arXiv:hep-th/0501096 v3 14 Feb 2005

One-loop f(R) gravity in de Sitter universe

Guido Cognola^{(a) ∗}, Emilio Elizalde^{(b) †}, Shin’ichi Nojiri^{(c) ‡}, Sergei D. Odintsov^{(b,d) §} and Sergio Zerbini^{(a) ¶}

(a) Dipartimento di Fisica, Università di Trento and Istituto Nazionale di Fisica Nucleare Gruppo Collegato di Trento, Italia

(b) Consejo Superior de Investigaciones Científicas (ICE/CSIC) and Institut d’Estudis Espacials de Catalunya (IEEC) Campus UAB, Fac Ciencies, Torre C5-Par-2a pl E-08193 Bellaterra (Barcelona) Spain

(c) Department of Applied Physics, National Defence Academy, Hashirimizu Yokosuka 239-8686, Japan

(d) ICREA, Barcelona, Spain and Institut d’Estudis Espacials de Catalunya (IEEC) Campus UAB, Fac Ciencies, Torre C5-Par-2a pl E-08193 Bellaterra (Barcelona) Spain

Abstract

Motivated by the dark energy issue, the one-loop quantization approach for a family of relativistic cosmological theories is discussed in some detail. Specifically, general f(R) gravity at the one-loop level in a de Sitter universe is investigated, extending a similar program developed for the case of pure Einstein gravity. Using generalized zeta regularization, the one-loop effective action is explicitly obtained off-shell, what allows to study in detail the possibility of (de)stabilization of the de Sitter background by quantum effects. The one-loop effective action maybe useful also for the study of constant curvature black hole nucleation rate and it provides the plausible way of resolving the cosmological constant problem.

∗cognola@science.unitn.it †elizalde@ieec.fcr.es ‡nojiri@nda.ac.jp, snojiri@yukawa.kyoto-u.ac.jp §odintsov@ieec.fcr.es, also at TSPU,Tomsk ¶zerbini@science.unitn.it

1 Introduction

Recent astrophysical data indicate that our universe is currently in a phase of accelerated expansion. One possible explanation for this fact is to postulate that gravity is being nowadays modified by some terms which grow when curvature decreases. This could be, for instance, an inverse curvature term [1] which might have its origin at a very fundamental level, as string/Mtheory[2] or the presence of higher dimensions[3], which seem able to explain such accelerated expansion. Gravity modified with inverse curvature terms is known to contain some instabilities [4] and cannot pass some solar system tests, but further modifications of the same which include higher derivative, curvature squared terms make it again viable [5]. (The Palatini formulation may also improve the situation, for recent discussion, see [6] and refs. therein).

Having in mind possible applications of modified gravity for the late time universe, the following question appears. If it so happens that Einstein gravity is only an approximate theory, looking at the early universe should this (effective) quantum gravity be different from the Einsteinian one? A widely discussed possibility in this direction is quantum R^2 gravity (for a review, see [7]). However, other modifications are welcome as well, because they sometimes produce extra terms which may help to realize the early time inflation. This is supported by the possibility of accelerated expansion with simple modified gravity. Thus, we will study here general f(R) gravity at the one-loop level in a de Sitter universe. A similar program for the case of pure Einstein gravity (recall that it is also multiplicatively non-renormalizable) has been initiated in refs. [8, 9, 10] (see also [11]). Using generalized zeta-functions regularization (see, for instance [12, 13]), one can get the one-loop effective action and then study the possibility of stabilization of the de Sitter background by quantum effects. Moreover, such approach hints also to a possible way of resolving the cosmological constant problem [10]. Hence, the study of one-loop f(R) gravity is a natural step to be undertaken for the completion of such a program, keeping always in mind, however, that a consistent quantum gravity theory is not available yet. But in any case, one should also not forget that, from our present knowledge, current gravity, which might indeed deviate from Einstein’s one, ought to have its origin in the Planck era and come from a more fundamental quantum gravity/string/M-Theory approach.

Let us briefly review the classical modified gravity theory which depends only on scalar curvature: I = 1 κ^2 ∫ d^4x √ −gf(R) . (1.1) Here κ^2 = 16πG and f(R) is, in principle, an arbitrary function. By introducing the auxiliary fields A and B, one may rewrite the action (1.1) as I = 1 κ^2 ∫ d^4x √ −g [B (R − A) + f(A)] . (1.2)

Using the equation of motion and deleting B one gets to the Jordan frame action. Using the conformal transformation g_{μν} → e^σ g_{μν} with σ = − ln f^′(A), we obtain the Einstein frame action (scalar-tensor gravity), as follows:

I_E = 1 κ^2 ∫ d^4x √ −g { R − 3 2 [ f^{′′}(A) f^′(A)

]_2 g^{ρσ}∂_ρA∂_σ A − A f^′(A) + f(A) f^′(A)^2 }

= 1 κ^2 ∫ d^4x √ −g [ R − 3 2 g^{ρσ}∂_ρσ∂_σσ − V (σ) ] , (1.3)

V (σ) = e^σg ( e^{−σ} ) − e^{2σ}f ( g ( e^{−σ} )) = A f^′(A) − f(A) f^′(A)^2

. (1.4)

Note that two such classical theories, in these frames, are mathematically equivalent. It is known that they are not equivalent however at the quantum level (off-shell), due to the use of different parametrizations. Even at the classical level, the physics they describe seems to be different. For instance, in the Einstein frame matter does not seem to freely fall along geodesics, what is a well established fact.

As an interesting and specific example of the general setting above, the following action corresponding to gravity modified at large distances may be considered [1, 14] I = 1 κ^2 ∫ d^4x √ −g ( R − μR^{−n} ) . (1.5)

Here μ is (an extremely small) coupling constant and n is some number, assumed to be n > −1. The function f(A) and the scalar field σ are f(A) = A − μA^{−n} , σ = − ln ( 1 + nμA^{−n−1} ) . (1.6)

The Friedman-Robertson-Walker (FRW) universe metric in the Einstein frame is chosen as

ds^2_E = −dt^2_E + a^2_E (t_E) 3∑ i=1 ( dx^i )_2

. (1.7)

If the curvature is small, the solution of equation of motion is [14] a_E ∼ t 3(n+1)2 (n+2)2 E , σ = n + 1 n + 2 ln t_E t_{E0} , t^2_{E0} ≡

(n+1)^2 (n+2)^2 ( 1 −^{3(n+1)2}

4(n+2)^2 ) 2 ( 1 +^1_n ) (nμ)^{1n+1}

. (1.8)

The FRW metric in the Jordan frame is

ds^2 = −dt^2 + a^2(t) 3∑ i=1 ( dx^i )_2

, (1.9)

where the variables in the Einstein frame and in the physical Jordan frame are related with each other by t = ∫ e^{σ2} dt_E , a = e^{σ2} a_E , (1.10)

which gives t ∼ t 1 n+2 E and

a ∼ t^{(n+1)(2n+1)} n+2 , w = − 6n^2 + 7n − 1 3(n + 1)(2n + 1)

. (1.11)

The first important consequence of the above Eq. (1.11) is that there is the possibility of accelerated expansion for some choices of n (a kind of effective quintessence). In fact, if n >^{−1+} √ 3 2 or −1 < n < −^1_2 , it follows that w < −^1_3 and^{d2a}_{dt2} > 0. This is the reason why such a theory [1] and some modifications thereof [5, 15, 16, 17, 18] have been indeed widely considered as candidates for gravitational dark energy models. The black holes and wormholes in such models have been also discussed [19, 20].

When −1 < n < −^1_2 , one arrives at w < −1, i.e. the universe is shrinking. If we replace the direction of time by changing t by −t, the universe is expanding but t should be considered to be negative so that the scale factor a ought to be real. Then there appears a singularity at t = 0, where the scale factor a diverges as a ∼ (−t)^{23(w+1)} . One may shift the origin of time by further changing −t with t_s − t. Hence, in the present universe, t should be less than t_s and a singularity is seen to appear at t = t_s (for a discussion of this point, see [5]):

a ∼ (t_s − t)^{23(w+1)} . (1.12)

That is the sort of Big Rip singularity. We should note that in the Einstein frame (1.7), the solution (1.8) gives w in the Einstein frame as

w_E = −1 +

2(n + 2)^2 9(n + 1)^2

> −1 . (1.13)

Therefore, in the Einstein frame, there is no singularity of the Big Rip type. In general, for the scalar field φ with potential U(φ) and canonical kinetic term, the energy density ρ and the pressure p are given by ρ = 1 2 φ̇^2 + U(φ) , p = 1 2 φ̇^2 − U(φ) . (1.14)

Therefore w is given by w = p ρ = −1 + φ̇^2 1 2φ̇^2 + U(φ)

, (1.15)

which is bigger than −1 if U(φ) > −^1_2φ̇^2. Therefore in order that the phantom with w < −1 is realized, one needs a non-canonical kinetic term or a negative potential. For the action (1.3), the sign of the kinetic term for the scalar field σ is the same as that in the canonical action. Therefore, in order to obtain a phantom in the Einstein frame, at least, we need V (σ) < 0 or Af^′(A) < f(A). For the case (1.5), if μ < 0, V can be negative. From (1.6), however, if the curvature R = A is small, σ becomes imaginary if n > 0, what indicates that the curvature cannot become so small. This is quite general. Let us assume that for a not very small curvature, f(R) could be given by the Einstein action, f(R) ∼ R; then, f^′(R) ∼ 1 > 0. On the other hand, if we also assume that when the curvature is small, f(R) behaves as f(R) ∼ μR^{−n} , where μ < 0 and n > 0, then f^′(R) < 0 for small R. Hence, f^′(R) should vanish for finite R, which tells us that σ diverges since σ = − ln f^′(A). Therefore R cannot become so small. Even in the case when 0 > n > −1, Eq. (1.8) tells us that t_{E0} and therefore σ becomes imaginary. Then a negative μ could be forbidden. At least the region where we have effective Einstein gravity does not seem to be continuously connected with the region where curvature is small for the case when a negative potential from modified gravity follows. Thus, classical modified gravity mainly supports the accelerated expansion.

The paper is organized as follows. In the next section the classical dynamics of f(R) gravity in de Sitter space is considered. Section three is devoted to the calculation of the one-loop effective action in f(R) gravity in de Sitter space. The explicit off-shell and on-shell effective action is found. The study of quantum-corrected de Sitter geometry for specific model of modified gravity is done in section four. It turns out that quantum gravity corrections shift the radius of de Sitter space trying to destabilize it. The calculation of the entropy for de Sitter space and constant curvature black holes is done in section five. Some remarks about black hole nucleation rate are done. The Discussion section gives some summary and outlook. In the Appendix A the black hole solutions with constant curvature are explicitly given for f(R) gravity. Appendix B is devoted to the details of the calculation of functional determinants for scalars, vectors and tensors in de Sitter space.

2 Modified gravity models

Recall that the general relativistic theory we are interested in is described by the action I = 1 16πG ∫ d^4x √ −gf(R) , (2.1) f being a function of scalar curvature only.

We have many possible simple choices for the Lagrangian density f(R). Here we consider the following three examples:

f(R) = R + pR^2 − 2Λ , (2.2)

that is Einstein’s gravity with quadratic corrections; f(R) = R − μ_1 R , μ_1 > 0 , (2.3)

the model proposed in Ref. [1] and its trivial generalization f(R) = R − μ_1 R − μ_2 . (2.4)

Here we shall be interested in models which admit solutions with constant 4-dimensional curvature R = R_0, an example being the one of de Sitter. The general equations of motion for the model described by Eq. (2.1) are (see, for example, [21]) f^′(R)R_{μν} − 1 2 f(R)g_{μν} + ( ∇_μ∇_ν − g_{μν} ∇^2 ) f^′(R) = 0 , (2.5)

f^′(R) being the derivative of f(R) with respect to R. If we now require the existence of solutions with constant scalar curvature R = R_0, we arrive at

f^′(R_0)R_{μν} = f(R_0) 2 g_{μν} . (2.6)

Taking the trace, we have the condition [21]

2f(R_0) = R_0 f^′(R_0) (2.7)

and this means that the solutions are Einstein’s spaces, namely they have to satisfy the equation R_{μν} = f(R_0) 2f^′(R_0) g_{μν} = R_0 4 g_{μν} , (2.8)

R_0 being a solution of Eq. (2.7). This gives rise to the effective cosmological constant:

Λ_{ef f} = f(R_0) 2f^′(R_0) = R_0 4 . (2.9)

For the model defined by Eqs. (2.2) and (2.3) we have, respectively,

R_0 = 4Λ , Λ_{ef f} = Λ , (2.10)

R^2_0 = 3μ_1 , Λ_{ef f} = ± √ 3μ_1 . (2.11)

It is clear that this class of constant curvature solutions contains the 4-dimensional black hole solutions in the presence of a non vanishing cosmological constant, like the Schwarzschild-(anti)de Sitter solutions and all the topological solutions associated with a negative Λ_{ef f} . In particular, with Λ_{ef f} > 0, there exist the de Sitter and Nariai solutions, while for Λ_{ef f} < 0 there exists the anti de Sitter solution. For the sake of completeness, in Appendix A we shall review all of them.

3 Quantum field fluctuations around the maximally symmetric instantons

In this Section we will discuss the one-loop quantization of the model on the a maximally symmetric space. Of course this should be considered only an effective approach (see, for instance [7]). To start, we recall that the action describing a generalized Euclidean gravitational theory is I_E[g] = − 1 16πG ∫ d^4x √ g f(R) , (3.1)

where the generic function f(R) satisfies –on shell– the condition

f^′(R_0) =

2f(R_0) R_0

, (3.2)

which ensures (as we have seen) the existence of constant curvature solutions. In particular, we are interested in instantons with constant scalar curvature R_0, being also maximally symmetric spaces, namely having covariant conserved curvature tensors. An example is the S(4) de Sitter instanton. For maximally symmetric space, we have

R^{(0)}_{ijrs} =

R_0 12 ( g^{(0)}_{ir} g^{(0)}_{js} − g^{(0)}_{is} g^{(0)}_{jr} ) , R^{(0)}_{ij} =

R_0 4 g^{(0)}_{ij} , R = R_0 = 12 a^2

. (3.3)

Another symmetric background is H(4), associated with a negative cosmological constant. For the S(2) × S(2) instanton, the consideration we are going to extract are not valid, because it is not a maximally symmetric space and Eq. (3.3), which we shall use several times from now on, does not hold true. In that case, one should make use of the techniques described in refs. [22, 23]. To start with, let us consider small fluctuations around the maximally symmetric instanton

g_{ij} = g^{(0)}_{ij} + h_{ij} , g^{ij} = g^{(0)ij} − h^{ij} + h^{ik} h^j_k + O(h^3) , h = g^{(0)ij}h_{ij} . (3.4)

As usual, indices are lowered and raised by the metric g^{(0)}_{ij} . Up to second order in h_{ij} , one has √ g √ g^{(0)}

= 1 + 1 2 h + 1 8 h^2 − 1 4 h_{ij} h^{ij} + O(h^3) (3.5) and R ∼ R_0 − R_0 4 h + ∇_i∇_j h^{ij} − Δ h + R_0 4 h^{jk} h_{jk} − 1 4 ∇_ih∇^ih − 1 4 ∇_k h_{ij} ∇^kh^{ij} + ∇_ih^i_k ∇_j h^{jk} − 1 2 ∇_j h_{ik}∇^ih^{jk} , (3.6)

where ∇_k represents the covariant derivative in the unperturbed metric g^{(0)}_{ij} .

By performing a Taylor expansion of f(R) around R_0, again up to second order in h_{ij} , we get S_E[g] = − 1 16πG ∫ d^4x √ −g^{(0)} [ f_0 + 1 4 (2f_0 − R_0f^′_0) h + L_2 ] , (3.7)

where, up to total derivatives,

L_2 = 1 2 f^{′′}_0 h_{ij} ∇_i∇_j ∇_r∇_s h_{rs} + 1 12 h_{ij} [ 3f^′_0Δ − 3f_0 + R_0f^′_0 ] h_{ij} − 1 2 f^′_0 h_{ij} ∇_i∇_k h_{jk} − 1 4 h [ +4f^{′′}_0 Δ − 2f^′_0 + R_0f^{′′}_0 ] ∇_i∇_j h_{ij} + 1 96 h [ 48f^{′′}_0 Δ^2 − 24 ( f^′_0 − R_0f^{′′}_0 ) Δ + 12f_0 − 8R_0f^′_0 + 3R^2_0f^{′′}_0 ] h . (3.8)

For the sake of simplicity, we have used the notation f_0 = f(R_0), f^′_0 = f^′(R_0) and f^{′′}_0 = f^{′′}(R_0), and in what follows we will set X ≡^1_4 (2f_0 − R_0f^′_0) (deviation from the on-shell condition).

It is convenient to carry out the standard expansion of the tensor field h_{ij} in irreducible components [10], namely

h_{ij} = ĥ_{ij} + ∇_iξ_j + ∇_j ξ_i + ∇_i∇_j σ + 1 4 g_{ij} (h − Δ_0σ) , (3.9)

where σ is the scalar component, while ξ_i and ĥ_{ij} are the vector and tensor components with the properties

∇_iξ_i = 0 , ∇_iĥ_{ij} = 0 , ĥ_{ii} = 0 . (3.10)

In terms of the irreducible components of the h_{ij} field, the Lagrangian density, again disregarding total derivatives, becomes

L_2 = 1 12 ĥ^{ij} (3f^′_0Δ_2 − 3f_0 + R_0f^′_0 ) ĥ_{ij} + 1 16 (2f_0 − R_0f^′_0) ξ^i (4Δ_1 + R_0) ξ_i + 1 32 h [ 9f^{′′}_0 Δ^2_0 − 3(f^′_0 − 2R_0f^{′′}_0 ) Δ + 2f_0 − 2R_0f^′_0 + R^2_0f^{′′}_0 ] h + 1 32 σ [ 9f^{′′}_0 Δ^4_0 − 3(f^′_0 − 2R_0f^{′′}_0 ) Δ^3_0

−(6f_0 − 2R_0f^′_0 − R^2_0f^{′′}_0 ) Δ^2_0 − R_0(2f_0 − R_0f^′_0 ) Δ_0 ] σ 1 16 h [ −9f^{′′}_0 Δ^3_0 + 3(f^′_0 − 2R_0f^{′′}_0 ) Δ^2_0 + R_0(f^′_0 − R_0f^{′′}_0 ) Δ_0 ] σ , (3.11) where Δ_0, Δ_1 and Δ_2 are the Laplace-Beltrami operators acting on scalars, traceless-transverse vector and traceless-transverse tensor fields respectively. The latter expression is valid off-shell. In obtaining such expression, due to the huge number of terms appearing in the computation, we have used a program for symbolic tensor manipulations.

As it is well known, invariance under diffeormorphisms renders the operator in the (h, σ) sector not invertible. One needs a gauge fixing term and a corresponding ghost compensating term. We consider the class of gauge condition, parametrized by the real parameter ρ,

χ_k = ∇_j h_{jk} −

1 + ρ 4 ∇_k h , the harmonic or de Donder one corresponding to the choice ρ = 1. As gauge fixing, we choose the quite general term [7] L_{gf} = 1 2 χ^i G_{ij} χ^j , G_{ij} = α g_{ij} + β g_{ij} Δ , (3.12)

where the term proportional to α is the one normally used in Einstein’s gravity. The corresponding ghost Lagrangian reads [7] L_{gh} = B^i G_{ik} δ χ^k δ ε^j C^j , (3.13)

where C_k and B_k are the ghost and anti-ghost vector fields, respectively, while δ χ^k is the variation of the gauge condition due to an infinitesimal gauge transformation of the field. It reads

δ h_{ij} = ∇_iε_j + ∇_j ε_i =⇒ δ χ^i δ ε^j = g_{ij} Δ + R_{ij} + 1 − ρ 2 ∇_i∇_j . (3.14)

Neglecting total derivatives, one has

L_{gh} = B^i (α H_{ij} + β Δ H_{ij} ) C^j , (3.15)

where we have set H_{ij} = g_{ij} ( Δ + R_0 4 ) + 1 − ρ 2 ∇_i∇_j . (3.16)

In irreducible components, one obtains L_{gf} = α 2 [ ξ^k ( Δ_1 +

R_0 4 )_2

ξ_k + 3ρ 8 h ( Δ_0 +

R_0 3 ) Δ_0 σ − ρ^2 16 h Δ_0 h − 9 16 σ ( Δ_0 +

R_0 3 )_2 Δ_0 σ ]

+ β 2 [ ξ^k ( Δ_1 +

R_0 4 )_2

Δ_1ξ_k + 3ρ 8 h ( Δ_0 + R 4 ) ( Δ_0 + R 3 ) Δ_0σ − ρ^2 16 h ( Δ_0 +

R_0 4 ) Δ_0h − 9 16 σ ( Δ_0 +

R_0 4 ) ( Δ_0 +

R_0 3 )_2 Δ_0σ ] , (3.17)

L_{gh} = α { B̂^i ( Δ_1 +

R_0 4 ) Ĉ^j + ρ − 3 2 b ( Δ_0 −

R_0 ρ − 3 ) Δ_0c }

+β { B̂^i ( Δ_1 +

R_0 4 ) Δ_1 Ĉ^j + ρ − 3 2 b ( Δ_0 +

R_0 4 ) ( Δ_0 −

R_0 ρ − 3 ) Δ_0c } , (3.18)

where ghost irreducible components are defined by

C_k = Ĉ_k + ∇_kc , ∇_kĈ^k = 0 , B_k = B̂_k + ∇_kb , ∇_kB̂^k = 0 . (3.19) In order to compute the one-loop contributions to the effective action one has to consider the path integral for the bilinear part

L = L_2 + L_{gf} + L_{gh} (3.20) of the total Lagrangian and take into account the Jacobian due to the change of variables with respect to the original ones. In this way, one gets [10, 7]

Z^{(1)} = (det G_{ij} )^{−1/2} ∫ D[h_{ij} ]D[C_k]D[B^k] exp ( − ∫ d^4x √ g L )

= (det G_{ij} )^{−1/2} det J^{−1}_1 det J^{1/2}_2 × ∫ D[h]D[ĥ_{ij}]D[ξ^j ]D[σ]D[Ĉ_k]D[B̂^k]D[c]D[b] exp ( − ∫ d^4x √ g L ) , (3.21)

where J_1 and J_2 are the Jacobians due to the change of variables in the ghost and tensor sectors respectively [10]. They read

J_1 = Δ_0 , J_2 = ( Δ_1 +

R_0 4 ) ( Δ_0 +

R_0 3 ) Δ_0 , (3.22)

and the determinant of the operator G_{ij} , acting on vectors, can be written as

det G_{ij} = const det ( Δ_1 + α β ) det ( Δ_0 +

R_0 4 + α β ) , (3.23)

while it is trivial in the case β = 0.

Now, a straightforward computation leads to the following off-shell one-loop contribution to the “partition function”

e^{−Γ(1)} ≡ Z^{(1)} = det [ Δ_1 +

R_0 4 ] × det [ βΔ_1 + α ]_{1/2}

× det [ (ρ − 3)Δ_0 − R_0 ] × det [ β ( Δ_0 +

R_0 4 ) + α ]_{1/2}

× det [( Δ_2 −

R_0 6 ) − X 2f_0 ( Δ_2 +

R_0 3 )]_{−1/2}

× det [ 2(α + βΔ_1) ( Δ_1 +

R_0 4 ) + X ]_{−1/2}

× det {[ f^{′′}_0 ( Δ_0 +

R_0 3 ) − 2f_0 3R_0 ] [ β ( Δ_0 +

R_0 4 ) + α ] [ (ρ − 3)Δ_0 − R_0

]_2

+XC_1 + X^2C_2 }_{−1/2} , (3.24) where Γ^{(1)} is the one-loop contribution to the partition function and C_1 and C_2 are operators, which read

C_1 = −

2 f R_0 3 + 2 α R^2_0 3 + β R^3_0 6 + f^{′′}_0 R^3_0 3 + ( − 4 f 3 + 3 α R_0 +

17 β R^2_0 12 + 5 f^{′′}_0 R^2_0 3 − 2 α R_0 ρ 3 − β R^2_0 ρ 6 − α R_0 ρ^2 3 − β R^2_0 ρ^2 12 ) Δ_0 + ( 3 α +

15 β R_0 4 + 2 f^{′′}_0 R_0 − 2 α ρ −

7 β R_0 ρ 6 + α ρ^2 3 − β R_0 ρ^2 4 ) Δ^2_0 + β 3 (ρ − 3)^2Δ^3_0 ,

C_2 = 2 3 (Δ_0 + R_0) . (3.25)

Equation (3.24) reduces to the corresponding one in Ref. [10], when f^{′′} = 0 (Einstein’s gravity with a cosmological constant). For another approach to the same problem see Ref .[24].

In the derivation of (3.24), it is understood that the functional determinants has been regularized by means of zeta function regularization (see, for example [12, 13]). However, we should remind that within the zeta function regularization, it is no longer true that

det AB = det A det B , (3.26)

where A and B are two (elliptic) operators. In fact, in general, one has

det AB = e^{a(A,B)} det A det B , (3.27)

where a(A, B) is a local functional called multiplicative anomaly (see, for example, [25, 26]). As a consequence, in the above manipulations, we have assumed the multiplicative anomaly to be trivial, namely a(A, B) = 0. This is justified since here we are limiting ourselves to the one-loop approximation, and in such a case, a non-trivial multiplicative anomaly, which is a local functional of the fields, may be absorbed into the renormalization ambiguity [27].

Furthermore, another delicate point should be mentioned. The Euclidean gravitational action, due to the presence of R, is not bounded from below, since arbitrary negative contributions can be induced on R, by conformal rescaling of the metric. For this reason, we have also used the Hawking prescription of integrating over imaginary scalar fields. Furthermore, the problem of the presence of additional zero modes introduced by the decomposition (3.9) can be treated making use of the method presented in Ref. [10].

As one can easily verify, in the limit X → 0 (on-shell condition), Eq. (3.24) does not depend on the gauge parameters and reduces to Γ_{on−shell} = I_E(g_0) + Γ^{(1)}_{on−shell} = 24πf_0 GR^2_0 + 1 2 ln det [ ℓ^2 ( −Δ_2 +

R_0 6 )]

− 1 2 ln det [ ℓ^2 ( −Δ_1 −

R_0 4 )]

+ 1 2 ln det [ ℓ^2 ( −Δ_0 −

R_0 3 + 2f_0 3R_0f^{′′}_0 )] . (3.28)

As usual, an arbitrary renormalization parameter ℓ^2 has been introduced for dimensional reasons. When f^{′′}_0 = 0, namely in the case of Einstein’s gravity with a cosmological constant, f(R) = R − 2Λ, one obtains the well known result [8, 9, 10] Γ_{on−shell} = I_E(g_0) + Γ^{(1)}_{on−shell} = 12π GR_0 + 1 2 ln det [ ℓ^2 ( −Δ_2 +

R_0 6 )]

− 1 2 ln det [ ℓ^2 ( −Δ_1 −

R_0 4 )] . (3.29)

In order to simplify the off-shell computation, we choose the gauge parameters ρ = 1, β = 0 and α = ∞ ( Landau gauge). Thus, we obtain Γ = 24π GR^2_0 f_0 + 1 2 ln det ( −Δ_2 −

R_0 6 X + 2f_0 X − 2f_0 )

− 1 2 ln det ( −Δ_1 −

R_0 4 ) − 1 2 ln det ( −Δ_0 −

R_0 2 )

+ 1 2 ln det {( −Δ_0 −

5R_0 12 − X − 2f_0 6R_0f^{′′}_0

)_2

− [( 5R_0 12 + X − 2f_0 6R_0f^{′′}_0

)_2 − R^2_0 6 − X − f_0 3f^{′′}_0 ]} . (3.30)

Recall now that the functional determinant of a differential operator A can be defined in terms of its zeta function by means of (see for example [12, 13]) ζ(s|A) = ∑ λ^{−s}_n , Re s > D 2 , (3.31)

ln det(ℓ^2A) = −ζ^′(0|ℓ^2A) = −ζ^′(0|A) + ln ℓ^2ζ(0|A) , (3.32)

where the prime indicates derivation with respect to s. Looking at Eq. (3.30), we see that the one-loop effective action can be written in terms of the derivative of zeta functions corresponding to Laplace-like operators acting on scalar, vector and tensor fields on a 4-dimensional de Sitter space. In all such cases, the eigenvalues of the Laplace operator are explicitly known and the zeta-functions can be computed directly using Eq. (3.31). For the reader’s convenience, we have reported in the Appendix B all the details of the method used in the explicit computation for the example that will follow.

Finally, equations (3.30), (3.32) and (B.29), (B.35), and (B.38) in Appendix B lead to the off-shell one-loop effective action

Γ =^{24π}_{GR20} f_0 −^1_2 Q_2(α_2) +^1_2 Q_1(α_1) +^1_2 Q_0(α_0) −^1_2 Q_0(α_+) −^1_2 Q_0(α_−) , (3.33)

where (see App. B)

α_2 = 17 4 + q_2 , q_2 = 2

X + 2f_0 X − 2f_0 , (3.34)

α_1 = 13 4 + q_1 = 25 4 , q_1 = 3 , (3.35)

α_0 = 9 4 + q_0 = 33 4 , q_0 = 6 , (3.36) α_± = 9 4 + q_± , q_± = 5 + 2 X − 2f_0 R^2_0f^{′′}_0 ± √( 5 + 2 X − 2f_0 R^2_0f^{′′}_0

)_2 − 24 ( 1 + 2 X − f_0 R^2_0f^{′′}_0 ) . (3.37)

Now, we would like to present the explicit example for the model described by Eq. (2.4). First of all we consider the simplest case in the class of models defined by Eq. (2.4), thus f(R) = R − μ_1 R − μ_2 , X = R_0 − 3 μ_1 R_0

− 2μ_2 (3.38)

We may eliminate X and get

α_2 =

57μ_1 + R_0(32μ_2 − 7R_0) 4(μ_1 + R^2_0)

, (3.39)

α_± = 33 4 + R^2_0 μ_1 ± 1 μ_1 √ R^4_0 − 36μ^2_1 + 12μ_1R_0(R_0 − 2μ_2) . (3.40)

Hence, the one-loop effective action in f(R) gravity in de Sitter space is found.

In the next section the above effective action will be applied to study the back-reaction of f(R) gravity to background geometry. However, several important remarks are in order. As usually, any perturbative calculation of the effective action in quantum gravity is gauge dependent. The way to resolve such a problem is well-known: to use the gauge-fixing independent effective action (for a review, see [7]). More serious problem is related with the fact that quantum gravity under investigation is not renormalizable. Then, generally speaking, higher order corrections are of the same order as one-loop ones (the same is applied to all previous quantum considerations of Einstein gravity). As a result all one-loop conclusions are highly questionable as they maybe spoiled by higher loops effects. In this respect, the results of our work are definitely useful in the following sense. One can expect that perturbatively renormalizable gravity maybe constructed for some version of f(R) gravity. (So far only higher derivative gravity is known to be renormalizable). In this case, our work gives necessary background for one-loop quantization of such theory. From another side, to get the meaningful results with non-renormalizable quantum gravity one may apply the exact renormalization group scheme. In such a case, higher loop effects are not important. Our work maybe considered also as necessary and important step in this direction. Indeed, it is technically clear how to construct the exact RG equations for f(R) gravity using results of this section in the analogy with Einstein gravity [31].

4 Quantum-corrected de Sitter cosmology

Let us consider the role of quantum effects to the background cosmology. So far, such study has been done for Einstein or higher derivatives gravity only. In order to see the difference with such models, we take the example of modified gravity with the action f(R) = R − μ_1 R . (4.1)

It is interesting to investigate the region where curvature is not very big, as otherwise the classical theory is effectively reduced to Einstein’s gravity. Moreover, if curvature is small one can neglect the powers of curvature in the one-loop effective action supposing that logarithmic terms give the dominant contribution. The parameter μ_1 is chosen to be very small in order to avoid conflicts with Newton’s law. As a result, one obtains

Γ(R_0) = 24π GR^2_0 ( R_0 − μ_1 R_0 ) + ( α + β μ_1 + R^2_0 ) ln ( l^2R_0 12 ) . (4.2)

Here α and β are constants. It is assumed that the curvature is constant, R = R_0. Let us find the minimum of Γ with respect to R_0. One can write Γ^′ (R_0) as

Γ^′ (R_0) = F (R_0) − G (R_0) ,

F (R_0) ≡ 24π GR^2_0 ( −1 +

3μ_1 R^2_0 ) , G (R_0) ≡ 2βR_0 ( μ_1 + R^2_0

)_2 ln ( l^2R_0 12 ) − 1 R_0 ( α + β μ + R^2_0 ) . (4.3)

When

R_0 = R_c ≡ √ 3μ_1 , (4.4)

F (R_0) = 0, which corresponds to the classical solution. When R_0 ∼ 0, F (R_0) behaves as F (R_0) ∼^{72πμ1}_{GR40} , and when R_0 → +∞, F (R_0) → −^{24π}_{GR20} . Since

F^′ (R_0) = 48π GR^3_0 ( 1 − 6μ_1 R^2_0 ) , (4.5)

there is a minimum for F (R_0) when R_0 = √ 6μ_1 > R_c. On the other hand, if α ≠ 0, G(R_0) behaves as

G(R_0) → − 1 R_0 ( α + β μ_1 ) , (4.6)

when R_0 → 0 and

G(R_0) → − α R_0

, (4.7)

when R_0 → +∞. Hence for R_0 > 0, if α < 0, Γ^′(R_0) > 0 when R_0 → +0 and Γ^′(R_0) < 0 when R_0 → +∞. Therefore, there is a solution which satisfies Γ^′(R_0) = 0 if α < 0. When α > 0, the existence of the solution depends on the details of the parameters.

In case α = 0, when R_0 → 0, G(R_0) behaves as

G(R_0) → − β μ_1R_0

, (4.8)

and when R_0 → +∞, we find

G(R_0) → 2β R^3_0 ln ( l^2R_0 12 ) . (4.9)

When R_0 > 0, if β > 0, Γ^′(R_0) > 0 when R_0 → +0 and Γ^′(R_0) < 0 when R_0 → +∞. Hence even if α = 0, when β > 0, there is a solution for equation Γ^′(R_0) = 0. When β < 0, the existence of the solution depends on the details of the parameters again. Thus, there could be a positive non-trivial solution for R_0, which describes the quantum-corrected de Sitter space. One may play with the parameters of the theory under consideration in such a way that the quantum-corrected de Sitter space can provide a solution to the cosmological constant problem. The above results indicate that the classical de Sitter solution (4.4) can survive when one takes into account the quantum corrections. A similar consideration can be done for any specific f(R) gravity.

Let us demonstrate that indeed with some fine-tuning the obtained effective action maybe used to resolve the cosmological constant problem. One can present (3.33) corresponding to (4.1) as Γ = 24π GR^2_0 ( R_0 − μ_1 R_0 ) + Q ( l^2; R_0, μ_1 ) . (4.10)

In general Q ( l^2; R_0, μ_1 ) has a structure as Q ( l^2; R_0, μ_1 ) = Q_0 ( R^2_0 μ_1 ) ln l^2R_0 12 + Q_1 ( R^2_0 μ_1 ) . (4.11)

By the condition that Γ takes a minimum value with the variation over R_0, we obtain 0 = ∂Γ ∂R_0 = 24π G ( − 1 R^2_0 + 3μ_1 R^4_0 ) + ∂Q ( l^2; R_0, μ_1 ) ∂R_0 . (4.12)

The convenient choice between the parameters is ( 12 l^2

)_2

= c^2_0μ_1 . (4.13)

Here c_0 is a constant which could be determined later. Then Q has the following form: Q = Q ( R^2_0 μ_1 ) = Q_0 ( R^2_0 μ_1 ) ln 1 c_0 √ R^2_0 μ_1 + Q_1 ( R^2_0 μ_1 ) . (4.14)

We now consider the possibility that the vanishing cosmological constant could be obtained by (fine-) tuning the parameters. The corresponding condition that the vacuum energy, or cosmological constant, vanishes requires

Γ = 0 , (4.15)

which may be solved with respect to μ_1 as μ_1 = μ_1 (R_0), what gives 0 = ∂Γ ∂R_0 + dμ_1 dR_0 ∂Γ ∂μ_0 . (4.16)

By combining (4.12) and (4.16) with (4.14), one gets 0 = ∂Γ ∂μ_0 = 24π GR^3_0 − R^2_0 μ^2_1 Q^′ ( R^2_0 μ_1 ) , (4.17)

which gives Q^′ ( R^2_0 μ_1 ) = − 24πμ^2_1 GR^5_0

. (4.18)

Then by using (4.12), (4.14), and (4.18), it follows 0 = 24π G ( − 1 R^2_0 + 3μ_1 R^4_0 ) + 2R_0 μ_1 Q^′ ( R^2_0 μ_1 ) = 24π G ( − 1 R^2_0 + μ_1 R^4_0 ) . (4.19)

Hence,

R^2_0 = μ_1 . (4.20)

By using (4.10), (4.14), and (4.20), we find

Q(1) = 0 . (4.21)

Then Eq.(4.14) shows that

c_0 = e^{− Q1 (1)Q}0^{(1)} . (4.22)

Therefore, including the quantum corrections and (fine-)tuning the theory parameters, we may obtain the solution expressing the vanishing (effective) cosmological constant. Of course, such solution of cosmological constant problem is one-loop, and in higher orders better fine-tuning maybe required.

The effective action (4.2) has been evaluated in the Euclidean signature, in which case we should recall that the 4d de Sitter space with positive constant curvature R_0 becomes a sphere of radius a = √ 12 R_0

. (4.23)

The volume (area) of the sphere V is V = 8π^2a^4 3 = 384π^2 R^2_0

. (4.24)

Identifying ∫ d^4x √ g ∼ V = 384π^2R^2_0, one may reasonably assume the local effective Lagrangian corresponding to (4.2) to be Γ = 1 384π^2 ∫ √ gL_{eff} (R) , (4.25)

L_{eff} (R) = 24π G ( R − μ_1 R ) + R^2 ( α + β μ_1 + R^2 ) ln ( l^2R 12 ) . The effective equation of motion is 0 = 1 2 g_{μν} L_{eff} (R) − R_{μν} L^′_{eff} (R) + ∇_μ∇_ν L^′_{eff} (R) − g_{μν} ∇^2L^′_{eff} (R) , (4.26)

with the curvature being covariantly constant, ∇_ρR_{μν} = 0, Eq. (4.26) reduces to Γ^′(R_0) = 0 in (4.3). Supposing the FRW metric with flat 3-dimensional part,

ds^2 = −dt^2 + e^{2a(t)} ∑ i=1,2,3 ( dx^i )_2

, (4.27) the (t, t)-component of (4.26) has the following form

0 = − 1 2 L_{eff} ( 6Ḣ + 12H^2 ) + 3 ( Ḣ + H^2 ) L^′_{eff} ( 6Ḣ + 12H^2 )

−3H d dt ( L^′_{eff} ( 6Ḣ + 12H^2 )) . (4.28)

The Hubble parameter H is defined by H ≡^ȧ , as usual. We now split L_{eff} (R) = L_c(R) + L_q(R), with L_c(R) ≡ 24π G ( R^3 4μ_1 − R 2 + 5μ_1 4R ) , L_q(R) ≡ R^2 ( α + β μ_1 + R^2 ) ln ( l^2R 12 ) . (4.29)

Let us assume that L_q(R) are much smaller than L_c(R) and consider the perturbation from the classical solution in (4.4), by putting H = h_c + δh , h_c ≡ √ R_c 12 = √√ 3μ_1 12 , (4.30) or R = R_c + δR , δR ≡ 6δḣ + 24h_cδh . (4.31)

Note that L_c(R) contains the quantum correction. From (4.28) it follows that

0 = −18h_cL^{′′}_{c0}δḧ − 54h^2_c L^{′′}_{c0}δḣ + ( −6h_cL^′_{c0} + 72h^3_c L^{′′}_{c0} ) δh − 1 2 L_{q0} + 3h^2_0L^′_{q0} = 24π Gh_c δḧ + 72π G δḣ − 288πh_c G δh +24h^2_c ( α − β 768μ_1 ) ln ( l^3h^2_c ) + 12h^2_c ( α + β 192μ_1 )

= 24π Gh_c [ δḧ + 3h_cδḣ − 12h^2_c δh − Gh_c 2π { 2 ( α − β 768μ_1 ) ln ( l^3h^2_c ) + ( α + β 192μ_1 )}] . (4.32)

Here L^′_{c0} = L^′_c (R_0) and L^{′′}_{c0} = L^{′′}_c (R_0). Then the solution is

δh = h_1 + A_+e^{α+ t} + A_−e^{β−t} , (4.33)

with

h_1 = Gh_c 24π { 2 ( α − β 768μ_1 ) ln ( l^3h^2_c ) + ( α + β 192μ_1 )} , A_± ≡ 1 2 ( −3 ± √ 57 ) h_c . (4.34)

Since A_+ > 0, the de Sitter solution becomes unstable under the perturbation.

Thus, for a specific modified gravity model we have demonstrated that the quantum gravity correction shifts the radius of the de Sitter space trying to destabilize the de Sitter phase. This may find interesting applications in the study of the issue of the exit from inflation or in the study of the decay of the dark energy phase.

5 Black hole nucleation rate

We have remarked (see Appendix A) that within the modified gravitational models we are dealing with, there is room for black hole solutions, formally equivalent to black hole solutions of the Einstein theory with a non vanishing cosmological constant. As in the Einstein case, one is confronted with the black hole nucleation problem [22]. We review here the discussion reported in refs. [22, 23].

To begin with, we recall that we shall deal with a tunneling process in quantum gravity. On general backgrounds, this process is mediated by the associated gravitational instantons, namely stationary solutions of Euclidean gravitational action, which dominate the path integral of Euclidean quantum gravity. It is a well known fact that as soon as an imaginary part appears in the one-loop partition function, one has a metastable thermal state and thus a non vanishing decay rate. Tipically, this imaginary part comes from the existence of a negative mode in the one-loop functional determinant. Here, the semiclassical and one-loop approximations are the only techniques at disposal, even though one should bear in mind their limitations as well as their merits.

Let us consider a general model described by f(R) with Λ_{ef f} > 0. Thus, we may have de Sitter and Nariai Euclidean instantons. Making use of the instanton approach, we have for the Euclidean partition function

Z ≃ Z(S_4) + Z(S_2 × S_2) = Z^{(1)}(S_4)e^{−I(S4 )} + Z^{(1)}(S_2 × S_2)e^{−I(S2 ×S2 )} , (5.1)

where I is the classical action and Z^{(1)} the quantum correction, typically a ratio of functional determinants. The classical action can be easily evaluated and reads

I(S_4) = −

24f_0 GR^2_0

, I(S_2 × S_2) = −

16f_0 GR^2_0

. (5.2)

At this point, we make a brief disgression regarding the entropy of the above black hole solutions. To this aim, we follow the arguments reported in Ref. [19]. If one make use of the Noether charge method for evaluating the entropy associated with black hole solutions with constant curvature in modified gravity models, one has S = A_H 4G f^′(R_0) . (5.3)

As a consequence, in general, one obtains a modification of the “Area Law”. For stable models like (2.2) with p > 0 (see below), one has f^′_0 = 1 + 8pΛ. For the model (2.3), f^′_0 =^4_3 , and thus [19], S = A_H 3G . (5.4)

In the above equations, A_H = 4πr^2_H, r_H being the radius of the event horizon or cosmological horizon related to a black hole solution. This turns out to be model dependent. It is interesting to note that for unstable modified gravity (with negative first derivative of f) the entropy may be negative!

We are interested in the case of de Sitter space, and we have

A_H = 12π Λ_{ef f} = 48π R_0

. (5.5)

Thus, for the de Sitter solution,

S(S_4) = 12π GR_0 f^′(R_0) (5.6)

and if we take into account the Eq. (2.7), one gets

S(S_4) = −I(S_4) . (5.7) With the help of the one-loop effective action one can calculate quantum correction for classical entropy.

We may introduce the free energy F = −^S_β , where β = 2π

√_{12}

R_0 is the inverse of the Hawking

temperature for the de Sitter space. As a consequence, we have [23]

Z ≃ Z^{(1)}(S_4)e^{−βF̂} , (5.8) where

F̂ = F (S_4) − Z((S^2 × S^2) βZ(S_4)

. (5.9)

The rate of quasiclassical decay in the de Sitter space is present as soon as F̂ has a non vanishing imaginary part and it is given by N = 2 Im F̂ . When f(R) = R − 2Λ, the Einstein case, it turns out that Z((S_2 × S_2) has an imaginary part but Z(S_4) is real. As a result, in the Einstein case, the nucleation rate is [22, 23] N = −2 Im Z((S_2 × S_2)) βZ(S_4)

. (5.10)

Within our generalized models, the dynamics of the gravitational field is different. In fact, also in the de Sitter case, due to the presence of an additional term in the on-shell one-loop effective action related to the operator L_0, see Eq. (3.28), there exists the possibility of negative modes. In fact, from Appendix B, one has

λ_n(L_0) =

R_0 12 ( n^2 + 3n − 4 +

4f^′_0 R_0f^{′′}_0 ) , (5.11)

where n = 0, 1, 2, 3, ... It is clear that we have negative modes as soon as

4f^′_0 R_0f^{′′}_0

< 0 . (5.12)

For example, for the model f(R) = R − μ R^n , (5.13)

the quantity (5.12) is always negative and one obtains, at least, two negatives modes.

For the model

f(R) = R + pR^2 − 2Λ , (5.14) there are no negative modes as soon as p > 0, in agreement with the classical stability observed in ref. [21]. For p < 0, one has only a negative mode when p < − 1 8Λ . (5.15)

Thus, in general, within these specific modified gravitational models, de Sitter space is unstable due to quantum corrections.

6 Discussion

In summary, we have here calculated the one-loop effective action for general f(R) gravity in the de Sitter space. Generalized zeta regularization has been used to obtain a finite answer for the functional determinants in the effective action, what has proven to be a very convenient procedure. The important lesson to be drawn from this calculation, generalizing the previous program for one-loop Einstein gravity in the de Sitter background, is that quantum corrections tend to destabilize the classical de Sitter universe. The constant curvature black hole nucleation rate can be discussed within our scheme. Note that, typically, f(R) models may contain (depending of course on the explicit form of f) more negative modes, aside from the Einstein one.

Another lesson we have learned is that the inverse powers of the curvature (which are important at current epoch) do not arise from the perturbative quantum corrections, as has been explicitly demonstrated here. Some remarks about black holes and associated entropy in modified gravity have been also made.

There are several directions in which our results can be extended and applied. First of all, one can repeat the whole calculation of the functional determinants for the case of Anti-de Sitter space. Then, the one-loop effective action found in the third section can be given also for the Anti-de Sitter universe. In relation with the AdS/CFT correspondence, our approach can be very interesting for the study of the (de)stabilization of such a universe against quantum corrections. On the other hand, it can be also important in the search for the solution of the cosmological constant problem within hyperbolic backgrounds in the large distance limit [30], what will be discussed elsewhere. Second, having in mind the current interest on gauged supergravities in de Sitter space, one can try to formulate the theory of f(R) gauged supergravity and to study the relevance of quantum effects for such theories.

Acknowledgments

We would like to thank L. Vanzo for useful discussions. Support from the program INFN(Italy)- CICYT(Spain), from DGICYT (Spain), project BFM2003-00620 and SEEU grant PR2004-0126 (EE), is gratefully acknowledged.

A Black hole solutions in modified gravity

Here we revisit the class of general static neutral black hole solutions in four dimensions and non vanishing cosmological constant. Let us start with the usual Ansatz for the metric

ds^2 = A(r)dt^2 − dr^2 A(r) − r^2dΣ^2_k , (A.1)

where k = 0, ±1 and the horizon manifolds are Σ_1 = S^2, the two dimensional sphere, Σ_0 = T^2, the two dimensional torus, and Σ_{−1} = H^2/Γ, the two dimensional compact Riemann surface. The scalar curvature and the non vanishing components of the Ricci tensor read R = − 1 r^2 [ r^2A^{′′} + 4rA^′ + 2A − 2k ] , (A.2)

R_{tt} = − 1 2r [ rA^{′′} + 2A^′ , ] (A.3) R_{rr} = 1 2rA [ rA^{′′} + 2A^′ , ] (A.4) R_{ab} = g_{ab} [ k − rA^′ − A . ] (A.5)

If we look for a constant curvature solution, we should have

r^2A^{′′} + 4rA^′ + 2A − 2k = −r^2R_0 . (A.6)

The general exterior solution depends on two integration constants, c and b, and reads A(r) = b r^2 + k − c r − R_0 12 r^2 . (A.7)

However, this solution has to satisfy the equation of motion R_{μν} = R_0 4 g_{μν} . (A.8)

As a result, it is easy to show that these equations are satisfied with b = 0 and c arbitrary, and we have (see for instance [28, 19]) A(r) = k − c r − R_0 12 r^2 . (A.9)

Since A(r) > 0, we can have k = 1 only for positive R_0, and this is the Schwarzschild-de Sitter solution. For R_0 < 0, we may have k = 1, namely the Schwarzschild-AdS solution. We may also have k = 0, with a torus topology for the horizon manifold, and k = −1, with an hyperbolic topology for the horizon topology, the so called topological black holes [28]. The constant c is related to the mass of the black hole. The de Sitter solution is obtained when R_0 > 0 and with c = 0 and k = 1, the AdS solution is obtained when R_0 < 0 and with c = 0 and k = 1. For c non vanishing, one has black hole solutions. These black hole solutions may have extremal cases and extremal limits. The extremal case exists for k = −1. For k = 1, R_0 > 0, one has only the extremal limit of the Schwarzschild-de Sitter solution (see, for example [29] and references therein), and the metric reduces to

ds^2 = 4 R_0 ( dS^2_2 + dS^2_2 ) . (A.10)

This is a space with constant curvature R_0 solution of Eqs. (A.8).

B Evaluation of functional determinants

Here we shall make use of zeta function regularization for the evaluation of the functional determinants appearing in the one-loop effective action, Eq. (3.30) computed in the previous section.

First, we outline the standard technique, based on binomial expansion, which relates the zeta-functions corresponding to the operators Â, with eigenvalues λ̂_n > 0 and A =^{R0}_{12} (Â − α), with eigenvalues λ_n =^{R0}_{12} (λ̂_n − α), α being a real constant. With this choice, λ̂_n and α are dimensionless. We assume to be dealing with a second-order differential operator on a D dimensional compact manifold. Then, by definition, for Re s > D/2 one has ζ̂(s) ≡ ζ(s|Â) = ∑ n λ̂^{−s}_n , (B.1)

ζ_α(s) ≡ ζ(s|A) = ∑ n λ^{−s}_n = ( R_0 12 )_{−s} ∑ n (λ̂_n − α)^{−s} , (B.2)

where, as usual, zero eigenvalues have to be excluded in the sum. In order to use the binomial expansion in (B.2), we have to treat separately the several terms satisfying the condition |λ̂_n| ≥ |α|. So, we write

ζ_α(s) = ( R_0 12 )_{−s} [ F_α(s) + ∞∑ k=0 α^kΓ(s + k)Ĝ(s + k) k!Γ(s) ] , (B.3)

where we have set

F_α(s) = ∑ λ̂_n≤|α|; λ̂_n≠α (λ̂_n − α)^{−s} , F̂ (s) = ∑ λ̂_n≤|α| λ̂^{−s}_n , (B.4)

Ĝ(s) = ∑ λ̂_n>|α| λ̂^{−s}_n = ζ̂(s) − F̂ (s) , F_α(0) − F̂ (0) = N_0 , (B.5)

N_0 being the number of zero-modes. It has to be noted that (B.3) is valid also in the presence of zero-modes or negative eigenvalues for the operator A. In many interesting cases, F_α(s) and F̂ (s) are vanishing and thus Ĝ(s) = ζ̂(s).

As is well known, the zeta function has simple poles on the real axis for s ≤ D/2 but it is regular at the origin. Of course, the same analytic structure is also valid for the function Ĝ(s). One has

Γ(s)ζ̂(s) = ∞∑ n=0 K̂_n s + (n − D)/2 + Ĵ(s) , (B.6)

Ĵ(s) being an analytic function and K̂_n the heat-kernel coefficients depending on geometrical invariants. In the physical applications we have to consider, we have to deal with the zeta function and its derivative at zero, thus it is convenient to consider the Laurent expansion around s = 0 of the functions

Γ(s + k)ζ̂(s + k) = b̂_k s + â_k + O(s) , (B.7)

Γ(s + k)Ĝ(s + k) = b_k s + a_k + O(s) , (B.8)

b_0 = b̂_k − F̂ (0) , a_0 = â_0 + γF̂ (0) , (B.9)

b_k = b̂_k = K̂_{D−2k} , a_k = â_k − Γ(k)F̂ (k) , 1 ≤ k ≤ D 2 , (B.10)

b_k = b̂_k = 0 , Ĝ(k) = ζ̂(k) − F̂ (k) , k > D 2 . (B.11)

Now, from previous considerations, one obtains

ζ_α(s) = ( R_0 12 )_{−s} ∑ 0≤k≤D/2 ( b_kα^k k! + s (a_k + γb_k)α^k k! )

+F_α(s) + s ∑ k>D/2 α^kĜ(k) k + O(s^2)

, (B.12)

and finally

ζ_α(0) = F_α(0) + ∑ 0≤k≤D/2 b_kα^k k! , (B.13)

ζ^′_α(0) = −ζ_α(0) ln

R_0 12 + ∑ 0≤k≤D/2 (a_k + γb_k)α^k k! + F^′_α(0) + ∑ k>D/2 α^kĜ(k) k , (B.14)

γ being the Euler-Mascheroni constant. If there are negative eigenvalues then F^′_α(0) has an imaginary part, which reflects instability of the model.

In the paper we have to deal with Laplace-like operators acting on scalar and constrained vector and tensor fields in a 4-dimensional de Sitter space SO(4). In all such cases, the eigenvalues λ_n and relative degeneracies g_n can be written in the form

λ_n =

R_0 12 ( λ̂_n − α ) , g_n = c_1 (n + ν) + c_3 (n + ν)^3 , λ̂_n = (n + ν)^2 , (B.15)

where n = 0, 1, 2... and c_1, c_2, ν, α depend on the operator one is dealing with. In our cases we have

L_0 = −Δ_0 −

R_0 12 q =⇒ ν =^3_2 , α =^9_4 + q ,

c_1 = −^1_{12} , c_3 =^1_3 .

(B.16)

L_1 = −Δ_1 −

R_0 12 q =⇒ ν =^5_2 , α =^{13}_4 + q ,

c_1 = −^9_4 , c_3 = 1 .

(B.17)

L_2 = −Δ_2 −

R_0 12 q =⇒ ν =^7_2 , α =^{17}_4 + q ,

c_1 = −^{125}_{12} , c_3 =^5_3 ,

(B.18)

where q are dimensionless parameters depending on the specific choice of f(R).

We note that ζ̂(s) is related to well known Hurwitz functions ζ_H (s, ν) by

ζ̂(s) =^∞ ∑ n=0 g_nλ̂^{−s}_n = ∞∑ n=0 [ c_1 (n + ν)^{2s−1} + c_3 (n + ν)^{2s−3} ]

= c_1ζ_H (2s − 1, ν) + c_3ζ_H (2s − 3, ν) (B.19) and Ĝ(s) = c_1ζ_H (2s − 1, ν) + c_3ζ_H (2s − 3, ν) − F̂ (s) = c_1ζ_H (2s − 1, ν + n̂) + c_3ζ_H (2s − 3, ν + n̂) , (B.20) n̂ being the number of terms not satisfying the condition λ̂_n > |α|. In order to proceed, we have to compute the quantities b̂_k and â_k for k = 0, 1, 2. To this aim, we note that Hurwitz functions have only a simple pole at 1 and, more precisely,

ζ_H (s + 1, ν) = 1 s − ψ(ν) + O(s) , (B.21)

ψ(s) being the logarithmic derivative of Euler’s gamma function. After a straightforward computation, we get

b̂_0 = ζ̂(0) = c_1 ζ_H (−1, ν) + c_3 ζ_H (−3, ν) , b̂_1 = c^1 2 , b̂_2 = c_3 2 , (B.22)

â_0 = ζ̂^′(0) − γζ̂(0)

= c_1 [ 2ζ^′_H (−1, ν) − γζ_H (−1, ν) ] + c_3 [ 2ζ^′_H (−3, ν) − γζ_H (−3, ν) ] , (B.23)

â_1 = −c_1 [ ψ (ν) + γ 2 ] + c_3 ζ_H (−1, ν) , (B.24)

â_2 = c_1 ζ_H (3, ν) − c_3 [ ψ (ν) + γ − 1 2 ] . (B.25)

Using (B.14) we obtain

ζ^′_α(0|ℓ^2L) = ( F_α(0) + 2∑ k=0 b_kα^k k! ) ln ℓ^2R_0 12 + 2∑ k=0 (a_k + γb_k)α^k k! + F^′_α(0) + ∞∑ k=3 α^kĜ(k) k . (B.26)

Now we have to consider separately the operators L_0, L_1, L_2 we are dealing with and explicitly compute b_k, a_k, and Ĝ(k) using (B.15), (B.22)-(B.25), and (B.16)-(B.18).

The scalar case The eigenvalues of L_0 are of the form

λ_n =

R_0 12 [( n + 3 2 )_2 − α ] , α = 9 4 + q , n = 0, 1, 2... (B.27)

This case is model dependent since the parameter q explicitly depends on the choice of the Lagrangian f(R). Then one could have zero modes and also negative eigenvalues, but we take them into account by the functions F_α and F̂ , both of which will in general appear in the final result. For k ≥ 3, we have

Ĝ(k) = − 1 12 ζ_H ( 2k − 1, 3 2 + n̂ ) + 1 3 ζ_H ( 2k − 3, 3 2 + n̂ ) , (B.28)

where λ̂_n > |α| per n > n̂. Then

Q_0(α) ≡ ζ^′_α(0|ℓ^2L_0) = [ N_0 − 17 2880 − α 24 + α^2 12 ] ln ℓ^2R_0 12

+ 1 3 [ 3F^′_α(0) + 4ζ^′H(−3, 3/2) − ζ^′_H (−1, 3/2) ] − [ 72F̂ (1) + 11 − 6ψ(3/2) ] α 72 − [ 12 F̂(2) + 4ψ(3/2) + 7ζ_R(3) − 10 ] α2 24 + ∞∑ k=3 α^kĜ(k) k , (B.29)

ζ_R(s) being the Riemann zeta function. One of the three scalar Laplacian-like operators appearing in the one-loop effective action (3.33) does not depend on the model since for such case α = α_0 = 33/4. Then λ̂_0 and λ̂_1 are smaller than α (n̂ = 2) and so

F_α(s) = (−6)^{−s} + 5 (−2)^{−s} , F̂ (s) = ( 9 4 )_{−s} + 5 ( 25 4 )_{−s} , (B.30)

Ĝ(k) = − 1 12 ζ_H ( 2k − 1, 7 2 ) + 1 3 ζ_H ( 2k − 3, 7 2 ) . (B.31)

From these equations it follows

Q_0(33/4) ∼ −18.32 − 6π i + 479 90 ln ℓ^2R_0 12 . (B.32)

We see that there is an imaginary part since there are negative eigenvalues.

The vector case The eigenvalues of L_1 are of the form

λ_n =

R^2_0 12 [( n + 5 2 )_2 − α ] , α = 13 4 + q , n = 0, 1, 2... (B.33)

For the vector case, q = 3 is a pure number and so α = 25/4 = λ̂_0. Thus there is a zero-mode with multiplicity equal to 10 (N_0 = 10) and this has to be excluded in the evaluation of zeta function. As a consequence, we have F_α(s) = 0, F̂ (s) = 10 α^{−s}, b_0 = b̂_0 − 10, a_0 = â_0 + 10γ, a_1 = â_1 − 10α^{−1}, a_2 = â_2 − 10 α^{−2}, and for k ≥ 3

Ĝ(k) = −9 4 ζ_H ( 2k − 1, 7 2 ) + ζ_H ( 2k − 3, 7 2 ) . (B.34)

Finally,

Q_1(25/4) ≡ ζ^′_α(0|ℓ^2L_1) = − 191 30 ln ℓ^2R_0 12 + 22215 64 + 4ζ^′_H (−3, 5/2) −9ζ^′_H (−1, 5/2) − 39375 128 ζ_R(3) − 175 32 ψ(5/2) + ∞∑ k=3 α^kĜ(k) k ∼ −18.91 − 191 30 ln ℓ^2R^2_0 12 . (B.35)

The tensor case The eigenvalues of L_2 are of the form

λ_n =

R^2_0 12 [( n + 7 2 )_2 − α ] , α = 17 4 + q , n = 0, 1, 2... (B.36)

As for the scalar case, here also zero-modes could appear and/or negative eigenvalues, depending on the parameter q. Then, in general, we have to introduce the functions F_α(s) and F̂ (s). For k ≥ 3, we have

Ĝ(k) = ζ̂(k) = −125 12 ζ_H ( 2k − 1, 7 2 ) + 5 3 ζ_H ( 2k − 3, 7 2 ) − F̂ (k) , (B.37) and Q_2(α) ≡ ζ^′_α(0|ℓ^2L_2) = [ N_0 +

8383 576 − 125α 24 + 5α^2 12 ] ln ℓ^2R_0 12 + 1 3 [ 3F^′_α(0) + 20ζ^′_H (−3, 7/2) − 125ζ^′_H (−1, 7/2) ] − [ 72F̂ (1) + 535 − 750ψ(7/2) ] α 72 − [ 324F̂ (2) + 540ψ(7/2) + 23625ζ_R(3) − 28486 ] α2 648 + ∞∑ k=3 α^kĜ(k) k . (B.38)

References

[1] S. M. Carroll, V. Duvvuri, M. Trodden and M. Turner, Phys. Rev. D70 (2004) 043528, astro-ph/0306438; S. Capozziello, S. Carloni and A. Troisi, Int. J. Mod. Phys. D12 (2003) 1969, astro-ph/0303041.

[2] S. Nojiri, S. D. Odintsov, Phys. Lett. B576 (2003) 5, hep-th/0307071;

[3] U. Guenther, A. Zhuk, V. Bezerra and C. Romero, hep-th/0409112.

[4] T. Chiba, Phys. Lett. B575 (2003) 1, astro-ph/0307338; A.D. Dolgov and M. Kawasaki, Phys. Lett. B573 (2003) 1, astro-ph/0307285; M.E. Soussa and R.P. Woodard, Gen. Rel. Grav. 36 (2004) 855, astro-ph/0308114.

[5] S. Nojiri and S.D. Odintsov, Phys. Rev. D68 (2003) 123512, hep-th/0307288;

hep-th/0412030; E. Abdalla, S. Nojiri and S.D. Odintsov, hep-th/0409177.

[6] D. Vollick, Class. Q. Grav. 21 (2004) 3813, gr-qc/0312041; X. Meng and P. Wang, astro-ph/0406455; E. Flanagan, Class. Quant. Grav. 21 (2004) 3817, gr-qc/0403063; Y. Ezawa et al, gr-qc/0405054; G. Allemandi, A. Borowiec and M. Francaviglia, Phys. Rev. D70 (2004) 043524, hep-th/0403264; G. Olmo and W. Komp, gr-qc/0403092; G. Allemandi, A. M. Capone, S. Capozziello and M. Francaviglia, hep-th/0409198; A. Dominguez and D. Barraco, Phys. Rev. D70 (2004) 0403505; S. Capozziello, V.F. Cardone and M. Francaviglia, astro-ph/0410135; P. Wang, G. Kremer, D. Alves and X. Meng, gr-qc/0408058.

[7] I.L. Buchbinder, S.D. Odintsov and I.L. Shapiro, Effective action in quantum gravity, IOP Publishing, Bristol, 1992.

[8] G.W. Gibbons and M.J. Perry, Nucl. Phys. B146 (1978) 90. [9] S.M. Christensen and M.J. Duff, Nucl. Phys. B170 (1980) 480. [10] E.S. Fradkin and A.A. Tseytlin, Nucl. Phys. B234 (1984) 472.

[11] S.D. Odintsov, Europhys. Lett. 10 (1989) 287; Theor. Math. Phys.82 (1990) 66; T.R. Taylor and G. Veneziano, Nucl. Phys. B345 (1990) 210.

[12] E. Elizalde, S.D. Odintsov, A. Romeo, A.A. Bytsenko and S. Zerbini. Zeta regularization techniques with applications, World Scientific, 1994; E. Elizalde, Ten physical applications of spectral zeta functions, Springer, Berlin, 1995.

[13] A.A. Bytsenko, G. Cognola, L. Vanzo and S. Zerbini, Phys. Reports. 269 (1996)1. [14] S. Capozziello, F. Occhionero, L. Amendola, Int. J. Mod. Phys. D1 (1993) 615. [15] S. Nojiri and S.D. Odintsov, GRG 36 (2004) 1765, hep-th/0308176; Mod. Phys. Lett. A19 (2004) 627, hep-th/0310045.

[16] P. Wang and X. Meng, Phys. Lett. B584 (2004) 1, hep-th/0309062; hep-th/0411007. [17] G. Allemandi, A. Borowiec and M. Francaviglia, hep-th/0407090; S. Carroll, A. De Felice, V. Duvvuri, D. Easson, M. Trodden and M. Turner, astro-ph/0410031; S. Carloni, P.K. Dunsby, S. Capozziello and A. Troisi, gr-qc/0410046.

[18] V. Faraoni, gr-qc/0407021.

[19] I. Brevik, S. Nojiri, S.D. Odintsov and L. Vanzo, Phys. Rev. D70 (2004) 043520, hep-th/0401073.

[20] G. Cognola and S. Zerbini, gr-qc/0407103; N. Furey and A. De Benedictis, gr-qc/0410088; [21] J. D. Barrow and A.C. Ottewill, J. Phys. A: Math. Gen. 16 (1983) 2757. [22] P. Ginsparg and M. J. Perry. Nucl. Phys. B222, 245 (1983). [23] M. S. Volkov and A. Wipf. Nucl. Phys. B582,313 (2000).

[24] F. Finelli, G. Marozzi, G. P. Vacca and G. Venturi, “Adiabatic regularization of the graviton stress-energy tensor in de Sitter space-time, arXiv:gr-qc/0407101.

[25] E. Elizalde, L. Vanzo and S. Zerbini, Commun. Math. Phys. 194, 613 (1998). [26] E. Elizalde, A. Filippi, L. Vanzo and S. Zerbini. Phys. Rev. D57, 7430 (1998); E. Elizalde, G. Cognola and S. Zerbini. Nucl. Phys. B532, 407 (1998).

[27] A.A. Bytsenko, G. Cognola, E. Elizalde, V. Moretti and S. Zerbini, Analytic aspects of quantum fields, World Scientific, 2003.

[28] J.P.S. Lemos. Classical Q. Gravity 12 1081 (1995); R. Mann. Classical Q. Gravity 14 L109 (1997); D. R. Brill, J. Louko and P. Peldan. Phys. Rev. D56, 3600 (1997); L. Vanzo. Phys. Rev. D56, 6475 (1997).

[29] M. Caldarelli, L. Vanzo and S. Zerbini. Proceedings of Conference on Geometrical Aspects of Quantum Fields, Londrina, Brazil, 17-22 Apr 2000, hep-th/0008136; L. Vanzo and S. Zerbini, Phys. Rev. D70, 044030 (2004).

[30] A. Bytsenko, S.D. Odintsov and S. Zerbini, Phys.Lett. B336 336 (1994), hep-th/9408095;

Classical Q. Gravity 12 1 (1995), hep-th/9410112.

[31] M. Reuter, hep-th/9605030; S. Falkenberg and S.D. Odintsov, Int.J.Mod.Phys. A13 607 (1998); hep-th/9612019.