in Section II, we describe the actions of the LD^∧ on the phase spaces of the sigma model with target G and G^∗, constructing the associated momentum maps and explaining the connection of the group of based loops with this phase spaces of the sigma models; in Section III, the contents of the diagram (1) are developed, presenting the geometric description of the PLT-duality. The dynamical questions are addressed in Section IV, dealing with the hamiltonian and lagrangian descriptions of the PLT-dual models. In Section V, we illustrate the construction for the Abelian and non-Abelian duality, giving the explicit duality transformations and identifying the dualizable subspaces. Finally, some conclusion and comments are condensed in the last Section.

I- THE WZW MODEL PHASE SPACE GEOMETRY

The WZW model was proposed by Witten [15] as a modification of the principal sigma model driving to equation of motion admitting factorizable general solutions: g (σ, t) = g_l (σ + t) g_r (σ − t) or g (σ, t) = g_r (σ − t) g_l (σ + t) .This is attained by adding to the original action of the sigma model the Wess-Zumino term, and the order of the light cone factors in g (σ, t) depends on the sign of the added term.

As it is well known, the phase space of a sigma model with target space the group manifold G is the cotangent bundle T^∗LG of the loop group LG that turns to be a symplectic manifold with the canonical symplectic form ω_o [17], and the dynamics is determined by the election of the Hamiltonian function. However, there is no election of Hamiltonian function on (T^∗LG, ω_o) driving to equations of motion equivalent to the WZW ones. In fact, as shown in ref. [18], the addition of Wess-Zumino term amounts to a modification of the canonical Poisson brackets on T^∗LG. It symplectic counterpart is exhaustively studied in references [16],[26] and references therein, where a cocycle extension of the canonical symplectic form ω_o is considered in combination with the Marsden-Weinstein reduction procedure in order to recover the WZW equation of motion. This last description provides the framework for our approach to Poisson-Lie T-duality, so it is worthwhile to briefly review it below.

Let us consider a connected Lie group D and its loop group LD. For l ∈ LD, l^′ denotes the derivative in the loop parameter σ ∈ S^1, and we write vl^{−1} and l^{−1}v for the right and left translation of any vector field v ∈ T D. Let d be the Lie algebra of D equipped with a non degenerate symmetric Ad-invariant bilinear form (, )_d. Frequently we will work with the subset Ld^∗ ⊂ (Ld)^∗ instead of (Ld)^∗ itself, and we identify it with Ld through the map ψ : Ld → Ld^∗ provided by the bilinear form

(, )_{Ld} ≡ 1 2π ∫ S^1

(, )_d on Ld. This bilinear form defines a 2-cocycle Γ_k : Ld × Ld → R [14],

Γ_k (X, Y ) = k 2π ∫ S^1

(X (σ) , Y^′ (σ))_d dσ

with X, Y ∈ Ld. It is invariant under the action of the orientation preserving diffeomorphism group of the circle, Diff^+(S^1), and invariant under the adjoint action of constant loops, Γ_k (Ad_{lo} X, Ad_{lo} Y ) = Γ_k (X, Y ), for l_o ∈ D. It can be derived from the 1-cocycle C_k : LD → Ld^∗, C_k (l) = kψ ( l^′l^{−1} ) . We identify the cotangent bundle T^∗LD with LD × (Ld)^∗ by left translation and, in practice, we shall work on L (D × d^∗). The pair (T^∗LD, ω_o ), where ω_o is the canonical 2-form defined as [17] ⟨ω_o, (v, ρ) ⊗ (w, ξ)⟩_{(l,φ)} = −⟨ρ, l^{−1}w⟩_{Ld} + ⟨ξ, l^{−1}v⟩_{Ld} + ⟨φ, [l^{−1}v, l^{−1}w]⟩_{Ld} for (v, ρ), (w, λ) ∈ T_{(l,φ)}L (D × d^∗), is the symplectic manifold on which sigma models with targets D are framed on. As explained above, the WZW model doesn’t fit this symplectic structure. Indeed, the symplectic manifold underlying the chiral sectors of the WZW model is (T^∗LD, ω_Γ), with ω_Γ being a symplectic 2-form obtained by adding a cocycle term to ω_o , ⟨ω_Γ, λ^{−1}_∗ (v, ρ) ⊗ λ^{−1}_∗ (w, ξ)⟩_{(l,φ)} = ⟨ω_o, (v, ρ) ⊗ (w, ξ)⟩_{(l,φ)} − Γ_k ( vl^{−1} , wl^{−1} )

for (v, ρ), (w, λ) ∈ T_{(l,φ)}L (D × d^∗). This symplectic structure has also a natural interpretation in terms of symplectic groupoids [35] for the underlying infinite dimensional affine Poisson algebra (for details see [33]). Indeed, the cocycle Γ_k defines an Affine Poisson structure on Ld^∗ induced by the action groupoid H = LD ▷ Ld^∗ ⇒ Ld^∗_{Af f} , with LD acting by the (right) affine coadjoint action A_l(ξ) = Ad^∗_l ξ + C_k (l^{−1}) , and supplied with the symplectic form ω^R_Γ = ω^R_o − Γ_k ( dll^{−1⊗}, dll^{−1} ) where ω^R_o is the symplectic form on L (D × d^∗) obtained from the standard one on T^∗LD trivialized by right translations. So we see that ω^R_Γ becomes the above introduced ω_Γ under the diffeomorphism (l, φ) −→ (l, Ad^∗_{l−1} φ) which switches from left to right trivialization of T^∗LD.

Observe that ω_Γ it is no longer a bi-invariant 2-form, only the invariance under right translation ϱ^{L(D×d∗ )} m (l, μ) = (lm^{−1}, Ad^∗_{m−1} μ), m ∈ LD, remains. Tied to it there is a non Ad-equivariant momentum map J^R : L (D × d^∗) → Ld^∗, J^R (l, ξ) = −ξ + kψ ( l^{−1}l^′ )

with associated 1-cocycle −C_k, so that J^R ( ϱ^{L(D×d∗ )} m (l, ξ) ) − Ad^∗_{m−1} J^R (l, ξ) = −kψ (k^′k^{−1}) and J^R is a Poisson map to Ld^∗_{Af f} .

When the corresponding central extension LD^∧ of LD does exist, ω_Γ can be obtained from the standard symplectic structure on T^∗LD^{∧ Lef t}≃ LD^∧ ×(Ld_Γ)^∗ by reduction under the corresponding S^1 ⊂ LD^∧ action and the Ad-equivariance of J^R is then restored substituting Ld by the centrally extended Lie algebra Ld_Γ, defined by the cocycle Γ_k . The centrally extended adjoint and coadjoint actions of LD^∧ on Ld_Γ and Ld^∗_Γ are defined as ^Ad_l (X, a) = (Ad_lX , a + k ⟨ψ (l^′l^{−1}) , X⟩) ^Ad^∗_{l−1} (ξ, b) = (Ad^∗_{l−1} ξ + bkψ (l^′l^{−1}) , b) Note that the S^1 ⊂ LD^∧ action is trivial and the embedding ξ → ( ξ, 1) is a Poisson map from Ld^∗_{Af f} to Ld_Γ ∼ Ld × R which maps the affine coadjoint action of LD to the centrally extended one of LD → LD^∧. Now, the extended momentum map Ĵ^R : L (D × d^∗) −→ Ld^∗_Γ is Ĵ^R (l, ξ) = (J^R (l, ξ) , 1) = (kψ (l^{−1}l^′) − ξ , 1) (2) which is ^Ad^{LD}-equivariant, Ĵ^R ( ϱ^{L(D×d∗ )} m (l, ξ) ) − ^Ad^{LD∗}_m−1Ĵ^R (l, ξ) = (0, 0). The next step is to apply the Marsden-Weinstein reduction procedure [20] to the point (0, 1) ∈ Ld^∗_Γ. The restriction of ω_Γ to ( Ĵ R )_{−1} (0, 1) defines the degenerate 2-form

γ(v, w) = Γ(l^{−1}v, l^{−1}w) (3)

with null distribution generated by the infinitesimal action of constant loops D. In fact, in order to obtain the reduced space, ( Ĵ^R )_{−1} (0, 1) must be quotiented by the stabilizer of (0, 1) ∈ Ld^∗_Γ, that is, by the subgroup of constant loops, Stab (0, 1) = D. Since ( Ĵ^R )_{−1} (0, 1) = {(l, kψ (l^{−1}l^′)) / l ∈ LD} ∼= LD, the reduced space can be identified with the subgroup of based loops ( Ĵ^R )_{−1} (0) D ≡ ΩD = { [l] = ll^{−1} (0) / l ∈ LD } .

so that the fibration Λ : LD → ΩD / Λ (l) = [l] , (4) with fiber D, provides the symplectic 2-form ω_{ΩD} on ΩD defined from Λ^∗ω_{ΩD} = γ.

After the reduction procedure, ω_{ΩD} is still invariant under the residual left action of LD on ΩD LD × ΩD → ΩD / (m, [l]) −→ [ml] (5) The associated momentum map Φ : ΩD → Ld^∗ / Φ ([l]) = kψ (l^′l^{−1}) is not Ad-equivariant. Again, introducing the extended momentum map Φ̂ : ΩD → Ld^∗_Γ / Φ̂ ([l]) = (Φ ([l]) , 1) = ^Ad^{LD∗}_{l−1} (0, 1) , (6)

the equivariance is restored and the vertical arrow in diagram (1) is explained. In fact, remember that Ld^∗_Γ is a Poisson manifold with Poisson bracket {f, g}_{KK} (η) = ⟨ η, [df, dg]_{LdΓ} ⟩ and their symplectic leaves are the coadjoint orbits. Thereby, Φ̂ becomes into a symplectic map (local diffeomorphism) onto the pure central extension orbit O_{(0,1)} ≡ O, Φ̂ : (ΩD, ω_{ΩD} ) → (O, ω_{KK} ), with ω_{KK} being the Kirillov-Kostant symplectic form that on the O reduces to ⟨ ω_{KK} , ^ad^∗_X (kψ ( l^′l^{−1} ) , 1) ⊗ ^ad^∗_Y (kψ ( l^′l^{−1} ) , 1)) ⟩ (kψ(l^′l^{−1}),1) = Γ_k (X, Y )

for X, Y ∈ (Ld/d)_Γ. Then, for any vector [v] ∈ T_{[l]}ΩD,one has ( Φ̂ ) ∗ [v] = −ad^∗_{vl−1} Ad^∗_{l−1} (0, 1) and ⟨( Φ̂ )_∗ ω_{KK} , [v] ⊗ [w] ⟩ [l] = Γ(l^{−1}v, l^{−1}w) = ⟨ω_{ΩD} , [v] ⊗ [w]⟩ It is worth remarking that only the coadjoint orbit through the pure central extension element (0, a), namely ( O_{(0,a)}, ω_{KK} ) , is (locally) symplectomorphic to (ΩD, ω_{ΩD} ).

II- HAMILTONIAN LD ACTIONS ON DUAL PHASE-SPACES

In the following subsections we shall introduce LD actions on the sigma model phase spaces LT G and LT G^∗ for G and G^∗ being dual Poisson-Lie groups composing a (connected, simply connected) perfect Drinfeld double D, i.e., it admits a global factorization D = G ▷◁ G^∗. Under this conditions we have the exact sequences 0 −→ g −→ d −→ g^∗ −→ 0 0 −→ G −→ D −→ G^∗ −→ 0 where d = g ▷◁ g^∗ is the Lie bialgebra of D supplied with the symmetric invariant no degenerate bilinear form (, )_d given by the pairing between g and g^∗, so they are isotropic subspaces in relation to it. Identifying g^∗ with the Lie algebra of G^∗, we can have the embedding L(G × g^∗)^{ιG}→ LD × Ld^∗ / (g, α) −→ (g, Ad^{LD∗}_g−1 ψ(α) + C_k(g)) and define the map μ : L(G × g^∗) −→ Ld^∗_{Af f} given by the diagram L(G × g^∗) i_G LD × Ld^∗ μ

Ld^∗_{Af f} s

where s(l, ξ) = ξ is a Poisson map (in fact, it is the source map for the symplectic groupoid H = LD ▷ Ld^∗ ⇒ Ld^∗_{Af f} ). From the isotropy of g with respect to (, )_d, it can be easily seen that ι^∗_Gω^R_Γ = ω^{LG}_o where ω^{LG}_o is the standard symplectic structure on LT^∗G ∼ L(G × g^∗) trivialized by left translations. So μ is a Poisson map for this symplectic structure on L(G× g^∗), and an analogous construction can be repeated on the dual group giving the Poisson map μ̃ : L(G^∗ ×g) −→ Ld^∗_{Af f} . This maps can be regarded as giving symplectic realizations of Ld^∗_{Af f} and, as we shall see in the next sections, they give (non equivariant) momentum maps for LD actions on L(G×g^∗) and L(G^∗ ×g). For simplicity, the centrally extended loop group LD^∧ is assumed to exist, so (μ, 1) and (μ̃, 1) give the usual equivariant momentum maps for the corresponding LD^∧ actions, however we remark that all the following constructions can be performed also without using LD^∧ at all, just replacing Ld^∗_Γ by Ld^∗_{Af f} .

Hamiltonian LD^∧ action on the G-sigma model phase space

In this section we introduce a LD^∧ symmetry on the sigma model with target G. One of the most striking features of the double Lie groups and Lie bialgebras is the existence of reciprocal actions between the factors G and G^∗ called dressing actions [3, 19],[3]. Writing every element l ∈ D as l = gh̃, with g ∈ G and h̃ ∈ G^∗, the product h̃g in D can be written as h̃g = g^{h̃}h̃^g, with g^{h̃} ∈ G and h̃^g ∈ G^∗. The dressing action of G^∗ on G is then defined as Dr : G^∗ × G −→ G / Dr ( h̃, g ) = g^{h̃} (7)

The infinitesimal generator of this action in the point g ∈ G is, for ξ ∈ g^∗,

ξ −→ dr (ξ)_g = − d dt Dr ( e^{tξ}, g ) | | | t=0 such that, for η ∈ g^∗, we have [ dr (ξ)_g , dr (η)_g ] = dr ( [ξ, η]_g∗ ) g . It satisfy the relation

Ad^D_g−1 ξ = − (L_g−1 )_∗ dr (ξ)_g + Ad^∗_gξ (8)

where Ad^D_{g−1} ξ ∈ g ▷◁ g^∗ is the adjoint action of D. Then, we can write dr (ξ)_g =

− (L_g)_∗ Π_gAd^D_{g−1} ξ, with Π_g : g ⊕ g^∗ → g being the projector.

From this dressing action we build up a symplectic action of the double LD^∧ on T^∗LG

whose momentum map furnish the arrow μ in diagram (1). First, we introduce the map d^{LG} : LD × LG −→ LG defined as d^{LG} ( ab̃, g ) = ag^{b̃} (9)

for a, g ∈ LG and b̃ ∈ LG^∗, which is a left action. It can be lifted to the left trivialization of

LT^∗G, namely L (G × g^∗), and then promoted to an action of the centrally extended double

LD^∧ ≃ LD × T^1, as explained in the following proposition.

Proposition: The map d̂ : LD^∧ × L (G × g^∗) −→ L (G × g^∗), d̂ ( ab̃, (g, η) ) = ( ag^{b̃}, Ad^{LD}_{b̃g} η + k ( b̃^g )_′ ( b̃^g )_{−1}) (10)

is a left symplectic action, with ^Ad^{LD}-equivariant momentum mapping μ (g, η) = ^Ad^{LD∗}_g−1 (ψ (η) , 1) . (11) Proof: In order to obtain d̂, we lift the action d^{LG}, eq. (9), to T^∗LG. In doing so,

we consider the associated map d^{LG}_{ab̃} : LG −→ LG such that d^{LG}_{ab̃} (g) ≡ d^{LG} ( ab̃, g ) . Its

differential is ( d^{LG}_{ab̃} ) ∗g v = ( L_{ag}~_b ) ∗ Ad^{LG∗∗} (^~b^g )^{−1}

(g^{−1}v_g) for any tangent vector v ∈ T_gG, from

where we obtain the pullback on a 1-forms α in the transformed point ag^{b̃} ( d^{LG}_{ab̃} )_∗ ( ag^{b̃}, α ) = ( g, (L_g−1 )^∗ Ad^{LG∗} (^~b^g )^{−1} ( L_{ag}~_b )_∗ α )

In body coordinates LG×Lg^∗, and after a change of variables, we get d : LD×L (G × g^∗) −→

L (G × g^∗) d ( ab̃, (g, η) ) = ( ag^{b̃}, Ad^{LD}_{b̃g} η ) (12) which is a well defined action. The momentum map μ_o : L (G × g^∗) −→ Ld^∗ associated to this action is easily calculated from the infinitesimal generator of the action (9) ( d^{LG}_g ) ∗e (X, ξ) = (R_g)_∗ X − dr (ξ)_g

for any (X, ξ) ∈ Ld = L (g ▷◁ g^∗), with d^{LG}_g ( ab̃ ) ≡ d^{LG} ( ab̃, g ) . Using the expression (8), and by the identification ψ : Ld → Ld^∗ provided by the bilinear form (, )_{Ld}, we have μ_o (g, η) = ψ ( Ad^{LD}_g η )

which obviously is Ad^{LD}-equivariant since it is associated to the lift to the cotangent bundle of an action on LG.

The action d is promoted to an action of the centrally extended double LD^∧ ≃ LD × T^1, d̂^{L(G×g∗ )} : LD^∧ × L (G × g^∗) −→ L (G × g^∗) by the definition d̂ (( ab̃, θ ) , (g, η) ) = ( ag^{b̃}, Ad^{LD}_{b̃g} η + k ( b̃^g )_′ ( b̃^g )_{−1})

where the element θ ∈ T^1 acts trivially, so it descends to an LD action and by this reason it is omitted in (10). It is worth remarking that d̂ is no longer a lift of a transformation on LG. The infinitesimal action of some (X, ξ) ∈ L (g ⊕ g^∗) at the point (g, η) ∈ L (G × g^∗) is straightforwardly computed, giving ( d̂_{(g,η)} ) ∗e (X, ξ) = ( (R_g)_∗ X − dr (ξ)_g , [ Ad^{LG∗}_g ξ, η ] Lg^∗ + Ad LG∗ g ad^{Ld∗}_g′_g−1 ξ + Ad^{LG∗}_g ξ^′ ) , (13)

and from this expression we calculate the momentum map μ : LG × Lg^∗ −→ L (g ▷◁ g^∗)^∗_Γ using the canonical symplectic structure ω_o on L (G × g^∗), obtaining μ (g, η) = ( Ad^{LD∗}_g−1 ψ (η) + kψ ( g^′g^{−1} ) , 1 ) = ^Ad^{LD∗}_g−1 (ψ (η) , 1) that satisfy the ^Ad-equivariance relation μ ( d̂ ( ab̃, (g, η) )) = ^Ad^{LD∗}(_a~_b)^{−1} μ (g, η)

Obviously, since ( d̂_{(g,η)} ) ∗ (X, ξ) are Hamiltonian for all (X, ξ) ∈ Ld_Γ, the Lie derivative L(_{d̂(g,η)})_{∗(X,ξ)}ω_o = 0 meaning that d̂^{L(G×g∗ )} leaves the canonical symplectic form invariant.■ Now, some remarks are in order. First, note that d̂ is not a free action, the subgroup G^∗ leaves invariant the point (e, 0). Then, observe that if the central extension of the loop group does not exist the above proposition still defines a hamiltonian LD action. We can proceed in an analogous manner by using the affine Poisson structure and affine coadjoint LD actions. Finally, ( T^∗LG, ω_o, d̂, μ ) is a Hamiltonian LD^∧-space, with μ equivariant and the image through μ of T^∗LG is a union of coadjoint orbits in Ld^∗_Γ.

Factorizing Φ̂ : ΩD → O (0, 1) through LT^∗G

In this section we shall show that Φ̂ : ΩD → O ⊂ Ld^∗_Γ can be factorized through μ : LT^∗G → Ld^∗_Γ on the pure central extension coadjoint orbit, composing a three vertices commutative diagram like the left triangle of (1).

By definition O ≡ O_{(0,1)} = { ^Ad^{LD∗} (a^~b)^{−1} (0, 1) / a b̃ ∈ LD } and any point (g, η) ∈ μ^{−1} (O) is, due to the equivariance of μ, of the form (g, η) = d̂ ( ab̃, (e, 0) ) for some ab̃ ∈ LD implying that μ^{−1} (O) is just the orbit of LD through the point (e, 0) ∈ L (G × g^∗). In terms of the orbit map d̂_{(e,0)} : LD −→ L (G × g^∗), d̂_{(e,0)} ( ab̃ ) = d̂ ( ab̃, (e, 0) ) = (a, kb̃^′b̃^{−1}) we write μ^{−1} (O) = Im d̂_{(e,0)} Hence, the tangent space of this LD-orbit is spanned by the infinitesimal generators of the action d̂, given in eq. (13), for every (g, η) = (a, kb̃^′b̃^{−1}) ∈ μ^{−1} (O), and it can be split in the direct sum d̂ (Λ_∗Ld) ⊕ d̂ ( Ad^{LD}_{ab̃} d ) . In fact, for any tangent vector (V, ξ) to that point there exist some [X] ∈ Λ_∗Ld and X_o ∈ d such that (V, ξ)_{(g,η)} = ( d̂_{(g,η)} ) ∗e ([X]) + ( d̂_{(g,η)} ) ∗e ( Ad^{LD}_{ab̃} X_o ) (14)

Observe that ( d̂_{(e,0)} )_∗ ω_o = γ, eq. (3) and, beside to the fact that ω_o|_μ−1_{(O)} = μ^∗ω_{KK} , it amounts to a presymplectic submersion μ ∘ d̂_{(e,0)} : (LD, γ) −→ (O, ω_{KK} ).

Theorem: Let ω_o|_μ−1_{(O)} the restriction of ω_o to μ^{−1} (O). Then, its null distribution is spanned by the infinitesimal generator of subgroup Ad^{LD}_{ab̃} D with leaf through (a, kb̃^′b̃^{−1}) ∈ μ^{−1} (O) being μ^{−1}( ^Ad^{LD∗}(_a~_b)^{−1} (0, 1)) = d̂^{L(G×g∗ )} ([ ab̃ ] , (G, 0) ) , so μ^{−1} (O) −→ O is a fibration with dim g-dimensional fibers. Moreover, their symplectic leaves are the orbits of ΩD by the action d̂.

Proof: The isotropy group of a point ^Ad^{LD∗}(_a~_b)^{−1} (0, 1) ∈ O is Ad^{LD}_{ab̃} D, and its infinitesimal

action pulled-back by μ gives rise to the null distribution of ω_o|_{μ(O(0,1))}. So, we have the

null foliation with leaf through d̂ ( ab̃, (e, 0) ) being the orbits of the subgroup Ad^{LD}_{ab̃} D and

of dimension dim g, as it can be seen from the relation d̂^{L(G×g∗ )} ( (ab̃)l_o(ab̃)^{−1}, (a, kb̃^′b̃^{−1}) ) = d̂^{L(G×g∗ )} ( (ab̃)l_o, (e, 0) ) = d̂^{L(G×g∗ )} ( (ab̃), (g_o, 0) )

for all l_o = g_oh̃_o ∈ D or, infinitesimally, since for (g, η) = d̂ ( ab̃, (e, 0) ) , ( d̂_{(g,η)} ) ∗e ( Ad^{LD}_{ab̃} X_o ) = ( d̂_{d̂} (a^~b,(e,0)) ) ∗e ( Ad^{LD}_{ab̃} X_o ) = ( d̂_{ab̃} ) ∗(e,0) ( d̂_{(e,0)} ) ∗e X_o and from (13) ( d̂_{(e,0)} ) ∗e X_o = (Π_g(X_o), 0) for all X_o ∈ d.

The complementary distribution constitutes then the symplectic foliation of ω_o|_μ−1_{(O)},

and it is spanned by the second term in the direct sum (14) with leaves being the orbits of

ΩD in μ^{−1} (O).

All this can be obtained from a more general result contained in a theorem by Kazhdan,

Kostant and Sternberg [22] (see Theorem 26.2 in ref. [21]).■

A further consequence is that any point (g, η) ∈ μ^{−1} (O) can be characterized by a pair ([ ab̃ ] , g_o ) ∈ ΩD×G such that (g, η) = d̂^{L(G×g∗ )} ([ ab̃ ] , (g_o, 0) ) . Thinking of the composition

μ^{−1} (O)^μ−→ O^{Φ̂−1}−→ ΩD

as a fibration, the direct sum (14) defines a connection with the horizontal subspace being

the orbits S(g_o) of ΩD through the point (g_o, 0), for each g_o ∈ G. Then, we may consider a

section ζ : ΩD → μ^{−1} (O) with equivariance property

ζ (l · [m]) = d̂ (l, ζ ([m])) ,

to obtain a factorization of Φ̂ through T^∗LG,

(Ld^∗; {, }_{KK} )

(T^∗LG; ω_o) μ ϕ (ΩD; ω_{ΩD} )

Φ̂ (15) with arrows being presymplectic maps, reproducing the left triangle of diagram (1).

In order to get a symplectic factorization, we define a family {ς_{go} }_{go∈G} of horizontal sections with each image being a symplectic leaf S(g_o) ⊂ μ^{−1} (O), the label g_o being the point (g_o, 0) in μ^{−1} (O) they pass through ς_{go} : ΩD −→ S(g_o) ⊂ μ^{−1} (O) ς_{go} ([l]) = d̂ ([l] , (g_o, 0))

for g_o ∈ G. Indeed, they are horizontal sections if one regards (14) as defining a connection on the trivial G-bundle structure in μ^{−1} (O).

Proposition: Let ς_{go} : (ΩD, ω_{ΩD} ) −→ ( S(g_o), ω_o|_{S(go)} ) is a symplectic map, for any g_o ∈ G. Proof: We have to show that ω_{ΩD} = ς^∗_{go} ω_o|_{S(go)}. Let v ∈ T_lLD, and [v] = Λ_{∗l}v ∈ T_{[l]}ΩD a tangent vector to the point [l] ∈ ΩD. Then

(ς_{go} )_{∗[l]} ([v]_b) = ( d̂_{ςgo ([l])} ) ∗ ( [v] [l]^{−1} )

where d̂_{ςgo ([l])} : LD −→ T^∗LG is the induced map by the action d̂ describing the orbit of LD through (g_o, 0) ∈ L (G × g^∗). Using the equivariant momentum map μ and having in mind that the stabilizer of the point ^Ad^{LD∗}[_a~_b]^{−1} (0, 1) is Ad^{LD∗}_{ab̃} D, we conclude that ⟨ ω_o|_μ−1_{(O)} , (ς_{go} )_{∗[l]} ([v]) ⊗ (ς_{go} )_{∗[l]} ([w]) ⟩ = ⟨ Ad^{LD∗}_l−1 (0, 1) , [ [v] [l]^{−1} , [w] [l]^{−1} ] Ld_Γ ⟩

= Γ_k ( [l]^{−1} [v] , [l]^{−1} [w] )

showing that (ς_{go} )^∗ ω_o|_{SR(go)} = ω_{ΩD}. ■

Then, the diagram (15) can be refined to the following commutative diagram with arrows being symplectic maps:

(O; ω_{KK} ) ( μ^{−1} (O) ; ω_o ) μ ς_{go} (ΩD; ω_{ΩD} )

Φ̂ (16)

for each g_o ∈ G.

Hamiltonian LD^∧ action on the G^∗-sigma model phase space

Because of the symmetric role played by G and G^∗in the double D,all the results obtained

above can be straightforwardly dualized just interchanging their roles. In spite of this general

principle, a few details and notation are in order.

Let us consider D with the opposite factorization, denoted as D → D^T = G^∗ ▷◁ G, so

that every element is now written as h̃g with h̃ ∈ G^∗ and g ∈ G. Then, for g ∈ G and h̃ ∈ G∗ there exist h̃_g ∈ G∗ and g_{h̃} ∈ G such that gh̃ = h̃_gg_{h̃}. This factorization relates

with the opposite one by b̃_a = (( b̃−1 )_a−1 )−1 and a~_b = ( (a^{−1})^{b̃−1} )_{−1} . The dressing action ~Dr : G × G∗ −→ G∗ is ~Dr ( g, h̃ ) = h̃_g and, by composing it with the right action of LG^∗

on itself, we get the action b^{LG∗} : LD × LG^∗ −→ LG^∗ defined as b^{LG} ( b̃a, h̃ ) = b̃h̃_a with a ∈ LG and h̃, b̃ ∈ LG^∗. For a sigma model on the target G^∗, the phase space is the symplectic manifold

(T^∗LG^∗, ω̃_o). Then, we lift b^{LG∗} to the left trivialization of T^∗LG^∗ ∼= L (G^∗ × g), and

promote it to an extended symmetry b̂ : LD^∧ × L (G^∗ × g) −→ L (G × g^∗), b̂ ( b̃a, ( h̃, Z )) = ( b̃h̃_a, Ad^{LD}_{ah̃} Z + k (a_{h̃})^′ (a_{h̃})^{−1} ) (17)

with an ^Ad^{LD}-equivariant momentum map μ̃ ( h̃, Z ) = ^Ad^{LD∗}~_h−1 (ψ (Z) , 1) = ( ψ ( Ad^{LD}_{h̃} Z + k h̃^′h̃^{−1} ) , 1 ) (18)

In terms of the orbit map b̂_{(e,0)} : LD −→ L (G^∗ × g) associated to the action b̂, eq. (17),

b̂_{(e,0)} ( ab̃ ) = b̂ ( b̃a, (e, 0) ) = (b̃, k a^′a^{−1})

and we get the identification

μ^{−1} (O) = Im b̂_{(e,0)}

Analogously, we define an equivariant map ζ̃ : LD → L (G^∗ × g) such that ζ̃ (l · [m]) = b̂ ( l, ζ̃ ([m]) ) and get a factorization of Φ̂ through T^∗LG^∗ as Φ̂ = μ̃ ∘ ς̃~_{ho} , by symplectic maps, depicted in the diagram

(O; ω_{KK} ) μ̃

(μ̃^{−1}(O); ω̃_o|_r)

(ΩD; ω_{ΩD} )

Φ̂

ς̃~_{ho}

(19)

for each h̃_o ∈ G^∗.

III- POISSON-LIE T-DUALITY

Gluing together diagrams (15) and its mirror image, we recover the commutative four vertex diagram (1) relating the phase spaces LT^∗G and LT^∗G^∗, belonging to σ-models with dual targets G and G^∗, through vertex (ΩD, ω_{ΩD} ) and (Ld^∗_Γ, {, }_{KK} ) and with arrows being LD^∧-equivariant (pre)symplectic maps.

Actually, the relation holds provided there exist a non trivial intersection region of the images of the momentum maps μ and μ̃ in (Ld_Γ)^∗, that means, if there exist a set of points (g, η) ∈ L (G × g^∗) and ( h̃, Z ) ∈ L (G^∗ × g) satisfying (see eqs. (11) and (18)) the identity

(ψ (η) , 1) = ^Ad^{LD∗}~_h−1_g (ψ (Z) , 1)

Because μ and μ̃ are equivariant momentum maps, the intersection region extends to the whole coadjoint orbit of the point μ (g, η) = μ̃ ( h̃, Z ) in (Ld_Γ)^∗, establishing a connection between LD^∧-orbits in LT^∗G and LT^∗G^∗. It can be seen that this common region coincides with the pure central extension orbit

O = Im μ ∩ Im μ̃

and it is a isomorphic image of the WZW reduced space, so that we may refine diagram (1) to get a connection between the phase spaces of sigma models on dual targets and WZW model on the associated Drinfeld double group

(μ^{−1}(O); ω_o|_μ−1 ) μ (O; ω_{KK} ) μ̃ (μ̃^{−1}(O); ω̃_o|_{μ̃}−1 ) ς_{go}

(ΩD; ω_{ΩD} )

Φ̂^{−1}

ς̃~_{ho}

(20)

Poisson-Lie T-duality is then accurately characterized by restricting this diagram to the

symplectic leaves in μ^{−1} (O) and μ̃^{−1} (O). In fact, lets us denote by S (g_o) ⊂ μ^{−1} (O) and S̃ ( h̃_o ) ⊂ μ̃^{−1} (O) the symplectic leaves defined by the maps ς_{go} : ΩD → μ^{−1} (O) and

ς~_{ho} : ΩD → μ̃^{−1} (O), respectively, then the composition of arrows

S(h_o) μ O μ̃~ S(h̃_o)

ΩD

Φ̂^{−1}

ς̃~_{ho}

(21)

defines the duality T-duality transformation

Ψ~_{ho} : S (g_o) −→ S^∗ ( h̃_o ) (22)

Ψ~_{ho} (g, λ) = ( b̃ ( h̃_o ) a , ( a~_{ho} )_′ ( a~_{ho} )_{−1})

where [ ab̃ ] ∈ ΩD is a based loop such that (g, λ) = d̂ ([ ab̃ ] , (g_o, 0) ) . This are nothing but

the duality transformations given in [1] and [10]. Obviously, as a composition of symplectic

maps, Ψ~_{ho} is a canonical transformation, and a hamiltonian vector field tangent to S (g_o) is

mapped onto a hamiltonian vector field tangent to S̃ ( h̃_o ) . Passing through ΩD by Φ̂^{−1}, as

showed in the diagram, allows to switch ΩD to the opposite factorization [ ab̃ ] B → [ b̃_aa_{b̃} ] B before to reach S̃ ( h̃_o ) by applying

ς̃~_{ho} : [ ab̃ ] B −→ [ b̃_aa_{b̃} ] B −→ b̂ ([ b̃_aa_{b̃} ] b , ( h̃_o, 0 ))

for ( h̃_o, 0 ) ∈ μ̃^{−1} (0, 1).

Observe that diagram (1) can also be constructed for an arbitrary bicrossed product D = G ▷◁ M with a Lie algebra g ▷◁ m supplied with a non degenerate, symmetric, invariant bilinear form, replacing the vertex LT^∗G by L(G × m). Now this vertex carries a presymplectic structure defined by the pullback ι^∗_Gω^R_Γ and L(G × m)^{ιG}→ LD × Ld^∗ (g, α) −→ (g, Ad^{D∗}_g−1 ψ(α) + C_k (g)) recovering the generalization of PL-T duality introduced in [13].

IV- COLLECTIVE HAMILTONIANS AND DUALITY TRANSFORMATIONS

Using the geometrical or kinematical information of the diagram (21) we now address to impose the appropriate dynamics in order it can be mapped through the arrows giving dynamical T-duality transformations.

To this end , we observe that ΩD = Φ^{−1} (O) and the symplectic leaves in μ^{−1} (O), μ̃^{−1} (O) are replicas of the coadjoint orbit O and, because of their equivariance, their tangent bundles are locally isomorphic to that of O. As O is in the vertex linking the three models, it is clear that T-duality transformation (21) exist at the level of hamiltonian vector fields for each hamiltonian vector on O. So, it enough to select a hamiltonian vector field in O and symplectic leaves in μ^{−1} (O) and μ̃^{−1} (O) to obtain a couple of T-dual related hamiltonian vector fields and, whenever they exist, a couple T-dual related solution curves belonging to some kind of dual sigma models.

In terms of hamiltonian functions, once a suitable function h : (Ld_Γ)^∗ −→ R is fixed we have the corresponding hamiltonian function on μ^{−1} (O) and μ̃^{−1} (O) by pulling-back it through the momentum maps μ and μ̃, so that the hamiltonian function restricted to μ^{−1} (O), μ̃^{−1} (O) and ΩD are in the so called collective Hamiltonian form [21]: h ∘ μ, h ∘ μ̃ and h ∘ Φ.

This ensures that the corresponding Hamiltonian vector fields will be tangent to the LD orbits. Moreover, a Hamiltonian vector field in ^Ad^{LD∗}_l−1 (0, 1) ∈ O is of the form ^ad^{LD∗}_{Lh} ^Ad^{LD∗}_{l−1} (0, 1) where L_h : (Ld_Γ)^∗ −→ Ld_Γ is the corresponding Legendre transformation, and the solution curves are determined from the solution of the differential equation on LD d_tl l^{−1} = L_h(γ(t)) (23) where γ(t) is the trajectory of the hamiltonian vector field corresponding to h. In fact, from the curve l(t) ⊂ LD, with l(t = 0) = e, solution of the equation so that γ(t) = ^Ad^{LD∗}_{l(t)} γ(0), the solutions for the collective hamiltonian vector fields on T^∗LG, ΩD and T^∗LG^∗ are d̂ (l(t), (g_0, η_0)) [l(t)l_0] b̂ ( l(t), ( h̃_0, Z_0 ))

respectively, with l(t) given by (23)and for (g_o, η_o) ∈ μ^{−1}(γ(0)), [l_0] ∈ Φ̂^{−1}(γ(0)), ( h̃_0, Z_0 ) ∈ μ̃^{−1}(γ(0)).

We see that duality transformations between T^∗LG and T^∗LG^∗ involve finding the curve l(t) solution to eq. (23) and using the two factorizations of the double D = G ▷◁ G^∗ ∼ G^∗ ▷◁ G. The generating functional on the dualizable subspaces is given in terms of the potentials ϑ_o and ϑ̃_o of the symplectic forms on the dual phase-spaces by [9] d_V F [g, g̃] = ϑ_o − ϑ̃_o | |_{SR×S̃R} = ⟨ g^{−1}dg, h̃´h̃^{−1} ⟩ − ⟨ g̃^{−1}dg̃, h́h^{−1} ⟩ = − ∫ S^1

l^∗(ι_V ω^{ST S} )

where V is a vector field along the loop l = gh̃ = g̃h in D and ω^{ST S} is the symplectic form on the double D [19], [8]. This leads to the well known generating functional formula [1] for PLT-duality.

Also note that, in order to have a non trivial duality, restriction to the common sector in (Ld_Γ)^∗ where all the moment maps intersect is required, i.e., to the coadjoint orbit O. This is why the study of the pre-images μ^{−1} (O) and μ̃^{−1} (O) of the last section becomes relevant. So, from now on, we shall refer to this pre-images as dualizable or admissible subspaces.

Now, a couple of remarks are in order. First, note that an analogous diagram to (1) can be constructed by replacing one of the phase spaces by any LD^-hamiltonian space. The same statements will hold for collective hamiltonian dynamics and so we can construct the corresponding duality transformations. This will lead us, as special cases, to Buscher ´s duality introduced in [1] and to duality between different factorizations of the Drinfeld double bialgebra d = m + m^∗, some giving the so called PLT-plurality [28]..

We also like to remark, before passing to the next section, that even when the central

extension of the loop group LD does not exist, the same diagrams can be constructed

and all the statements about collective dynamics (and so all about T-dualtity and duality

transformations) still hold after replacement of the dual of centrally extended loop algebra

(Ld_Γ)^∗ by Ld^∗_{Af f} with the affine Poisson structure defined by the cocycle Γ and the affine

coadjoint action defined in section I.

In the following subsections, we shall study the dynamics of collective Hamiltonians and

the corresponding lagrangian formulation for the T-dual WZW and sigma models.

Hamiltonian and Lagrangian WZW model

The WZW-model reduced space ΩD is mapped into the coadjoint orbit O by the momen-

tum map Φ̂ : ΩD −→ O associated to the residual left invariance (5). So, let us consider a

Hamiltonian H_{W ZW} (g, η) for the chiral WZW model which, when restricted to the reduced

space ΩD = ( Ĵ^R )_{−1} (0, 1) /D, it is in collective form

H_{W ZW} (l, φ)|_{ΩD} = h ∘ Φ̂ ([l])

for some function h : (Ld_Γ)^∗ → R. We shall consider a quadratic Hamiltonian which, having

in mind that Ĵ^R (l, φ) = (kψ (l^{−1}l^′) − φ , 1) (2), can be written in general form as H_{W ZW} (l, φ) = k^2 2 ( l^′l^{−1}, L_1l^′l^{−1} ) Ld + ⟨ Ad^{LD∗}_l−1 φ, L_2l^′l^{−1} ⟩ + 1 2 ⟨ Ad^{LD∗}_l−1 φ, L_3ψ̄ ( Ad^{LD∗}_l−1 φ )⟩ for some linear self adjoint operators L_i : d −→ d. The equations of motion (23) for this

Hamiltonian are l̇l−1 = k L_2l′l−1 + L_3ψ̄ (AdLD∗_{l−1} φ)

φ̇ = k ( Ad^{LD}_{l−1} ( k (L_1 + L_2) (l^′l^{−1}) + (L_2 + L_3) ψ̄ ( Ad^{LD∗}_{l−1} φ )))_′ − k ad^{Ld∗}_{l−1l′} ψ ( Ad^{LD}_{l−1} ( kL_2l^′l^{−1} + L_3ψ̄ ( Ad^{LD∗}_{l−1} φ ))) (24)

When restricted to ( Ĵ^R )_{−1} (0 , 1) = {(l, kψ (l^{−1}l^′)) / l ∈ LD} ∼= LD, they become into

l̇l^{−1} = k (L_2 + L_3) l^′l^{−1} d dt ψ ( l^{−1}l^′ ) = k ( Ad_l−1 ( (L_1 + L_2) ( l^′l^{−1} ) + (L_2 + L_3) ( l^′l^{−1} )))_′ − k ad^{Ld∗}_l−1_l′ Ad^{LD∗}_l ψ ( (L_2 + L_3) l^′l^{−1} )

Observe that for L_1 = −L_2, the second equation is derived from the first one, ensuring the Hamiltonian vector fields are tangent to the reduced submanifold ( Ĵ R )_{−1} (0 , 1). Thus, a suitable quadratic Hamiltonian for the WZW-model must have the form H_{W ZW} (l, φ) = k ( ψ̄ (Ad^{LD∗}_{l−1} φ) − k 2 l^′l^{−1}, L_2l^′l^{−1} ) Ld + 1 2 (¯ ψ ( Ad^{LD∗}_l−1 φ ) , L_3ψ̄ ( Ad^{LD∗}_l−1 φ )) Ld (25) that, when reduced to ΩD, becomes into H_{W ZW} (l, φ)|_{ΩD} = 1 2 ( ψ̄ ( Φ̂ ([l]) ) , (L_2 + L_3) ψ̄ ( Φ̂ ([l]) )) Ld (26)

unveiling its collective form in the momentum map Φ̂, for a quadratic Hamiltonian function h : (Ld_Γ)^∗ → R.

In order to pass to ΩD,we observe that l = l_o ∈ D and the reduced equation of motion implies l̇_ol^{−1}_o = 0, so that d [l] dt [l]^{−1} = k L d [l] dσ [l]^{−1} with L = L_2 +L_3, which is derived from (23). Finally, it is easy to see that the corresponding action functional is S_{W ZW} (l) = 1 2 ∫ Σ ⟨ ∂_θ ll^{−1}, ∂_tll^{−1} ⟩ + 1 12 ∫ B ⟨ dll^{−1}, [dll^{−1}, dll^{−1}] ⟩ + 1 2 ∫ Σ ⟨ ∂_θll^{−1}, L∂_θ ll^{−1} ⟩ (27)

where Σ is a 1+1 domain with a periodic variable θ,and B is a 3 dimensional domain such that ∂B = Σ. The ”initial values” for the Hamiltonian equation of motion (24) which comes from (23) are boundary conditions for the fields l(σ, t). This boundary conditions fix the topology of Σ, the main examples are: if the condition is to be defined for all non negative time and l(σ, t = 0) = e for all σ, then the domain of the fields Σ has the topology of the disc; if the condition is to be defined for all finite time and l(σ, t = 0) = l_0(σ) for some l_0 ∈ LD, then the domain of the fields Σ has the topology of the cylinder.

Now, the first two terms on the action give the potential 1-form for the symplectic 2- form ω_{ΩD} in ΩD and the third term is the corresponding hamiltonian. We recognize here the WZW model first proposed by Klimcik and Severa if we take a specific choice of the operator L.Up to the moment, there are no constrains on this operators but we shall see below that this constrains appear in order to reproduce sigma model like lagrangians on the targets G and G^∗ and we also describe how the boundary conditions on the fields get mapped to the dualizable subspaces.

Hamiltonian and Lagrangian T-dual sigma models

As explained above, classical T -duality is a consequence of a common collective dynamics on the non trivial intersection of the images of momentum maps of systems whose phase spaces are LD^∧-modules. This dynamics is fixed by a Hamiltonian function h : (Ld_Γ)^∗ −→ R and the equation of motion (23) describes de hamiltonian vector fields mapped by the momentum maps. Analyzing the dynamics of the WZW-model in the previous section, we fixed the collective dynamics to be a quadratic Hamiltonian function so that the hamiltonian function on the sigma model phase space T^∗LG get fixed to be

H_σ (g, η) = 1 2 (¯ ψ (μ (g, η)) , Lψ̄ (μ (g, η)) ) Ld We note that only the symmetric part of the operator (L_2 + L_3) with respect to the bilinear form (, )_{Ld} contributes. So we call this symmetric part E : d → d and, using eq. (18),we write H_σ (g, η) = 1 2 ( Ad^{LD}_g η + k g^′g^{−1}, E ( Ad^{LD}_g η + k g^′g^{−1} )) Ld (28) In order to recover the Lagrangian functional associated to this hamiltonian, we infer the inverse Legendre transformation from the Hamilton equation of motion for g

g^{−1}ġ = Π_gE_gΠ_g∗ (η) + Π_gE_g Π_g(g^{−1}g^′)

where E_g = Ad^{LD}_{g−1} EAd^{LD}_g . For simplicity, we set from now on k = 1 and assume the Legendre transformation is non-singular which require the operator Π_gE_gΠ_g∗ : g^∗ −→ g to be invertible for all g ∈ G. However, it must be remarked that non invertibility would give

rise to constrains and gauge symmetries, leading to coset sigma models [29] and constrained systems like the WZNW [12] for an appropriate choice of the kernel.

Let us name G_g = (Π_gE_gΠ_g∗ )^{−1} : g −→ g^∗ and B_g = −G_g ∘ Π_gE_gΠ_g : g −→ g^∗, then η = G_g ( g^{−1}ġ ) + B_g(g^{−1}g^′)

Now a question arise: when does the resulting Lagrangian is in a sigma model form? Recall that the Lagrangian of a (non singular) sigma model can be write in the form [9] L = ⟨ g^{−1}g_−, (G_g + B_g)g^{−1}g_+ ⟩ (29) for G_g being a symmetric invertible operator (the metric), B_g an antisymmetric operator (the B-field), both from g −→ g^∗and depending on the point g ∈ G (the symmetry properties referred to the bilinear form given by the pairing ⟨, ⟩).

The answer to this question is given by the following Lemma, in terms of the algebraic properties of the operator E_g in the vector space g ⊕ g^∗

Lemma: The Lagrangian coming from the collective hamiltonian given by the symmetric operator E defines a sigma model given by the Lagrangian(29) with G_g = G_g and B_g = B_g iff one of the following equivalent conditions are fulfilled for each G

1. B_g is antisymmetric and G_g − B_g(G_g)^{−1}B_g = Π_g∗ E_gΠ_g 2. (E_g )^2 = 1 3. E^2 = 1 4. As a block matrix in g ⊕ g^∗, we have

E_g =

−(G^g)^{−1}B^g (G^g)^{−1} G_g − B_g(G_g)^{−1}B_g B_g(G_g)^{−1}

(30)

5. d = g⊕g^∗ = E^+_g ⊕E^−_g where E^±_g are the ±1 eigenspaces of E_g having the dimension equal to dim g and being orthogonal to each other.

Conversely, the Hamiltonian coming from a Lagrangian (29) is in collective motion form for the moment map μ and quadratic non singular hamiltonian on Ld if the operator defined by (30) satisfies E_g = Ad^{LD}_g−1 E_eAd^{LD}_g .

The proof of this lemma is straightforward. It gives the exact relation between the collective hamiltonian form and the sigma model data [1][30]. We remark that the equivalences rely only on the algebraic properties of the vector space g ⊕ g^∗ with the pairing as a bilinear form and the symmetry of E (E_g will by also symmetric by the Ad-D invariance of ⟨, ⟩).

Note that this kind of operators can be given by (generalized) complex structures on the double algebra. This observation becomes relevant in the supersymmetric case [25].

In order to give a more explicit expression for the sigma model Lagrangian, we introduce graph coordinates for the eingenspaces E^±_g on g ⊕ g^∗(following the description of [13]) E^±_g = {X ⊕ (B_gX ± G_gX), X ∈ g}

This can be easily inferred from the matrix form of the operator E_g. Now, using the dual graph coordinates E^±_g = {ϕ ⊕ (B_g ± G_g)^{−1}ϕ, ϕ ∈ g^∗} and relating them to the ones for g = e, noting that v ∈ E^±_g iff Ad_gv ∈ E^±_e so

Ad_g−1 (ϕ ⊕ (B_e ± G_e)^{−1}ϕ) = Π_g∗ Ad_g−1 ϕ ⊕ Ad_g−1 ((B_e ± G_e)^{−1}ϕ + Ad_gΠ_gAd_g−1 ϕ) = Π_g∗ Ad_g−1 ϕ ⊕ (B_g ± G_g)^{−1}(Π_g∗ Ad_g−1 ϕ)

and we can deduce that

(B_g ± G_g)^{−1}(ϕ) = Π_gAd_g−1 Π_g((B_e ± G_e)^{−1}ϕ + Ad_gΠ_gAd_g−1 Π_g∗ Ad_gϕ)

Finally Π_gAd_gΠ_g(B_g ± G_g)^{−1}Π_g∗ Ad_gΠ_g∗ = (B_e ± G_e)^{−1} + π(g) (31) where π(g) = Π_gAd_gΠ_g∗ Ad_g−1 Π_g∗ = −π^R(g^{−1}), and π^R gives the Poisson bivector right translated to the origin on the Poisson-Lie group G coming from the Lie-bialgebra structure of (g, g^∗) (see [3], for example).

So, coming back to the sigma model Lagrangian, we have L = ⟨ g^{−1}g_−, (B_g + G_g)g^{−1}g_+ ⟩ = ⟨ g_−g^{−1}, ((B_e + G_e)^{−1} + π(g))^{−1}g_+g^{−1} ⟩

where in the last expression we recognize the Lagrangian of the sigma model on the target G first introduced by Klimcik and Severa [1].

The corresponding dual construction can be repeated following analogous steps, interchanging the roles of G and G^∗, yielding the dual sigma model Lagrangian on the target G^∗ L̃ = ⟨g̃_−g̃^{−1}, ((B_e + G_e) + π̃(g̃))^{−1}g̃_+g̃^{−1}⟩

where π̃ is the corresponding Poisson bivector of the Poisson-Lie structure on G^∗, coming from the bialgebra (g^∗, g).

From the construction developed on the preceding sections we know that this two models are ”dual” to each other and to the WZW model defined by (27) , in the sense that solutions contained in the dualizable subspace in one model can be mapped through the coadjoint orbit O to the other model, and the duality transformation involves finding the appropriate curve in LD^∧ and generating the dual flows by the action of this curve on the initial value.

Conversely, we can ask when a generic sigma model on the target G will be dualizable in the above sense. The answer to this question within the Lagrangian formalism was given in the pioneer works [1]. So we conclude this section giving the exact relation between the Lagrangian dualizability conditions (the so called Poisson-Lie symmetry of the sigma model Lagrangian) and the information contained in our Hamiltonian approach. To that end, following [1], we introduce the following 1-form over Σ with values in g^∗

J = Π_g∗ (G + B)g^{−1}g_+dx^+ − Π_g∗ (G − B)g^{−1}g_−dx^−

and we recall that a sigma model given by (29) is called (right) PL-symmetric with respect to g^∗ if J = 1 2 [J, J]_g∗ (32) over the solutions and where a Lie bracket is given on g^∗. It was shown that this equations require certain compatibility conditions, namely, the bracket on g^∗ should be such that (g, g^∗) becomes a Lie bialgebra, and that the G-dependent operators G_g and B_g defining the sigma model should satisfy the compatibility condition L_X L_{(g)} ⟨Y, (G − B)Z⟩ = − ⟨ X, ad^{g∗}_{Πg∗ (G−B)Z} (Π_g∗ (G + B)Y ) ⟩ (33)

for X, Y, Z ∈ g, L_X L_{(g)} is the Lie derivative with respect to X^L, the left invariant vector field on LG generated by X for all g ∈ LG. Note that if G_g − B_g is G-independent, this compatibility condition on G_g and B_g defines a quasitriangular structure on the Lie bialgebra (g, g^∗) [13] [30]..

This PL-symmetry condition defines, when Σ is contractile (for example, with the topology of the disc), a function h̃ : Σ → G^{ast} such that J = dh̃h̃^{−1} and is easy to see that the equation (32) becomes equivalent to

(1 ± E)l_∓l^{−1} = 0

for l = gh̃ and E = Ad_gE_gAd_g−1 with E_g the operator given by the matrix (30) in terms of G_g and B_g. Moreover, the compatibility condition first order equation (33) defines how G_g and B_g depend on g ∈ G and it can be proved that it is equivalent to the fact that the operator E just defined is constant for all g ∈ G, so E_e plays the role of initial values for these equations. We see that E fulfills the conditions of the previous Lemma, so we have

Lemma: Let Σ be contractile and with a periodic spatial coordinate σ. A sigma model Lagrangian given in the form (29) is (right) PL symmetric respect to g^∗ iff the corresponding hamiltonian function on LT^∗G is in collective motion form for the moment map μ and the quadratic function ⟨v, Ev⟩ on Ld^∗_Γ defined by a symmetric and idempotent operator E on d.

In the case of the cylinder topology (remember the relation we stated between the topology of the 1+1 domain and the initial values for the Hamiltonian equations of motion for l(σ, t)) , this is also true once we have imposed a unit monodromy constraint for the current J (see below).

Finally, we shall comment on the restriction to the dualizable subspaces. Up to now, we know by construction that there is a (unique up to constant G^∗ elements) correspondence between solutions of the dualizable sigma model (g, h̃) and hamiltonian integral curves (g, h̃^′h̃^{−1}). Now, the image of such a solution through the momentum map μ lies in the coadjoint orbit O ( h̃′h̃−1, 1 ) inside (Ld_Γ)^∗ and it is easy to see that O ( h̃′h̃−1, 1 ) = O iff h̃ is periodic in the spatial variable (i.e., iff it is a loop for all t). So the restriction to the dualizable subspace can be expressed as a unit monodromy constrain on J = dh̃h̃^{−1}, h̃(0, t) = h̃(2π, t) or equivalently P ∫ γ dh̃h̃^{−1} = ẽ for any closed path γ homotopic to a constant time loop in Σ, and the same holds for the dual model, as first noted by Klimcik and Severa.

So, as the Lagrangian on the G target describes the Hamiltonian dynamics in the whole phase space LT^∗G it is natural to ask what kind of models arises when we replace LT^∗G^∗ by other phase-space such that it has a non-trivial intersection with the other coadjoint orbits (the image of the subspaces restricted by non-trivial monodromy conditions) O (α, 1) , with α ∈ Lg^∗, which also lie in μ(LT^∗G). Such models should have phase spaces consisting of nonclosed paths in G^∗(because of the non-trivial monodromy of α). Examples of this models are the ones given in [27].

The reader might also note that the Poisson structures on such open path spaces are closely related to the ones associated to the chirally extended WZW phase space [26], which are also LD spaces, and from this point of view one could have a better understanding of the appearance of (finite dimensional) P-L symmetries generated by the monodromy matrix of the resulting open strings variables [36].

V- EXAMPLES

We will now give some examples to illustrate on the construction of the duality transformations and admissible subspaces for special simple choices of the double group and the Hamiltonian dynamics, recovering a full explicit description of known results on target space duality.

Abelian duality and R −→^1_R momentum-winding interchange.

In this example, we take a trivial Lie bialgebra (g, [, ] = 0, δ = 0), which has a trivial dual bialgebra and a trivial double (g^∗, [, ] = 0, δ = 0), (d, [, ] = 0, δ = 0) respectively. Moreover, we take g to be the Lie algebra of the 1-dimensional abelian group G = U_R(1) thought as a circle of radius R with group law the translation along the circle. Being the bilinear form (, )_d on the double Lie algebra the pairing between g and its dual g^∗, we can choose the dual group to be G^∗ = U 1_R (1), the dual circle of radius^1_R , since we can naturally think of g and its dual g^∗ as the corresponding tangent spaces at the origin and if we parametrize the group elements as Rx and R^{−1}x with x ∈ [0, 2π] then ⟨R∂_x, R^{−1}d_x⟩ = 1. We choose the (non-simply connected) double group to be D = U_R(1) × U_R−1 (1). The Poisson bracket on Ld^{∧∗} is pure central extension {, } ≡ Γ, and we choose the Hamiltonian function on Ld^{∧∗} to be H(X, ξ, a)= ∫ S^1 dσ ( 1 2R^2 ξ^2 +

R^2 2 X^2 )

The phase-spaces of the dual models are LT^∗U_R(1) and LT^∗U 1_R (1), with parametrized elements γ = (θ(σ), π(σ)) ∈ LT^∗U_R(1) and γ̃ = (θ̃(σ), π̃(σ)) ∈ LT^∗U 1_R (1). The moment maps associated with the LD action are μ(θ(σ), π(σ)) = ( d dσ θ(σ) + π(σ), 1) and μ̃(θ̃(σ), ~π(σ)) = ( d dσ θ̃(σ) + π̃(σ), 1). The Hamiltonians on the phase-spaces written on the collective form are H(γ; σ) = ∫ S^1 dσ [ 1 2R^2 π(σ)^2 +

R^2 2 ( dθ dσ )^2]

H̃(γ̃; σ) = ∫ S^1 dσ [ 1 2R^2 ( dθ̃ dσ )^2 +

R^2 2 π̃(σ)^2] The duality transformation Ψ : μ^{−1} (O) −→ μ̃^{−1} (O) can be constructed following the arrows of the diagram (1)

LT^∗U_R(1) LT^∗U_{1/R}(1)

(θ(σ), π(σ)) μ (θ^′(σ), π(σ), 1) μ̃ (θ̃_o + ∫_σ 0 π(ζ)dζ , dθ dσ (σ))

ς̃~_{θo} θ(σ) − θ(0) × ∫_σ 0 dζ π(ζ)

Φ̂−1

(34)

so we get Ψ(γ(σ)) = γ̃(σ) = ( ∫_σ 0 π(ζ)dζ, dθ dσ (σ))

Proceeding analogously, starting from the dual part, we obtain Ψ̃. By construction

Ψ^∗H̃ = H

The admissible subspace μ^{−1} (O) in LT^∗U_R(1) is of the form {(θ, α̃) • (θ_0, 0) = (θ + θ_0, α̃^′) / : (θ, α̃) ∈ ΩD} since D is abelian and so the dressing actions are trivial. Similarly, μ̃^{−1} (O) = {(θ̃, α) • (θ̃_0, 0) = (θ̃ + θ̃_0, α^′)/ : (θ̃, α) ∈ ΩD} in LT^∗U 1_R (1). We note that the elements in ΩD giving the duality transformations have θ(0) = 0 or they have no momentum zero modes in their Fourier expansion. This corresponds, as in the general PL case, to the unit monodromy constraint (see [27]). Now, the topology of the U(1) targets allows us to introduce a refined description of the dualizable subspaces.

As every element (θ, θ̃) ∈ L(U_R(1)×U 1_R (1)) is classified by its homotopic class or ”winding number” we then define the subsets

L(n, m) = {(θ, θ̃) ∈ L(U_R(1) × U 1_R (1))/ : deg θ = n and deg θ̃ = m}

So μ^{−1} (O) = ⋃ (L_R(n, m)) = ⋃ {(θ, π)/ : deg θ = n and ∫ S^1 π = 2πm} and μ̃

−1 (O) = ⋃ (L 1_R (n, m)) = ⋃ {(θ̃, ~π)/ : deg θ̃ = n and ∫ S^1 ~π = 2πm}. Moreover, its easy to see that

the Hamiltonian flows preserves these winding numbers and so the L_R(n, m) and L 1_R (n, m) are sub-Hamiltonian systems of LT^∗U_R(1) and LT^∗U 1_R (1) respectively, which lie inside the dualizable subspaces. Finally, we see that the duality transformation Ψ maps L_R(n, m) to L 1_R (m, n) interchanging R −→ R^{−1} and the winding number n to be the momentum number in the dual model and the momentum number m to the winding number in the dual model. Hence we have recovered the momentum-winding duality transformation and the domain of these transformation in the phase spaces as described in [5] within our general framework.

Semi-abelian or non-abelian G ←→ g^∗ duality

In this example, we take the bialgebra g to be semi-trivial, that is, (g, [, ], δ = 0). So (g^∗, [, ] = 0, δ) and the double (d, [, ], δ) can be identified as a Lie algebra with the semidirect product of (g,[, ]) and (g^∗, [, ] = 0) where g acts on g^∗ by the coadjoint representation. We will take G as a compact simple group and in role of G^∗ we consider g^∗ as an additive Abelian group, so the double group can be identified with the semidirect product D = G▷ g^∗, with G acting by the coadjoint representation. The phase-spaces are LT^∗G and LT^∗g^∗ and taking the product on G ▷ g^∗ to be (g, η) · (h, λ) = ( gh, λ + Ad^{LG∗}_h η )

we have that (g, η)^{−1} = (g^{−1}, −Ad^{LG∗}_{g−1} η) and the momentum maps corresponding to the LD actions on them are μ(g, η) = (k g^′g^{−1} + Ad^{LG∗}_{g−1} η, 1) for (g, η) ∈ L(G × g^∗), the left trivialization of LT^∗G, and μ̃(η, X) = (X + η^′ + ad^{LG∗}_X η, 1 ) for (η, X) ∈ LT^∗g^∗. The coadjoint D and LD actions become Ad^D_{(g,η)}(X, ξ) = (Ad^G_g X, Ad^{G∗}_g−1 ξ + Ad^{G∗}_g−1 ad^{G∗}_X η) ^Ad^{LD∗}_{(g,η)}(0, 1) = ((g, η)^′ · (g, η)^{−1}, 1) = (g^′g^{−1} + Ad^{LG∗}_{g−1} η^′, 1) for (g, η) ∈ LD acting on Ld^{∧∗}. The actions on the cotangent bundles can be derived from the dressing action for this particular case (g, η) = (g, 0) · (e, η) = (e, α) · (g, 0) =⇒ g^η = g , α^g = Ad^{LG∗}_g α (g, η) = (e, Ad^{LG∗}_g−1 η) · (g, 0) = (g, 0) · (e, η) =⇒ η_g = Ad^{LG∗}_g−1 η , g_η = g so that d̂ ((h, ξ), (g, η)) = d̂ ((h, 0) · (e, ξ), (g, η)) = ( hg, η + ( Ad^{LG∗}_g ξ )_′) b̂ ((h, ξ), (η, X)) ≡ b̂ ((e, Ad^{LG∗}_{h−1} ξ) · (h, 0), (η, X)) = (Ad^{LG∗}_{h−1} ξ + Ad^{LG∗}_{h−1} η, Ad^G_h X + h^′h^{−1}) From here we can get the elements of μ^{−1}(O) and μ̃^{−1}(O)

μ^{−1}(O) = d̂ ((h, ξ), (g_o, 0)) = ( hg_o, Ad^{LG∗}_{go} ξ^′ )

μ̃^{−1}(O) = b̂ ((h, ξ), (η_0, 0)) = ( Ad^{LG∗}_h−1 ξ + Ad^{LG∗}_h−1 η_0, h^′h^{−1} ) for (h, ξ)(σ = 0) = (e, 0) and, following the arrows in the diagram (22), ( hg_o, Ad^{LG∗}_g−1_o ξ^′ ) μ ^Ad^{LD∗}_{(h,ξ)}(0, 1) μ̃ (Ad^{LG∗}_{h−1} (ξ + η_o), h^′h^{−1})

ς̃_{ηo} [(h, ξ)]

Φ̂−1

we get the duality transformation

Ψ_{ηo} ( hg_o, Ad^{LG∗}_g−1_o ξ^′ ) = ( Ad^{LG∗}_h−1 (ξ − ξ_o) + Ad^{LG∗}_{(hh}−1_{o )−1} η_o, h^′h^{−1} ) (35)

The admissible subspace μ^{−1} (O) in LT^∗G is LD · (e, 0) ∼ (LG, Ωg^∗) and μ̃^{−1} (O) in LT^∗g^∗ is LD · (0, 0) ∼ (Lg^∗, ΩG) The inverse duality transformation can be computed following the arrows in (1) the other

direction ( hh^{−1}_o g_o, Ad^{LG∗}_{go} ξ^′ ) μ ^ Ad^{LD∗}_{(h,ξ)}(0, 1) μ̃ ( Ad^{LG∗}_h−1 (ξ + η_o), h^′h^{−1} )

ς_{go}

[(h, ξ)]

Φ̂^{−1} where (η_o, 0) ∈ μ̃^{−1} (O), so we get Ψ̃_{go} (Ad^{LG∗}_{h−1} ξ + Ad^{LG∗}_{h−1} η_o, h^′h^{−1}) = (hh^{−1}_o g_o, Ad^{LG∗}_{go} ξ^′) (36) This duality transformations can be obtained from a generating functional Γ(h, ξ) = − ∫ S^1 ⟨ ξ(σ), h^′h^{−1}) ⟩ = − ∫ S^1 l^∗ϑ as it is done in [5]. The last equality follows for l = (h, ξ) from the general formula for the generating functional of the duality transformations and the fact that for D = G▷ g^∗ the symplectic form on the Double is exact ω^{ST S} = dϑ. In ref. [5], they take a slightly different functional Γ(φ^{−1}φ^′, ξ) = − ∫ S^1 ⟨ξ(σ), φ −1φ^′)⟩ that leads to equivalent duality transformations which can be derived within our framework by taking LT^∗G ∼ L(G×g^∗) trivialized by right translations and the cocycle Γ on LD by Γ(l) = l^{−1}l^′ and repeat the whole procedure of constructing the maps μ and ϕ in an analogous way changing left by right invariants. The discussion about the right domain for the duality transformations is, within our framework, very simple because by construction we know that the correct domains are given by the dualizable subspaces which we explicitly constructed and, in addition, we know that they will be invariant under any collective hamiltonian flow on the phase-spaces.

Conclusions

We have analyzed some relevant geometric properties of the loop spaces related to Poisson- Lie T-Duality, mainly centred on loop actions of the σ-models derived from the dressing transformation lifted to the cotangent bundle, with associated equivariant momentum maps. This allowed us to describe and understand many of the various aspects of this duality under the Hamiltonian formalism, like the explicit procedure of duality transformations, a precise identification of the dualizable subspaces and their relevance, and to reconstruct in a systematic way the well-known T-dual sigma model Lagrangians for suitable choices of the corresponding collective Hamiltonian dynamics. Moreover, this description allows to identify the relevant properties of the underlying information given by the models in order to be T-dual. In that way, we observed the same construction can reproduce known generalizations of PLTD as coset model dualities [29], duality for matched pairs [13], PLTplurality [28] for different decompositions of the Drinfeld double, Buscher´s duality [13][1] and duality for monodromic strings models [27], because the underlying loop geometry enjoys the same properties for duality as the standard case. We believe that this approach can be generalized and adapted to cover many different (new) types of dualities becoming a useful geometrical approach for the study of T-dualities. For example, one can replace LT^∗G^∗ by other Hamiltonian LD_Γ-space like the ones related to dual symmetric spaces [32] and, repeating the above construction, generate a new collection of T-dual models for each collective Hamiltonian choice. In addition, the construction itself will give the properties of the resulting models with respect to duality. This can also be applied for non-perfect doubles using the symplectic leaves decomposition of [8]. More generally, one can build up new types duality diagrams by considering symplectic groupoid or Poisson-Lie group actions instead of the usual hamiltonian ones. For finite dimensional PL actions, the construction given in this paper can be adapted to describe the duality observed between G and G^∗ Poisson-sigma models [31] with its corresponding boundary-bulk duality transformation. It would be also interesting to repeat the construction for the chirally extended WZNW spaces [26] which is both a Loop space and a finite dimensional PL space, and relate this actions to more general ones by the (Morita) equivalences of [34]. In the infinite dimensional PL case, we think that the relevant loop spaces for repeating the diagram construction should be closely related to the ones investigated in [24]. A more general approach based on groupoid actions might be used to study global properties of the dualities given in [9].

Finally, we hope that, as this is an explicit description of T-dualities in the Hamiltonian formalism, it will turn out to be usefull to analize the resulting quantum T-dualities under a quantization scheme adapted to the underlying geometry of the dual phase-spaces.

Acknowledgments

H.M. thanks to CONICET for financial support. A.C. thanks to CNEA for financial support during the Master in Physics programe at the Balseiro Institute.

∗ Electronic address: montani@cab.cnea.gov.ar [1] C. Klimcik, P. Severa, Poisson-Lie T-duality and loop groups of Drinfeld doubles, Phys. Lett.

B 351, 455-462 (1995), hep-th/9512040; Dual non-Abelian duality and the Drinfeld double,

Phys. Lett. B 372, 65-71 (1996), hep-th/9502122; Poisson-Lie T-duality; C. Klimcik, Nucl. Phys. Proc. Suppl. 46, 116-121 (1996), hep-th/9509095.

[2] V. G. Drinfeld, Soviet Math. Dokl. 27, 68 (1983). [3] J.-H. Lu, A. Weinstein, J. Diff. Geom. 31, 501-526 (1990).

[4] A. Giveon, M.Porrati, E. Rabinovici, Target space duality in string theory, Phys. Rep. 244, 77-202 (1994), hep-th/9401139.

[5] O. Alvarez, C.-H. Liu, Target-space duality between simple compact Lie gruops an Lie Algebras under the hamiltonian formalism: I. Remnants of duality at the classical level, Comm. Math. Phys. 179, 185-214 (1996), hep-th/9503226.

[6] Y. Lozano, Non Abelian duality and canonical transformations, Y. Lozano, Phys. Lett. B 355, 165-170 (1995), hep-th/9503045.

[7] E. A. Ivanov, Duality in d=2 sigma models of chiral field with anomaly, Theor. Math. Phys.

71, 474-484 (1987).

[8] A. Yu. Alekseev, A. Z. Malkin, Symplectic structures associated to Lie-Poisson groups, Comm.

Math. Phys. 162, 147-74 (1994), hep-th/9303038.

[9] O. Alvarez, Target space duality I: general theory, Nucl. Phys. B 584 (2003) 659-681, hep-th/0003177; Target space duality II: applications, Nucl. Phys. B 584, 682-704 (2003), hep-th/0003178.

[10] K. Sfetsos, Canonical equivalence of non-isometric sigma-models and Poisson-Lie T-duality, Nucl. Phys. B 517, 549-566 (1998), hep-th/9710163; Poisson Lie T-duality beyond the classical level and the renormalization group Phys. Lett. B 434, 365-375 (1998), hep-th/9803019.

[11] A. Stern, Hamiltonian approach to Poisson Lie T-duality, Phys. Lett. B 450, 141-148 (1999), hep-th/9811256.

[12] A. Yu. Alekseev, C. Klimcik, A.A. Tseytlin, Quantum Poisson-Lie T-duality and WZNW model, Nucl. Phys. B 458, 430-444 (1996), hep-th/9509123.

[13] S. Majid, E.J. Beggs, Poisson-Lie T-duality for quasitriangular Lie bialgebras, Commun.

Math. Phys. 220, 455-488 (2001), math.QA/9906040.

[14] A. Pressley, G. Segal, Loop groups, Oxford: Clarendon Press, 1986.

[15] E. Witten, Non-Abelian bosonization in two dimensions, Comm. Math. Phys. 92, 455-472 (1984).

[16] J. Harnad, Constrained Hamiltonian systems on Lie groups, moment map reductions and central extensions, Can. J. Phys. 72, 375-388 (1994) ; John Harnad, B. A. Kupershmidt, Symplectic Geometries on T^∗ ~G, Hamiltonian Group Actions and Integrable Systems, J. Geom. Phys. 16, 168-206 (1995).

[17] M. Ahbraham, J. Marsden, Foundations of Mechanics, Massachusetts: Benjamin/Cummings, Reading, 2nd. ed., (1978).

[18] L. D. Faddeev, L. A. Takhtajan, Hamiltonian Method in the Theory of Solitons, Part II, Chap.

I, sect. 5, Heidelberg: Springer-Verlag, (1987).

[19] M.A. Semenov-Tian-Shansky, Dressing transformations and Poisson group actions, Publ.

RIMS, Kyoto Univ. 21 (1985), 1237-1260.

[20] J. E. Marsden, A. Weinstein, Reduction of symplectic manifolds with symmetry, Rep. Math.

Phys. 5, 121-131 (1974).

[21] V. Guillemin, S. Sternberg, Symplectic technics in physics, Cambridge, Cambridge Univ. Press, 1984.

[22] D. Kazhdan, B. Kostant , S. Sternberg, Hamiltonian group actions and dynamical system of Calogero type, Commun. Pure Appl. Math. 31, 481-508 (1978).

[23] J. A. de Azcárraga, J. M. Izquierdo, Lie groups, Lie algebras, cohomology and some applications in physics, Cambridge, Cambridge Monographs on Mathematical Physics, Cambridge Univ. Press, 1995.

[24] C. Klimcik, Quasitriangular WZW model, Rev. Math. Phys.16, 679-808, (2004), hep-th/0103118.

[25] C. Klimcik, S. Parkhomenko, Supersymmetric gauged WZNW models as dressing cosets, Phys.Lett. B 463, 195-200 (1999), hep-th/9906163; S.E.Parkhomenko, Poisson-Lie T-duality and Complex Geometry in N=2 superconformal WZNW models, Nucl.Phys. B 510, 623- 639 (1998), hep-th/9706199; C. Klimcik, Poisson-Lie T-duality and (1,1) supersymmetry, Phys.Lett. B 414, 85-91 (1997), hep-th/9707194.

[26] L. Feher, I. Marshall The non-Abelian momentum map for Poisson-Lie symmetries on the chiral WZNW phase space, math.QA/0401226; J. Balog, L. Feher, L. Palla, On the Chiral WZNW Phase Space, Exchange r-Matrices and Poisson-Lie Groupoids, Talk given at the Superior Mathematics Seminar, Montreal, Quebec, Canada, 26 Jul - 6 Aug 1999, e-Print Archive: hep-th/9912173.

[27] C. Klimcik, S. Parkhomenko, Monodromic strings, hep-th/0010084 ; C. Klimcik, S.E.

Parkhomenko, The Poisson-Lie T-duality and zero modes, Theor. Math. Phys.139:834-845, (2004).

[28] L. Hlavaty, L. Snobl, Poisson-Lie T-plurality of three-dimensional conformally invariant sigma models , JHEP 0410:045, (2004), hep-th/0403164.

[29] C. Klimcik, P. Severa, Dressing Cosets , Phys.Lett. B 381, 56-61 (1996), hep-th/9602162; A.

Stern, T-Duality for Coset Models, Nucl.Phys. B 557, 459-479 (1999), hep-th/9903170. [30] C. Klimcik Yang-Baxter σ-models and dS/AdS T-duality , JHEP 0212:051, (2002), hep-th/0210095.

[31] Ivan Calvo, Fernando Falceto, David Garcia-Alvarez Topological Poisson Sigma models on Poisson-Lie groups , JHEP 0310, 033 (2003), hep-th/0307178.

[32] Orlando Alvarez, Target Space Pseudoduality Between Dual Symmetric Spaces , Nucl.Phys.

B582, 139-154 (2000), hep-th/0004120.

[33] Behrend, K., Xu, P., and Zhang, B., Equivariant gerbes over compact simple Lie groups, C. R. Acad. Sci. Paris Serie I 336 (2003), 251-256, math.SG/0306183; Alekseev, A., Malkin A., and Meinrenken, E., Lie group valued moment maps, J. Differential Geom. 48, 445-495 (1998), dg-ga/9707021; Meinrenken, E., and Woodward, C., Hamiltonian loop group actions and Verlinde factorization, J. Differential Geom. 50, 3, 417-469 (1998).

[34] Ping Xu, Momentum Maps and Morita Equivalence, math.SG/0307319. [35] Coste, A., Dazord, P. and Weinstein, A., Groupoïdes symplectiques, Publications du Departement de Mathematiques de l’Universite de Lyon, I, 2/A, 1-65 (1987); Mikami, K., and Weinstein, A., Moments and reduction for symplectic groupoid actions, Publ. RIMS Kyoto Univ. 24, 121-140 (1988).

[36] C. Klimcik, P. Severa, T-duality and the moment map, Talk given at Summer 96 Theory Institute: Topics in Non-Abelian Duality, Argonne, IL, 27 Jun - 12 Jul 1996, and at NATO Advanced Study Institute on Quantum Fields and Quantum Space Time, Cargese, France, 22 Jul - 3 Aug 1996. In *Cargese 1996, Quantum fields and quantum space time* 323-329. e-Print Archive: hep-th/9610198