arXiv:hep-th/0501128 v1 17 Jan 2005

January 2005 .

The third parafermionic chiral algebra with the symmetry Z_3

Vladimir S. Dotsenko^{(1)} and Raoul Santachiara^{(2)}

(1) LPTHE^∗, Université Pierre et Marie Curie, Paris VI Boîte 126, Tour 16, 1^{er} étage, 4 place Jussieu, F-75252 Paris Cedex 05, France. (2) ITFA, Instituut voor Theoretische Fysica Valckenierstraat 65, 1018 XE Amsterdam, The Netherlands,

Abstract.

We have constructed the parafermionic chiral algebra with the principal parafermionic fields Ψ, Ψ^+ having the conformal dimension Δ_Ψ = 8/3 and realizing the symmetry Z_3.

∗Laboratoire associé No. 280 au CNRS

Most widely known is the first series of Z_N parafermionic theories, which has been defined in [1]. Its numerous applications and appearances are well known. Less known is the second Z_N series. Its chiral algebra has also been found in [1], while its representation theory has been defined rather recently, in [2]. For the particular case of N = 3, i.e. for the second Z_3 parafermionic algebra, the corresponding conformal field theory has been developed long ago, in [3].

Restricting our discussion to the Z_3 case, the first and the second Z_3 parafermions have respectively conformal dimension Δ_Ψ = 2/3 and Δ_Ψ = 4/3. More generally, the associativity constraints (a small fraction of them) allow for the following discrete set of values of Δ_Ψ, for Z_3 parafermions:

Δ_Ψ = 2 3 , 4 3 , 8 3 , 10 3 , etc. = 2l 3 , l = 1, 2, 4, 5, etc. (1)

Classified in this order, in this paper we shall present the third solution of the associativity constraints: its chiral algebra, with the basic parafermions having the conformal dimension 8/3.

In this short communication we intend to present our main results on the third Z_3 parafermions. More details and demonstrations will be given in [4].

In the cases of the first and the second parafermions, the chiral algebra is made of Ψ, Ψ^+ and T (z), the Virasoro part. The first main difference of the third Z_3 parafermions is that, in addition to the principal couple of chiral fields Ψ(z), Ψ^+(z) with Δ_Ψ = Δ_Ψ+ = 8/3, the chiral algebra of local fields contains also the fields Ψ̃(z), Ψ̃^+(z) with the dimension Δ~_Ψ = Δ~_Ψ+ = Δ_Ψ + 2, and one boson field B(z) with Δ_B = 4, plus as usual T (z). This algebra is of the following form:

Ψ(z^′)Ψ(z) = 1 (z^′ − z)^{ΔΨ}

{λΨ^+(z) + (z^′ − z)λβ^{(1)}_{ΨΨ,Ψ}+ ∂Ψ^+(z)

+(z^′ − z)^2[λβ^{(11)}_{ΨΨ,Ψ}+ ∂^2Ψ^+(z) + λβ^{(2)}_{ΨΨ,Ψ}+ L_{−2}Ψ^+(z) + ζΨ̃(z)] + ...} (2)

Ψ(z^′)Ψ^+(z) = 1 (z^′ − z)^{2ΔΨ}

{1 + (z^′ − z)^2 2Δ c T (z) + (z^′ − z)^3 Δ c ∂T (z)

+(z^′ − z)^4[β^{(112)}_{ΨΨ+,I} ∂^2T (z) + β^{(22)}_{ΨΨ+ ,I} Λ(z) + γB(z)] +(z^′ − z)^5[β^{(1112)}∂^3T (z) + β^{(122)}∂Λ(z) + γβ^{(1)}_{ΨΨ}+_{,B}∂B(z)] + ...} (3)

Ψ(z^′)Ψ̃(z) = 1 (z^′ − z)^{ΔΨ+2}

{ζΨ^+(z) + (z^′ − z)^2[ζβ^{(11)}_{ΨΨ̃,Ψ+} ∂^2Ψ^+(z) +ζβ^{(2)}_{ΨΨ̃,Ψ+} L_{−2}Ψ(z) + ηΨ̃^+(z)] + (z^′ − z)^3[ζβ^{(111)}_{ΨΨ̃,Ψ+} ∂^3Ψ(z) + ζβ^{(12)}_{ΨΨ̃,Ψ+} ∂L_{−2}Ψ(z) +ζβ^{(3)}_{ΨΨ̃,Ψ+} L_{−3}Ψ(z) + ηβ^{(1)}_{ΨΨ̃,Ψ̃+} ∂Ψ̃^+(z)] + ...} (4) Ψ(z^′)Ψ̃^+(z) = 1 (z^′ − z)^{2ΔΨ−2} {μB(z) + (z^′ − z)μβ^{(1)}_{ΨΨ̃+ ,B}∂B(z) + ...} (5)

Ψ(z^′)B(z) = 1 (z^′ − z)^4

{γΨ(z) + (z^′ − z)γβ^{(1)}_{ΨB,Ψ}∂Ψ(z) + (z^′ − z)^2[γβ^{(11)}_{ΨB,Ψ}∂^2Ψ(z) +γβ^{(2)}_{ΨB,Ψ}L_{−2}Ψ(z) + μΨ̃(z)] + (z^′ − z)^3[γβ^{(111)}_{ΨB,Ψ}∂^3Ψ(z) +γβ^{(12)}_{ΨB,Ψ}∂L_{−2}Ψ(z) + γβ^{(3)}_{ΨB,Ψ}L_{−3}Ψ(z) + μβ^{(1)}_{ΨB,Ψ}∂Ψ̃(z)] + ...}, (6) where the L_n represent the modes of T (z) and the coefficients β^{..}_{..} are fixed by the conformal symmetry.

Besides this principal products, which are actually sufficient to address the calculus of representations, one must consider also the following expansions:

• Ψ̃ × Ψ̃ ∼ η[Ψ] + λ̃[Ψ̃]. Here and in the following, the notation [A] indicates the operator A and its Virasoro descendants.

• Ψ̃ × Ψ̃^+ ∼ [I] + γ̃[B(z)], with I the identity operator. • Ψ̃ × B ∼ μ[Ψ] + γ̃[Ψ̃]. • B × B ∼ [I] + ξ[B]. The Virasoro content of these developments is standard, containing the (Virasoro) descendants of the above mentioned chiral fields with the corresponding β coefficients. Two rules have to be respected everywhere: these developments should go (i.e. made explicit in terms of the above mentioned fields) only up to the operators of the fifth level in the Z_3 neutral sector (which corresponds to the number of singular terms in (3)), and up to the operators of the third level in the Z_3 charged sector. In (2), the third level operators are not shown because in the case of the symmetric product (ΨΨ) the third level terms are uniquely defined in terms of the derivatives of the preceding levels operators; they do not provide new relations in the eventual calculations of the highest weight representations. They could be added in (2), but in this case they are irrelevant.

One could verify that, with the above prescriptions concerning the explicit terms in the equations (2)-(6), the corresponding representation theory is well defined: one could define all the matrix elements needed in the degeneracy calculations [4].

There are a total of 8 coupling constants entering into the equations (2)-(6) and into the four expansions listed above. They could be defined through the following three-point functions:

< ΨΨΨ >= λ, < ΨΨΨ̃ >= ζ, < ΨΨ^+B >= γ

< ΨΨ̃Ψ̃ >= η, < Ψ̃Ψ̃Ψ̃ >= λ̃, < ΨΨ̃^+B >= μ < Ψ̃Ψ̃^+B >= γ̃, < BBB >= ξ (7) Here < ΨΨΨ >=< Ψ(∞)Ψ(1)Ψ(0) > etc. .

The associativity constraints fix these constants in terms of the Virasoro algebra central charge c which remains a free parameter. The results are given below: λ = 14 27 √ 3 √ c + 32 c (8)

ζ = 8 27 √ 30 (c + 56)(11c + 14) c(784 + 57c) (9)

γ = 4 27 √ 15 (c + 56)(11c + 14) c(22 + 5c)

(10)

η = 7 27 (349c + 2688) √ 3 784 + 57c √ c + 32 c (11)

λ̃ = 98 135 √ 30 (c + 32)(4877c^2 + 51466c + 13104) √ c(c + 56)(11c + 14)(784 + 57c)^3

(12) μ = 28 9 √ 6 (c + 32)(22 + 5c) c(784 + 57c)

(13)

γ̃ = 7 135 √ 15 (20595c^3 + 823534c^2 + 5532912c + 2121728) √ c(22 + 5c)(c + 56)(11c + 14)(784 + 57c)

(14)

ξ = 2 15 √ 15 (85c^2 + 2566c + 976) √ c(22 + 5c)(c + 56)(11c + 14)

(15)

Some details on the techniques used to obtain theses results will be given in [4].

It could be observed that for c = −14/11 this Z_3 algebra closes by just Ψ, Ψ^+ and T , while the fields Ψ̃, Ψ̃^+, B decouple from the theory. At this particular value of c, the fields Ψ, Ψ^+ belong to the Virasoro non-unitary minimal model with p^′/p = 11/6, Ψ, Ψ^+ ∼ Φ_{1,3}.

Certain analogies with the Z_2 symmetric chiral algebras could also be mentioned here. The allowed dimensions for the Ψ operators, which realize the Z_2 multiplication rules (and which are fermionic in this case) are the following:

Δ_Ψ = 1 2 , 3 2 , 5 2 , 7 2 ... (16) Again, classified in this way by the sequence of the dimensions Δ_Ψ, the first solution for the associative chiral algebra with Z_2 symmetry corresponds to free fermions (and the Ising model). The second solution, with Δ_Ψ =^3_2 , corresponds to the N = 1 superconformal algebra, which, in a sense, is just a less trivial realization of the Z_2 symmetry, as compared to free fermions.

The third solution, with Δ_Ψ = 5/2, is know as the chiral algebra of the W B_2 model [5]. Starting with the third solution, the associativity of the chiral algebra of the Ψ field and its closure (while preserving c as a free parameter) requires the introduction of extra fields: B(z) chiral field with Δ_B = 4 in case of Δ_Ψ = 5/2; more bosonic fields for still higher solutions in the sequence (16) (they are the models W B_n [5]).

In general, when the value of Δ_Ψ grows, the number of singular terms in the expansions of Ψ(z^′)Ψ(z) and Ψ(z^′)Ψ^+(z), which have to be defined explicitly, grows also. The gap becomes too big to be filled by just Virasoro descendants of Ψ, Ψ^+ and to satisfy associativity.

The appearance of extra conserved currents for higher solutions has also a physical meaning. Indeed, for a given symmetry, higher solutions are likely to correspond to higher multicriticalities. Naturally, the number of degrees of freedom of the corresponding (multi)critical theories should grow.

Acknowledgments: We are grateful to J.L.Jacobsen for his collaboration during the initial stages of this project.

References

[1] V. A. Fateev and A. B. Zamolodchikov, Sov. Phys. JETP62 (1985) 215

[2] Vl. S. Dotsenko, J. L. Jacobsen and R. Santachiara, Nucl. Phys.B656 (2003)259;

Nucl. Phys. B664 (2003)477; Phys. Lett.B584 (2004) 186; Nucl. Phys. B679 (2004) 464.

[3] V. A. Fateev and A. B. Zamolodchikov, Theot. Math. Phys.71 (1987) 451

[4] Vl. S. Dotsenko, and R. Santachiara, to be published.

[5] V. A. Fateev and S. I. Luk’yanov, Sov.Sci.Rev.A Phys.Vol15 (1990) 1.