arXiv:hep-th/0412309 v2 30 Jun 2005

Semiclassical Methods in Curved Spacetime and Black Hole Thermodynamics

Horacio E. Camblong^1 and Carlos R. Ordóñez^{2,3} 1 Department of Physics, University of San Francisco, San Francisco, California 94117-1080 2 Department of Physics, University of Houston, Houston, Texas 77204-5506 3 World Laboratory Center for Pan-American Collaboration in Science and Technology, University of Houston Center, Houston, Texas 77204-5506

Abstract

Improved semiclassical techniques are developed and applied to a treatment of a real scalar field in a D-dimensional gravitational background. This analysis, leading to a derivation of the thermodynamics of black holes, is based on the simultaneous use of (i) a near-horizon description of the scalar field in terms of conformal quantum mechanics; (ii) a novel generalized WKB framework; and (iii) curved-spacetime phase-space methods. In addition, this improved semiclassical approach is shown to be asymptotically exact in the presence of hierarchical expansions of a near-horizon type. Most importantly, this analysis further supports the claim that the thermodynamics of black holes is induced by their near-horizon conformal invariance.

PACS numbers: 04.70.Dy, 04.50.+h, 04.62.+v, 11.10.Gh

I. INTRODUCTION

The fundamental concepts of black hole thermodynamics have been confirmed within several frameworks since the 1970s [1], including in string theory [2] and loop quantum gravity [3]. In particular, the Bekenstein-Hawking entropy S_{BH} [4] and the Hawking effect [5] suggest that the horizon plays a fundamental role in black hole thermodynamics [6, 7], an idea that has been emphasized in recent approaches [1, 8] and generalized to the holographic principle [9, 10]. The connections between the horizon quantum features and the thermodynamics include the existence of a near-horizon conformal symmetry [11, 12, 13, 14, 15, 16]. In Ref. [17] we have discussed the emergence of this thermodynamic behavior, within a semiclassical approximation with the following building blocks: (i) the near-horizon conformal symmetry; (ii) the competition of the field angular-momentum degrees of freedom; and (iii) the singular dynamics of conformal quantum mechanics [18, 19]. Given the singularity of the conformal potential, these ingredients suggest the questions:

(i) Is the use of semiclassical techniques justified within conformal quantum mechanics [20]?

(ii) Is there a preferred order for the angular-momentum expansion vis-à-vis the radial conformal analysis?

In this paper, we give an affirmative answer to the first question through an improved semiclassical method, and show that the stage at which the field angular-momentum expansion is introduced is immaterial; thus, our framework justifies the use of these concepts.

In Sec. II we survey the scalar field equations, including their near-horizon properties. In Sec. III we develop a generalized version of the semiclassical WKB method in the presence of a hierarchical expansion—the near-horizon expansion being a particular case. In Sec. IV we use phase-space methods in curved spacetime to derive the spectral function needed for the thermodynamics. Finally, in Sec. V, we discuss and critically reexamine this framework.

II. FIELD EQUATIONS

We will consider a real scalar field Φ, with mass m, in a D-dimensional spacetime (D ≥ 4), defined through its action (with the metric conventions of Ref. [21]) S = − 1 2 ∫ d^Dx √ −g [ g^{μν} ∇_μΦ ∇_ν Φ + m^2Φ^2 + ξRΦ^2 ] , (1) where ξ is its coupling to the curvature scalar R, and the static spacetime metric is

ds^2 = g_{00}(⃗x) dt^2 + γ_{ij} (⃗x)dx^idx^j = −f(r) dt^2 + [f(r)]^{−1} dr^2 + r^2 dΩ^2_{(D−2)} , (2)

where dΩ^2_{(D−2)} is the metric on S^{D−2}. The derivation of the thermodynamics requires counting the field modes for the spectral number function N(ω) leading to the entropy; thus, this procedure is based on the combinatorics of the modes of the Euler-Lagrange equation □ Φ − ( m^2 + ξR ) Φ = 0 (3)

satisfied by Φ from the action (1). The quantum field operator can be expanded as Φ(t, ⃗x) = ∑ s [ a_s ϕ_s(⃗x) e^{−iωst} + a^†_s ϕ^∗_s(⃗x) e^{iωst} ] , (4)

where a^†_s and a_s are the creation and annihilation operators, and ϕ_s(⃗x) is a complete set of orthonormal functions; the separation of the time coordinate of Eq. (4) turns Eq. (3) into

Δ̌_{(γ)}ϕ + γ^{ij} ∂_i ( ln √ |g_{00}| ) ∂_j ϕ + I_{(0)}(r; ω) ϕ = 0 , (5)

where Δ̌_{(γ)} is the Laplace-Beltrami operator with respect to the spatial metric γ_{ij} (⃗x) and

I_{(0)}(r; ω) = ω^2 f(r) − ( m^2 + ξR ) . (6)

An important ingredient for our thermodynamic analysis is the near-horizon expansion, which is defined with respect to the coordinate

x = r − r_+ , (7)

where r = r_+ selects the event horizon H from the largest root of the scale-factor equation f(r) = 0 (excluding cosmological horizons). Given a quantity Q, for a leading order s, it will prove useful to use the notation Q(r)^{(H)}∼ Q^{(s)}_+ x^s/Γ(s + 1), which amounts to performing a Laurent expansion; in the case of a Taylor series expansion, Q^{(s)}_+ stands for the sth-order derivative of Q(r) at H. In particular, we will consider the parameter

f^′_+ ≡ f^′(r_+) , (8)

with f^′_+ ≠ 0 for the the nonextremal case; this entails the leading-order expansion f(r)^{(H)}∼ f^′_+ x [1 + O(x)], and its corresponding higher orders f^′(r)^{(H)}∼ f^′_+ and f^{′′}(r)^{(H)}∼ f^{′′}_+.

Several paths can be taken to describe the relevant physics of the modes. The first one involves the Liouville transformation [22] ϕ(⃗x) = |g_{00}|^{−1/4} Ψ(⃗x), so that Eq. (5) becomes

Δ̌_{(γ)}Ψ + I(r; ω) Ψ = 0 , (9)

whose normal form involves the extra terms

I_{(1)}(r) = f(r) { 1 16 [ f^′(r) f(r) ]_2 − D − 2 4 r f^′(r) f(r) − 1 4 f^{′′}(r) f(r) } , (10)

in addition to the original function I_{(0)}(r; ω) of Eq. (6), with

I(r; ω) = I_{(0)}(r; ω) + I_{(1)}(r) . (11)

Finally, the near-horizon expansion of Eq. (9) involves the conformally-symmetric terms

I(r; ω)^{(H)}∼ f^′_+ ( Θ^2 + 1 16 ) 1 x [1 + O(x)] , (12)

with the same scaling as the Laplace-Beltrami operator and characterized by the parameter Θ = ω f^′_+

. (13)

The second path consists of introducing the spherical symmetry of the metric (2) directly from the outset, so that Eq. (5) turns into f(r) ϕ^{′′} + [ f^′(r) + (D − 2) f(r) r ] ϕ^′ − 1 r^2 ℓ̂^2ϕ + I_{(0)}(r; ω) ϕ = 0 , (14)

where −ℓ̂^2 = −ℓ̂^aℓ̂_a stands for the Laplacian on S^{D−2}, with its spherical-harmonic eigenfunctions Y_{lm}(Ω). In addition, applying the Liouville transformation [22]

ϕ_s(⃗x) ≡ ϕ_{nlm}(r, Ω) = Y_{lm}(Ω) χ(r) u_{nl}(r) (15)

[where s = (n, l, m)], with χ(r) = [f(r)]^{−1/2} r^{−(D−2)/2}, the radial equation becomes

u^{′′}(r) + I(r; ω, α_{l,D}) u(r) = 0 , (16)

in which I(r; ω, α_{l,D}) = I(r; ω) − 1 f(r) l (l + D − 3)

r^2

(17) = I_{(0)}(r; ω) f(r) + {[ 1 f(r) − 1 ] ν^2 + 1 4 } 1 r^2

+ R_{rr} + 1 4 [ f^′(r) f(r) ]_2 − 1 f(r) α_{l,D} r^2

(18) includes the terms I(r; ω) associated with the radial Liouville transformation, while

α_{l,D} = l(l + D − 3) + ν^2 = ( l + D − 3 2 )_2 (19)

is the angular-momentum coupling. In Eqs. (18) and (19), ν = (D − 3)/2 and R_{rr} = − 1 2 f^{′′}(r) f(r) − (D − 2) 2 r f^′(r) f(r) (20)

is the radial component of the Ricci tensor for the metric (2).

The most important property of Eq. (18) is that its near-horizon expansion,

I(r; ω)^{(H)}∼ ( Θ^2 + 1 4 ) 1 x^2

[1 + O(x)] , (21)

is conformal because I(r; ω) has the same scale dimension as the second-order derivative in Eq. (16). Comparison of Eqs. (12) and (21) shows that: (i) the scale dimension is changed from 1/x to 1/x^2; and (ii) the numerical term has changed from 1/16 to 1/4. The first point is due to a rearrangement of factors: Eqs. (12) and (21) describe the same physics within different coordinate representations of conformal quantum mechanics. The second, subtler point is crucial for the counting of modes, as will be seen in Secs. III and IV.

Finally, including the angular momentum, the near-horizon expansion of Eq. (17) is I(r; ω, α_{l,D})^{(H)}∼ {[ ω^2 (f^′_+)^2 + 1 4 ] 1 x^2 − α_{l,D} f^′_+ r^2_+ 1 x } [1 + O(x)] , (22)

which displays the properties: (i) the leading term is the strong-coupling potential

V_{eff} (x)^{(H)}∼ − ( Θ^2 + 1 4 ) 1 x^2

[1 + O(x)] (23)

of conformal quantum mechanics [17]; (ii) the angular-momentum term is still required for the correct statistical counting of modes leading to the thermodynamics [17].

III. NEAR-HORIZON GENERALIZED WKB FRAMEWORK

We will consider the effective problem obtained after separation of the time coordinate, which consists of a d-dimensional equation (with spacetime dimensionality D = d + 1)

Δ̌_{(γ)}Ψ + I(⃗x) Ψ = 0 . (24)

A. Covariant WKB Method: General Formulation

Our goal is to select a WKB wave vector that would reproduce the original equation (24) as closely as possible. Without loss of generality, one can start from a WKB-type solution

Ψ_{WKB}(⃗x) = A(⃗x) exp [ i ∫_{⃗x} k_j (⃗x^′) dx^{′j} ] , (25)

in which the wave number k_j (⃗x) and amplitude A(⃗x) are real. This is known to be a firstorder approximation in an expansion with respect to the “small” parameter ℏ, but may fail to be an exact solution of the problem (24). However, defining Ĩ(⃗x) = ‖⃗k(⃗x)‖^2 ≡ γ^{jh}(⃗x) k_j (⃗x)k_h(⃗x) , (26) the wave function (25) satisfies the exact equation

Δ̌_{(γ)}Ψ_{WKB} + [ Ĩ(⃗x) − Q(⃗x) ] Ψ_{WKB} = 0 , (27)

which follows by enforcing the conservation of the “effective probability current” j_h = A^2k_h: ∇_j [ γ^{jh}A^2k_h ] ≡ 1 √ γ ∂_j [ γ^{jh} √ γ A^2k_h ] = 0 , (28)

thus suppressing the terms associated with imaginary coefficients, and leading to Q(⃗x) = Δ̌_{(γ)}A(⃗x) A(⃗x) . (29)

Traditionally, the function Q(⃗x) in Eq. (29) is viewed as the “error” in approximating Ψ(⃗x) with Ψ_{WKB}(⃗x), with applicability limited by |Q(⃗x)| ≪ ‖⃗k(⃗x)‖^2. However, for the near behavior x ∼ 0, a modified WKB approach, in the style first proposed by Langer [23], may be needed. We will consider a generalized covariant scheme that expands the range of applications and permits a treatment of the coordinate singularity. In this proposal, the additional term Q(⃗x) in Eq. (27) is absorbed by the original function I(⃗x) in Eq. (24), in such a way that Ψ_{WKB}(⃗x) = Ψ(⃗x); thus, from Eqs. (24) and (27), it follows that

Ĩ(⃗x) = I(⃗x) + Q[Ĩ](⃗x) , (30)

which is an auxiliary equation, where Q(⃗x) depends on the unknown Ĩ(⃗x) and its derivatives. Thus, the improved WKB method amounts to the replacement I(⃗x) → Ĩ(⃗x), where the subtraction of the “quantum potential” Q(⃗x) generates an effective potential −Ĩ(⃗x) that captures the relevant physics. In this viewpoint, Eqs. (26) and (28)–(30) constitute a set of coupled partial differential equations; even though an exact solution to this combined system is not generally available, a systematic approximation scheme can be developed as follows. Specifically, Eq. (30) is taken as the starting point of a successive-approximation scheme Ĩ^{(n)}(⃗x) = I(⃗x) + Q[Ĩ^{(n−1)}](⃗x) , (31)

which begins at zeroth order (n = 0) with the standard WKB approximation Ĩ^{(0)}(⃗x) = I(⃗x) . (32)

We now turn to the development of a novel approximation framework, which follows when this scheme is applied concurrently with an expansion of the near-horizon type.

B. Generalized WKB Framework in the Presence of a Hierarchical Expansion

As discussed throughout this paper, the emergence of black hole thermodynamics is governed by the near-horizon behavior of the metric (2), which can be displayed by means of an expansion with respect to the coordinate x of Eq. (7). The existence of an expansion of this kind furnishes a hierarchy, which organizes the relevant physics with respect to powers of the variable x, starting with the dominant physics for the leading order. Such a hierarchical expansion can be conveniently applied concurrently with the (covariant) WKB approach of the previous subsection to provide a systematic modified WKB approach. As we will show next, within the ensuing hierarchical WKB framework, the first-order approximation (n = 1) in Eq. (31) becomes asymptotically exact with respect to x ∼ 0, so that Ĩ(⃗x) ∼ Ĩ^{(1)}(⃗x) = I(⃗x) + Q[I](⃗x) , (33)

where ∼ stands for the hierarchical expansion [with the near-horizon case being^{(H)}∼ ].

The dominant physics is described by the leading orders of the building blocks of Eq. (24): I(x) and Δ̌_{(γ)}. In the hierarchical WKB framework, the relevant expansion variable is x, which we choose with dimensions of length. Then, the leading scale dimensions of I(x), Δ̌_{(γ)}, and other variables can be identified from the homogeneous degree of the leading-order terms, under a rescaling x → λ x. Specifically, the dimension [Δ̌_{(γ)}] = −p can extracted from Δ̌_{(γ)}F (x) F (x) ∼ χ(s) x^p , (34) while [I(x)] = −q is defined by I(x) ∼ c x^q . (35) In Eq. (34), the test function F (x) admits the expansion F (x) ∼ F^{(s)} x^s/Γ(s + 1), while χ(s) is a normalization factor that depends on the dimension parameter s associated with F (x). The scale dimension of Q(x) can be determined from Eqs. (29) and (34) (with A ≡ F ), Q(x) ∼ χ(s) x^p , (36) where the normalization function χ(s) is to be computed from the specific expansion of the operator Δ̌_{(γ)} with respect to x; thus, the “quantum potential” Q(x) has the same scale dimension, −p, as the Laplace-Beltrami operator. As a result, Eq. (30) defines the scale dimension of Ĩ(x) by selecting the leading order, i.e., [Ĩ(x)] = −min{p, q}.

In addition to the scale dimension displayed in Eq. (36), it is necessary to determine the normalization prefactor χ(s), whose functional form can be computed from the derivatives in Eq. (29). However, the actual value of s requires the use of the continuity condition (28), combined with Eq. (26) (see the near-horizon expansion in the next subsection).

The nature of the expansion leads to three possible scenarios from a comparison of the scale dimensions of I(x) and Δ̌_{(γ)}: regular case, defined by q > p, so that the Laplace- Beltrami operator yields the dominant physics near x ∼ 0; properly singular case, defined by q < p, so that I(x) is dominant as x ∼ 0; marginally singular case, defined by q = p, so that I(x) and the Laplace-Beltrami operator [along with the quantum potential Q(x)] compete at the same order. As for the solutions, for the regular case, they are of power-law free-particle type as x ∼ 0; in addition, for the singular cases q ≤ p, asymptotically exact WKB solutions can be found by:

1. The standard WKB method, for the properly singular case. In this method, the required effective potential −Ĩ(⃗x) only involves the term −I(⃗x), with negligible Q(⃗x).

2. The improved WKB method, which applies to the marginally singular case. In this method, the required effective potential −Ĩ(⃗x) is given from the rule (30) or (33).

The latter, nontrivial case can be established by going back to Eq. (31) and verifying it becomes self-consistent at the n = 1 level, in the form of Eq. (33). Moreover, substituting Eqs. (35) and (36) in Eq. (33), and defining c^{(∗)} = −χ(s), we see that Ĩ(x) ∼ [c − c^{(∗)}] x^p . (37)

Thus, the nature of the modes changes around c = c^{(∗)}, which plays the role of a critical coupling, with c selecting either a singular (supercritical) or regular (subcritical) behavior.

In conclusion, singular quantum mechanics can be described with asymptotic exactness by the improved WKB method, with modes having a semiclassical appearance due to the singular term I(x). However, in the marginally singular case, the competing “potential” Q(x) generates the subtraction of a critical coupling, as in Eq. (37), and the leading physics has asymptotic scale invariance—this applies to nonextremal metrics in the near-horizon expansion.

C. Near-Horizon WKB Framework: Multidimensional Case

The multidimensional equation (24) describes the full-fledged spatial dependence of the modes. The near-horizon expansion of the Laplace-Beltrami operator for the metric (2),

Δ̌_{(γ)} = 1√ γ ∂_j [√ γ γ^{jk} ∂_k ]_{(H)} ∼ f^′_+ ( x ∂^2_x + 1 2 ∂_x ) , (38)

implies that p = −1 (or “Δ̌_{(γ)} ∝ x^{−1}”); therefore, if A(x) ∝ x^s, then Q(x) = Δ̌_{(γ)}A(x) A(x) (H) ∼ f^′_+ s ( s − 1 2 ) x^{−1} . (39)

Clearly, for the nonextremal metrics, the leading scale dimension of I(x)^{(H)}∝ 1/x is equal to 1, thus showing that this is a marginally singular case: the near-horizon physics exhibits SO(2,1) conformal invariance. Accordingly, the semiclassical function Ĩ(x) is given by Eq. (37) with a critical coupling

c^{(∗)} = f^′_+ s ( 1 2 − s ) . (40)

In addition, the value of the parameter s for the multidimensional case can be determined from the continuity equation (28), which yields the leading order of the amplitude through ∂ ∂x ( γ^{xx} √ f A^2k_x

)_{(H)} ∝ ∂ ∂x (√ x A^2k_x )_{(H)}

∼ 0 . (41)

Therefore, k̂_x ≡ √ γ^{xx} k_x = √ f k_x^{(H)}∝ √ x k_x gives the amplitude scaling

A(x)^{(H)}∝ (k̂_x)^{−1/2 (H)}∝ [ Ĩ(x) ]_{−1/4 (H)} ∝ x^{1/4} , (42) where, from Eq. (26), Ĩ(x)^{(H)}∼ γ^{xx} (k_x)^2 = (k̂_x)^{2 (H)}∝ 1/x (p = q = −1). In particular, Eq. (42) implies that s = 1/4; as a result, from Eq. (39), the leading “extra term” becomes

Q(x)^{(H)}∼ −f^′_+ 1 16 1 x (H) ∼ −f(x) 1 16 1 x^2

. (43)

Finally, from the near-horizon expansion of Eq. (12), and Eqs. (33) and (43), k̃ ≡ √ Ĩ(x) f(x) (H) ∼ √ I(x) + Q[I](x) f(x) (H) ∼ Θ x , (44)

which defines an improved wave number. Then, the leading form of Ĩ(x) yields the chain of relations, k̃^{(H)}∼ k_r^{(H)}∼ k_{conf} (x), which reduce to the conformal wave number

k_{conf} (x) ≡ Θ x . (45)

In conclusion, this calculation shows that: (i) the leading covariant momentum component is radial; (ii) k_{conf} (x) embodies the improved WKB features of conformal quantum mechanics; and (iii) k_{conf} (x) is the correct input for the phase-space algorithms of Sec. IV.

D. Near-Horizon WKB Framework: Reduced Radial Case

Equation (16) was derived through the sequence of exact Liouville transformations; in turn, this equation can be solved within the semiclassical approximation, with

Δ_{(1D)} ≡ ∂^2_x (46)

applied to the formalism of subsection III B. The original radial part of the Laplacian also includes the prefactor f(r); however, in the sequence of transformations leading to Eq. (16), f(r) was scaled away. As a result, the leading scaling of Eq. (46) is now given by Q(x) = A^{′′}(x) A(x) = s (s − 1) x^{−2} , (47)

i.e., “Δ_{(1D)} ∝ x^{−2}.” Moreover, the near-horizon leading form of Eq. (16) becomes

Δ_{(1D)}u(x) + [ Θ^2 + 1/4

x^2 ] u(x) = 0 , (48)

which corresponds to the effective conformal interaction (23) and implies that

I(x)^{(H)}∼ ( Θ^2 + 1 4 ) 1 x^2

. (49)

Accordingly, in the radial setup of the generalized WKB framework, the scale dimensions of Eqs. (46), (47), and (49) are equal to 2 for the nonextremal metrics: the near-horizon physics is marginally singular, with the scale symmetry of conformal quantum mechanics.

In addition, the parameter s is determined from the leading-order continuity equation, ∂ ∂x ( A^2k_x

)_{(H)} ∼ ∂ ∂x { A^2 [ Ĩ(x)

]_{1/2}}_{(H)}

∼ 0 , (50)

where k_x^{(H)}∼ [ Ĩ(x) ]_{1/2} for the one-dimensional analogue of Eq. (26). In turn,

A(x)^{(H)}∝ [ Ĩ(x) ]_{−1/4 (H)} ∝ x^{1/2} , (51)

because Ĩ(x) ∝ 1/x^2 for the reduced radial case (as p = q = −2). In particular, Eq. (51) shows that s = 1/2 and yields the critical coupling c^{(∗)} = 1/4, as Eq. (47) turns into Q(x)^{(H)}∼ − 1 4x^2

. (52)

Thus, the one-dimensional analogue of Eqs. (26) and (33) yields the conformal behavior (45), k_{αl,D} (r) ≡ √ Ĩ(r; ω, α_{l,D})^{(H)}∼ k_{conf} (x) . (53)

In conclusion, Eq. (53) provides the wave number for the WKB wave functions

u_±(r) = [ k_{αl,D} (r) ]_{−1/2} exp [ ±i ∫_r k_{αl,D} (r^′)dr^′ ] . (54)

Even though the variables k̃ of Eq. (44) and k_{αl,D} (r) of Eq. (53) are different, their nearhorizon leading contributions reduce to the same conformal value (45). Moreover, Eq. (22) implies the competition of the angular momenta with k_{conf}(x) in the form

k_{αl,D} (r = r_+ + x; Θ, α_{l,D})^{(H)}∼ k_{conf} (x) √ 1 − α_{l,D} x f^′_+ r^2_+Θ^2

. (55)

IV. PHASE-SPACE METHODS FOR QUANTUM MECHANICS AND QUAN- TUM FIELD THEORY IN CURVED SPACETIME

The main goal of this section is to derive phase-space expressions—compatible with the improved WKB approach—for the cumulative number of modes or spectral function N(ω) = ∑ s ω_s≤ ω 1 . (56)

For a monotonic increasing operator [24] −Ĥ_{eff} (ω), Eq. (56) is equivalent to

N(ω) = Tr [ θ ( −Ĥ_{eff} (ω) )] = ∑ s θ ( − [ Ĥ_{eff} (ω) ] s ) , (57)

in which θ(z) stands for the Heaviside function and the formal trace is defined in the Hilbert space spanned by the basis of modes ϕ_s(⃗x).

A. Phase-Space Method: Generic Techniques

For the statistical mechanics of a quantum-mechanical system in curved space, the semiclassical counterpart of Eq. (57) is derived by counting the number of phase-space cells dΓ/(2π)^d enclosed within a given ω-parametrized surface H_{eff} (⃗x, ⃗p; ω) = 0; this is computed with the Liouville measure in local Darboux coordinates [25] dΓ = dx^1 ∧. . .∧dx^d ∧ dp_1 ∧. . .∧ dp_d—with the shorthand dΓ = d^dx d^dp, in terms of the covariant momentum components. Then, for a classical Hamiltonian H_{eff} (⃗x, ⃗p), with configuration-space metric γ_{ij} (⃗x), N(ω) ≈ ∫ dΓ (2π)^d θ ( −H_{eff} (⃗x, ⃗p; ω) ) = 1 (2π)^d ∫ d^dx √ γ ∫ H_{eff} (⃗x,⃗p;ω)≤0 d^dp 1 √ γ (58)

(where the symbol ≈ denotes the semiclassical approximation before a hierarchical expansion).

For the analysis of the black-hole problem of Eq. (9), the momentum dependence of the effective Hamiltonian Ĥ_{eff} (ω) is merely quadratic and two distinct ways of evaluating Eq. (58) are possible: (i) the multidimensional approach and (ii) the reduced radial approach.

The multidimensional approach starts by integrating out all the generalized momenta: N(ω) ≈ Ω_{(d−1)} d (2π)^d ∫ dV_{(d)} ‖⃗k(⃗x)‖^d , (59) where dV_{(d)} = d^dx √ γ is the d-dimensional spatial volume element and ‖⃗k(⃗x)‖ ≡ ‖⃗p(⃗x)‖ = √ γ^{jh}(⃗x) p_j (⃗x)p_h(⃗x) (with ⃗k ≡ ⃗p). In addition, in the presence of a hierarchical expansion [from Eqs. (26) and (33)], ‖⃗k(⃗x)‖ ∼ { I(⃗x) + Q[I](⃗x) }_{1/2} , with ≈ replaced by ∼. Moreover, when the potential is spherically symmetric: Ĩ(⃗x) = Ĩ(r), Eq. (59) becomes N(ω) ≈ [Ω_{(d−1)}]^2 d (2π)^d ∫ dr [γ_{rr}]^{−(d−1)/2} r^{d−1} [ k̃(r) ]_d , (60)

where k̃(r) = [γ_{rr}]^{1/2} ‖⃗k(r)‖ . (61)

In the radial approach, for a spherically symmetric Hamiltonian, Eq. (58) turns into a radial integral in configuration space and an integral over the angular momenta; this is accomplished by a four-step method. First, from the polar coordinates ⃗x ≡ (r, θ^1, · · · , θ^{d−1}), the conjugate momenta ⃗p ≡ (p_r , ℓ_1, · · · , ℓ_{d−1}) satisfy γ^{jk}p_j p_k = γ^{rr}p^2_r + ℓ^2/r^2, where ℓ_a are angular momenta (with a = 1, · · · , d − 1) and ℓ^2 = ℓ^aℓ_a. Second, the radial momentum can be integrated out with ∫_∞ −∞ dp_r θ ( Ĩ(r) − γrrp2_r − α_l/r2 ) = 2 k̃(r; α_l), where α_l = ℓ^2 and k̃(r; α_l) ≡ k_{αl,D}(r) = (γ^{rr})^{−1/2} √ Ĩ(⃗x) − α^l r^2 = √[ k̃(r) ]_2 − γ_{rr} α_l r^2

, (62)

with k̃(r) defined by Eq. (61). Third, the angular-momentum dependence is kept through α ≡ α_l and with the use of ∫ d^{d−1}ℓ/ √ σ = Ω_{(d−2)} ∫ dα α^{(d−3)/2}/2, where σ_{ab} is the S^{d−1} metric associated with Ω ≡ {θ^a} (a = 1, . . . , d − 1). Finally, integration of the angular variables dΩ_{(d−1)} ≡ d^{d−1}θ √ σ yields the solid angle Ω_{(d−1)}. Thus, the spectral function becomes N(ω) ≈ Ω_{(d−1)}Ω_{(d−2)} (2π)^d ∫ dαα^{(d−3)/2} ∫ I dr k̃(r; α) , (63) where the interval I is bounded by the classical turning points; in the presence of a hierarchical expansion, Eq. (63) requires the use of improved wave numbers. Equivalently, Eq. (63) has been shown to follow from the one-dimensional Sturm oscillation theorems [17].

B. Phase-Space Method: Quantum Field Theory in Curved Spacetime & Near- Horizon Physics

We now turn to the specific computation of the spectral number function N(ω) corresponding to our quantum field theory in curved spacetime. The starting point is the spatially reduced Klein-Gordon equation (9). Its classical limit involves a simple Hamiltonian formulation with the modification (30) at the level of the effective potential. Consequently, N(ω) ≈ ∫ d^dx ∫ d^dp (2π)^d θ ( I_{(0)}(r; ω) + I_{(1)}(r) + Q(r) − γ^{jk} (⃗x) p_j p_k ) , (64) where the “quantum potential” Q(r) is required for the near-horizon expansion of nonextremal metrics, and the approaches of the previous subsection can be applied.

In the multidimensional approach, Eq. (64) leads to the counterpart of Eqs. (59) and (60), with γ_{rr}(r) = 1/f(r); in the near-horizon limit, from Eq. (44),

N(ω)^{(H)}∼ 1 d 2^{d−2} [Γ(d/2)]^2 ∫ dx r^{d−1}_+ [ f^′_+ x ]_{(d−1)/2} angular contribution

[k_{conf} (x)]^d

conformal interaction

, (65) which displays a competition of the conformal wave number k_{conf} (x) with the angularmomentum factors [ f^′_+ x ]_{(d−1)/2} . These factors reduce the degree of divergence of the integral, but the ensuing singular behavior can be ultimately attributed to the ultraviolet singularity of conformal quantum mechanics [20]. As a final step, from Eqs. (45) and (65),

N(ω)^{(H)}∼ 1 πΓ(d − 1) B ( d − 1 2 , 3 2 ) Θ^d [ f^′_+ r^2_+ ]_{(d−1)/2} lim_{a→0} ∫_{x1} a dx x^{(d+1)/2}

, (66)

where a is a radial cutoff and B(p, q) is the beta function, while x_1 is an arbitrary upper limit (with a scale of the order of r_+). This cutoff and the associated renormalization of Eq. (66) are discussed in the next section and analyzed in Ref. [17].

In a similar manner, for the reduced radial problem, Eq. (55) turns Eq. (63) into

N(ω)^{(H)}∼ 1 π Γ(d − 1)

∫_{αmax} 0 dα α^{d/2−3/2} ∫ I dx k_{conf} (x) √ 1 − α x f^′_+ r^2_+Θ^2

, (67)

where α_{max} = α_{max}(a) = Θ^2f^′_+r^2_+/a is the angular-momentum cutoff arising from the passage of the right turning point through r = a. Finally, reversing the order of integration and using a beta-function identity, Eq. (66) follows again. This shows the equivalence of the reduced radial and multidimensional approaches.

V. BEKENSTEIN-HAWKING ENTROPY FROM THE NEAR-HORIZON EX- PANSION: CONCLUSIONS

In this paper we have illustrated the use of improved semiclassical techniques for the computation of spectral functions and derived the corresponding near-horizon expansions, with the central result (66) being independent of the semiclassical procedure involved.

Unfortunately, as it stands, Eq. (66) appears to be divergent when the lower limit a approaches zero. This singularity can be traced to the scale invariance of the effective conformal interaction and is inherited by the thermodynamic observables. The cutoff a serves as a regulator and leads to the renormalization of the theory, which can be implemented geometrically by absorbing the coordinate assignment a into a distance or “elevation”

h_D = ∫_{r++a} r_+ ds^{(H)}∼ 2 √ a √ f^′_+

(68)

from the horizon. As shown in Ref. [17], the various contributions to the entropy can be organized into those factors that are purely conformal and those arising from the angular momentum: their interplay leads to the familiar Bekenstein-Hawking entropy S_{BH} = A/4, which is a (D−2)-dimensional “hypersurface” feature, induced by the horizon. Furthermore, this result relies on the purely conformal characterization of the Hawking temperature [17, 26] needed in the statistical-mechanical calculations. Moreover, this procedure shows that the “new physics” of a full-fledged quantum gravitational theory arises from within an invariant distance of the order of the Planck length.

Despite its appealing features discussed above, the regularization procedure based on the brick-wall model leaves a number of unanswered questions. First, the computation leading to the Bekenstein-Hawking result, with the correct numerical prefactor of 1/4, involves a fine tuning of the cutoff [1, 6, 7]. This poses a problem: in this method of calculation, the numerical prefactor appears to depend upon the number Z of species of particles, rather than being a Z-independent value of 1/4; for example, in the case of Z scalar fields, the required fine tuning involved in Eq. (68) would lead to a brick-wall elevation with the species dependence h_D = 1 2 [ Dζ(D)Γ(D/2 − 1)π^{1−3D/2} Z ]_{1/(D−2)} . (69) Another paradoxical feature of the entropy computed by a brick-wall method is that it can be absorbed by a renormalization of Newton’s gravitational constant G_N , as shown in Refs. [27, 28]. However, in this light, it is possible that the species problem associated with the entropy prefactor may be compensated by a corresponding Z-dependent renormalization of Newton’s constant [7, 29, 30].

In summary, we have established that the procedure that singles out the leading conformal behavior also provides a systematic application of semiclassical methods. The robust nature of this framework and the asymptotically exact semiclassical description of conformal quantum mechanics are somewhat surprising, given the presence of a coordinate singularity. Remarkably, these techniques: (i) converge towards a unique result driven by the nearhorizon expansion, the Bekenstein-Hawking entropy; (ii) point to the horizon degrees of freedom that determine the thermodynamics. The fact that this universality is driven by the near-horizon symmetry is intriguing, but its deeper geometrical meaning is not well understood. However, the robustness and simplicity of these properties suggest their possible origin from an even more fundamental principle of nature.

Acknowledgments

This research was supported by the National Science Foundation under Grant No. 0308300 (H.E.C.) and under Grant No. 0308435 (C.R.O.), and by the University of San Francisco Faculty Development Fund (H.E.C.). We also thank Professor Cliff Burgess for stimulating discussions and Dr. Stanley Nel for generous travel support that facilitated the conception of this project.

[1] R. M. Wald, Living Rev. Rel. 4, 6 (2001); and references therein. [2] A. Strominger and C. Vafa, Phys. Lett. B 379, 99 (1996).

[3] A. Ashtekar, J. Baez, A. Corichi, and K. Krasnov, Phys. Rev. Lett. 80, 904 (1998). [4] J. D. Bekenstein, Phys. Rev. D 7, 2333 (1973); 9, 3292 (1974). [5] S. W. Hawking, Commun. Math. Phys. 43, 199 (1975). [6] G. ’t Hooft, Nucl. Phys. B256, 727 (1985).

[7] A comprehensive review of these ideas in the context of the brick-wall model can be found in V. P. Frolov and D. V. Fursaev, Classical Quantum Gravity 15, 2041 (1998).

[8] T. Padmanabhan, Phys. Rept. 406, 49 (2005).

[9] G. ’t Hooft, gr-qc/9310026; L. Susskind, J. Math. Phys (N.Y.) 36, 6377 (1995). [10] J. M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998). [11] A. Strominger, J. High Energy Phys. 02 (1998) 009.

[12] T. R. Govindarajan, V. Suneeta, and S. Vaidya, Nucl. Phys. B583, 291 (2000). [13] D. Birmingham, K. S. Gupta, and S. Sen, Phys. Lett. B 505, 191 (2001); K. S. Gupta and S.

Sen, ibid. 526, 121 (2002); Mod. Phys. Lett. A 18, 1463 (2003).

[14] S. Carlip, Phys. Rev. Lett. 82, 2828 (1999); Classical Quantum Gravity 16, 3327 (1999); Nucl.

Phys. B Proc. Suppl. 88, 10 (2000); Phys. Rev. Lett. 88, 241301 (2002). [15] S. N. Solodukhin, Phys. Lett. B 454, 213 (1999).

[16] P. Claus, M. Derix, R. Kallosh, J. Kumar, P. K. Townsend, and A. Van Proeyen, Phys. Rev.

Lett. 81, 4553 (1998); J. A. de Azcarraga, J. M. Izquierdo, J. C. Perez Bueno, and P. K. Townsend, Phys. Rev. D 59, 084015 (1999).

[17] H. E. Camblong and C. R. Ordóñez, Phys. Rev. D 71, 104029 (2005).

[18] Early uses of this symmetry in other physical problems can be found in: R. Jackiw, Phys.

Today 25 (1), 23 (1972); Ann. Phys. (N.Y.) 129, 183 (1980); 201, 83 (1990). [19] For different treatments of conformal quantum mechanics: V. de Alfaro, S. Fubini, and G.

Furlan, Nuovo Cimento Soc. Ital. Fis., A 34, 569 (1976); C. Leiva and M. S. Plyushchay, Ann. Phys. (N.Y.) 307, 372 (2003); and for its supersymmetric generalizations: V. P. Akulov and I. A. Pashnev, Theor. Math. Phys. 56, (1983) 862; S. Fubini and E. Rabinovici, Nucl. Phys. B245, 17 (1984); A. Anabalon and M. S. Plyushchay, Phys. Lett. B 572, 202 (2003); C. Leiva and M. S. Plyushchay, J. High Energy Phys. 10 (2003) 069.

[20] G. N. J. Añaños, H. E. Camblong, and C. R. Ordóñez, Phys. Rev. D 68, 025006 (2003); H.

E. Camblong and C. R. Ordóñez, Phys. Rev. D 68, 125013 (2003); hep-th/0305035. [21] C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation (Freeman, San Francisco, 1973). [22] A. R. Forsyth, A Treatise on Differential Equations (MacMillan, London, 1929), 6th ed.

Sec. 58.

[23] R. Langer, Phys. Rev. 51, 669 (1937).

[24] This is guaranteed by the Sturm oscillation theorems, as discussed in E. L. Ince, Ordinary Differential Equations (Dover, New York, 1956), Chap. X.

[25] V. I. Arnold, Mathematical Methods of Classical Mechanics (Springer-Verlag, New York, 1989).

[26] For an approach using the semiclassical method of complex paths, see K. Srinivasan and T.

Padmanabhan, Phys. Rev. D 60, 024007 (1999); S. Shankaranarayanan, K. Srinivasan, and T. Padmanabhan, Mod. Phys. Lett. A 16, 571 (2001); S. Shankaranarayanan, T. Padmanabhan, and K. Srinivasan, Classical Quantum Gravity 19, 2671 (2002); E. C. Vagenas, Nuovo Cimento Soc. Ital. Fis. B 117, 899 (2002).

[27] L. Susskind and J. Uglum, Phys. Rev. D 50, 2700 (1994).

[28] J. L. F. Barbón and R. Emparan, Phys. Rev. D 52 4527 (1995); S. P. de Alwis and N.

Ohta, Phys. Rev. D 52, 3529 (1995); S. N. Solodukhin, Phys. Rev. D 51, 618 (1995); N. E. Mavromatos and E. Winstanley, Phys. Rev. D 53, 3190 (1996).

[29] J.-G. Demers, R. Lafrance, and R. C. Myers, Phys. Rev. D 52, 2245 (1995); D. V. Fursaev and S. N. Solodukhin, Phys. Lett. B 365, 51 (1996); S. P. Kim, S. K. Kim, K.-S. Soh and J. H. Yee, Int. J. Mod. Phys. A 12, 5223 (1997); T. Shimomura, Phys. Lett. B 480, 207 (2000); E. Winstanley, Phys. Rev. D 63, 084013 (2001).

[30] S. Mukohyama and W. Israel, Phys. Rev. D 58, 104005 (1998).