arXiv:hep-th/0501091 v2 18 Apr 2005

Falsifiable predictions from semiclassical quantum gravity

Lee Smolin^∗ Perimeter Institute, Waterloo, On, Canada N2L 2Y5 and University of Waterloo, Waterloo, On, Canada N2L 3G1 (Dated: April 18, 2005)

Quantum gravity is studied in a semiclassical approximation and it is found that to first order in √ ℏG = lP l the effect of quantum gravity is to make the low energy effective spacetime metric energy dependent. The diffeomorphism invariance of the semiclassical theory forbids the appearance of a preferred frame of reference, consequently the local symmetry of this energy-dependent effective metric is a non-linear realization of the Lorentz transformations, which renders the Planck energy observer independent. This gives a form of deformed or doubly special relativity (DSR), previously explored with Magueijo, called the rainbow metric. The general argument determines the sign, but not the exact coefficient of the effect. But it applies in all dimensions with and without supersymmetry, and is, at least to leading order, universal for all matter couplings.

A consequence of DSR realized with an energy dependent effective metric is a helicity independent energy dependence in the speed of light to first order in lP l . However, thresholds for Tev photons and GZK protons are unchanged from special relativistic predictions. These predictions of quantum gravity are falsifiable by the upcoming AUGER and GLAST experiments.

PACS numbers: Keywords:

I. INTRODUCTION

Several experiments, now in progress and planned, have the capability of testing quantum theories of gravity by looking for small quantum gravity effects on the propagation of particles, amplified by cosmological travel times[1, 2]. Among them, GLAST will be able to see energy dependent corrections in the speed of light of order l_{P l} E[4], while AUGER will show whether the GZK bound is present for cosmic rays[5]. These and other experiments are tests of special relativity at high enough boosts and energies to probe quantum gravity effects of order √ ℏG = l_{P l}. In this letter, I report predictions for these experiments coming from the quantum theory of gravity. These predictions are generic, in that they rely only on general features of gravitational theory, that are independent of dimension and the specifics of matter couplings, as well as the presence or absence of supersymmetry. They only involve calculations at semiclassical level, to leading order in l_{P l} . From these generic assumptions it will be shown below that to order l_{P l} the effects of quantum gravity on the propagation of matter fields can be encompassed by the substitution of the classical metric g_{μν} for a frequency dependent effective metric, g_{μν} (l_{P l} ω) of a specific form derived below. As has been shown in detail in [6, 7], the local symmetry of this effective metric is a non-linear modification of the lorentz group acting on energy-momentum eigenstates, of a form which renders the scale l_{P l} observer independent, in the sense that all observers will agree on the frequency of a particle with

∗Electronic address: lsmolin@perimeterinstitute.ca

energy ℏl^{−1}_{P l} . This is a special case of deformed or doubly special relativity[8, 9], and as such it has consequences for GLAST, AUGER and other experiments, which will be described below^1.

We assume the following general features, common to general relativity[12, 13, 14] and supergravity[15, 16] in all spacetime dimensions[17]. We assume that these assumptions are physically adequate, at least in the sense of effective field theory, at the low energies where these experiments are performed.

1. The configuration space, C, is coordinatized by a gauge field A^i_a^2 where i is valued in a lie algebra A, which may be the local lorentz algebra or a subalgebra of it. The gauge field lives on a spatial manifold of dimensions d ≥ 2, Σ.

2. The action is of the form[12]-[17] I = 1 ρ ∫ Σ×R B_i ∧ F^i + constraints + matter fields (1)

where F^i is the field strength^3 of A^i and B^i is a d−2 form valued in A. The constraints are quadratic, non-derivative functions of B^i whose solutions are that there exist d + 1 frame fields e_A, A = 0, ...d such that B ≈ e ∧ ... ∧ e

1 The conclusions of this letter appear to differ from those of calculations in loop quantum gravity, carried out at the kinematical level[10, 11]. Presumably this is because those are based on excitations of states which are not, to any order, solutions of dynamical equations or invariant under diffeomorphisms.

2 a = 1, ..., d is a spatial index.

3 For higher dimensional supergravity theories this is extended to include p−form fields, see [16].

The conjugate momentum, Ẽ^{ai} = (B^∗_i )^a hence carries the metric information in the canonical theory^4. The Poisson brackets of the theory are then,

{A^i_a(x), Ẽ^b_j (y)} = ρδ^b_aδ^j_i δ^d(x, y) (2) here ρ is a constant of dimesions L^{d−1} that depends on the case.

3. The action is invariant under spacetime diffeomorphisms, which we will assume extends at least to order l_{P l}. This means that to this order there is no preferred time coordinate and no preferred frame fields, except for possible expectation values of physical fields.

4. At least at the semiclassical, effective field theory level, we assume it is then adequate to consider quantum states of the form of functionals on C, invariant under diffeomorphisms of Σ, and to represent the metric information via the operator ^̃Ea_i (x) = −ıℏρ δ δA^i_a (x) (3) We will find it sufficient to consider semiclassical states of the form[18]

Ψ_0[A] = e^{ı S[A]ℏ} (4)

where S[A] is a solution to the Hamilton-Jacobi equations which follow from the effective action (1).

Before going on, we note that even though we are working with semiclassical states, the use of (3) means that the full metric is treated quantum mechanically, as in background independent formulations. The results found here could not be derived from a perturbative treatment in which only fluctuations of geometry around a fixed classical metric are treated quantum mechanically.

In the next section we give the general argument that derives a version of DSR from these assumptions. In section III we show that the result has a natural interpretation in terms of a spacetime with one more spatial dimension, corresponding to the scale probed by an observer. Section IV probes the general argument in more detail, and reveals a connection between DSR and the cosmological constant. This conclusion is supported by an algebraic argument which is reviewed in section V. Following this, in section VI the general arguments are illustrated with a detailed example, using the Ashtekar formulation. Section VII details the predictions for near future experiments that follow from the basic conclusions found.

4 In 3 + 1 dimensions it is the densitized spatial frame field.

II. THE GENERAL ARGUMENT

A classical solution to the effective classical theory given by (1) gives a trajectory, A^{0 i}_a (t) in the configuration space, C, where t is some parameterization of the trajectory. Solutions can be found by finding a Hamilton-Jacobi functional S[A], which solves the appropriate Hamilton-Jacobi equations equations which follow from (1). We then have on the classical trajectory[13, 19],

Ẽ^{0a}_i (t) = 1 ρ δS δA^i_a |_{A=A}0_{(t)} (5)

The following structure can be defined for solutions to Einstein’s equations defined by Hamilton-Jacobi functionals. The classical trajectory (A^{0i}_i (t), Ẽ^{0a}_i (t)) can be parameterized by a time parameter proportional to the Hamilton-Jacobi functional,

t_S = νS (6)

where ν has dimensions of length. Furthermore, as general relativity is a local theory we can write S as the integral of a density on the d dimensional spatial manifold Σ. S[A] = ∫ Σ S[A] (7)

On the classical spacetime there is a time coordinate T that is proportional to S[A]. This defines a slicing of the spacetime given by the classical trajectory in which S[A] is constant. Variations of functions on configuration space, evaluated at the classical trajectory, are then related to variations on the spacetime by, d dT = μ δ δS[A] (8) where μ has dimensions (length)^{−1}.

The trajectory (A^{0i}_i (t), Ẽ^{0a}_i (t)) defines a metric on a d + 1 dimensional spacetime M = Σ × R, which is g_{μν} . The metric can be written as

g = −dT^2 + ∑ i e^0_i ⊗ e^0_i (9)

where e^{0i}_a are the one form frame fields related to Ẽ^{0a}_i on the classical trajectory.

We will also have to consider variations of A in the neighborhood of the classical trajectory, A^0. These can be parameterized as[19, 20] δ δA^i_a(x) = 1 M Ẽ^a_{i0} δ δS + δ δa^i_a (10)

where Ẽ^{ai}_0 δa_{ai} = 0. The a_{ai} contain the gravitational degrees of freedom, while the trace term proportional to Ẽ^a_{i0} can be understood as variation in the internal time coordinate. M is there to preserve the dimensions as frame fields and metrics are dimensionless, hence its dimensions are (length)^{d−1}. We can now construct a semiclassical quantum state which is a functional on the configuration space of the form (4). In the connection representation where states are functionals of A^i_a, the operator for the densitized frame field is (3).

We now introduce matter fields, which we denote generically by ϕ. We study semiclassical quantum gravity effects on the propagation of the matter field, by considering quantum states of the Born-Oppenheimer form[18, 19]

Ψ[A, ϕ] = Ψ_0[A]χ[A, ϕ] (11)

We now consider the operator for the densitized inverse frame field acting on such states. By construction we have, when evaluated on the classical trajectory,

^̃Ea_i Ψ_0[A] = Ẽ0a_i Ψ_0[A]. (12)

By the decomposition (10) we have in the neighborhood of the classical trajectory, χ[A, ϕ] = χ[S, a_{ai}, ϕ] (13) So that ^̃Ea_i (x)χ[A, ϕ] = −ıℏρ δχ[A, ϕ] δA^i_a(x) (14) = ( Ẽ^{0a}_i ıℏρ M δ δS(x) − ıℏρ δ δa_{ai}(x) ) χ[S, a_{ai}, ϕ] But, by (8) we have ıℏρ M δ δS(x) = ıℏρ M μ d dT (15)

Dimensionally,^{ℏρ}_{Mμ} is a time. There is only one time in the problem, which is the Planck time, so we must have ℏρ M μ = αl_{P l} (16)

where α is a constant that cannot be determined at this semiclassical level of analysis. However we know that α must be finite and non-vanishing as it gives the relationship between a parameter on a configuration space trajectories and a time coordinate on the spacetime defined by that trajectory.

On the classical trajectory, we can write χ[S, a_{ai}, ϕ] = χ[T, a_{ai}, ϕ]. Furthermore, at the semiclassical level we can neglect terms in^δ_{δaai} , which will describe couplings of matter to gravitons. We then have, neglecting graviton couplings,

^̃Ea_i (x)Ψ[A, ϕ] = Ψ_0[A]Ẽ0a_i ( 1 − ıαl_{P l} d dT ) χ[T, a_{ai}, ϕ] (17)

Let us now consider a semiclassical state of definite frequency in terms of the time seen by classical observers in the spacetime, T . This must have the form χ[T, a_{ai}, ϕ] = e^{−ıωT} χ_ω[a_{ai}, ϕ] (18) This will be justified in section IV below.

So we have, evaluating the action of ^̃E^a_i (x) on a point on the classical trajectory in C,

^̃Ea_i (x)Ψ[A, ϕ] = Ψ_0[A]Ẽ0a_i (1 − αl_{P l} ω) χ_ω[T, a_{ai}, ϕ]

(19) So we see that the effect of quantum corrections to first order in l_{P l} is just to substitute the inverse frame field Ẽ0a_i for a frequency dependent effective frame field

Ẽ^{0a}_i (x, T ) → Ẽ^{0a}_i (x, T, ω) = Ẽ^{0a}_i (x, T )(1 − αl_{P l}ω) (20)

As a consequence, the spacetime metric is replaced by an effective frequency dependent metric[6, 7]^5. g → g(ω) = −dT ⊗ dT + ∑ i e_i ⊗ e_i(1 − αl_{P l} ω) (21)

This leads to a universal modification in dispersion relations.

m^2 = −g(ω)^{μν} k_μk_nu = ω^2 − k^2_i (1 − αl_{P l} ω) (22)

where the one form k_μ = (ω, k_i) contains the observed frequencies and wavevectors of physical quanta.

One can ask whether this modification in energy momentum relations corresponds to a breaking or a deformation of Lorentz invariance. To argue that it must be the latter, we recall that we assumed that the low energy effective theory is general relativity and that its gauge invariance, which is spacetime diffeomorphism invariance, holds at least to leading order in l_{P l} . This means there cannot be an explicit breaking, from the existence of a preferred frame. The possibility that there is spontaneous breaking from some vector field getting a non-zero expectation value is eliminated by noting that the effect is universal, independent of the matter content. Among the gravitational fields which must be there, there is no suitable vector field. Hence the modified dispersion relations (22) cannot be a consequence of there being a preferred frame of reference,

The only other option is that the modified dispersion relations reflect non-linear modifications in the action of the Lorentz transformations on physical states of the matter fields. We then arrive at the conclusion that given the very mild assumptions made here, quantum gravity predicts a deformed realization of special relativity[8, 9] in the semiclassical limit. In fact, an energy dependent effective metric as in (21) is one way to express such a theory as shown in [6, 7].

5 in d = 3.

III. FIVE DIMENSIONAL INTERPRETATION

It is interesting to note that the frequency dependent effective metric g(ω) can also be given a five dimensional interpretation. We note that the time it takes for information to be transfered between two modes, of frequency ω and frequency ω + dω, is not less than ω^{−1}. Hence, if we work in a five dimensional effective spacetime, where events are labeled by coarse grained position, time and frequency (or scale), the effective causal structure is defined by a five dimensional effective metric, given by

ds^2_5 = −dT ⊗ dT + e ⊗ e(1 − αl_{P l} ω)^2 + dω^2 ω^2

(23)

The “brane” at ω = 0 is just the low energy effective world where classical observers live. This may be related to other five dimensional interpretations of DSR[38].

IV. DETERMINING α AND THE ROLE OF THE COSMOLOGICAL CONSTANT

We can go a little further in the general case and see how α is to be determined. This will also reveal to us why it is preferable to define quantum gravity, even at the semiclassical level, with a non-zero bare cosmological constant Λ. This means that the low energy limit in flat spacetime is to be defined through a limit in which Λ → 0.

So far we have not imposed dynamics, we merely argued that the low energy behavior would be characterized by (18). In quantum gravity, at the semiclassical level, dynamics comes from the Hamiltonian constraint (or Wheeler-deWitt equations). These will have the form

Ĥ(x)Ψ[A, ϕ] = 0 (24)

where Ĥ will be taken in the form of a density of weight one, which divides into two terms. Ĥ(x) = Ĥ^{grav} + ρĤ^{matter} (25) The gravitational part is a functional of ^̃E^{ai} and F̂^i_{ab}. A full definition will require a choice of regularization and operator ordering, the details of which will not concern us at the semiclassical level. We assume only that this exists, and yields to leading order, when evaluated on the classical trajectory,

Ĥ(x)Ψ_0[A]|_{A0} = H[Ẽ_0, F^0]Ψ_0[A]|_{A0} = 0 (26)

where H[Ẽ_0, F^0] = 0 because the classical trajectory is a background that solves the low energy field equations that follow from (1). Acting on the product state Ψ[A, ϕ] we then have, to leading order, evaluated on the classical trajectory,

Ĥ(x)Ψ[A, ϕ] = Ψ_0[A]W [Ẽ_0, F^0_{ai}]_{ai} ^̃E^{ai}χ[A, ϕ] (27) where

W [Ẽ_0, F^0_{ai}]_{ai} = δH^{grav} δE^{ai} (28)

evaluated on the classical trajectory.

As above, we neglect graviton terms, to find that

Ĥ(x)Ψ[A, ϕ] = Ψ_0[A]W [Ẽ_0, F^0_{ai}]_{ai}Ẽ^{ai}_0 (−ıαl_{P l} ) dχ[T, a^{ai}, ϕ] dT (29) We note that it must not be the case that W [Ẽ_0, F^0_{ai}]_{ai}Ẽ^{ai}_0 ≈ H^{grav}_0 = 0. This means that H^{grav} cannot be homogeneous in Ẽ^{ai}. It is interesting to note that in some cases, including 2 + 1 and 3 + 1 gravity in the self-dual, Ashtekar representation, this means that the cosmological constant cannot be non-zero.

We now turn our attention to the matter term in the Hamiltonian constraint. We have to leading order, evaluated on the classical trajectory,

Ĥ^{matter}Ψ_0[A]χ[A, ϕ] = Ψ_0[A]ĥ_0[Ẽ_0, A^0, π̂, ϕ̂]χ[A, ϕ] (30) where ĥ_0[Ẽ_0, A^0, π̂, ϕ̂] is the quantum hamiltonian density for the matter theory on the classical background given by (Ẽ^0, A^0), which is a function of the matter field operators and conjugate momenta.

When the total Hamiltonian constraint annihilates the state to the order we are working we have then ıl_{P l} αw̃^0 dχ[T, a_{ai}, ϕ] dT = ρĥ_0[Ẽ_0, A^0, π̂, ϕ̂]χ[A, ϕ] (31)

where w̃^0 = W [Ẽ_0, F^0_{ai}]_{ai}Ẽ^{ai}_0 is a density of weight one.

To make sense of (31) we will introduce an infrared regulator by integrating over a region R ∈ Σ of volume V = ∫ R √ q_0 = L^d. We also must take into account the fact that there will be a multiplicative renormalization in going from the matter term in the hamiltonian constraint of the quantum gravity theory defined at the Planck scale by Ĥ^{matter} and the effective low energy hamiltonian that acts in the quantum field theory defined on the classical background, (Ẽ^0, A^0). We call the latter ĥ_R and define it by

ĥ_R = Zĥ_0[Ẽ_0, A^0, π̂, ϕ̂] (32)

Since any sensible quantum theory of gravity must be ultraviolet finite, we expect that Z is finite in the presence of an infrared cutoff, so that Z = β ( L l_{P l} )_n (33)

for some power n and dimensionless constant β.

We then have ıℏ dχ[T, a_{ai}, ϕ] dT ( αl_{P l} ∫ R w̃^0 ρZ ) = ∫ R ĥ_Rχ[T, ϕ] (34)

This becomes the Schroedinger equation for quantum field theory on the background if the factor in paranthesis on the LHS is one, as we remove the infrared cutoff. This tells us that α = Zρ l_{P l} ∫ R w̃^0 (35)

In d + 1 dimensions, ρ = l^{d−1}_{P l} is the gravitational constant. We then have roughly α ≈ β L^{n−d} l^{n+1}_{P l} w^0

(36)

In the absence of a cosmological constant, there is no scale to govern w^0, which has dimensions of l^{−2}. But if Λ > 0 we expect that the solution of interest is deSitter so that w^0 = ηΛ, where η is another dimensionless constant of order unity. We should then simultaneously take Λ → 0 and remove the infrared regulator, so we scale Λ = γ L^2 ( l_{P l} L )_r (37)

where r > −2 is a power that determines how the cosmological constant scales with the infrared cutoff. We have then α = β ηγ ( L l_{P l} )_{2+n−d−r} (38)

which has a good limit when r is chosen so that r = n − d + 2. This allows us to conclude that ıℏ dχ[T, a_{ai}, ϕ] dT = ∫ R ĥ_Rχ[T, ϕ] (39)

This justifies the ansatz we made (18) in the previous section.

Thus, we learn that under the same mild assumptions, we will be able to extract the quantum field theory on flat spacetime from the semiclassical approximation of the quantum gravity theory. At the same time we see what we would need to know in a concrete case to derive α and confirm it is finite. Most interestingly we see that the task of deriving quantum field theory on flat spacetime from quantum gravity is greatly facilitated if we start with the theory with a bare cosmological constant, and infrared regulator, that are scaled together as we take the limit Λ → 0.

V. THE COSMOLOGICAL CONSTANT AND DSR Of course it follows from all our experience with quantum field theory that we could not hope to derive the low energy limit of a quantum gravity theory otherwise than to include a bare cosmological constant. There are confirmations of this in non-perturbative approaches, such as dynamical triangulations[39]. But in addition, there is in fact a simple algebraic argument [22] which tells us that DSR can be usefully understood in terms of the limit of quantum gravity with a cosmological constant, as Λ → 0. The argument relies on an observation, which is that in 3+1 dimensions, the symmetry algebra of quantum gravity with Λ > 0 is not the deSitter algebra, SO(1, 4), but the quantum deformed deSitter algebra SO_q (1, 4), with q = e^{2ϕık+2} with the level k given by k =^{6πı}_{GℏΛ} [23, 24].

The limit Λ → 0 of the quantum deformed deSitter algebra is, subject to a certain condition, not the Poincare algebra, but a quantum deformation of it called the κ−Poincare algebra. That algebra is characteristic of DSR, as discussed in [22]. The condition is that the generators of space and time translations, P̂^μ emerge in the limit as

P̂_μ = √ ΛM_{5μ}( l_{P l} L )^n (40)

where M^{5μ} are the dimensionless deSitter generators, Λ = 1/L^2 and the power n must be chosen so n = 1. (This scaling of the energy agrees with the conclusion of the previous section.) The reason we expect such a scaling is that quantum gravity coupled to matter in 3 + 1 dimensions has local degrees of freedom, as well as an ultraviolet cutoff given by l_{P l} and an infrared cutoff given by L. We note that the same argument predicts precisely the appearance of κ−Poincare as the symmetry algebra in 2 + 1 dimensional quantum gravity coupled to point particles[25], although in this case n = 0 corresponding to the fact that this theory has no local field degrees of freedom.

VI. AN EXPLICIT EXAMPLE

We want now to combine the general semiclassical argument given in sections 2 and 4 with the algebraic argument given in the last section. To do this we discuss an explicit example involving the Ashtekar representation in 3 + 1 dimensions[26, 27]. This example concerns the Kodama state([29]) and has been studied previously[13, 19]. It works both with and without supersymmetry[15]. The Kodama state is, with a particular ordering of the quantum constraints, an exact quantum state of quantum general relativity. In this paper we are, however, concerned only with its use as a semiclassical state^6.

6 There is, we should note, an issue about whether the full state is normalizable in the exact physical inner product, emphasized in [30]. The relevance of this issue for the present results is unclear, as we are here only concerned with it’s use in a semiclassical approximation. But for interested readers, we note that the issue was studied in a linearization of quantum gravity, where it was shown that a truncation of the Kodama state is δ−functional normalizable in the Euclidean case but not in the Lorentzian

We give only the main equations here. We take for A_{ai} the Ashtekar connection A^i_a. The Poisson relations (2) hold with

ρ = ıG (41)

in the Lorentzian case^7

Motivated by the arguments in sections 4 and 5, we look for DSR to emerge from a procedure in which we find quantum gravity corrections to particle propagation in deSitter spacetime, and then considering the limit as Λ → 0. We use the fact that deSitter is the unique Lorentzian self-dual spacetime with Λ > 0. The condition of selfduality is written in Ashtekar variables as F^i_{ab} = − Λ 3 ϵ_{abc}E^{ci} (42) In Ashtekar variables, the Hamilton-Jacobi function whose trajectories are such self-dual spacetimes is the Chern-Simons invariant of the Ashtekar connection S_{CS} = 2 3ℏGΛ ∫ Y_{CS} (43)

Here Y_{CS} is the Chern-Simons form, given by Y_{CS} = 1 2 T r(A ∧ dA + 2 3 A^3). (44)

It satisfies^δ ∫ Y_{CS} δA_{ai} = 2ϵ abcF^i_{bc}. We will consider Σ = R^3 so A^{0i}_a (t) parameterizes a flat slicing of deSitter spacetime. To define the Hamilton- Jacobi function corresponding to solutions which are homogeneous in the flat slicing, we will have to impose an infrared cutoff, as in the general case. So we studying the system on Σ = T^3 rather than R^3, with a periodicity R. We will then take R → ∞ as we take Λ → 0^8. In a convenient gauge, the trajectory on configuration space which corresponds to the flat slicing of deSitter is[13]

A^0_{ai} = ı √ Λ 3 f(T ) δ_{ai} → F^0_{abi} = −f^2(T ) Λ 3 ϵ_{abi} (45)

where f = e^{HT} , with H =

√_Λ

3 . From the self-dual condition (42) we have

E^{ai}_0 = f^2δ^{ai} → q^0_{ab} = f^2δ_{ab} (46)

In the Lorentzian case S_{CS} is complex. The global time coordinate of interest is t_{CS} = νImS_{CS} (47)

case [31]. It was also found that a truncation to homogeneous cosmology can be made normalizable by making the cosmological constant depend on a physical field and making wavepackets in that field’s value[32]. Another approach to the issue is in [33].

7 The Euclidean case works as well, but with ρ = G. For details see [13]. One can treat the AdS case as easily as the deSitter case, but in this case one should be careful about boundary conditions.

8 See [13] for details.

This has good properties for a time coordinate on the configuration space of general relativity[19]. For example, for small λ = GℏΛ it closely approximates York time, which is a well studied instrinsic time coordinate. The local time coordinate is

τ_{CS} (x) = ( Λ 3 )_{3/2} e^3

√_{Λ3 τ(x)} (48)

here τ (x) is a field which parameterizes the trace part of A_{ai}. In this case we can invert the expression for the derivatives of A_{ai} in the neighborhood of the classical solution (10), to find, A_{ai}(x) = ı √ Λ 3 δ_{ai}e √_{Λ3 τ(x)} + a_{ai} (49)

On the solution of interest, τ (x) = T .

Following the general argument we construct the semiclassical wavefunctional

Ψ_0(A) = N e^{32GℏΛ ∫ YCS} (50)

Following the logic of the general case, we have to study the action of the inverse metric operator on χ[A, ϕ]. We have Ê^{ai}χ(A, ϕ) = −ℏG δχ(A, ϕ) δA_{ai} = ıℏG Λ δ^{ai} δχ(A, ϕ) δτ −ℏG δχ(A, ϕ) δa_{ai} (51) We are interested in extracting quantum field theory on Minkowski spacetime, in the limit Λ → 0. For the limit to be non-singular we must rescale the time coordinate, because of the factors of ℏG/Λ in front of the δ/δτ derivatives. In any case we need to rescale to remove a density factor. To do this we must replace the functional degree of freedom τ (x), which we have chosen to represent time by a global coordinate T . This coordinate T is taken to be proportional to τ on a τ = constant slice. However δ/δτ (x) and ∂/∂T have different density weights and dimensions and this must be compensated for.

We accomplish both if we rescale so that on a fixed τ = constant slice, ℏG Λ δ δτ (x) = αl_{P l} √ detq^0_{ab} ∂ ∂T (52)

Thus, we arrive at (17), from which we drew our physical conclusions.

In fact, we can do much more in this explicit example. In [13, 19] we studied the specific case of a scalar field and show that the Hamiltonian constraint on the product state reduces in the limit of small λ to a Schrodinger equation plus corrections. ı δχ δτ_{CS} = 1 Λ H^{matter} E^{ai}=(3/Λ)ϵ^{abc} F^i_{bc} χ + O(lP l E) (53) This justifies the decomposition (18). In this equation, the matter Hamiltonian is evaluated with classical gravitational fields satisfying the self-dual condition

E^{ai} = (3/Λ)ϵ^{abc}F^i_{bc}. This justifies the choice of time coordinate (47).

Another feature of this time coordinate justifies its use, which is that it allows us to recover the thermal nature of quantum field theory on deSitter spacetime[28], and in fact extend it to the full quantum gravity theory[13, 19]. If we continue to the Euclidean case, the Ashtekar connection becomes real and the corresponding internal time coordinate is just τ_{ECS} = ∫ Σ Y_{CS} (A) (54)

We can consider the effect of this on an S^3 slicinig of Euclidean deSitter spacetime. In this case the configuration space becomes periodic. Two points in the configuration space C which differ by a large gauge transformation with winding number n should be physically identified. This means that two points on a trajectory in C connected by ∫ Y_{CS} (A) → ∫ Y_{CS} (A) + 8π^2n (55)

for any n must be identified. Hence τ_{ECS} = ∫ Y_{CS} (A) is actually a periodic function on the configuration space. As a result, every correlation function will satisfy the KM S condition in T_{ECS} , no matter what the state. That is, by equating configurations of A_{ai} that differ by a large gauge transformations we reduce the topology of the configuration space to a circle, which is parameterized by τ_{ECS} . This time coordinate is dimensionless, and by (55) its periodicity is 8π^2. By evaluating this on a classical solution corresponding to Euclidean deSitter one can recover[13] the dimensional temperature of deSitter spacetime[28] T = 1 2π √ Λ 3 (56)

One can also recover the entropy of deSitter spacetime, but that derivation would take us too far afield[13].

Thus, in the case of this example we see in detail that the notion of time on the configuration space of the gravitational field we discussed in the general case, based on a Hamilton-Jacobi function, indeed gives a physically meaningful time, whose use allows us to recover known facts about quantum field theory on deSitter spacetime. By imposing the physically plausible requirement that such a time coordinate be related to a time coordinate on a spacetime which is derived from that same Hamilton- Jacobi function, we arrive at the conclusions found above.

VII. APPLICATIONS AND PREDICTIONS

The conclusion of the previous sections is then that, at least to leading order in l_{P l} the effects of quantum gravity on the propagation of matter fields is described by switching from the bare metric to the frequency dependent effective metric g(ω), given by (21). The case of the electromagnetic field can serve to illustrate the consequences.

We begin with the contribution for the Hamiltonian constraint from the Maxwell field H^{Maxwell} = 1 2 q_{ab}π̃^aπ̃^b + 1 4 qq^{ac}q^{bd}f_{ab}f_{cd} (57) where f_{ab} is the magnetic field of the vector potential a_a and π̃^a is its conjugate momentum. To find the equations of motion we have to smear with a lapse function N of density weight minus one. H^{Maxwell}(N ) = ∫ Σ N H^{Maxwell} (58) We now act on a product state of the form (11) and take the limit to evolve around a flat spacetime background. To evolve in the time coordinate of an inertial observer we must pick the inverse densitized lapse N = q^{− 12} . We find, using (20), the theory is equivalent at the semiclassical level to evolution by the hamiltonian H^{Maxwell}(N ) = ∫ d^3k 1 √ 1 − αl_{P l}ω [ 1 2 δ_{ab}π̃^a(k)π̃^b(k) + 1 4 δ^{ac}δ^{bd}f_{ab}(k)f_{cd}(k) ] (59)

Making the usual gauge choices for the potential a_μ, of a_0 = 0, k · a = 0 we arrive at the equations of motion for a(k, t)_a = a_ω(k)_ae^{−ıωt}, ( ω^2 − k · k 1 − αl_{P l}ω ) a_ω(k)_a = 0 (60)

Thus, we arrive at the helicity independent dispersion relations (22). This, we might note, disagrees with an analysis based on effective field theory for the case of Lorentz symmetry breaking [34]. The form of effective field theory depends on the low energy symmetry, and were it only rotations there would be a helicity dependence in the dispersion relations[34]. That such a term is absent confirms that the low energy symmetry is deformed rather than broken Lorentz symmetry^9. A similar analysis leads quickly to the conclusion that the same helcity independent dispersion relation governs the propagation of spin-^1_2 fields.

There are stringent experimental limits on first order in l_{P l} modifications to dispersion relations in a lorentz breaking scenario[1, 2], but not in a DSR scenario[3].

9 Note that effective field theory plus explicit lorentz symmetry breaking has drastic consequences that disagree with experiment[35]. This strongly implies that if quantum gravity effects modify particle propagation, they do so in a way that deforms rather than breaks lorentz invariance.

There are also stringent limits on helicity dependent first order corrections to the speed of light, coming from rotations of planes of polarization[36], but these also do not apply here. We close with some observations on consequences for near future experiments.

First, there is an helicity independent energy dependent speed of light, given by^{10}

v = c(1 + αl_{P l}ω + ...) (61)

We may note that this implies that the speed of light will increase in the early universe when the temperature is high. Possible implications for early universe cosmology are reviewed in [40].

Second there are consequences for threshold experiments such as Tev photons and GZK protons. To analyze these one needs to know how to apply conservation of energy and momentum. We will assume, following [37] that while it is the covariant energy and momentum k_μ = (ω, k_i) which are observed, it is the contravariant 4-vectors

k^μ = g^{μν} (ω)k_ν = (ω, k_i (1 − αl_{P l}ω )) (62)

which are conserved linearly.

One can then study threshold reactions and find that, as in previous analyses[3, 8, 37], the thresholds are not moved significantly.

It then appears that one can separate the three cases having to do with the fate of Lorentz invariance:

• Ordinary Lorentz invariance predicts normal thresholds and no energy dependence in the speed of light.

• Explicit breaking of Lorentz invariance predicts changes of O(1) to threshold energies for Tev photons and GQK protons and a helicity dependent energy dependent speed of light. We note there are other predictions as well, some of which have been falsified, at least to first order in l_{P l}.

• DSR predicts no changes to thresholds but an helicity independent first order in l_{P l} modification of the speed of light.

Remarkably, it appears that the AUGER and GLAST experiments together could be sufficient to distinguish these three cases.

ACKNOWLEDGEMENTS

The author is grateful to Giovanni Amelino-Camelia, Jurek Kowalski-Glikman and Joao Magueijo for very helpful comments on the manuscript and to them and Laurent Freidel, Fotini Markopoulou, Carlo Rovelli, Chopin Soo and Artem Starodubtsev for collaborations and discussions on these topics. I am also grateful to Edward Witten for discussions and correspondence concerning the Kodama state.

10 Note that the sign agrees with that required for DSR, as shown in [3].

[1] Giovanni Amelino-Camelia, Introduction to Quantum- Gravity Phenomenology , gr-qc/04121; Subir Sarkar, Possible astrophysical probes of quantum gravity’, Mod.Phys.Lett. A17 (2002) 1025-1036, gr-qc/0204092.

[2] Ted Jacobson, Stefano Liberati, David Mattingly, TeV Astrophysics Constraints on Planck Scale Lorentz Violation, Phys.Rev. D66 (2002) 081302, hep-ph/0112207; T. Jacobson, S. Liberati, D. Mattingly, F.W. Stecker, New limits on Planck scale Lorentz violation in QED , astro-ph/0309681, Phys.Rev.Lett. 93 (2004) 021101; Tomasz J. Konopka, Seth A. Major, Observational Limits on Quantum Geometry Effects, hep-ph/0201184, New J.Phys. 4 (2002) 57.

[3] : Giovanni Amelino-Camelia, Jerzy Kowalski-Glikman, Gianluca Mandanici, Andrea Procaccini, Phenomenology of Doubly Special Relativity , gr-qc/0312124.

[4] Alessandro de Angelis, GLAST, the Gamma-ray Large Area Space Telescope , astro-ph/0009271; G. Amelino- Camelia, John Ellis, N.E. Mavromatos, D.V. Nanopoulos, Subir Sarkar, Potential Sensitivity of Gamma-Ray Burster Observations to Wave Dispersion in Vacuo, astro-ph/9712103, Nature 393 (1998) 763-765; J.P. Norris, J.T. Bonnell, G.F. Maran, J.D. Scargle, GLAST, GRBs, and Quantum Gravity , astro-ph/9912136; Steven

E. Boggs, Cornelia B. Wunderer, Kevin Hurley, Wayne Coburn, Testing Lorentz Invariance with GRB021206, astro-ph/0310307; Giovanni Amelino-Camelia, Tsvi Piran, Planck-scale deformation of Lorentz symmetry as a solution to the UHECR and the TeV-γ paradoxes, astro-ph/0008107, Phys.Rev. D64 (2001) 036005.

[5] N. Hayashida, K. Honda, N. Inoue et. al. (The AGASA collaboration), Updated AGASA event list above4x10^19eV , astro-ph/0008102, Astrophys.J. 522 (1999) 225; M. Takeda, N. Sakaki, K. Honda, (The AGASA collaboration), Energy determination in the Akeno Giant Air Shower Array experiment, astro-ph/0209422.

[6] Joao Magueijo, Lee Smolin, Gravity’s Rainbow , gr-qc/0305055, Class.Quant.Grav. 21 (2004) 1725-1736 [7] D. Kimberly, J. Magueijo and J. Medeiros Non-Linear Relativity in Position Space , gr-qc/0303067, Phys.Rev. D70 (2004) 084007 [8] Giovanni Amelino-Camelia, Relativity in space-times with short-distance structure governed by an observerindependent (Planckian) length scale Int.J.Mod.Phys. D11 (2002) 35-60, gr-qc/0012051; Testable scenario for relativity with minimum-length, Phys. Lett. B 510 (2001) 255 [arXiv:hep-th/0012238]; Jerzy Kowalski-

Glikman, Observer-independent quanta of mass and length , hep-th/0102098.

[9] Joao Magueijo, Lee Smolin, Lorentz invariance with an invariant energy scale, hep-th/0112090, Phys.Rev.Lett. 88 (2002) 190403; Generalized Lorentz invariance with an invariant energy scale , gr-qc/0207085, Phys.Rev. D67 (2003) 044017.

[10] Rodolfo Gambini, Jorge Pullin, “Nonstandard optics from quantum spacetime”, Phys.Rev. D59 (1999) 124021, gr-qc/9809038;

[11] Jorge Alfaro, Hugo A. Morales-Tcotl, Luis F. Urrutia, “Loop quantum gravity and light propagation”, Phys.Rev. D65 (2002) 103509, hep-th/0108061.

[12] R. Capovilla, J. Dell and T. Jacobson, Phys. Rev. Lett.

21, 2325(1989); Class. Quant. Grav. 8, 59(1991); R. Capovilla, J. Dell, T. Jacobson and L. Mason, Class. and Quant. Grav. 8, 41(1991).; J.F. Plebanski. On the separation of einsteinian substructures. J. Math. Phys., 18:2511, 1977; L. Smolin, A holograpic formulation of quantum general relativity, Phys. Rev. D61 (2000) 084007, hep-th/9808191.

[13] L. Smolin, Quantum gravity with a positive cosmological constant, hep-th/0209079.

[14] L. Smolin An invitation to loop quantum gravity, hep-th/0408048.

[15] T. Jacobson, New Variables for canonical supergravity, Class. Quant. Grav.5(1988)923- 935; Takashi Sano and J. Shiraishi, The Nonperturbative Canonical Quantization of the N=1 Supergravity, Nucl. Phys. B410 (1993) 423, hep-th/9211104; The Ashtekar Formalism and WKB Wave Functions of N=1,2 Supergravities, hep-th/9211103; H. Kunitomo and T. Sano The Ashtekar formulation for canonical N=2 supergravity, Prog. Theor. Phys. suppl. (1993) 31; T. Kadoyoshi and S. Nojiri, N=3 and N=4 two form supergravities, Mod. Phys. Lett. A12:1165-1174,1997, hep-th/9703149; K. Ezawa, Ashtekar’s formulation for N=1, N=2 supergravities as constrained BF theories, Prog. Theor. Phys.95:863-882, 1996, hep-th/9511047.

[16] Y. Ling and L. Smolin, “Eleven dimensional supergravity as a constrained topological field theory,” Nucl. Phys. B 601, 191 (2001) [arXiv:hep-th/0003285]; L. Smolin, “Chern-Simons theory in 11 dimensions as a nonperturbative phase of M theory,” arXiv:hep-th/9703174.

[17] L. Freidel, K. Krasnov, R. Puzio, “ BF Description of Higher-Dimensional Gravity Theories”, hep-th/9901069, Adv.Theor.Math.Phys. 3 (1999) 1289-1324.

[18] T. Banks, “T C P, Quantum Gravity, The Cosmological Constant And All That”, Nucl.Phys. B249 (1985) 332.

[19] L. Smolin and C. Soo, The Chern-Simons Invariant as the Natural Time Variable for Classical and Quantum Cosmology, Nucl. Phys. B449 (1995) 289, gr-qc/9405015.

[20] L. N. Chang and C. Soo, Ashtekar’s variables and the topological phase of quantum gravity, Proceedings of the XXth. Conference on Differential Geometric Methods in Physics, (Baruch College, New York, 1991), edited by S. Catto and A. Rocha (World Scientific, 1992); Phys. Rev. D46 (1992) 4257; C. Soo and L. N. Chang, Int. J. Mod. Phys. D3 (1994) 529.

[21] C. Soo, Wave function of the Universe and Chern-Simons Perturbation Theory, gr-qc/0109046.

[22] Giovanni Amelino-Camelia, Lee Smolin, Artem Starodubtsev, Quantum symmetry, the cosmological constant and Planck scale phenomenology , hep-th/0306134, Class.Quant.Grav. 21 (2004) 3095.

[23] L. Smolin, Linking topological quantum field theory and nonperturbative quantum gravity, J. Math. Phys. 36(1995)6417, gr-qc/9505028.

[24] Artem Starodubtsev, Topological excitations around the vacuum of quantum gravity I: The symmetries of the vacuum , hep-th/0306135.

[25] L. Freidel, J. Kowalski-Glikman, L. Smolin,2+1 gravity and Doubly Special Relativity, hep-th/0307085; Phys.Rev. D69 (2004) 044001.

[26] Abhay Ashtekar, New variables for classical and quantum gravity,” Phys. Rev. Lett. 57(18), 2244-2247 (1986).

[27] C. Rovelli, Quantum Gravity. ISBN: 0521837332, Cambridge University Press;

[28] G. W. Gibbons and S. W. Hawking, Cosmological Event Horizons, Thermodynamics, and Particle Creation,” Phys. Rev. D 15, 2738 (1977).

[29] H. Kodama, Prog. Theor. Phys. 80, 1024(1988); Phys.

Rev. D42(1990)2548.

[30] E. Witten, A Note On The Chern-Simons And Kodama Wavefunctions, gr-qc/0306083.

[31] L. Friedel and L. Smolin, The linearizationof the Kodama state, hep-th/0310224.

[32] S. Alexander, J. Malecki and L. Smolin, Quantum Gravity and Inflation , hep-th/0309045, Phys.Rev. D70 (2004) 044025 [33] S. Alexander, K. Schleich, D. M. Witt, Fermionic sectors for the Kodama state, gr-qc/0503062 [34] Robert C. Myers, Maxim Pospelov, Ultraviolet modifications of dispersion relations in effective field theory— hep-ph/0301124, Phys.Rev.Lett. 90 (2003) 211601.

[35] John Collins, Alejandro Perez, Daniel Sudarsky, Luis Urrutia, Hctor Vucetich, Lorentz invariance and quantum gravity: an additional fine-tuning problem? , gr-qc/0403053, Phys.Rev.Lett. 93 (2004) 191301.

[36] Reinaldo J. Gleiser, Carlos N. Kozameh, Astrophysical limits on quantum gravity motivated birefringence, gr-qc/0102093.

[37] Dan Heyman, Franz Hinteleitner, Seth Major, On reaction thresholds in doubly special relativity, gr-qc/0312089, Phys.Rev. D69 (2004) 105016.

[38] J. Kowalski-Glikman and Sebastian Nowak, Doubly Special Relativity and de Sitter space, hep-th/0304101, Class.Quant.Grav. 20 (2003) 4799; F. Girelli and E. Livine, Physics of Deformed Special Relativity, gr-qc/0412079, gr-qc/0412004.

[39] J. Ambjorn, Z. Burda, J. Jurkiewicz and C. F. Kristjansen, “Quantum gravity represented as dynamical triangulations,” Acta Phys. Polon. B 23, 991 (1992); J. Ambjorn, “Quantum Gravity Represented As Dynamical Triangulations,” Class. Quant. Grav. 12, 2079 (1995); M. E. Agishtein and A. A. Migdal, “Simulations of four-dimensional simplicial quantum gravity,” Mod. Phys. Lett. A 7, 1039 (1992); J. Ambjorn, J. Jurkiewicz, R. Loll, Emergence of a 4D World from Causal Quantum Gravity, Phys.Rev.Lett. 93 (2004) 131301, hep-th/0404156, [40] J. Magueijo, astro-ph/0305457.