arXiv:hep-th/0501138 v4 22 May 2006

NKU-05-SF1

Stability and Quasi Normal Modes of Charged Black Holes in Born-Infeld gravity

Sharmanthie Fernando^1 & Chad Holbrook^2 Department of Physics & Geology

Northern Kentucky University Highland Heights Kentucky 41099 U.S.A.

Abstract

In this paper we study the stability and the quasi normal modes of scalar perturbations of black holes. The static charged black hole considered here is a solution to Born-Infeld electrodynamics coupled to gravity. We conclude that the black hole is stable. We also compare the stability of it with the linear counterpart Reissner-Nordstrom black hole. The quasi normal modes are computed using the WKB method. The behavior of these modes with the non-linear parameter, temperature, mass of the scalar field and the spherical index are analyzed in detail.

Key words: Static, Charged, Born-Infeld, Black Holes, Quasi-normal modes

1 Introduction

In this paper we focus on a black hole arising in Einstein-Born-Infeld gravity. Born- Infeld electrodynamics was first introduced in 1930’s to obtain a classical theory of charged particles with finite self-energy [1]. In Maxwell’s theory of electrodynamics, the field of a point-like charge is singular at the origin and its energy is infinite. In contrast, in the Born-Infeld electrodynamics, the electric field of a point like object which is given by E_r = Q/ √ r^4 +^{Q2}_{β2} is regular at the origin and its total energy is finite. Born-Infeld theory has received renewed attention since it turns out to play an important role in string theory. It arises naturally in open superstrings and in Dbranes [2]. The low energy effective action for an open superstring in loop calculations lead to Born-Infeld type actions [3]. It has also been observed that the Born-Infeld action arises as an effective action governing the dynamics of vector-fields on D-branes [4]. For a review of aspects of Born-Infeld theory in string theory see Gibbons [5] and Tseytlin [6].

1fernando@nku.edu 2holbrooc@nku.edu

If we construct black hole solutions to Einstein-Born-Infeld gravity, it can be observed that the non-singular nature of the electric field at the origin changes the structure of the space-time drastically. The singularity at the origin is dominated by the mass term M/r rather than the charge term Q^2/r^2 as in the black holes of Einstein- Maxwell gravity [7]. Here the possibility exists for M to be positive, negative or zero leading to space-like or time-like singularities in contrast to the Reisser-Nordstrom black hole. Overall, the physical properties of black holes change drastically due to the non-linear nature of electrodynamics and worthy of study. In this paper, we are focusing on the static charged black holes of the Born-Infeld electrodynamics. This is the non-linear generalization of the Reissner-Nordstrom black hole and is characterized by charge Q, mass M and the non-linear parameter β. The Born-Infeld black hole was obtained by Garcia et.al. [8] in 1984. Two years later, Demianski [9] also presented a solution known as EBIon which differs with the one in [8] by a constant. Trajectories of test particles in the static charged Born-Infeld black hole was discussed by Breton [10]. This black hole in isolated horizon framework was discussed by the same author in [11]. Gibbons and Herdeiro [12] derived a Melvin Universe type solution describing a magnetic field permeating the whole Universe in Born-Infeld electrodynamics coupled to gravity. By the use of electric-magnetic duality, they also obtained Melvin electric and dyonic Universes.

Here we will study the stability and quasi normal modes of the Born-Infeld black holes. Recently, there has been a renewed interest in computation of the quasi normal mode (QNM) frequencies of black hole solutions. These are the modes of damped oscillations when black holes are perturbed. The frequencies of QNM’s depend on the parameters of the black holes such as mass, charge and angular momentum and are independent of initial perturbations. If the radiation due to QNM modes are detected in the future by gravitational wave detectors, it would be a clear way of identifying the possible charges of black holes. There are extensive studies of QNM’s in various black-hole backgrounds in the literature. See the review by Kokkotas et. al. [13] for more information.

There are many reasons to study QNM’s. One of them is Loop quantum gravity. In particular, it has been observed that for asymptotically flat black holes, the real part of the high overtones of QNM’s coincide with the Barberr-Immirizi parameter γ. The value of γ, fixed via QNM’s, turned out to be precisely the one required to make the loop quantum gravity entropy predictions coincide with the classical Bekenstien- Hawking entropy. Some of the work done along these lines are given in the references [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26].

Another important aspect of QNM studies have been related to the conjecture relating anti-de Sitter(AdS) and conformal field theory (CFT) [27]. It is conjectured that the imaginary part of the QNM’s, which gives the time scale to decay the black hole perturbations, corresponds to the time scale of the CFT on the boundary to reach thermal equilibrium. There are many work on AdS black holes in four and higher dimensions on this subject and we will refer a few among them in [28] [29] [30]

[31] .

The paper is presented as follows: In section 2, the Born-Infeld black hole solutions are introduced. In section 3, the scalar perturbations are given. In section 4, we will computer the QNM’s and discuss the results. Finally, the conclusion is given in section 5.

2 Static charged black hole in Einstein-Born-Infeld gravity

In this section, an introduction to the static charged black hole in Einstein-Born-Infeld gravity is given. The most general action for a theory with non-linear electrodynamics coupled to gravity is as follows: S = ∫ d^4x √ −g [ R 16πG + L(F ) ] (1) Here, L(F ) is a function of the field strength F_{μν} only. In the weak field limit, L(F ) has to be of the form L(F ) = −F^{μν} F_{μν} + O(F^4) (2) In this paper, a particular non-linear electrodynamics called the Born-Infeld theory is studied which has attracted lot of attention due to its relation to string effective actions. The function L(F ) for Born-Infeld electrodynamics may be expanded to be

L(F ) = 4β^2 ( 1 − √ 1 + F^{μν} F_{μν} 2β^2 ) (3) Here, β has dimensions length^{−2} and G length^2. In the following sections it is assumed that 16πG = 1. Note that when β → ∞, the Lagrangian L(F ) approaches the one for Maxwell’s electrodynamics given by −F^2.

Out of all theories of non-electrodynamics, Born-Infeld theory has a special place that it is also invariant under electic-magnetic duality. This is discussed in detail by Gibbons and Rasheed [32].

For static spherically symmetric case, the electric field is given by, F_{tr} = E(r) = − Q √ r^4 +^{Q2}_{β2} (4) Note that for this case the non-linear Lagrangian reduces to,

L(F ) = 4β^2 ( 1 − √ 1 − E^2 β^2 ) (5) imposing an upper bound for |E| ≤ β. This is a crucial characteristic of Born-Infeld electrodynamics which leads to finite self energy of the electron.

By solving the field equations, the static charged black hole with spherical symmetry can be obtained as,

ds^2 = f(r)dt^2 − f(r)^{−1}dr^2 − r^2(dθ^2 + Sin^2(θ)dφ^2) (6)

with, f(r) = 1 − 2M r + 2β ( r^2β 3 + 1 r ∫_∞ r √ Q^2 + r^4β^2 ) (7) The integral in f(r) can be simplified leading to,

f(r) = 1 − 2M r + 2βr^2 3 ( 1 − √ 1 + Q^2 r^4β^2 ) + 4Q^2 3r^{2 2}

F_1 ( 1 4 , 1 2 , 5 4 , − Q^2 β^2r^4 ) (8) Here_2F_1 is the hypergeometric function. In the limit β → ∞, the elliptic integral can be expanded to give, f(r)_{RN} = 1 − 2M r + Q^2 r^2 (9) resulting in the function f(r) for the Reissner-Nordstrom black hole for Maxwell’s electrodynamics. Near the origin, the function f(r) has the behavior, f(r) ≈ 1 − (2M − A) r − 2βQ + 2β^2 3 r^2 + β^3 5 r^4 (10)

Here, A = √ β π Q^{3/2}Γ ( 1 4 )_2

(11)

Depending on the values of M, Q and β, the function f(r) for the Born-Infeld black hole can have two roots, one root or none. When f(r) has two roots, the behavior of f(r) is similar to the Reissner-Nordstrom black hole. When it has only a single root, the black hole behave similar to the Schwarzschild black hole. Hence the Born-Infeld black hole is interesting since it possess the characteristics of the most well known black holes in the literature. In the following figure we have sketched the function f(r) for both Born-Infeld and Reissner-Nordstrom black hole. This is a case where Born-Infeld black hole has a single root.

Figure 1. The figure shows the function f(r) for M = 1.5 and Q = 1. The lighter graph shows the Born-Infeld black hole and the darker one shows the Reissner- Nordstrom black hole.

A detailed description of the characteristics of the Born-Infeld black hole is given [33] and [10].

The Hawking temperature of the black hole is given by, T = 1 4π 1 r_+

+ 2β r_+β − √ (Q^2 + r^2_+β^2) r_+

(12)

Here, r_+ is the event horizon of the black hole which is a solution of f(r) = 0. The zeroth and the first law of black holes in Born-Infeld electrodynamics are discussed in detail in [33].

Static charged black hole solution to the above action with a cosmological constant was presented in [34] [36] and was extended to higher dimensions in [35].

3 Scalar Perturbation of Charged Born-Infeld Black Holes

In this section, we will develop the equations for a scalar field in the background of the static charged black hole introduced in the previous section. The general equation for a massless scalar field in curved space-time can be written as,

▽^2 Φ = 0 (13)

which is also equal to, 1 √ −g ∂_μ( √ −gg^{μν} ∂_ν Φ) = 0 (14)

Using the ansatz, Φ = e^{−iωt}Y (θ, ϕ) ξ(r) r (15)

eq.(21) leads to the radial equation, ( d^2 dr^2_∗ + ω^2 ) ξ(r) = V (r_∗)ξ(r) (16)

where, V (r) = l(l + 1)

r^2 f + ff^′ r (17)

and r_∗ is the well known “tortoise” coordinate given by, dr_∗ = dr f (18)

Since f(r) is not in closed from, r_+ cannot be evaluated explicitly. Note that l is the spherical harmonic index. Hence, when r → ∞, r_∗ → ∞ and when r → r_+, r_∗ → −∞. The effective potential V for the Born-Infeld black hole is plotted to show how it changes with charge Q and the non-linear parameter β in the following figures.

Figure 2. The behavior of the effective potential V (r) with the charge for the Born-Infeld black hole. Here, M = 1, β = 0.2 and l = 2. The height of the potential decreases when the charge decreases.

Figure 3. The behavior of the effective potential V (r) with the non-linear parameter β. Here, M = 1.5, Q = 1 and l = 2. The maximum height of the potential increases as β increases. The dashed one is the potential for the Reissner-Nordstrom black hole with same mass and charge.

3.1 Remarks on stability

The potentials are real and positive outside the event horizon as it is evident from the above figures. Hence, following the arguments by Chandrasekhar [7] the Born-Infeld black holes can be considered stable classically under scalar perturbations. Note that in [37], it was shown to be stable for gravitational perturbations.

4 Quasi-normal modes of the Born-Infeld black hole

Quasi-normal modes (QNM) of a classical perturbation of black hole space-times are defined as the solutions to the related wave equations characterized by purely ingoing waves at the horizon. In addition, one has to impose boundary conditions on the solutions at the asymptotic regions as well. In asymptotically flat spacetimes, the second boundary condition is for the solution to be purely outgoing at spatial infinity. Once these boundary conditions are imposed, the resulting frequencies become complex and discrete.

Usually, the fundamental equation of black hole perturbations given in eq.(23) cannot be solved analytically. This is the case for almost all black holes in 3+1 dimensions. In 2+1 dimensions, there are two black hole solutions ( BTZ black hole [38] and the charged dilaton black hole [39]) which can be solved to give exact values of QNM’s. In five dimensions, exact values are obtained for vector perturbations by Nunez and Starinets [40].

There are several approaches to compute QNM’s in the literature. Here, a semi analytical technique developed by Iyer and Will [41] is followed. The method makes use of the WKB approximation. The basics of this method is reviewed in [37]. This approach has been applied to compute QNM’s of many black holes. Scalar perturbations of charged dilaton black hole [42], charged scalar perturbations of Reissner- Nordstrom black hole [43] and scalar perturbations of acoustic black holes [44] are a few of such studies.

Let ω be represented as ω = ω_R − iω_I . The lowest quasi normal modes ω(0) of the Born-Infeld black holes are computed.

First, the quasi normal modes are computed to see the behavior with the nonlinear parameter β and graphed in the following figure.

Figure 4. The behavior of Re ω with the non-linear parameter β for M = 2, Q = 1 and l = 2.

Figure 5. The behavior of Im ω with the non-linear parameter β for M = 2, Q = 1 and l = 2

Next, we have computed the QNM’s by varying the charge of the black hole. We also computed the QNM’s for the Reissner-Nordstrom black hole with the same mass and the charge. Both results are plotted in the following figures.

Figure 6. The behavior of Re ω with the charge Q for M = 1, β = 0.04 and l = 2. The dotted lines show the graph for Reissner-Nordstrom and the dark lines show the one for the Born-Infeld black hole.

Figure 7. The behavior of Im ω with the charge Q for M = 1, β = 0.04 and l = 2. The dotted lines show the graph for Reissner-Nordstrom and the dark lines show the one for the Born-Infeld black hole.

For larger values of the Q, the decay of the scalar field is faster. From the above plots, one can observe that the decay of the scalar field in Born-Infeld black hole is faster than the Reissner-Nordstrom black hole for this particular values of the parameters. One can also conclude that the Born-Infeld black hole are stable since the fields decay in this background. Note that we have done these computations for a Born-Infeld back hole which behaves like the Schwarzschild black hole near the origin. It is necessary to do a evaluation based on all the parameters to fully understand the behavior of the ω_I to see how the stability compare with the Reissner-Nordstrom black hole.

We also studied the behavior of the quasi normal modes with spherical index l as given in the following figure.

Figure 8. The behavior of Re ω with the spherical index l for M = 2, Q = 1 and β = 1

Figure 9. The behavior of Im ω with the spherical index l for M = 2, Q = 1 and β = 1

It is observed that when the spherical index l is increased, the Re ω increases and Im ω approaches a fixed value. This is similar to the behavior observed for charged scalar dilaton black holes in [42].

Next, we have studied the behavior of the Im ω with temperature of the black hole. The plot of Im(ω) vs temperature is given in the Figure 9. One can see a linear behavior of Im ω with the temperature. This behavior is similar to the Schwarzschildanti-de-Sitter black hole studied by Horowitz and Hubeny [28].

Figure 10. The behavior of ω_I with the Temperature for l = 2. The mass M = 1 and β = 0.04.

4.1 Asymptotic quasi normal modes

One of the reasons to attract attention to QNM’s computation in the recent past has to do with the conjecture that the real part of QNM’s corresponds to the minimum energy change of a quantum transitions of a black hole [14] [17]. There have been a number of works done to compute the high frequency QNM’s and the asymptotic value of the real part of QNM frequencies. Recently, Das and Shankaranarayanan developed a method to compute QNM frequencies of (D + 2) dimensional spherically symmetric single horizon black holes with generic singularities [45]. In this paper, we apply this method to compute the asymptotic values of the QNM’s of the Born-Infeld black hole. First, we will summarize their derivation as follows: Consider a general (D + 2) dimensional spherically symmetric line element given by,

ds^2 = f(r)dt^2 + dr^2 g(r) + r^2dΩ^2 (19)

Suppose there is a singularity of the line element at r → 0, then near the singularity the function f(r) and g(r) have the power law behavior as, f(r) ≈ r^{2pq} 1 g(r) ≈ r^{2(p−q+2)q} (20)

This was shown in the works of Szekeres-Iyer [46] [47]. For scalar perturbations, Das and Shankaranarayanan obtained, ω_{QN M} = i 2c_0

(n + 1 2 ) ± 1 4πc_0 Log ( 1 + 2Cos( π 2 (Dq − 2)) ) (21)

Here, c_0 is a constant and is related to the temperature. For the Born-Infeld black hole c_0 =^1_{4πT} .

Now, we will apply this method to compute the QNM’s of the Born-Infeld black hole. Recall that closer to the singularity r → 0, the function f(r) is given in eq.(17). Hence a power law behavior for f(r) and g(r) can be obtained as,

f(r) ≈ a_1r^{−1} ⇒ 2p q = −1 (22)

Also, 1 g(r) = 1 f(r) ≈ r a_1

⇒ 2( p q − 1 + 2 q ) = 1 (23)

Note that a_1 = 2M − A. Now by comparing eq.(34) and (35) with eq.(33), p and q values for the Born-Infeld black hole can be computed to be, p = − 1 2 ; q = 1 (24)

From eq.(33), the QNM’s are given by, ω_{QN M} = i2πT_H(n + 1 2 ) ± T_H Log(3) (25)

The real part of ω behaves as T_H Log(3) according to this derivation. In fact in [45] it was derived that D + 2 dimensional Schwarzschild, and stringy black holes in 4 and 5 dimensions also have the same behavior for real ω.

4.2 Massive scalar perturbations

It has been observed that the massive modes decay slower than the massless field for the Schwarzschild black hole in [48] [49]. An interesting question was posed whether the decreasing decay rate can approach zero leading to a long living mode. Here we are computing the QNM’s for a massive scalar field in the Born-Infeld black hole to see if this behavior persist in this case.

The general equation for a massive scalar field in curved space-time is written as,

▽^2 Φ − m^2Φ = 0 (26)

Using the ansatz, Φ = e^{−iωt}Y (θ, ϕ) ξ(r) r (27)

eq.(38) leads to the radial equation given in eq.(23) with the modified potential,

V (r) = l(l + 1)

r^2 f + ff^′ r + m^2f(r) (28)

The effective potential V is plotted by varying the mass m of the scalar field in the following figure.

Figure 11. The behavior of V with the mass m of the scalar field. Here M = 1, Q = 0.8, β = 0.2 and l = 2. When the mass decreases, the height of the potential also decreases.

We computed the QNM’s for the massive scalar field decay using the WKB approximation discussed in section 4. They are given in the following figures.

Figure 12. The behavior of Re ω with the mass of the scalar field m for M = 1, Q = 1, β = 0.04 and l = 2

Figure 13. The behavior of Im ω with the mass of the scalar field m for M = 1, Q = 1, β = 0.04 and l = 2.

By observing the behavior of Im ω when the mass m increases it is clear that the decay is slower for massive scalar field similar to the Schwarzschild case. On the other hand, the frequency of oscillations of the modes seems to increase with the mass.

5 Conclusion

We have studied quasi normal modes for the charged black holes in Einstein-Born- Infeld gravity with scalar perturbations. The lowest quasi normal modes are computed using a WKB method.

The main result of this paper is that Born-Infeld black holes are stable under scalar perturbations. It is also noted that the scalar field decay faster in the Born-Infeld black hole background in comparison with the Reissner-Nordstrom black hole. We have done this study only for a particular class of parameters and a detailed analysis is necessary to predict the behavior for all parameters.

We obtained an approximation to the asymptotic QNM’s using a method developed in [45]. There, the linear behavior of ω with the temperature was observed. The computed ω_I using the WKB method support this. Similar behavior was observed first by Horowitz and Hubeny for Schwarzschild-anti-de-Sitter black holes [28]. There, they showed a linear relation between QNM’s and temperature for large black holes in several dimensions. For black holes, in anti-de-Sitter space, relations between QNM’s and conformal field theory of the boundary are discussed in many papers.

It was also noted that when the spherical index l is increased, the Re ω increases leading to greater oscillations. On the other hand, Im ω approaches a fixed value for larger l. This is similar to what was observed in the static charged dilaton black hole in [42].

Even though the paper’s focus was on massless scalar field, we also analyzed the behavior of a massive scalar field. It decays slower than the massless field, similar to the observation of other black holes [49].

A natural extension of this work is to study the stability of the Born-Infeld black hole with a cosmological constant [34]. In particular, the Born-Infeld-Ads case is worthy of study due to the AdS/CFT conjecture. The electrically charged black hole in anti-de Sitter space has been shown to be unstable for large black holes by using linear perturbation techniques [50]. It would be interesting to study how the non-linear nature effects the instability of such solutions.

It would also be interesting to investigate the supersymmetric nature of the Born- Infeld black hole discussed in this paper. It is well known that the extreme Reissner- Nordstrom black hole can be embedded in N = 2 supergravity theory [51] [52]. Onozawa et.al. [53] showed that the QNM’s of the extreme RN black hole for spin 1, 3/2 and 2 are the same. A suitable supergravity theory to embed the Born-Infeld black hole has not been constructed. However, one can do a similar study such as in Onozawa et. al. [53] in terms of the QNM’s for extreme Born-Infeld black holes. From the eq.(17) when 2M − A is smaller than zero, the black holes behave similar to the Reissner-Nordstrom black hole. Hence, it is possible to construct extreme case for Born-Infeld black hole by choosing appropriate parameters.

The WKB approach considered here was extended to the sixth order by Konoplya [54] which gives greater accuracy in computing the QNM frequencies. It would be interesting to use it to compute frequencies of high overtones.

Acknowledgments: This work was supported in part by a grant from the Kentucky Space Grant Consortium.

References

[1] M. Born and L. Infeld, Proc. Roy. Soc. Lond. A144 (1934) 425.

[2] R. G. Leigh, Mod. Phys. Lett A4 (1989) 2767.

[3] E. S. Fradkin and A. A. Tseytlin, Phys. Lett. B163 (1985) 123.

[4] A. A. Tseytlin, Nucl. Phys. B276 (1986) 391. [5] G. W. Gibbons, hep-th/0106059 [6] A. A. Tseytlin, hep-th/9908105 [7] “The Mathematical Theory of Black Holes”, S. Chandrasekhar, Oxford University Press (1992) [8] A. Garcia, H. Salazar and J.F. Plebanski, Nuovo.Cim 84 (1984) 65 [9] M. Demianski, Found. of Physics, 16 (1986) 187 [10] N. Breton, gr-qc/0109022 [11] N. Breton, Phys.Rev. D67 (2003) 124004 [12] G. W. Gibbons and C. A. R. Herdeiro, Class. Quant. Grav. 18 (2001) 1677 [13] K.D. Kokkotas, B.G. Schmidt, Living Rev. Relativ. 2 (1999) 2 [14] S. Hod, Phys. Rev. Lett. 81 (1998) 4293 [15] A. Corichi, Phys. Rev. D67 (2003) 087502 [16] L. Motl, Adv. Theor. Math. Phys. 6 (2003) 1135 [17] O. Dreyer, Phys. Rev. Lett. 90 (2003) 08130 [18] Vitor Cardoso, Jose Natario, Ricardo Schiappa; hep-th/ 0403132 [19] Jose Natario, Ricardo Schiappa; hep-th/0411267 [20] L. Motl and A. Neitzke, Adv. Theor. Math. Phys. 7 (2003) 307 [21] A. Maassen van den Brink, J. Math. Phys. 45 (2004) 327 [22] M. Setare, Class. Quant. Grav. 21 (2004) 1453 [23] M. Setare, Phys. Rev. D69 (2004) 044016 [24] G. Kunstatter, Phys. Rev. Lett. 90 (2003) 161301 [25] N. Andersson and C.J. Howls, Class. Quan. Grav. 21 (2004) 1623 [26] M.R. Setare & E.C. Vagenas, hep-th/0401187 [27] O. Aharony, S.S. Gubser, J. Maldacena, H. Ooguri & Y. Oz, “Large N Field Theories”, hep-th/9905111

[28] G.T. Horowitz & V. E. Hubeny, Phys. Rev. D62 (2000) 024027 [29] V. Cardoso & J. P. S. Lemos, Phys. Rev. D64 (2001) 084017 [30] B. Wang, C.Y.Lin & E. Abdalla, Phys. Lett B481 (2000) 79 [31] R. A. Konoplya, Phys. Rev. D66 (2002) 044009 [32] G.W. Gibbons and D.A. Rasheed, Nucl. Phys. B454 (1995) 185 [33] D. A. Rasheed, hep-th/9702087 [34] S. Fernando & D. Krug, Gen. Rel. Grav. 35 (2003) 129 [35] T. K. Dey, hep-th/0406169 [36] R. Cai, D. Pang and A. Wang, Phys. Rev. D70 (2004) 124034 [37] S. Fernando, Gen. Rel. Grav. 37 585 (2005);hep-th/0407062 [38] D. Birmingham, Phys. Rev D64 (2001) 064024 [39] S. Fernando, Gen. Rel. Grav. 36 (2004) 71 [40] A. Nunez & A. Starinets, Phys. Rev. D67 (2003) 124013 [41] S. Iyer & C.M. Will, Phys. Rev. D 35 (1987) 3621 [42] S. Fernando & K. Arnold, Gen. Rel. Grav. 36 (2004) 1805-1819(to be published);

hep-th/0312041 [43] R. A. Konoplya, Phys. Rev. D66 (2002) 084007 [44] E. Berti, V. Cardoso and J.P.S. Lemos, gr-qc/0408099 [45] S. Das and S. Shankaranarayanan, hep-th/0410209 [46] P. Szekeres and V. Iyer, Phys. Rev. D47 (1993) 4362 [47] M. N. Celerier and P. Szekeres and V. Iyer, Phys. Rev. D65 (2002) 123516 [48] L. M. Burko and G. Khanna , Phys.Rev. D70 (2004) 044018 [49] R. A. Konoplya and A. V. Zhidenko; gr-qc/0411059 [50] S. S. Gubser and I. Mitra, hep-th/0009126 [51] G. W. Gibbons & C.M. Hull, Phys. Lett. B109 (1982) 190

[52] G. Gibbons, in Unified Theories of Elementary Particles, Crtical Assessment and prospects, proceedings of the Heisenberg Symposium, Munchen, Germany, 1981, edited by P. Breitenlohner and H. P. Durr, Lecture Notes in Physics Vol.160(Springer-Verlag, Berlin 1982)

[53] H. Onozawa, T. Okumura, T. Mishima & H. Ishihara, Phys. Rev. D55 (1997) 4529

[54] R. A. Konoplya, Phys. Rev. D68 (2003) 024018