arXiv:hep-th/0501170 v1 20 Jan 2005

Quantized Equations of Motion and Currents in Noncommutative Theories

Diplomarbeit

Tobias Reichenbach

Institut für Theoretische Physik Fakultät für Physik und Geowissenschaften Universität Leipzig

Leipzig, im November 2004

Betreuer: Prof. Dr. Klaus Sibold Gutachter: Prof. Dr. Klaus Sibold Prof. Dr. Manfred Salmhofer

Immer die eine, die Pappel am Saum des Gedankens. Immer der Finger, der aufragt am Rain.

PAUL CELAN

Abstract

We study quantized equations of motion and currents, that means equations on the level of Green’s functions, in three different approaches to noncommutative quantum field theories. At first, the case of only spatial noncommutativity is investigated in which the modified Feynman rules can be applied. The classical equations of motion and currents are found to be also valid on the quantized level, and the BRS current for NCQED is derived. We then turn to the more complicated case of time-space noncommutativity and consider the approach of TOPT. Additional terms depending on θ^{0i}, which are not present on the classical level, appear in the quantized equations of motion. We conclude that the same terms arise in quantized currents and cause the violation of Ward identities in NCQED. The question of remaining Lorentz symmetry is also discussed and found to be violated in a simple scattering process.

Another approach to time-space noncommutative theories uses retarded functions. We present this formalism and discuss the question of unitarity, as well as equations of motion, and currents. The problems that emerge for θ^{0i} ≠ 0 are seen to arise from a certain type of diagrams. We propose a modified theory which is unitary and preserves the classical equations of motion and currents on the quantized level.

vi

Contents

Introduction 1

1 Implementing noncommutativity: The star product 5

2 The case of only spatial noncommutativity 9 2.1 The modified Feynman rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.2 Quantized operator identities: Equations of motion and currents . . . . . . . . 11 2.2.1 Equations of motion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 2.2.2 Current conservation laws . . . . . . . . . . . . . . . . . . . . . . . . . . 14 2.3 BRS current and Slavnov-Taylor identities in NCQED . . . . . . . . . . . . . . 17

3 The approach of TOPT 23 3.1 The concept . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 3.2 A scattering process in double gauged noncommutative electrodynamics . . . 27 3.2.1 Feynman rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 3.2.2 Compton scattering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 3.2.3 The Ward identity in the case of only spatial noncommutativity . . . . 35 3.3 Equations of motion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38 3.3.1 The case θ^{0i} = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 3.3.2 Additional terms in the case θ^{0i} ≠ 0 . . . . . . . . . . . . . . . . . . . . 40 3.3.3 Modified phase factors . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 3.3.4 Implication for currents and Ward identities . . . . . . . . . . . . . . . 48 3.4 The violation of remaining Lorentz invariance . . . . . . . . . . . . . . . . . . 49

4 The formulation of perturbation theory using retarded functions 57 4.1 Introduction to retarded functions in commutative theories . . . . . . . . . . . 57 4.1.1 Retarded functions and the generating functional . . . . . . . . . . . . 57 4.1.2 Diagrammatic rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58 4.1.3 The tree level . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60 4.1.4 Unitarity in terms of the generating functional . . . . . . . . . . . . . . 60 4.1.5 Composite operators: equations of motion and currents . . . . . . . . 61 viii CONTENTS

4.2 Retarded functions in noncommutative theories . . . . . . . . . . . . . . . . . 63 4.2.1 Unitarity of the fishgraph . . . . . . . . . . . . . . . . . . . . . . . . . . 64 4.2.2 The question of unitarity in general . . . . . . . . . . . . . . . . . . . . 66 4.2.3 Equations of motion and currents . . . . . . . . . . . . . . . . . . . . . 69 4.2.4 A modified theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

Outlook 71

A Notations and useful relations 73

Introduction

The nature of spacetime at short distances represents one of the fundamental problems in physics since the establishment of general relativity and quantum theory in the early decades of the last century. It is this period of time when the idea of a discrete spacetime was formulated by Heisenberg [1], being the first step towards noncommutative theories. For a couple of reasons, these theories have received renewed attention and enjoy wide popularity these days^∗.

The original motivation that led Heisenberg to the suggestion of a lattice world with smallest length [1] was the belief that in this way he could overcome the problem of infinities met in quantum field theory, for example in the calculation of the electrons self energy. Although having been successful in the latter point, he soon considered this approach as too radical to progress it further. But he was not the only one to think about modifications of microscopic spacetime. Schrödinger [4] also gave arguments in favour building on the uncertainty principle which is characteristic for quantum theories and which might be in contradiction with a geometry allowing precise localization.

It was Snyder [5] who proposed in 1947 an implementation of discrete spacetime by replacing the usual coordinates by operators satisfying certain commutation relations, a way that is followed by the modern approach. Introducing this model he, as Heisenberg, aimed to avoid the ultraviolet divergences in quantum field theories. To improve the UV behaviour was also the hope when noncommutative theories appeared in the context of string theory, where they have been shown to arise as low-energy limit of open string theories on D-brane configurations in background magnetic fields. Important insight is gained here by the Seiberg-Witten map [6] giving to a classical gauge theory on the ordinary Minkowski space a corresponding noncommutative theory.

Perhaps the most fundamental motive for noncommutative theories comes from the interplay between general relativity and quantum theory. While the first assumes that the geometry of spacetime locally resembles the one of R^4, the second casts doubt on this assumption and suggests drastic alterations on distances near the Planck length λ_P ≃ 1.6 · 10^{−35}m. Considerations taking up the idea of spacetime uncertainty relations have been carried out in [7] and can be comprehended from the following argument. If we want to localize a particle

∗See [2] and [3] for a review.

in a region Δx_0, Δx_1, ..., Δx_3, Heisenberg’s uncertainty principle tells us that we need an energy transfer of the order E ∼^{ℏc}_{Δx} with Δx being the smallest of the Δx_μ’s. According to general relativity, this energy modifies the spacetime by curving it and may for extremely high values, which would emerge in very accurate position measurements, cause a black hole of radius R ∼^{EG}_{c3} . In the latter situation, which occurs when the Δx_μ’s are of the order of the Planck length λ_P , the interesting region would be shielded, implying that we cannot arbitrarily shrink it and face uncertainties for position measurements. These uncertainty relations were derived in [7] and read

Δx_0(Δx_1 + Δx_2 + Δx_3) ≥ λ^2_P , Δx_1Δx_2 + Δx_1 + Δx_3 + Δx_2Δx_3 ≥ λ^2_P .

It was found that they may be obtained in the same way as we get the usual uncertainty relations from commutation relations if we identify the coordinates with operators x̂^μ which satisfy the commutation relations [x̂^μ, x̂^ν ] = iθ^{μν} where θ^{μν} commutes with the x̂^μ’s. From these noncommuting operators x̂^μ, noncommutative quantum field theories got their name. The central object is the commutator θ^{μν} , which we want to comment on briefly. Throughout this thesis, we will assume it to be a real constant tensor, which explicitly breaks Lorentz invariance as it singles out distinct directions in spacetime. It obviously serves as a parameter for noncommutativity, for vanishing θ^{μν} we want to recover the commutative case.

In physics, the role of time belongs to the not yet satisfactorily answered questions. Being incorporated in special and general relativity in a similar manner as space, this similarity might be inadequate if viewed from a point at the edge of physics and philosophy as von Weizsäcker did. He pointed out the fundamental meaning of time for quantum theory, as opposed to space [8].

In the context of noncommutative theories, the case that noncommutativity is restricted to the spatial operators x̂^i, meaning that the time operator x̂^0 does commute with them, corresponding to θ^{0i} = 0, is remarkably different from the more general case that also x̂^0 does not commute, i.e. θ^{0i} ≠ 0. For perturbation theory in the first case, modified Feynman rules were proposed in [9], which differ from the ordinary only by the appearance of momentum dependent oscillatory functions at the vertices, so called phase factors. However, it was recognized that this approach, if applied to the second, more general case, violates unitarity of the S-matrix [10]. Successful work has been carried out to solve this problem, and two ways of unitary perturbation theory have been proposed for the general case. These are TOPT [11] and the Yang-Feldman formalism which is discussed in [12]. The diagrammatic rules turn out to be more complicated in these theories as one does not longer have the ordinary propagators. Both approaches simplify to the modified Feynman rules if θ^{0i} vanishes.

However, further problems arise. Already in [12], it has been argued that the classical equations of motion are violated in TOPT. Another problem occurs in [13] where it has been shown that the Ward identity in noncommutative QED (NCQED) is not longer valid if one applies TOPT in the general case of θ^{0i} ≠ 0. This surprising result is the starting point for the considerations in this thesis.

The Ward identity normally results from the internal symmetries in a gauge theory, in particular the existence of a current and the related Slavnov-Taylor identities. For noncommutative QED, which resembles a nonabelian gauge theory, this is the BRS current, which was investigated on the classical level e.g. in [15]. Difficulties could not be seen from there. For this reason, we investigate currents on the quantized level. The troubles met there are related to the ones which emerge in the consideration of quantized equations of motion. The classical equations are found to be not realised on the quantized level but are disturbed by the appearance of terms which depend on θ^{0i}. These additional terms are most likely responsible for the violation of the Ward identity.

Another approach based on retarded functions is then studied which is neither unitary for nonvanishing θ^{0i} nor preserves the classical equations of motion and currents on the quantized level, but it allows both violations to be assigned to a certain type of diagrams. This insight suggests a modified theory which is unitary and respects the classical equations of motion and currents on the quantized level.

We also analyze the Ward identity for Compton scattering in double gauged NCQED [15], a theory which has a richer structure than the ordinary NCQED. The validity of the Wardidentity is derived in the case θ^{0i} = 0. However, in the general case its violation is clear from [13] as the ordinary NCQED discussed there can be obtained as a special case of double gauged NCQED.

Another result of this thesis concerns remaining Lorentz symmetry. We investigate a scattering process in time-ordered perturbation theory and find the amplitude to be not invariant under the remaining Lorentz symmetries. This failure is explained by the typical form of the phase factors in TOPT.

The Yang-Feldman approach is not studied here as it does not naturally allow for the definition of time-ordered Green’s functions, which are central for our considerations of quantized equations of motion and currents. Whether or not this formalism preserves the classical equations on the quantized level remains unclear.

All calculations presented in this thesis are unrenormalized, we only consider the tree level or the imaginary part of the one loop level.

This thesis is structured as follows.

The first chapter gives an introduction to noncommutative field theories and introduces the star product.

In the second one, we investigate the easier case of only spatial noncommutativity, review the modified Feynman rules, and investigate easy examples for quantized currents and equations of motion. The classical equations are found to hold also on the quantized level. We proceed with the more difficult example of the quantized BRS current in noncommutative QED which is relevant for the validity of Ward identities. Again the classical BRS current is recovered, which includes terms due to the noncommutativity of the star product. The general case of time-space noncommutativity in the approach of TOPT is presented in the third chapter. We develop Feynman rules for double gauged NCQED, the difficulty lies in the fact that we do not longer have the usual propagators. Then, these are applied to Compton scattering, and we show the Ward identity for θ^{0i} = 0. Equations of motion are studied in an easy example and are seen to exhibit additional terms depending on θ^{0i}, these terms will also appear for quantized currents. Finally we demonstrate the violation of remaining Lorentz invariance.

The fourth chapter contains the approach via retarded functions. This formalism is at first discussed in the commutative case in such a way that conclusions can easily be drawn to noncommutative theories, diagrammatic rules are derived. In the noncommutative case, the violation of unitarity as well as of the naive equations of motion and currents on the quantized level is analyzed and seen to result from the appearance of a certain type of diagrams, which leads to a modified theory. We conclude the thesis by an outlook.

Chapter 1

Implementing noncommutativity: The star product

How can we implement the information coming from the noncommuting coordinates into a quantum field theory? The answer is the introduction of a new, nonlocal product: the star product. In the following we will show how this naturally arises as correspondence between the algebra of coordinate operators, describing noncommutativity, and the algebra of functions on the Minkowski space, in terms of which a quantum field theory is usually formulated. This procedure follows the idea of Weyl quantization and may also be read in the review on noncommutative quantum field theory [3].

We start with the algebra generated by the hermitian operators x̂^μ, for which we have the commutation relations [x̂^μ, x̂^ν] = iθ^{μν} . (1.1)

In the simplest case, which we will restrict ourselves to in this thesis, θ^{μν} is constant and real-valued, obviously it is antisymmetric and commutes with x̂^ρ.

Our aim is to transport this structure to the algebra of (possibly complex valued) functions on the Minkowski space, where we consider sufficiently smooth and at infinity rapidly enough decreasing ones. They allow to be described by its Fourier transforms:

f̃ (k) = ∫ d^4ke^{−ikμ xμ} f(x) , (1.2) with whose help we introduce a map Ŵ from the algebra of sufficiently well-behaved functions on the Minkowski space to the algebra generated by the operators x̂^μ: for a function f out of the first algebra we define

Ŵ[f] = ∫ d^4k (2π)^4 f̃ (k)e^{ik}μ^{x̂μ} . (1.3)

6 Implementing noncommutativity: The star product

Which product, to be denoted by ⋆, do we have to define for the functions on the Minkowski space in order to make this map Ŵ a homomorphism with respect to multiplication, i.e. to have the relation Ŵ[f]Ŵ[g] = Ŵ[f ⋆ g] (1.4)

fulfilled?

Let us start by evaluating the left hand side: Ŵ[f]Ŵ[g] = ∫ d^4k (2π)^4 ∫ d^4l (2π)^4 f̃(k)g̃(l)e^{ik}μ^{x̂μ} e^{il}μ^{x̂μ} (1.5) Using the Baker-Campbell-Hausdorff formula

e^Ae^B = e^{A+B} e^{12 [A,B]} (1.6)

which is valid for operators A, B satisfying [ A, [A, B] ] = [ B, [B, A] ] = 0 we can write this as Ŵ[f]Ŵ[g] = ∫ d^4k (2π)^4 ∫ d^4l (2π)^4 f̃ (k)g̃(l)e^{i(k}μ^{+l}μ^{)x̂μ} e^{− i}_2^{θμν k}μ^lν . (1.7)

Substituting l by q = k + l this becomes Ŵ[f]Ŵ[g] = ∫ d^4k (2π)^4 ∫ d^4q (2π)^4 f̃(k)g̃(q − k)e^{iq}μ^{x̂μ} e^{− i}_2^{θμν k}μ^qν , (1.8) allowing us to turn the condition (1.4) into ^ f ⋆ g(q) = ∫ d^4k (2π)^4 f̃(k)g̃(q − k)e^{− i}_2^{θμν k}μ^qν . (1.9) We have thus found the solution: (f ⋆ g)(x) = ∫ d^4k (2π)^4 d^4q (2π)^4 f̃(k)g̃(q − k)e^{− i}_2^{θμν k}μ^qν e^{iq}μ^{xμ} (1.10) which is called the Groenewold-Moyal star-product (we will simply refer to it as star product). The quantity e^{− i}2^{θμν kμqν} is called the noncommutative phase factor, and with the definition of the wedge product k ∧ q =^1_2 θ^{μν} k_μq_ν conveniently written in the form e^{−ik∧q}. One easily checks that the star product may also be written as (f ⋆ g)(x) = e^{i2 θμν ∂ξμ∂ην} f(x + ξ)g(x + η) | | ξ=η=0 , (1.11)

a form which we will most often prefer in this thesis. The expression e^i2^{θμν ∂ξμ∂ην} is to be understood as its formal series expansion.

One may derive some properties for the star product. The first observation is its nonlocality, as derivatives to arbitrary high order are involved. Obviously it reduces to the ordinary pointwise product of functions for θ^{μν} = 0. Further it is associative:

(f ⋆ (g ⋆ h))(x) = ((f ⋆ g) ⋆ h)(x) ≡ (f ⋆ g ⋆ h)(x) (1.12)

and the quantity ∫ dx (f_1 ⋆ ... ⋆ f_n)(x) (1.13)

is invariant under cyclic (but not arbitrary!) permutations of the functions f_i, this is often referred to as trace property. Also, one may omit one star under the integral: ∫ dx (f ⋆ g)(x) = ∫ dx f(x)g(x) . (1.14) The Groenewold-Moyal star product is a typical example of products which are defined in deformation quantization, see e.g. [14], and may also be studied in this context.

To transform an ordinary quantum field theory into a noncommutative one, we modify the action and replace the ordinary product by the star product, e.g. in ϕ^3-theory S = ∫ dx (1 2 ∂^μϕ ⋆ ∂_μϕ − 1 2 m^2ϕ ⋆ ϕ + g 3! ϕ ⋆ ϕ ⋆ ϕ ) (x) . (1.15)

According to rule (1.14) we can leave out the star in the free part of the action: S = ∫ dx (1 2 ∂^μϕ∂_μϕ − 1 2 m^2ϕϕ + g 3! ϕ ⋆ ϕ ⋆ ϕ ) (x) , (1.16)

having the effect that the free theory is not affected by noncommutativity in this way of introducing it. We are thus allowed to use the the usual expressions for free fields, their expansion in terms of creation and annihilation operators, and the Hilbert space of the free theory. They will be as usual the starting point for perturbation theory, the star product then enters via the interaction. s

8

Chapter 2

The case of only spatial noncommutativity

The restriction to the case that time does commute with space, meaning that θ^{0i} vanishes, causes considerably fewer problems and can be treated in an easier way than the general one. The modified Feynman rules, to be presented in the following, can be applied. A justification of these will be given in chapter 3, where we will recover them for the case θ^{0i} = 0.

2.1 The modified Feynman rules

A first suggestion for perturbation theory in noncommutative theories was made in [9]. Starting point is the Fourier transform of the interaction part of the action, which in the case of S_{int} = ∫ dx(ϕ_1 ⋆ ... ⋆ ϕ_n)(x) with interacting fields ϕ_1, ..., ϕ_n may be written as

S_{int} = ∫ d^4p_1 (2π)^4 · · · d^4p_n (2π)^4 ϕ̃_1(p_1) · · ·ϕ̃_n(p_n)V (p_1, ..., p_n)δ^{(4)}(p_1 + ... + p_n) (2.1)

which suggests to modify the usual Feynman rules by associating the noncommutative phase factor V (p_1, ..., p_n) in addition to the momentum conservation δ^{(4)}(p_1 + ... + p_n) to a vertex with incoming momenta p_1, ..., p_n in a diagram. The phase factor, as may be checked by looking at (1.10), has the form V (p_1, ..., p_n) = e^{−i(p1,p2,...,pn)} (2.2) where we introduced the short-hand notation

(p_1, p_2, ..., p_n) = ∑ i<j≤n p_i ∧ p_j . (2.3)

Notice that in the commutative case (θ^{μν} = 0) the phase factor reduces to 1, such that we obtain the ordinary Feynman rules.

It is crucial to observe that the phase factor together with the momentum conservation is invariant under cyclic, but not arbitrary permutations of the momenta p_1, ..., p_n. We have to fix the in- and outgoing lines at vertices in their cyclic ordering, and consider all possible diagrams. The effect is a certain averaging over the different possible orderings, e.g. in noncommutative ϕ^n-theory we could instead of (2.2) directly use V̄ (p_1, ..., p_n) = 1 n! ∑ π∈S_n e^{−i(pπ(1),...,pπ(n))} (2.4) and would no longer need to take different ordering of momenta in diagrams into account. We will follow this idea in the coming sections, but here stay with [9]. The influence of the phase factors to graphs is there further elaborated, it leads to the distinction of two types of diagrams. The first one, called planar, does not depend on internal momenta through phase factors. Such a planar diagram is the one in Fig. 2.1, we calculate the overall phase to be V (p, −k, −p + k)V (k, −p, p − k) = e^{−i(p,−k,−p+k)}e^{−i(k,−p,p−k)} = e^{−i(−p∧k+p∧k+k∧p−k∧p+k∧p+p∧k)} = 1 .

p p k

p − k Figure 2.1: A planar diagram: the overall phase factor is trivial

p p k

p − k Figure 2.2: A nonplanar diagram: the internal momentum appears in the overall phase factor

If we twist the internal momenta to obtain a different ordering at the right vertex, we encounter a nonplanar diagram: the phase factor yields V (p, −k, −p + k)V (p − k, −p, k) = e^{−i(p,−k,−p+k)}e^{−i(p−k,−p,k)} = e^{−i(−p∧k+p∧k+k∧p+k∧p+p∧k−p∧k)} = e^{−2ik∧p} and does depend on the internal momenta.

However, the distinction into planar and nonplanar diagrams will not be of further interest in this thesis. Instead we are going to work directly with averaged phase factors of the type (2.4).

2.2 Quantized operator identities: Equations of motion and currents

In this section we want to derive easy examples for equations of motion and current conservation laws on the quantized level, and in particular show that the classical ones hold in the case of spatial noncommutativity. Our aim is to illustrate the mechanism of deriving both types of equations and show the similarity.

To consider the level of Green’s functions means that instead of an operator identity at the classical level O_1 = O_2 (2.5)

we want to show it on the quantized level, i.e. for Green’s functions

⟨0|T (O_1X)|0⟩ = ⟨0|T (O_2X)|0⟩ + c.t. (2.6)

where X is an arbitrary collection of fields, X = Φ_1(x_1) · · ·Φ_n(x_n) and c.t stands for contact terms. Identity (2.6) gives then rise to identity (2.5), as all matrix elements of the operators O_1 and O_2 may be obtained from the left and right hand side of (2.6) by the LZS reduction formula, the contact terms vanish when this procedure is applied.

For showing an identity of type (2.6), we have to be proleptic and use a result from chapter 3, namely that Filks approach agrees in the case of only spatial noncommutativity with the formula ⟨0|T ( O Φ(x_1)...Φ(x_n) ) |0⟩ = ⟨0|T ( O Φ^{(0)}(x_1)...Φ^{(0)}(x_n)e^i ∫ dxL^{(0)}_{int} (x) ) |0⟩ , (2.7)

the index^{(0)} on the right hand side means that all fields are the free ones. We will benefit from this well-known formula, allowing us to calculate Green’s functions of type (2.6) in the following considerations.

As an illustrating example, we consider a field theory with a complex field ϕ and a real field σ, the Lagrangian reads

L = ∂^μϕ^†∂_μϕ − m^2ϕ^†ϕ + 1 2 ∂^μσ∂_μσ − 1 2 m^2σ^2 + gϕ^† ⋆ σ ⋆ ϕ (2.8)

and is left invariant under the infinitesimal U(1)-transformation δϕ = iαϕ δϕ^† = −iαϕ^† . (2.9)

On the classical level we can use the principle of least action to obtain the equations of motion ∂^μ∂_μϕ + m^2ϕ − gσ ⋆ ϕ = 0 ∂^μ∂_μϕ^† + m^2ϕ^† − gϕ^† ⋆ σ = 0 ∂^μ∂_μσ + m^2σ − gϕ ⋆ ϕ^† = 0 (2.10)

and with their help find that the current

j_μ = iϕ^† ⋆ ∂_μϕ − i∂_μϕ^† ⋆ ϕ (2.11)

is conserved: ∂^μj_μ = 0.

The equations (2.10) and (2.11) are of the classical type (2.5), we now want to derive them on the quantized level in the sense of (2.6).

2.2.1 Equations of motion

Let us start with the equation of motion for the real scalar field σ, our aim is to derive ⟨0|T { (∂^μ∂_μσ + m^2σ − gϕ ⋆ ϕ^†)(x)X } |0⟩ + c.t. = 0 , (2.12)

where X is a collection of field operators:

X = O_1(x_1)...O_n(x_n) ; O_iϵ { ϕ, ϕ^†, σ} . (2.13) We know that the difference between having a derivative inside or outside the time-ordering can at most be a contact term^∗, so let us study the expression

(□_x + m^2)⟨0|T { σ(x) X } |0⟩ . (2.14)

Recalling that according to formula (2.7) the field σ(x) can either be contracted with another field σ(y) coming from L_{int}(y) or with a field σ at one of the points x_1, ..., x_n, we may write the above expression diagrammatically. Symbolize the contraction of ϕ and ϕ^† by a continuous and the contraction of two σ-fields by a dashed line. Let L_σ ⊂ {1, ..., n} be such that for

∗In the case of a time derivative, it is a commutator times a one-dimensional δ-distribution depending on the time argument. For θ^{0i} = 0 the commutator vanishes at spacelike distances, such that is only different from zero at coinciding points and thus a contact term.

l ∈ L_σ there is a field σ at place x_l, we then find

(□_x + m^2)⟨0|T { σ(x) X } |0⟩ = x

x_1 ... x_n

(□ + m^2)

= ∫ dy y x

x_1 ... x_n

(□ + m^2)

+ ∑ l∈L_σ

x

x_1 ... x̌_l x_n x_l

(□ + m^2)

(2.15)

where the half continuous and half dashed lines connecting the points x_1, ..., x_n symbolize

that these lines can either be dashed or continuous, depending on the type of field at that point. The idea is now to use the fact that the lines correspond to propagators, such that

(□ + m^2) acting on the dashed line gives a δ-distribution and allows to simplify the terms.

To derive the analytic expressions for the above diagrams, we carefully start again from

(2.7) and use (1.11) to rewrite the star product. The contraction of two fields, which gives

the propagator, is denoted by and we compute

(□_x + m^2)⟨0|T { σ(x) X } |0⟩ = ∫ dy (□_x + m^2)⟨0|T { σ(x)ig(ϕ^† ⋆ σ ⋆ ϕ)(y)X } |0⟩ + ∑ l∈L_σ (□_x + m^2)⟨0|T { σ(x)σ(x_l)Xˇ_l } |0⟩ = ig ∫ dy (□_x + m^2) ⟨0|T { σ(x)e^i2^{θμν ∂ξμ∂ην} e^i2^{θρσ ∂ζρ ∂χσ} ϕ^†(y + ξ)σ(y + η + ζ)ϕ(y + η + χ)X } |0⟩ | |_{ξ,η,ζ,χ=0} + ∑ l∈L_σ (□_x + m^2)⟨0|T { σ(x)σ(x_l)Xˇ_l } |0⟩

= ig ∫ dy (□_x + m^2)e^{i2 θμν ∂ξμ∂ην} e^{i2 θρσ ∂ζρ ∂χσ} Δ_C (x − y − η − ζ) ⟨0|T { ϕ^†(y + ξ)ϕ(y + η + χ)X } |0⟩ | |_{ξ,η,ζ,χ=0} + ∑ l∈L_σ (□_x + m^2)Δ_C (x − x_l)⟨0|T { Xˇ_l } |0⟩ . (2.16)

As already mentioned, we now use the relation (□ + m^2)Δ_C (x − y) = −iδ^{(4)}(x − y) such that we can further simplify these terms:

(□_x + m^2)⟨0|T { σ(x) X } |0⟩ = g ∫ dy e^{i2 θμν ∂ξμ∂ην} e^{i2 θρσ ∂ζρ ∂χσ} δ^{(4)}(x − y − η − ζ)⟨0|T { ϕ^†(y + ξ)ϕ(y + η + χ)X } |0⟩ | | ξ,η,ζ,χ=0 − i ∑ l∈L_σ δ^{(4)}(x − x_l)⟨0|T { Xˇ_l } |0⟩ . (2.17)

The second expression on the right hand side is from the appearance of δ^{(4)}(x−x_l) seen to be a contact term. In the first term we can apply the δ-distribution to carry out the integration over y and arrive at

(□_x + m^2)⟨0|T { σ(x) X } |0⟩ = ge^{i2 θμν ∂ξμ∂ην} e^{i2 θρσ ∂ζρ ∂χσ} ⟨0|T { ϕ^†(x − η − ζ + ξ)ϕ(x − η − ζ + η + χ)X } |0⟩ | | ξ,η,ζ,χ=0 + c.t.

We recognize that the two η appearing in the argument of the field ϕ cancel each other, such that e^i2^{θμν ∂ξμ∂ην} yields the identity. e^i2^{θρσ ∂ζρ ∂χσ} gives now the star product between the two ϕ fields: e^i2^{θρσ ∂ζρ ∂χσ} ϕ^†(x − ζ)ϕ(x − ζ + χ) | |_{ζ,χ=0} = (ϕ ⋆ ϕ^†)(x) and we find

(□_x + m^2)⟨0|T { σ(x) X } |0⟩ = g⟨0|T { (ϕ ⋆ ϕ^†)(x)X } |0⟩ + c.t. . (2.18)

But this is the equation of motion (2.12), such that our calculation has come to the desired result.

2.2.2 Current conservation laws

We now turn to the derivation of the current conservation law ∂^μ⟨0|T { j_μ(x)X } |0⟩ + c.t. = 0 , (2.19)

with X in the form (2.13). The calculation will be similar to the one in the previous subsection, but slightly more challenging as we will have to deal with a composite operator at place x, namely the star product of two fields.

Consider the expression

(□ + m^2)⟨0|T { (ϕ^† ⋆ ϕ)(x)X } |0⟩ − (□ + m^2)⟨0|T { (ϕ^† ⋆ ϕ)(x)X } |0⟩ , (2.20) the arrow denotes the field where the derivative acts on. We focus on the first term which, again symbolizing the contraction of ϕ^† and ϕ by a continuous line and the contraction of two σ-fields by a dashed line, can be cast into the diagrammatic form

(□ + m^2)⟨0|T { (ϕ^† ⋆ ϕ)(x)X } |0⟩ = x

x_1 ... x_n

(□ + m^2)

= ∫ dy x y

x_1 ... x_n

(□ + m^2)

+ ∑ l∈L_{ϕ†}

x

x_1 ... x̌_l x_n x_l

(□ + m^2)

The two diagrams in the last line arise because the line from point x carrying the differential operator can either go to an internal vertex or to one of the outer points. The index set L_ϕ† refers to all numbers l ∈ {1, ..., n} for which a field ϕ^† is located at x_l. To calculate the analytic expressions we apply formula (2.7), write the star-product in the form (1.11) and find

(□ + m^2)⟨0|T { (ϕ^† ⋆ ϕ)(x)X } |0⟩ = ∫ dy (□ + m^2)⟨0|T { (ϕ^† ⋆ ϕ)(x)ig(ϕ^† ⋆ σ ⋆ ϕ)(y)X } |0⟩ + ∑ l∈L_{ϕ†} (□ + m^2)⟨0|T { (ϕ^† ⋆ ϕ)(x)ϕ^†(x_l)Xˇ_l } |0⟩

= ig ∫ dy e^{i2 θρσ ∂ξρ∂ησ} e^{i2 θρσ ∂ζρ ∂χσ} (□ + m^2)⟨0|T { ϕ^†(x + ξ)Δ_C (x + η − y − ζ)(σ ⋆ ϕ)(y + χ)X } |0⟩ + g ∑ l∈L_{ϕ†} e^i2^{θρσ ∂ξρ ∂ησ} (□ + m^2)⟨0|T { ϕ^†(x + ξ)Δ_C (x + η − x_l)Xˇ_l } |0⟩ | |_{ξ,η=0} , (2.21)

the symbol denotes the contraction between two field operators. Remembering

(□ + m^2)Δ_C (x − y) = −iδ^{(4)}(x − y) (2.22) we obtain

(□ + m^2)⟨0|T { (ϕ^† ⋆ ϕ)(x)X } |0⟩ = g ∫ dy e^{i2 θρσ ∂ξρ∂ησ} e^{i2 θρσ ∂ζρ ∂χσ} δ^{(4)}(x + η − y − ζ)⟨0|T { ϕ^†(x + ξ)(σ ⋆ ϕ)(y + χ)X } |0⟩ | |_{ξ,η,ζ,χ=0} − ig ∑ l∈L_{ϕ†} e^{i2 θρσ ∂ξρ∂ησ} δ^{(4)}(x + η − x_l)⟨0|T { ϕ^†(x + ξ)Xˇ_l } |0⟩ | |_{ξ,η=0} . (2.23)

The four-dimensional δ-distribution in the second term on the right hand side may, as we

are in the case θ^{0i} = 0, be written as δ^{(4)}(x + η − x_l) = δ^{(1)}(x^0 − x^0_l )δ^{(3)}(x^i + η^i − x^i_l) such

that it is seen to be local in time and we recognize it as a contact term. The δ-distribution in

the other term allows us to carry out the integration over y:

(□ + m^2)⟨0|T { (ϕ^† ⋆ ϕ)(x)X } |0⟩ = ge^i2^{θρσ ∂ξρ∂ησ} e^i2^{θρσ ∂ζρ ∂χσ} ⟨0|T { ϕ^†(x + ξ)(σ ⋆ ϕ)(x + η − ζ + χ)X } |0⟩ | |_{ξ,η,ζ,χ=0} + c.t. The derivatives of e^i2^{θρσ ∂ζρ ∂χσ} both act on the same function (σ ⋆ ϕ) and so e^i2^{θρσ ∂ζρ ∂χσ} yields

only the identity. e^i2^{θρσ ∂ξρ ∂ησ} is then seen to give the star product between ϕ^† and σ ⋆ ϕ, such

that the final result is

(□ + m^2)⟨0|T { (ϕ^† ⋆ ϕ)(x)X } |0⟩ = g⟨0|T { (ϕ^† ⋆ σ ⋆ ϕ)(x)X } |0⟩ + c.t . (2.24)

The second term of (2.20) is computed analogously:

(□ + m^2)⟨0|T { (ϕ^† ⋆ ϕ)(x)X } |0⟩ = g⟨0|T { (ϕ^† ⋆ σ ⋆ ϕ)(x)X } |0⟩ + c.t , (2.25)

such that together

(□ + m^2)⟨0|T { (ϕ^† ⋆ ϕ)(x)X } |0⟩ − (□ + m^2)⟨0|T { (ϕ^† ⋆ ϕ)(x)X } |0⟩ + c.t. = 0 . (2.26)

We now try to rewrite the left hand side. Obviously we can leave the m^2 in both terms away,

they cancel each other. Furthermore, we encounter

(□ + m^2)⟨0|T { (ϕ^† ⋆ ϕ)(x)X } |0⟩ − (□ + m^2)⟨0|T { (ϕ^† ⋆ ϕ)(x)X } |0⟩ + c.t.

= ∂^μ∂_μ⟨0|T {( ϕ^† ⋆ ϕ − ϕ^† ⋆ ϕ ) (x)X } |0⟩ + c.t. = ∂^μ⟨0|T {( ϕ^† ⋆ ∂_μϕ − ∂^μϕ^† ⋆ ϕ ) (x)X } |0⟩ + c.t. , (2.27)

and this vanishes according to (2.26). For the operator (2.11)

j_μ = iϕ^† ⋆ ∂_μϕ − i∂_μϕ^† ⋆ ϕ (2.28)

which we derived as the classical current, we have thus now proven the conservation law

on the level of Green’s functions ∂^μ⟨0|T { j_μ(x)X } |0⟩ + c.t. = 0 . (2.29)

2.3 BRS current and Slavnov-Taylor identities in NCQED

In this section we want to consider a physically relevant example of a quantized current and derive the BRS current conservation on the level of Green’s functions. Integration yields the Slavnov-Taylor identities, from which the Ward identities for NCQED may be proven. They allow to show that the physical Hilbert space is stable under time evolution [16].

The calculation follows the lines of the derivation of a current in the previous easy example, but we will have more terms to consider. Also, the current will not look as nice as the previous one nor like the BRS current in commutative theories. We face additional terms that come from star-commutators of fields and are due to the fact that only the action but not the Lagrangian is invariant under the BRS-transformations. This last issue was already discussed on the classical level in [17] and [18], where the same type of additional terms emerged.

In [15] a noncommutative theory of electrodynamics has been constructed which is invariant under combined left- and right BRS transformations. For simplicity, we only take the part of this theory which remains invariant under BRS transformations from the left, this theory is usually referred to as NCQED. Its full Lagrangian, including gauge-fixing and Faddeev- Popov terms, reads L = iψ̄γ^μ∂_μψ − mψ̄ψ + gψ̄ ⋆ γ^μA_μ ⋆ ψ − 1 4 F_{μν} ⋆ F^{μν} + ξ 2 B^2 + B∂^μA_μ − c̄ ⋆ ∂^μD_μc (2.30)

where

F_{μν} = ∂_μA_ν − ∂_ν A_μ − ig[A_μ, A_ν]_⋆ (2.31) D_μc = ∂_μc + ig[c, A_μ]_⋆ . (2.32)

As stated above, the corresponding action is invariant under the left BRS transformations which read sψ = igc ⋆ ψ (2.33) sψ̄ = −igψ̄ ⋆ c (2.34) sc = igc ⋆ c (2.35) sc̄ = B (2.36) sB = 0 (2.37) sA_μ = D_μc = ∂_μc + ig[c, A_μ]_⋆ . (2.38)

We have to use the trace property of the star product to show the invariance of the theory under these transformations which we can only apply for the action but not for the Lagrangian, the latter turns in fact out to be modified. The calculations are lengthy and have been performed in other contexts, see e.g. [15], such that we do not repeat them here.

To find the conserved current associated to these transformations, i.e. an operator j^{BRS}_μ (x) satisfying the conservation law

∂^μ⟨0|T {j^{BRS}_μ (x)X}|0⟩ + c.t. = 0 (2.39)

where X is a collection of field operators:

X = O_1(x_1)...O_n(x_n) ; O_iϵ {¯ ψ, ψ, A_μ, c̄, c } (2.40)

we consider the expression

i(i∂_μ − m)⟨0|T {(sψ̄ ⋆ γ^μψ)(x)X}|0⟩ −i(i∂_μ + m)⟨0|T {(ψ̄ ⋆ γ^μsψ)(x)X}|0⟩ −i□⟨0|T {(sA_μ ⋆ A^μ)(x)X}|0⟩ +i□⟨0|T {(sc̄ ⋆ c)(x)X}|0⟩ +i□⟨0|T {(c̄ ⋆ sc)(x)X}|0⟩ . (2.41)

The derivatives are meant to only act on the field where the arrow points to. Let us begin with the detailed calculation of the first term, which resembles our considerations in the previous section. Diagrammatically it is

i(i∂_μ − m)⟨0|T {(sψ̄ ⋆ γ^μψ)(x)X}|0⟩ = g(i∂_μ − m)⟨0|T {(ψ̄ ⋆ c ⋆ γ^μψ)(x)X}|0⟩

= g ∫ dy x y

x_1 ... x_n

(i∂̸ − m)

+ g ∑ l∈L¯_ψ

x

x_1 ... x̌_l x_n x_l

(i∂̸ − m)

(2.42)

where L¯_ψ refers to the set of all indices l ∈ {1, ..., n} for which we have a field ψ̄ at place x_l, analogously we will use the notations L_ψ, L_{Aμ} , L_c, L_{c̄}.

The analytic expressions are g(i∂_μ − m)⟨0|T {(ψ̄ ⋆ c ⋆ γ^μψ)(x)X}|0⟩ =g ∫ dy (i∂_μ − m)⟨0|T {(ψ̄ ⋆ c ⋆ γ^μψ)(x)ig(ψ̄ ⋆ γ^νA_ν ⋆ ψ)(y)X}|0⟩ + g ∑ l∈L¯_ψ (i∂_μ − m)⟨0|T { (ψ̄ ⋆ c ⋆ γ^μψ)(x)ψ̄(x_l)Xˇ_l } |0⟩

=ig^2 ∫ dy e^i2^{θρσ ∂ξρ ∂ησ} e^i2^{θρσ ∂ζρ ∂χσ} (i∂_μ − m)⟨0|T { (ψ̄ ⋆ cγ^μ)(x + ξ)S_C (x + η − y − ζ) (γ^ν A_ν ⋆ ψ)(y + χ)X } |0⟩ | |_{ξ,η,ζ,χ=0} + g ∑ l∈L¯_ψ e^{i2 θρσ ∂ξρ∂ησ} (i∂_μ − m)⟨0|T { (ψ̄ ⋆ cγ^μ)(x + ξ)S_C (x + η − x_l)Xˇ_l } |0⟩ | |_{ξ=η=0} (2.43)

which by using (i ̸∂ − m)S_C (x − y) = iδ^{(4)}(x − y) allow us to carry out the integration over y and turn into g(i∂_μ − m)⟨0|T {(ψ̄ ⋆ c ⋆ γ^μψ)(x)X}|0⟩ = − g^2e^{i2 θρσ ∂ξρ∂ησ} e^{i2 θρσ ∂ζρ ∂χσ} ⟨0|T { (ψ̄ ⋆ c)(x + ξ)(γ^νA_ν ⋆ ψ)(x + η − ζ + χ)X } |0⟩ | |_{ξ,η,ζ,χ=0} + ig ∑ l∈L¯_ψ e^{i2 θρσ ∂ξρ∂ησ} δ^{(4)}(x + η − x_l)⟨0|T { (ψ̄ ⋆ c)(x + ξ)Xˇ_l } |0⟩ | |_{ξ=η=0} . (2.44)

Exploiting the condition θ^{0i} = 0 we find that we can write the four-dimensional δ-distribution in the sum as δ^{(4)}(x + η − x_l) = δ^{(0)}(x^0 − x^0_l )δ^{(3)}(x^i + η^i − x^i_l), from the first one-dimensional δ-distribution we conclude that the terms in the sum are local in time and recognize them as contact terms.

The first term can be recast in the form of a Moyal-product, if we take e^i2^{θρσ ∂ζρ ∂χσ} f(x − ζ + χ) | |_{ζ=χ=0} = f(x) into account:

g(i∂_μ − m)⟨0|T {(ψ̄ ⋆ c ⋆ γ^μψ)(x)X}|0⟩ = − g^2e^{i2 θρσ ∂ξρ∂ησ} ⟨0|T { (ψ̄ ⋆ c)(x + ξ)(γ^νA_ν ⋆ ψ)(x + η)X } |0⟩ | | ξ=η=0 + c.t. = − g^2⟨0|T { (ψ̄ ⋆ cγ^μ ⋆ A_μ ⋆ ψ)(x)X } |0⟩ + c.t. . (2.45)

The remaining terms are calculated in a similar manner, they yield

− i(i∂_μ + m)⟨0|T {(ψ̄ ⋆ γ^μsψ)(x)X}|0⟩ = g(i∂_μ + m)⟨0|T {(ψ̄ ⋆ γ^μ ⋆ c ⋆ ψ)(x)X}|0⟩ = g^2⟨0|T { (ψ̄ ⋆ γ^μA_μ ⋆ c ⋆ ψ)(x)X } |0⟩ + c.t. (2.46)

− i□⟨0|T {(sA_μ ⋆ A^μ)(x)X}|0⟩ = −i□⟨0|T { ( (∂_μc + ig[c, A_μ]_⋆) ⋆ A^μ ) (x)X}|0⟩ = −ig⟨0|T {((∂_μc + ig[c, A_μ]_⋆) ⋆ ψγ^{μT} ⋆ ψ̄)(x)X}|0⟩ + g⟨0|T { ( (∂_μc + ig[c, A_μ]_⋆) ⋆ (∂^μB + ig∂^μc̄ ⋆ c) ) (x)X}|0⟩ + ig⟨0|T { ( (∂_μc + ig[c, A_μ]_⋆) ⋆ c ⋆ ∂^μc̄ ) (x)X}|0⟩ + g⟨0|T {(−i∂^μ(D_ν c ⋆ F^{μν} ) + 1 2 g[∂_μA_ν − ∂_ν A_μ, c ⋆ F^{μν} ]_⋆ + g[∂^νc ⋆ F^{μν} , A_μ]_⋆)

+ ig^2[c ⋆ F^{μν} ⋆ A^μ, A_ν ]_⋆ + ig^2[A^ν , c ⋆ A^μ ⋆ F^{μν} ]_⋆)(x)X}|0⟩ + c.t. i□⟨0|T {(sc̄ ⋆ c)(x)X}|0⟩ = i□⟨0|T {(B ⋆ c)(x)X}|0⟩ = ig⟨0|T { ( B ⋆ ∂^μ[c, A_μ]_⋆ ) (x)X}|0⟩ + c.t. i□⟨0|T {(c̄ ⋆ sc)(x)X}|0⟩ = −g□⟨0|T {(c̄ ⋆ c ⋆ c)(x)X}|0⟩ = g^2⟨0|T {([A_μ, ∂^μc̄]_⋆ ⋆ c ⋆ c)(x)X}|0⟩ + c.t. (2.47)

Adding them up we find the identity

g(i∂_μ − m)⟨0|T {(ψ̄ ⋆ c ⋆ γ^μψ)(x)X}|0⟩ + g(i∂_μ + m)⟨0|T {(ψ̄ ⋆ γ^μ ⋆ c ⋆ ψ)(x)X}|0⟩ − i□⟨0|T { ( (∂_μc + ig[c, A_μ]_⋆) ⋆ A^μ ) (x)X}|0⟩ + i□⟨0|T {(B ⋆ c)(x)X}|0⟩ − g□⟨0|T {(c̄ ⋆ c ⋆ c)(x)X}|0⟩ = − g^2⟨0|T { (ψ̄ ⋆ cγ^μ ⋆ A_μ ⋆ ψ)(x)X } |0⟩ + g^2⟨0|T { (ψ̄ ⋆ γ^μA_μ ⋆ c ⋆ ψ)(x)X } |0⟩ − ig⟨0|T {((∂_μc + ig[c, A_μ]_⋆) ⋆ ψγ^{μT} ⋆ ψ̄)(x)X}|0⟩ + g⟨0|T { ( (∂_μc + ig[c, A_μ]_⋆) ⋆ (∂^μB + ig∂^μc̄ ⋆ c) ) (x)X}|0⟩ + ig⟨0|T { ( (∂_μc + ig[c, A_μ]_⋆) ⋆ c ⋆ ∂^μc̄ ) (x)X}|0⟩ + g⟨0|T {(−i∂^μ(D_ν c ⋆ F^{μν} ) + 1 2 g[∂_μA_ν − ∂_ν A_μ, c ⋆ F^{μν} ]_⋆ + g[∂^νc ⋆ F^{μν} , A_μ]_⋆)

+ ig^2[c ⋆ F^{μν} ⋆ A^μ, A_ν ]_⋆ + ig^2[A^ν , c ⋆ A^μ ⋆ F^{μν} ]_⋆)(x)X}|0⟩ + ig⟨0|T { ( B ⋆ ∂^μ[c, A_μ]_⋆ ) (x)X}|0⟩ + g^2⟨0|T {([A_μ, ∂^μc̄]_⋆ ⋆ c ⋆ c)(x)X}|0⟩ + c.t. (2.48) which we may put into the form ∂_μ⟨0|T {( igψ̄γ^μ ⋆ c ⋆ ψ + iD^μc ⋆ B + iD_ν c ⋆ F^{μν} − g∂^μc̄ ⋆ c ⋆ c + gc ⋆ ∂^ν ∂_ν A_μ − gc ⋆ ∂_μ∂^ν A_ν ) (x)X } |0⟩ + c.t. =g^2⟨0|T {( [A_μ ⋆ c ⋆ c, ∂^μc̄]_⋆ + [A_μ ⋆ ∂^μc̄ ⋆ c, c]_⋆ + [A_μ ⋆ c ⋆ ∂^μc̄, c]_⋆ ) (x)X } |0⟩ + ig⟨0|T {[¯ ψ_αγ^μ_{αβ}, (∂_μc + ig[c, A_μ]_⋆) ⋆ ψ_β ] ⋆(x)X } |0⟩ + g⟨0|T {( [∂^μc, ∂_μc̄ ⋆ c]_⋆ + [∂^μc ⋆ c, ∂_μc̄]_⋆ ) (x)X } |0⟩

+ g⟨0|T {(1 2 [∂_ν A_μ − ∂_μA_ν , c ⋆ F^{μν} ]_⋆ + [∂^ν c ⋆ F^{μν} , A_μ]_⋆ + ig[c ⋆ F^{μν} ⋆ A_μ, A_ν ]_⋆ + ig[A_ν, c ⋆ A_μ ⋆ F^{μν} ]_⋆ ) (x)X } |0⟩ . (2.49)

How can we read off a current fulfilling the conservation law (2.39) from this identity? The left hand side is already in the form of a total derivative. We notice the right hand side to be a sum of star-commutators, these are the additional terms mentioned in the beginning of this section. Each of them can be written as a total derivative, which we will show in general for the star-commutator of two functions f and g: [f, g]_⋆(x) = (f ⋆ g)(x) − (g ⋆ f)(x) = ( e^i2^{θμν ∂ξμ∂ην} − e^i2^{θμν ∂ημ∂ξν} ) f(x + ξ)g(x + η) | |_{ξ=η=0} = (^∞∑ n=1 1 n! ( i 2 θ^{μν} ∂^ξ_μ∂^η_ν )_n − ∞∑ n=1 1 n! ( i 2 θ^{μν} ∂^η_μ∂^ξ_ν )_n) f(x + ξ)g(x + η) | | ξ=η=0 = i 2 θ^{μν} ∂^ξ_μ∂^η_ν (^∞∑ n=1 1 n! ( i 2 θ^{μν} ∂^ξ_μ∂^η_ν )_{n−1} + ∞∑ n=1 1 n! ( − i 2 θ^{μν} ∂^ξ_μ∂^η_ν )_{n−1})

f(x + ξ)g(x + η) | |_{ξ=η=0} = i 2 θ^{μν} (∂^ξ_μ + ∂^η_μ)∂^η_ν (^∞∑ n=1 1 n! ( i 2 θ^{μν} ∂^ξ_μ∂^η_ν )_{n−1} + ∞∑ n=1 1 n! ( − i 2 θ^{μν} ∂^ξ_μ∂^η_ν )_{n−1})

f(x + ξ)g(x + η) | | ξ=η=0 = ∂^x_μ i 2 θ^{μν} ∂^η_ν 2 ∞∑ n=0 1 (2n + 1)! ( i 2 θ^{μν} ∂^ξ_μ∂^η_ν )_{2n} f(x + ξ)g(x + η) | |_{ξ=η=0} = ∂_μH^μ_{[f,g]⋆} (x) (2.50)

where we defined the object H^μ_{[f,g]⋆} (x) ≡ iθ^{μν} ∂^η_ν ∞∑ n=0 1 (2n + 1)! ( i 2 θ^{μν} ∂^ξ_μ∂^η_ν )_{2n} f(x + ξ)g(x + η) | |_{ξ=η=0} . (2.51)

We use this notation to find the conserved current j^μ_{BRS} =igψ̄γ^μ ⋆ c ⋆ ψ + iD^μc ⋆ B + iD_ν c ⋆ F^{μν} − g∂^μc̄ ⋆ c ⋆ c + gc ⋆ ∂^ν ∂_ν A_μ − gc ⋆ ∂_μ∂^ν A_ν − g^2H^μ_{[Aμ⋆c⋆c,∂μc̄]⋆} − g^2H^μ_{[Aμ⋆∂μc̄⋆c,c]⋆} − g^2H^μ_{[Aμ⋆c⋆∂μc̄,c]⋆} − igH^μ_{[ψ̄γμ,(∂μc+ig[c,Aμ ]⋆)⋆ψ]⋆} − gH^μ_{[∂μc,∂μc̄⋆c]⋆} − gH^μ_{[∂μc⋆c,∂μc̄]⋆} − 1 2 gH^μ_{[∂ν Aμ−∂μAν ,c⋆F μν ]⋆} − gH^μ_{[∂ν c⋆F μν ,Aμ]⋆} − ig^2H^μ_{[c⋆F μν ⋆Aμ,Aν ]⋆} − ig^2H^μ_{[Aν ,c⋆Aμ⋆F μν ]⋆} (2.52) which according to identity (2.49) indeed fulfills the conservation law ∂_μ⟨0|T {j^μ_{BRS}(x)X}|0⟩ + c.t. = 0 . (2.53)

Let us briefly comment on the terms appearing in the BRS current (2.52). The first six resemble the ones which are also present in the nonabelian commutative case, while the remaining ones are due to the non-invariance of the Lagrangian under BRS transformations and only appear in noncommutative theories.

We want to go on and derive the Slavnov-Taylor identities

⟨0|T (sX)|0⟩ = 0 , (2.54)

where s stands for the BRS-transformations on the collection of field operators X. We do this by integrating identity (2.49) over the point x, the terms on the right hand side then all dissappear, as they are total derivatives, and on the left hand side only the contact terms remain. How do these look like? They all come from evaluating the expression (2.41), at the beginning we derived the one met in calculating

i(i∂_μ − m)⟨0|T {(sψ̄ ⋆ γ^μψ)(x)X}|0⟩ | |_{ξ=η=0} , (2.55)

we found ig ∑ l∈L¯_ψ e^{i2 θρσ ∂ξρ∂ησ} δ^{(4)}(x + η − x_l)⟨0|T { (ψ̄ ⋆ c)(x + ξ)Xˇ_l } |0⟩ . (2.56)

If integrated over x, we replace x by x_l − η and skip the infinitesimal parameters ξ, η, such that we obtain ig ∑ l∈L¯_ψ ⟨0|T { (ψ̄ ⋆ c)(x_l)(Xˇ_l } |0⟩ = − ∑ l∈L¯_ψ ⟨0|T { sψ̄(x_l)Xˇ_l } |0⟩ . (2.57)

For the remaining contact terms coming from the other terms in expression (2.41) we obtain similar results, the integrated identity (2.49) finally yields ∑ l∈L¯_ψ ⟨0|T { sψ̄(x_l)Xˇ_l } |0⟩ + ∑ l∈L_ψ ⟨0|T { sψ(x_l)Xˇ_l } |0⟩ + ∑ l∈L_{Aμ} ⟨0|T { sA_μ(x_l)Xˇ_l } |0⟩ + ∑ l∈L_{c̄} ⟨0|T { sc̄(x_l)Xˇ_l } |0⟩ + ∑ l∈L_c ⟨0|T { sc(x_l)Xˇ_l } |0⟩ = 0 (2.58)

which is the Slavnov-Taylor identity (2.54) at full length. It has just the same form as in the commutative case, neither a star product nor additional terms appear. The proof of stability of the physical Hilbert space under time evolution, which substantially builds on the Slavnov-Taylor identity, can thus be done just as in the commutative case. In fact, unitarity in NCQED is valid for the case of only spatial noncommutativity.

Chapter 3

The approach of TOPT

We now go over to the case of time-space noncommutativity, i.e. θ^{0i} ≠ 0. The question how to introduce perturbative methods in this case, even on the unrenormalized level, is not yet satisfactorily answered. The approach of modified Feynman rules has been shown to violate unitarity [10], other formalisms have been proposed to cure this problem. In this section we want to discuss the concept of TOPT, which was elaborated in noncommutative scalar theories by Liao and Sibold [11]. It is unitary by construction, and we will show how it simplifies to the approach of modified Feynman rules in the case of θ^{0i} = 0. Equations of motion are discussed in a detailed example, and we investigate the question of remaining Lorentz invariance.

3.1 The concept

In TOPT a Green’s function for fields ϕ_1, ..., ϕ_n is calculated by the formula ⟨0|T ( ϕ_1(x_1)...ϕ_n(x_n) ) |0⟩ = ⟨0|T ( ϕ^{(0)}_1 (x_1)...ϕ^{(0)}_n (x_n)e^{i ∫ dxL(0)int (x)} ) |0⟩ , (3.1)

the index^{(0)} referring to free fields. The subtlety to observe is that the time-ordering is carried out after the star product, which appears in L_{int}, has been taken. Just as in the commutative case, an S-matrix based on the so defined Green’s functions is unitary. The calculation of examples for (3.1) has been performed in [11] in detail, here, we only want to outline the characteristic steps. Let us evaluate the three-point function ⟨0|T ( ϕ(x_1)ϕ(x_2)ϕ(x_3) ) |0⟩ (3.2)

in the case of a cubic interaction for one scalar field ϕ,

L_{int}(x) = g 3! (ϕ ⋆ ϕ ⋆ ϕ)(x) . (3.3)

In the first order of g we have according to (3.1) ⟨0|T ( ϕ(x_1)ϕ(x_2)ϕ(x_3) ) |0⟩ = i g 3! ∫ dx ⟨0|T ( ϕ^{(0)}(x_1)ϕ^{(0)}(x_2)ϕ^{(0)}(x_3) ( ϕ^{(0)} ⋆ ϕ^{(0)} ⋆ ϕ^{(0)} ) (x) ) |0⟩ (3.4)

We will omit the superscript^{(0)} in the following.

The free fields may be contracted in different ways, we consider one possibility and obtain the other (without disconnected diagrams) by permutations of x_1, x_2, x_3. i g 3! ∫ dx ⟨0|T ( ϕ(x_1)ϕ(x_2)ϕ(x_3) ( ϕ ⋆ ϕ ⋆ ϕ ) (x) ) |0⟩ = i g 3! ∫ dx ⟨0|T ( e^{i2 θμν ∂ξμ∂ην} e^{i2 θρσ ∂ζρ ∂χσ} ϕ(x_1)ϕ(x_2)ϕ(x_3)ϕ(x + ξ)ϕ(x + η + ζ)ϕ(x + η + χ) | |_{ξ,η,ζ,χ=0} ) |0⟩ = i g 3! ∫ dx e^{i2 θμν ∂ξμ∂ην} e^{i2 θρσ ∂ζρ ∂χσ} { ϑ(x^0_1 − x^0)iΔ_+(x^0_1 − x^0 − ξ^0) + ϑ(x^0 − x^0_1)iΔ_+(x^0 + ξ^0 − x^0_1) } { ϑ(x^0_2 − x^0)iΔ_+(x^0_2 − x^0 − η^0 − ζ^0) + ϑ(x^0 − x^0_2)iΔ_+(x^0 + η^0 + ζ^0 − x^0_2) } { ϑ(x^0_3 − x^0)iΔ_+(x^0_3 − x^0 − η^0 − χ^0) + ϑ(x^0 − x^0_3)iΔ_+(x^0 + η^0 + χ^0 − x^0_3) }| |_{ξ,η,ζ,χ=0} (3.5)

where we defined iΔ_+(x − y) = ⟨0|ϕ(x)ϕ(y)|0⟩, ϑ is the step function. Notice that the infinitesimal variables ξ, η, ζ, χ which define the star product appear in the functions Δ_+ but not in the step functions, such that Δ_+ has another argument than its assigned step function. This is due to the prescription of taking the star product before time-ordering. The usual way to obtain propagators via the relation

Δ_C (x − y) = ϑ(x^o − y^0)iΔ_+(x − y) + ϑ(y^0 − x^0)iΔ_+(y − x) (3.6)

can thus not be applied unless θ^{0i} = 0 (only then it makes no difference whether or not the infinitesimal variables appear in the step functions). This is why in the case θ^{0i} ≠ 0 we do not obtain the ordinary propagators.

To simplify expression (3.5) we use the Fourier transformations

ϑ(x^0_i − x^0) = i 2π ∫ ds_i e^{−isi (x0}i^{−x0 )} s_i + iϵ ϑ(x^0 − x^0_i ) = − i 2π ∫ ds_i e^{−isi (x0i −x0)} s_i − iϵ iΔ_+(x_i − x) = ∫ d^3p_i 2E_{pi} (2π)^3 e^{−ip+i (xi−x)} iΔ_+(x − x_i) = ∫ d^3p_i 2E_{pi} (2π)^3 e^{−ip−i (xi−x)} (3.7)

3.1 The concept 25

with p^± = (±E_p, p). As the star product is performed with respect to the Δ_+-functions, the noncommutative phase factor will contain the on-shell momenta p^±_i . We further substitute p^0_i ≡ s_i ± E_{pi} and arrive after some short calculation at i g 3! ∫ dx ⟨0|T ( ϕ(x_1)ϕ(x_2)ϕ(x_3) ( ϕ ⋆ ϕ ⋆ ϕ ) (x) ) |0⟩ = i g 3! ∑ λ_1,λ_2,λ_3=±1 ∫ d^4p_1 (2π)^4 d^4p_2 (2π)^4 d^4p_3 (2π)^4 ∫ dx P_{λ1} (p_1)P_{λ2} (p_2)P_{λ3} (p_3) e^{−ip1(x1−x)}e^{−ip2 (x2−x)}e^{−ip3 (x3−x)}e^{−i(pλ11 ,pλ22 ,pλ33 )} (3.8) where we defined the quantities

P_λ(p) = iλ 2E_p(p^0 − λ(E_p − iϵ))

(3.9)

for λ = ±1 and the abbreviation for the noncommutative phase

(p_1, p_2, ..., p_n) = ∑ i<j≤n p_i ∧ p_j . (3.10)

Performing the integration over x yields the momentum conservation, (2π)^4δ^{(4)}(p_1+p_2 +p_3). To compute the three-point function at first order, with which we started, we have to sum over all permutations of x_1, x_2, x_3, which can be equivalently done by permuting p_1, p_2, p_3 in the noncommutative phase factor: ⟨0|T ( ϕ(x_1)ϕ(x_2)ϕ(x_3) ) |0⟩ = i g 3! ∫ dx ⟨0|T ( ϕ(x_1)ϕ(x_2)ϕ(x_3) ( ϕ ⋆ ϕ ⋆ ϕ ) (x) ) |0⟩ = i g 3! ∑ λ_1,λ_2,λ_3=±1 ∫ d^4p_1 (2π)^4 d^4p_2 (2π)^4 d^4p_3 (2π)^4

(2π)^4δ^{(4)}(p_1 + p_2 + p_3) P_{λ1} (p_1)P_{λ2} (p_2)P_{λ3} (p_3)

e^{−ip1x1} e^{−ip2x2} e^{−ip3x3} ∑ π∈S_3 e^{−i} (_{pλπ(1)} π(1) , p λπ(2) π(2) , p λπ(3) π(3) ) . (3.11)

The structure that becomes visible in this example in fact generalizes to other Green’s functions. They may be expressed diagrammatically if one assigns to each line a momentum p and λ = ±1, corresponding to the expression P_λ(p). A vertex contributes momentum conservation and a noncommutative phase factor. In the case of cubic interaction this is

i^g_{3!} ∑ π∈S_3 e −i (_{pλπ(1)} π(1) , p λπ(2) π(2) , p λπ(3) π(3) ) , as calculated above.

For only spatial noncommutativity we need not specify the zero-component of the momenta in the phase factor as they do not contribute, such that we can carry out the summation over the λ_i’s by using ∑ λ=±1 P_λ(p) = Δ̃_C (p) , (3.12) so for θ^{0i} = 0 ⟨0|T ( ϕ(x_1)ϕ(x_2)ϕ(x_3) ) |0⟩ =i g 3! ∫ dx ⟨0|T ( ϕ(x_1)ϕ(x_2)ϕ(x_3) ( ϕ ⋆ ϕ ⋆ ϕ ) (x) ) |0⟩ =i g 3! ∫ d^4p_1 (2π)^4 d^4p_2 (2π)^4 d^4p_3 (2π)^4

(2π)^4δ^{(4)}(p_1 + p_2 + p_3) Δ̃_C (p_1)Δ̃_C (p_2)Δ̃_C (p_3) e^{−ip1 x1} e^{−ip2 x2} e^{−ip3x3} ∑ π∈S_3 e^{−i(pπ(1), pπ(2), pπ(3))} (3.13)

which is the result of the modified Feynman rules [9].

However, this is only obtained for vanishing θ^{0i}. If this is not the case, we cannot carry out the summation over the λ_i’s and do not obtain propagators, but are left with expression (3.11) and the general prescriptions given subsequently.

3.2 A scattering process in double gauged noncommutative electrodynamics

The idea of double gauging the global U(1) symmetry on noncommutative space leading to a richer structure of interaction terms was introduced in [15]. We want to apply this idea to Coulomb scattering and investigate the Ward identity in this case. The framework of TOPT will be applied, we therefore at first derive Feynman rules for this theory.

3.2.1 Feynman rules

In the previous section we derived TOPT for scalar particles. Dealing now with spin-^1_2 and spin-1 particles, we have to make some modifications.

The propagators are in TOPT, in the scalar case, replaced by the quantities

P_λ(k) = iλ 2E_k(k^0 − λ(E_k − iϵ))

(3.14)

where λ = ±1. They are the Fourier transforms of the positive and negative energy contribution of the propagator: Δ_C (x − y) = ϑ(x^0 − y^0)⟨0|ϕ(x)ϕ(y)|0⟩ + ϑ(y^0 − x^0)⟨0|ϕ(y)ϕ(x)|0⟩ = ∑ λ=±1 iλ 2π ∫ ds e^{−is(x0 −y0 )} s + iϵλ ∫ d^3k 2E_k(2π)^3 e^{−ikλ (x−y)}

= ∑ λ=±1 ∫ d^4k (2π)^4 iλ 2E_k e^{−is(x0 −y0 )} s + iϵλ e^{−ik(x−y)} | |_{s=k0 −λEk}

= ∑ λ=±1 ∫ d^4k (2π)^4 P_λ(k)e^{−ik(x−y)} , (3.15)

we will denote k^λ = (λE_k, k_1, k_2, k_3).

For spin-^1_2 particles we calculate in the same way S_C (x − y) = ϑ(x^0 − y^0)⟨0|ψ(x)ψ̄(y)|0⟩ − ϑ(y^0 − x^0)⟨0|ψ̄(y)ψ(x)|0⟩ = ∑ λ=±1 iλ 2π ∫ ds e^{−is(x0 −y0 )} s + iϵλ ∫ d^3k 2E_k(2π)^3 (k̸ + m)e^{−ikλ (x−y)}

= ∑ λ=±1 ∫ d^4k (2π)^4 iλ 2E_k e^{−is(x0 −y0 )} s + iϵλ (k̸^λ + m)e^{−ikλ (x−y)} | |_{s=k0 −λEk}

= ∑ λ=±1 ∫ d^4k (2π)^4 S_λ(k)e^{−ik(x−y)} (3.16) where we defined S_λ(k) = iλ(k̸^λ + m) 2E_k(k^0 − λ(E_k − iϵ))

. (3.17)

We find analogously

Δ^{μν}_C (x − y) = −g^{μν} Δ_C (x − y) = −g^{μν} ∑ λ=±1 ∫ d^4k (2π)^4 P_λ(k)e^{−ik(x−y)} , (3.18)

and associate these expressions to lines:

k,λ = S_λ(k) = iλ(k̸^λ + m) 2E_k(k^0 − λ(E_k − iϵ)) μ ν k,λ = −g^{μν} P_λ(k) = −g^{μν} iλ 2E_k(k^0 − λ(E_k − iϵ))

. (3.19)

Which form do the vertices have? They are phase factors arising in the Fourier transformation of the interacting part of the Lagrangian, with the momenta being on-shell. The Lagrangian of the system is (see [15]) L = iψ̄ ⋆ γ^μD_μψ − m^2ψ̄ ⋆ ψ − 1 4 L_{μν} ⋆ L^{μν} − 1 4 R_{μν} ⋆ R^{μν} (3.20)

with D_μψ = ∂_μψ − ig_LL_μ ⋆ ψ + ig_Rψ ⋆ R_μ L_{μν} = ∂_μL_ν − ∂_ν L_μ − ig_L[L_μ.L_ν ]_⋆ R_{μν} = ∂_μR_ν − ∂_ν R_μ − ig_R[R_μ.R_ν ]_⋆ (3.21)

where L_μ is a left and R_μ a right transforming vector field. Physical meaningful fields are ( A_μ B_μ ) = ( c −s s c ) ( L_μ R_μ ) ; c = g_L e , s = g_R e and e = √ g^2_L + g^2_R , (3.22)

the field A_μ is considered as the physical one for θ^{μν} = 0 it couples to the spinor fields as usual, the field B_μ decouples in the commutative case. The covariant derivatives expressed in terms of them become D_μψ = ∂_μψ − ie(c^2A_μ ⋆ ψ + s^2ψ ⋆ A_μ) + iecs[ψ, B_μ]_⋆ L_{μν} = c(∂_μA_ν − ∂_ν A_μ − iec^2[A_μ, A_ν ]_⋆) + s(∂_μB_ν − ∂_ν B_μ − iecs[B_μ, B_ν ]_⋆) − iec^2s([A_μ, B_ν]_⋆ + [B_μ, A_ν ]_⋆) R_{μν} = c(∂_μB_ν − ∂_ν B_μ − iecs[B_μ, B_ν]_⋆) − s(∂_μA_ν − ∂_ν A_μ + ies^2[A_μ, A_ν ]_⋆) + iecs^2([A_μ, B_ν]_⋆ + [B_μ, A_ν ]_⋆) . (3.23)

To express L in terms of A_μ and B_μ we have to perform some longer but straightforward calculations, and arrive at

L = iψ̄ ⋆ γ^μ∂_μψ − m^2ψ̄ ⋆ ψ (3.24) + ec^2ψ̄ ⋆ γ^μA_μ ⋆ ψ + es^2ψ̄ ⋆ γ^μψ ⋆ A_μ − ecsψ̄ ⋆ γ^μ[ψ, B_μ]_⋆ (3.25) − 1 4 (∂_μA_ν − ∂_ν A_μ) ⋆ (∂^μA^ν − ∂^ν A^μ) (3.26) + ie 4 (c^4 − s^4) { ∂_μA_ν − ∂_ν A_μ, [A^μ, A^ν ]_⋆ } ⋆ (3.27) + iecs 4 { ∂_μA_ν − ∂_ν A_μ, [A^μ, B^ν]_⋆ + [B^μ, A^ν ]_⋆ } ⋆ (3.28) + iecs 4 { ∂_μB_ν − ∂_ν B_μ, [A^μ, A^ν ]_⋆ } ⋆ (3.29) + iecs 4 { ∂_μB_ν − ∂_ν B_μ, [B^μ, B^ν ]_⋆ } ⋆ (3.30) + e^2 4 (c^4 + s^4)[A_μ, A_ν]_⋆ ⋆ [A^μ, A^ν ]_⋆ (3.31) + e^2cs 4 (c^4 − s^4) { [A_μ, A_ν ]_⋆, [A^μ, B^ν ]_⋆ + [B^μ, A^ν]_⋆ } ⋆ (3.32) + e^2c^2s^2 4 ( [A_μ, B_ν ]_⋆ + [B_μ, A_ν ]_⋆ ) ⋆ ( [A^μ, B^ν]_⋆ + [B^μ, A^ν ] ) (3.33) + e^2c^2s^2 4 { [A_μ, A_ν ]_⋆, [B^μ, B^ν ]_⋆ } ⋆ (3.34)

We encounter different three- and four-point vertices, let us look at the one in line (3.25) between two spinor particles and one A_μ first:

ec^2ψ̄ ⋆ γ^μA_μ ⋆ ψ(x) + es^2ψ̄ ⋆ γ^μψ ⋆ A_μ(x) =e ∫ dk_1 (2π)^4 dk_2 (2π)^4 dk_3 (2π)^4

~ψ̄(k_1)γμÃ_μ(k_2)ψ̃(k_3) e^{−i(k1 +k2 +k3 )x} ( c^2e^{−i(k1 ,k2 ,k3)} + s^2e^{−i(k1 ,k3 ,k2)} ) (3.35)

where we introduced (k_1, ..., k_n) = ∑ i<j k_i ∧ k_j . The underlined term is, if the momenta are put on-shell, the noncommutative phase factor. Denoting the A_μ-line by and the B_μ-line by we have found for the above vertex

μ k_3 ,λ_3 k_1 ,λ_1

k_2 ,λ_2

= ieγ^μδ^{(4)}(k_1 − k_2 − k_3) e^{−i(kλ22 ∧kλ11 +kλ33 ∧kλ11 )} ( c^2e^{−ikλ22 ∧kλ33} + s^2e^{−ikλ33 ∧kλ22} ) .

The other vertices may be found similarly:

μ k_3 ,λ_3 k_1 ,λ_1

k_2,λ_2

= 2ecsγ^μδ^{(4)}(k_1 − k_2 − k_3) e^{−i(kλ22 ∧kλ11 +kλ33 ∧kλ11 )} sin(k^{λ2}_2 ∧ k^{λ3}_3 )

μ_1

μ_2

μ_3 k_3 ,λ_3 k_1,λ_1

k_2,λ_2

= 2e(c^4 − s^4)δ^{(4)}(k_1 + k_2 + k_3) { (k^{μ2}_1 g^{μ1μ3} − k^{μ3}_1 g^{μ1μ2} ) cos(k^{λ1}_1 ∧ k^{λ2}_2 + k^{λ1}_1 ∧ k^{λ3}_3 ) sin(k^{λ2}_2 ∧ k^{λ3}_3 ) + (k^{μ3}_2 g^{μ2μ1} − k^{μ1}_2 g^{μ2μ3} ) cos(k^{λ2}_2 ∧ k^{λ3}_3 + k^{λ2}_2 ∧ k^{λ1}_1 ) sin(k^{λ3}_3 ∧ k^{λ1}_1 ) + (k^{μ1}_3 g^{μ3μ2} − k^{μ2}_3 g^{μ3μ1} ) cos(k^{λ3}_3 ∧ k^{λ1}_1 + k^{λ3}_3 ∧ k^{λ2}_2 ) sin(k^{λ1}_1 ∧ k^{λ2}_2 ) }

μ_1

μ_2

μ_3 k_3 ,λ_3 k_1,λ_1

k_2,λ_2

= 2ecsδ^{(4)}(k_1 + k_2 + k_3) { (k^{μ2}_1 g^{μ1μ3} − k^{μ3}_1 g^{μ1μ2} ) cos(k^{λ1}_1 ∧ k^{λ2}_2 + k^{λ1}_1 ∧ k^{λ3}_3 ) sin(k^{λ2}_2 ∧ k^{λ3}_3 ) + (k^{μ3}_2 g^{μ2μ1} − k^{μ1}_2 g^{μ2μ3} ) cos(k^{λ2}_2 ∧ k^{λ3}_3 + k^{λ2}_2 ∧ k^{λ1}_1 ) sin(k^{λ3}_3 ∧ k^{λ1}_1 ) + (k^{μ1}_3 g^{μ3μ2} − k^{μ2}_3 g^{μ3μ1} ) cos(k^{λ3}_3 ∧ k^{λ1}_1 + k^{λ3}_3 ∧ k^{λ2}_2 ) sin(k^{λ1}_1 ∧ k^{λ2}_2 ) }

3.2 A scattering process in double gauged noncommutative electrodynamics 31

μ_1

μ_2

μ_3 k_3 ,λ_3 k_1,λ_1

k_2,λ_2

= 2ecsδ^{(4)}(k_1 + k_2 + k_3) { (k^{μ2}_1 g^{μ1μ3} − k^{μ3}_1 g^{μ1μ2} ) cos(k^{λ1}_1 ∧ k^{λ2}_2 + k^{λ1}_1 ∧ k^{λ3}_3 ) sin(k^{λ2}_2 ∧ k^{λ3}_3 ) + (k^{μ3}_2 g^{μ2μ1} − k^{μ1}_2 g^{μ2μ3} ) cos(k^{λ2}_2 ∧ k^{λ3}_3 + k^{λ2}_2 ∧ k^{λ1}_1 ) sin(k^{λ3}_3 ∧ k^{λ1}_1 ) + (k^{μ1}_3 g^{μ3μ2} − k^{μ2}_3 g^{μ3μ1} ) cos(k^{λ3}_3 ∧ k^{λ1}_1 + k^{λ3}_3 ∧ k^{λ2}_2 ) sin(k^{λ1}_1 ∧ k^{λ2}_2 ) }

μ_1 μ_2

μ_3 μ_4 k_4 ,λ_4 k_1,λ_1

k_2 ,λ_2

k_3 ,λ_3

= e^2(c^4 + s^4)δ^{(4)}(k_1 + k_2 + k_3 + k_4) ∑ πϵS_4 g^{μπ(1)μπ(3)} g^{μπ(2)μπ(4)}

e^{−i} (_{kλπ(1)} π(1) ∧k λπ(2) π(2) +k λπ(1) π(1) ∧k λπ(3) π(3) +k λπ(1) π(1) ∧k λπ(4) π(4) +k λπ(2) π(2) ∧k λπ(3) π(3) +k λπ(2) π(2) ∧k λπ(4) π(4) )

sin ( k^{λπ(3)}_{π(3)} ∧ k^{λπ(4)}_{π(4)} )

μ_1 μ_2

μ_3 μ_4 k_4 ,λ_4 k_1,λ_1

k_2 ,λ_2

k_3 ,λ_3

= 2ie^2cs(c^4 − s^4)δ^{(4)}(k_1 + k_2 + k_3 + k_4) { g^{μ1μ3} g^{μ2μ4} sin(k^{λ3}_3 ∧ k^{λ4}_4 ) sin(k^{λ1}_1 ∧ k^{λ2}_2 + k^{λ1}_1 ∧ k^{λ3}_3 + k^{λ1}_1 ∧ k^{λ4}_4 + k^{λ2}_2 ∧ k^{λ3}_3 + k^{λ2}_2 ∧ k^{λ4}_4 ) + g^{μ1μ2} g^{μ3μ4} sin(k^{λ1}_1 ∧ k^{λ4}_4 )

sin(k^{λ2}_2 ∧ k^{λ3}_3 + k^{λ2}_2 ∧ k^{λ1}_1 + k^{λ2}_2 ∧ k^{λ4}_4 + k^{λ3}_3 ∧ k^{λ1}_1 + k^{λ3}_3 ∧ k^{λ4}_4 ) + g^{μ2μ3} g^{μ1μ4} sin(k^{λ2}_2 ∧ k^{λ4}_4 )

sin(k^{λ3}_3 ∧ k^{λ1}_1 + k^{λ3}_3 ∧ k^{λ2}_2 + k^{λ3}_3 ∧ k^{λ4}_4 + k^{λ1}_1 ∧ k^{λ2}_2 + k^{λ1}_1 ∧ k^{λ4}_4 ) }

μ_1 μ_2

μ_3 μ_4 k_4 ,λ_4 k_1,λ_1

k_2 ,λ_2

k_3,λ_3

= − 4ie^2c^2s^2δ^{(4)}(k_1 + k_2 + k_3 + k_4) { (g^{μ1μ2} g^{μ3μ4} − g^{μ1μ3} g^{μ2μ4} ) sin(k^{λ1}_1 ∧ k^{λ3}_3 ) sin(k^{λ2}_2 ∧ k^{λ4}_4 )

cos(k^{λ1}_1 ∧ k^{λ2}_2 + k^{λ1}_1 ∧ k^{λ4}_4 + k^{λ3}_3 ∧ k^{λ2}_2 + k^{λ3}_3 ∧ k^{λ4}_4 ) + (g^{μ1μ4} g^{μ2μ3} − g^{μ1μ2} g^{μ3μ4} ) sin(k^{λ2}_2 ∧ k^{λ3}_3 ) sin(k^{λ4}_4 ∧ k^{λ1}_1 ) cos(k^{λ1}_1 ∧ k^{λ2}_2 + k^{λ1}_1 ∧ k^{λ3}_3 + k^{λ4}_4 ∧ k^{λ2}_2 + k^{λ4}_4 ∧ k^{λ3}_3 ) + (g^{μ1μ3} g^{μ2μ4} − g^{μ1μ4} g^{μ2μ3} ) sin(k^{λ1}_1 ∧ k^{λ2}_2 ) sin(k^{λ3}_3 ∧ k^{λ4}_4 ) cos(k^{λ1}_1 ∧ k^{λ3}_3 + k^{λ1}_1 ∧ k^{λ4}_4 + k^{λ2}_2 ∧ k^{λ3}_3 + k^{λ2}_2 ∧ k^{λ4}_4 ) }

The lines are, as already mentioned above

k,λ = S_λ(k) = iλ(k̸^λ + m) 2E_k(k^0 − λ(E_k − iϵ)) μ ν k,λ = −g^{μν} P_λ(k) = −g^{μν} iλ 2E_k(k^0 − λ(E_k − iϵ)) μ ν k,λ = −g^{μν} P_λ(k) = −g^{μν} iλ 2E_k(k^0 − λ(E_k − iϵ))

. (3.36)

To calculate a diagram contributing to a Green’s function of type (3.1), we associate these expressions to the lines and vertices, integrate over momenta and sum over the indices λ_i = ±1. S-matrix elements may be obtained via the LSZ-reduction formula, the amputation gives the standard outcome for on-shell external momenta:

∑ λ=±1 (−i)(k^2 − m^2)P_λ(k) | | k^{(0)}=E_k = ∑ λ=±1 (k^2 − m^2)λ 2E_k(k^{(0)} − λ(E_k − iϵ) | | k^{(0)}=E_k = ∑ λ=±1 (k^2 − m^2)λ(k^{(0)} + λE_k) 2E_k(k^{(0)2} − E^2_k ) | |_{k(0) =Ek}

= ∑ λ=±1 λk^{(0)} + E_k 2E_k | |_{k(0) =Ek} = 1 (3.37)

∑ λ=±1 (−i)(k̸ − m)S_λ(k) | |_{k(0)=Ek} = ∑ λ=±1 (k̸ − m)λ(k̸^λ + m) 2E_k(k^{(0)} − λ(E_k − iϵ) | |_{k(0)=Ek}

= ∑ λ=±1 (k^2 − m^2)λ(k^{(0)} + λE_k) 2E_k(k^{(0)2} − E^2_k ) | | k^{(0)}=E_k + ∑ λ=±1 (k̸ − m)λγ^0(λE_k − k^{(0)}) 2E_k(k^{(0)} − λ(E_k − iϵ) | |_{k(0) =Ek} =0∗ = 1 . (3.38)

This means that for S-matrix elements we associate the ordinary polarisation vectors and on-shell momenta to external lines, and the above derived expressions to inner lines and vertices, internal momenta are to be integrated. We will apply this procedure in the following example.

3.2.2 Compton scattering

For the scattering of a photon by an electron, e^−γ → e^−γ, we calculate the S-matrix at lowest nonvanishing order. Due to the richer structure of interaction terms in the double gauged noncommutative theory we have a larger number of contributing diagrams, the s-, u- and t-channel are

k_1 k_2

p_1 p_2 q,λ = iM^s

k_1 k_2

p_1 p_2 q,λ = iM^u

p_2 k_2

p_1 k_1

q,λ = iM^{t(A)} p_2 k_2

p_1 k_1

q,λ = iM^{t(B)} . (3.39)

The corresponding analytic expressions are obtained by straightforward application of our

∗Because of ū(k, s)( ̸k − m) = ( ̸k − m)u(k, s) = 0 this is true if sandwiched between spinor polarisation vectors ū(k, s), u(k, s) as it is the case in the reduction formula.

Feynman rules from the previous subsection: iM^s = −e^2 ∑ λ=±1 ϵ^μ(k_1)ϵ^{ν⋆}(k_2)ū(p_2, s_2)γ^νS_λ(q)γ^μu(p_1, s_1)e^{−i(qλ∧p2+p2∧k2 +p1∧qλ+k1 ∧qλ)} ( c^2e^{−iqλ ∧k2} + s^2e^{−ik2 ∧qλ} )( c^2e^{−ik1 ∧p1} + s^2e^{−ip1 ∧k1} )| |_{q=p1 +k1 =p2+k2} (3.40)

where the first phase factor can be further simplified if we remember total momentum conservation p_1 + k_1 = p_2 + k_2:

q^λ ∧ p_2 + p_2 ∧ k_2 + p_1 ∧ q^λ + k_1 ∧ q^λ =(p_1 + k_1 − p_2) ∧ q^λ + p_2 ∧ k_2 =k_2 ∧ q^λ + p_2 ∧ k_2

such that we have for the first diagram iM^s = −e^2 ∑ λ=±1 ϵ^μ(k_1)ϵ^{ν⋆}(k_2)ū(p_2, s_2)γ^νS_λ(q)γ^μu(p_1, s_1)e^{−i(k2 ∧qλ+p2 ∧k2)} ( c^2e^{−iqλ ∧k2} + s^2e^{−ik2 ∧qλ} )( c^2e^{−ik1 ∧p1} + s^2e^{−ip1 ∧k1} )| |_{q=p1 +k1 =p2+k2} (3.41)

The second looks similar iM^u = −e^2 ∑ λ=±1 ϵ^μ(k_1)ϵ^{ν⋆}(k_2)ū(p_2, s_2)γ^νS_λ(q)γ^μu(p_1, s_1)e^{−i(qλ∧p2+k1 ∧p2+p1∧qλ+qλ ∧k2)} ( c^2e^{−ip1∧k2} + s^2e^{−ik2 ∧p1} )( c^2e^{−ik1 ∧qλ} + s^2e^{−iqλ ∧k1} )| |_{q=p1 −k2 =p2−k1} = −e^2 ∑ λ=±1 ϵ^μ(k_1)ϵ^{ν⋆}(k_2)ū(p_2, s_2)γ^νS_λ(q)γ^μu(p_1, s_1)e^{−i(qλ∧k1+k1 ∧p2)} ( c^2e^{−ip1∧k2} + s^2e^{−ik2 ∧p1} )( c^2e^{−ik1 ∧qλ} + s^2e^{−iqλ ∧k1} )| |_{q=p1 −k2 =p2−k1} (3.42)

and the remaining ones are

iM^{t(A)} = 2ie^2(c^4 − s^4) ∑ λ=±1 ϵ_μ(k_1)ϵ^⋆_ν (k_2)ū(p_2, s_2)γ_ρu(p_1, s_1)P_λ(q) { (g^{μρ}k^ν_1 − g^{μν} k^ρ_1) sin(k_2 ∧ q^λ) cos(k_2 ∧ k_1 + q^λ ∧ k_1) + (g^{μν} k^ρ_2 − g^{νρ}k^μ_2 ) sin(k_1 ∧ q^λ) cos(k_1 ∧ k_2 + k_2 ∧ q^λ) + (g^{νρ}q^μ − g^{μρ}q^ν ) sin(k_2 ∧ k_1) cos(q^λ ∧ k_2 + k_1 ∧ q^λ) } ( c^2e^{−iqλ ∧p1} + s^2e^{−ip1 ∧qλ} ) e^{−i(p1∧p2+qλ ∧p2)} | |_{q=p2−p1 =k1 −k2} (3.43) iM^{t(B)} = 4e^2c^2s^2 ∑ λ=±1 ϵ_μ(k_1)ϵ^⋆_ν (k_2)ū(p_2, s_2)γ_ρu(p_1, s_1)P_λ(q) { (g^{μρ}k^ν_1 − g^{μν} k^ρ_1) sin(k_2 ∧ q^λ) cos(k_2 ∧ k_1 + q^λ ∧ k_1)

+ (g^{μν} k^ρ_2 − g^{νρ}k^μ_2 ) sin(k_1 ∧ q^λ) cos(k_1 ∧ k_2 + k_2 ∧ q^λ) + (g^{νρ}q^μ − g^{μρ}q^ν ) sin(k_2 ∧ k_1) cos(q^λ ∧ k_2 + k_1 ∧ q^λ) }

sin(q^λ ∧ p_1)e^{−i(p1∧p2+qλ∧p2)} | |_{q=p2−p1 =k1 −k2} . (3.44)

The last two contributions can be combined to give the complete t-channel, the result is simple if we note that we only need to add

(c^4 − s^4) ( c^2e^{−iqλ ∧p1} + s^2e^{−ip1∧qλ} ) from iM^{t(A)} + 1 i 2c^2s^2 sin(q^λ ∧ p)

from iM^{t(B)}

= c^2(c^4 − s^4 + s^2)e^{−iqλ∧p1} + s^2(c^4 − s^4 − c^2)e^{−ip1 ∧qλ} = c^2(c^4 − (1 − c^2)^2 + 1 − c^2)e^{−iqλ ∧p1} + s^2((1 − s^2)^2 − s^4 − 1 + s^2)e^{−ip1∧qλ} = c^4e^{−iqλ ∧p1} − s^4e^{−ip1∧qλ} (3.45) and so

iM^t = 2ie^2 ∑ λ=±1 ϵ_μ(k_1)ϵ^⋆_ν (k_2)ū(p_2, s_2)γ_ρu(p_1, s_1)P_λ(q) { (g^{μρ}k^ν_1 − g^{μν} k^ρ_1) sin(k_2 ∧ q^λ) cos(k_2 ∧ k_1 + q^λ ∧ k_1)

+ (g^{μν} k^ρ_2 − g^{νρ}k^μ_2 ) sin(k_1 ∧ q^λ) cos(k_1 ∧ k_2 + k_2 ∧ q^λ) + (g^{νρ}q^μ − g^{μρ}q^ν ) sin(k_2 ∧ k_1) cos(q^λ ∧ k_2 + k_1 ∧ q^λ) } ( c^4e^{−iqλ ∧p1} − s^4e^{−ip1 ∧qλ} ) e^{−i(p1∧p2+qλ ∧p2)} | | q=p_2 −p_1=k_1 −k_2

. (3.46)

3.2.3 The Ward identity in the case of only spatial noncommutativity The Ward identity for the above scattering process is the vanishing of the amplitude if one of the photon polarization vectors, say ϵ_μ(k_1), is longitudinal: ϵ_μ(k_1) = k_{1μ}, and the other one physical: k^μ_2 ϵ_μ(k_2) = 0. This is a fundamental requirement, as an unphysical photon, like a longitudinal, may not be scattered into a physical one.

Our derivation will be inspired by the proof of the Ward-identity for e^+e^− → γγ in NCQED as done in [19].

In the case of θ^{0i} = 0 the above amplitude simplifies significantly, as we may now omit the requirement that we have on-shell momenta in the phase factor, i.e. omit the index^λ in the phases. This allows us to exploit momentum conservation for simplification of the noncommutative phase factors and to carry out the summation over the index λ, yielding propagators.

We finally find

iM^s = − e^2ϵ^μ(k_1)ϵ^{ν⋆}(k_2)ū(p_2, s_2)γ^νS̃_C (q)γ^μu(p_1, s_1) ( c^2e^{−ip2 ∧k2} + s^2e^{−ik2 ∧p2} )( c^2e^{−ik1 ∧p1} + s^2e^{−ip1 ∧k1} )| |_{q=p1+k1 =p2+k2} iM^u = − e^2ϵ^μ(k_1)ϵ^{ν⋆}(k_2)ū(p_2, s_2)γ^νS̃_C (q)γ^μu(p_1, s_1) ( c^2e^{−ip1 ∧k2} + s^2e^{−ik2 ∧p1} )( c^2e^{−ik1 ∧p2} + s^2e^{−ip2 ∧k1} )| |_{q=p1−k2 =p2−k1} iM^t =2ie^2ϵ_μ(k_1)ϵ^⋆_ν (k_2)ū(p_2, s_2)γ_ρu(p_1, s_1)Δ_C (q) { g^{μν} (k^ρ_1 − k^ρ_2) + g^{νρ}(k^μ_2 − q^μ) + g^{μρ}(q^ν − k^ν_1 ) }

sin(k_1 ∧ k_2) ( c^4e^{−ip2 ∧p1} − s^4e^{−ip1 ∧p2} )| |_{q=p2 −p1=k1 −k2} . (3.47)

To check the Ward identity, we define the amplitude iM_μ as the total amplitude with the polarisation vector ϵ^μ(k_1) taken out, i.e. iM = iM^s + iM^u + iM^t = ϵ^μ(k_1)iM_μ. The Ward identity reads in these terms ik^μ_1 M_μ = 0 . (3.48) Replacing the polarisation vector ϵ^μ(k_1) by k^μ_1 in iM^s and iM^u, we obtain the expressions ū(p_2, s_2)γ^νS̃_C (p_1 + k_1)γ^μk^μ_1 u(p_1, s_1) and ū(p_2, s_2)γ^νS̃_C (p_1 − k_2)γ^μk^μ_1 u(p_1, s_1), which after some algebraic calculation and with the help of the identity (p̸_1 − m)u(p_1, s_1) = 0 as well as ū(p_2, s_2)(p̸_2 − m) = 0 simplify to

ū(p_2, s_2)γ^νS̃_C (p_1 + k_1)γ^μk^μ_1 u(p_1, s_1) = iū(p_2, s_2)γ^νu(p_1, s_1) ū(p_2, s_2)γ^νS̃_C (p_1 − k_2)γ^μk^μ_1 u(p_1, s_1) = −iū(p_2, s_2)γ^ν u(p_1, s_1) .

The amplitude iM^t contains the expression

k_{1μ}ϵ^⋆_ν (k_2)γ_ρ { g^{μν} (k^ρ_1 − k^ρ_2 ) + g^{νρ}(2k^μ_2 − k^μ_1 ) − g^{μρ}k^ν_2 } (3.49)

where the first term vanishes due to k̸_1− k̸_2 =p̸_2− p̸_1 = (p̸_2 − m) − (p̸_1 − m) = 0 when put between ū(p_2, s_2) and u(p_1, s_1). Further using k^μ_1 k_{1μ} = 0 and ϵ(k_2)^⋆_ν k^ν_2 = 0 we arrive at

Δ_C (k_1 − k_2)k_{1μ}ϵ^⋆_ν (k_2)ū(p_2, s_2)γ^ρu(p_1, s_1) { g^{μν} (k^ρ_1 − k^ρ_2 ) + g^{νρ}(2k^μ_2 − k^μ_1 ) − g^{μρ}k^ν_2 } = − iϵ(k_2)^⋆_νū(p_2, s_2)γ^νu(p_1, s_1) (3.50)

For the total amplitude we thus obtain

ik^μ_1 M_μ = ie^2ϵ(k_2)^⋆_νū(p_2, s_2)γ^ν u(p_1, s_1) { − ( c^2e^{−ip2∧k2} + s^2e^{−ik2 ∧p2} )( c^2e^{−ik1 ∧p1} + s^2e^{−ip1∧k1} ) + ( c^2e^{−ip1 ∧k2} + s^2e^{−ik2 ∧p1} )( c^2e^{−ik1 ∧p2} + s^2e^{−ip2 ∧k1} ) − 2i sin(k_1 ∧ k_2) ( c^4e^{−ip2∧p1} − s^4e^{−ip1∧p2} )} (3.51) where we use total momentum conservation p_1 + k_1 = p_2 + k_2 to write the phase factors more appropriate:

ik^μ_1 M_μ = ie^2ϵ(k_2)^⋆_νū(p_2, s_2)γ^νu(p_1, s_1) { − c^4e^{−i(p2∧k1 +p2∧p1+k1 ∧p1)} − c^2s^2e^{−i(p2∧k1 +p2∧p1+p1∧k1)} − c^2s^2e^{−i(k1 ∧p2+p1 ∧p2+k1 ∧p1)} − s^4e^{−i(k1 ∧p2+p1 ∧p2+p1 ∧k1)} + c^4e^{−i(k1 ∧p2+p1 ∧k1−p1∧p2)} + c^2s^2e^{−i(k1 ∧p2+k1 ∧p1−p2 ∧p1)} + c^2s^2e^{−i(p2∧k1+p1 ∧k1−p1∧p2)} + s^4e^{−i(p2 ∧k1+k1 ∧p1−p2∧p1)} − 2i sin(k_1 ∧ k_2) ( c^4e^{−ip2 ∧p1} − s^4e^{−ip1∧p2} )} = ie^2ϵ(k_2)^⋆_νū(p_2, s_2)γ^νu(p_1, s_1) { 2ic^4 sin(p_2 ∧ k_1 + k_1 ∧ p_1)e^{−ip2 ∧p1} + 2is^4 sin(k_1 ∧ p_2 + p_1 ∧ k_1)e^{−ip1∧p2} − 2i sin(k_1 ∧ k_2) ( c^4e^{−ip2 ∧p1} − s^4e^{−ip1∧p2} )} = ie^2ϵ(k_2)^⋆_νū(p_2, s_2)γ^νu(p_1, s_1) { 2ic^4 sin(k_1 ∧ k_2)e^{−ip2∧p1} − 2is^4 sin(k_1 ∧ k_2)e^{−ip1 ∧p2} − 2i sin(k_1 ∧ k_2) ( c^4e^{−ip2 ∧p1} − s^4e^{−ip1∧p2} )} = 0 (3.52)

which is our desired result.

3.3 Equations of motion

How do quantized equations of motion look like in the approach of TOPT? In this section we will investigate this question in an easy example and encounter very different results depending on whether θ^{0i} = 0 or not. The first case was already treated in chapter 2. However, for safety we review it in the present somewhat different formalism and will find the expected result. For the second, more interesting case we obtain additional terms to the classical equation of motion which may either be written as a series expansion in θ^{0i} starting at first order or be formulated with the help of a modified star product.

To have best comparability with the earlier derived results for θ^{0i} = 0 in chapter 2 we consider the same example, namely a complex scalar field ϕ and a real scalar field σ interacting through L_{int} = gϕ^† ⋆ σ ⋆ ϕ. We intend to study the equation of motion for σ, which on the classical level reads (□ + m^2)σ = gϕ ⋆ ϕ^†.

On the quantized level we consider a Green’s function ⟨0|T ( σ(x) X ) |0⟩ (3.53)

with X being again a collection of field operators:

X = O_1(x_1)...O_n(x_n) ; O_iϵ { ϕ, ϕ^†, σ} . (3.54) In TOPT the Green’s function (3.53) is calculated by the formula ⟨0|T ( σ(x) X ) |0⟩ = ⟨0|T ( σ^{(0)}(x) X e^i ∫ dxL^{(0)}_{int} (x) ) |0⟩ , (3.55)

the index^{(0)} referring to free fields. To obtain the equation of motion for σ(x) we act on the above expression with (□_x + m^2). Notice that σ^{(0)}(x) can be contracted with σ^{(0)}(y) appearing in L_{int}(y) or with one of the fields σ^{(0)}(x_l) ( let L_σ ⊂ {1, ..., n} be such that for l ∈ L_σ there is a field σ at x_l ) , so diagrammatically

(□_x + m^2)⟨0|T ( σ(x) X ) |0⟩

= ∫ dy y x

x_1 ... x_n

(□ + m^2)

+ ∑ l∈L_σ

x

x_1 ... x̌_l x_n x_l

(□ + m^2)

(3.56) where is the ϕ-line and the σ-line. In the second term we do not have a star product involved in the line where the derivative acts on, so this gives a propagator and we use (□ + m^2)Δ_C (x) = −iδ^{(4)}(x) to calculate

(□_x + m^2)⟨0|T ( σ(x)X ) |0⟩ = ∫ dy (□_x + m^2)⟨0|T ( σ(x)ig(ϕ^† ⋆ σ ⋆ ϕ)(y)X ) |0⟩ + ∑ l∈L_σ (□_x + m^2)Δ_C (x − x_l)⟨0|T ( Xˇ_l ) |0⟩ = ig ∫ dy (□_x + m^2) ⟨0|T ( σ(x)e^{i2 θμν ∂ξμ∂ην} e^{i2 θρσ ∂ζρ ∂χσ} ϕ^†(y + ξ)σ(y + η + ζ)ϕ(y + η + χ)X ) |0⟩ | |_{ξ,η,ζ,χ=0} + ∑ l∈L_σ (−i)δ^{(4)}(x − x_l)⟨0|T ( Xˇ_l ) |0⟩

The second term are contact terms (c.t.), we now focus on the first one:

(□_x + m^2)⟨0|T ( σ(x)X ) |0⟩ = −g ∫ dy (□_x + m^2)⟨0|T ( e^{i2 θμν ∂ξμ∂ην} e^{i2 θρσ ∂ζρ ∂χσ} { ϑ(x^0 − y^0)Δ_+(x − y − η − ζ) + ϑ(y^0 − x^0)Δ_+(y + η + ζ − x) } ϕ^†(y + ξ)ϕ(y + η + χ)X ) |0⟩ | |_{ξ,η,ζ,χ=0} + c.t. (3.57)

where the time-ordering followed by contraction of σ(x), σ(y + η + ζ) was performed, ⟨0|σ(x)σ(y)|0⟩ = iΔ_+(x − y). It is now crucial to notice that the star product is carried out before time-ordering, having the effect that it does not act on the step functions ϑ(x^0 − y^0), ϑ(y^0 − x^0) in the last line but on the Δ_+-functions. Of course, whether or not the star product acts on the step functions only makes a difference if θ^{0i} ≠ 0. We will therefore at first turn to the case that θ^{0i} vanishes.

3.3.1 The case θ^{0i} = 0

As in this case no time derivatives are involved in the star product, we are allowed to replace ϑ(x^0 − y^0) resp. ϑ(y^0 − x^0) by ϑ(x^0 − y^0 − η^0 − ζ^0) resp. ϑ(y^0 + η^0 + ζ^0 − x^0) in (3.57). Use

(□_x + m^2) { ϑ(x^0)Δ_+(x) + ϑ(−x^0)Δ_+(−x) } = (□_x + m^2){−iΔ_C (x)} = −δ(x) (3.58) to find

(□_x + m^2) { ϑ(x^0 − y^0 − η^0 − ζ^0)Δ_+(x − y − η − ζ) + ϑ(y^0 + η^0 + ζ^0 − x^0)Δ_+(x)(y + η + ζ − x) } = −δ(x − y − η − ζ) (3.59)

and thus

(□_x + m^2)⟨0|T ( σ(x)X ) |0⟩ = −g ∫ dy ⟨0|T ( e^{i2 θμν ∂ξμ∂ην} e^{i2 θρσ ∂ζρ ∂χσ} (−1)δ(x − y − η − ζ) ϕ^†(y + ξ)ϕ(y + η + χ)X ) |0⟩ | |_{ξ,η,ζ,χ=0} + c.t. = g⟨0|T ( e^{i2 θμν ∂ξμ∂ην} e^{i2 θρσ ∂ζρ ∂χσ} ϕ^†(x − η − ζ + ξ)ϕ(x − η − ζ + η + χ)X ) |0⟩ | |_{ξ,η,ζ,χ=0} + c.t. = g⟨0|T ( e^i2^{θμν ∂ξμ∂ην} e^i2^{θρσ ∂ζρ ∂χσ} ϕ^†(x − η − ζ + ξ)ϕ(x − ζ + χ)X ) |0⟩ | |_{ξ,η,ζ,χ=0} + c.t. = g⟨0|T ( e^{i2 θρσ ∂ζρ ∂χσ} ϕ^†(x − ζ)ϕ(x + χ)X ) |0⟩ | |_{ξ,η,ζ,χ=0} + c.t. = g⟨0|T ( (ϕ ⋆ ϕ^†)(x)X ) |0⟩ + c.t. (3.60)

which we recognize to be up to contact terms the classical equation of motion for the field σ, agreeing with the result in the chapter on only spatial noncommutativity.

3.3.2 Additional terms in the case θ^{0i} ≠ 0

Whether or not the star product acts on the stepfunctions makes a difference for θ^{0i} ≠ 0. The classical equation of motion will be violated by the appearance of additional terms. We want to derive these and show that they can be written as a series expansion in θ^{0i} starting at first order.

In (3.57) the star product is not applied to the stepfunctions, however we learn from the above calculation that we obtain the classical equation of motion if we allow the star product to act on the step functions: exactly as above we compute − g ∫ dy (□_x + m^2)⟨0|T ( e^{i2 θμν ∂ξμ∂ην} e^{i2 θρσ ∂ζρ ∂χσ} { ϑ(x^0 − y^0 − η^0 − ζ^0)Δ_+(x − y − η − ζ) + ϑ(y^0 + η^0 + ζ^0 − x^0)Δ_+(y + η + ζ − x) } ϕ^†(y + ξ)ϕ(y + η + χ)X ) |0⟩ | |_{ξ,η,ζ,χ=0} + c.t. = ... = g⟨0|T ( (ϕ ⋆ ϕ^†)(x)X ) |0⟩ + c.t. . (3.61)

The difference between the two scenarios, to be calculated in the following, will be nonvanishing and appears as additional terms in the equation of motion for the field σ.

(□_x + m^2)⟨0|T ( σ(x)X ) |0⟩ − g⟨0|T ( (ϕ ⋆ ϕ^†)(x)X ) |0⟩ = − g ∫ dy (□_x + m^2)⟨0|T ( e^{i2 θμν ∂ξμ∂ην} e^{i2 θρσ ∂ζρ ∂χσ} { ϑ(x^0 − y^0)Δ_+(x − y − η − ζ) + ϑ(y^0 − x^0)Δ_+(y + η + ζ − x) } ϕ^†(y + ξ)ϕ(y + η + χ)X ) |0⟩ | |_{ξ,η,ζ,χ=0} + g ∫ dy (□_x + m^2)⟨0|T ( e^{i2 θμν ∂ξμ∂ην} e^{i2 θρσ ∂ζρ ∂χσ} (⋆) { ϑ(x^0 − y^0 − η^0 − ζ^0)Δ_+(x − y − η − ζ) + ϑ(y^0 + η^0 + ζ^0 − x^0)Δ_+(y + η + ζ − x) } ϕ^†(y + ξ)ϕ(y + η + χ)X ) |0⟩ | | ξ,η,ζ,χ=0 + c.t. (3.62)

The time derivatives ∂^η_0 , ∂^ζ_0 in the expression (⋆) either act on the step functions or on the part behind. We decompose them into

∂^η_0 = ∂^{η(ϑ)}_0 + ∂^{η(b)}_0

∂^ζ_0 = ∂^{ζ(ϑ)}_0 + ∂^{ζ(b)}_0

where the first derivative in the sum only acts on the step function and the second derivative only on the part behind. So (⋆) can be written as e^i2^{θμν ∂ξμ∂ην} e^i2^{θρσ ∂ζρ ∂χσ} = e^{i2 (θi0∂ξi ∂η0 +θμi ∂ξμ∂ηi +θ0j ∂ζ0 ∂χj +θjσ ∂ζj ∂χσ )} = e^{i2 (θi0∂ξi ∂η(ϑ)0 +θ0j ∂ζ(ϑ)0 ∂χj )}e^{i2 (θi0 ∂ξi ∂η(b)0 +θμi∂ξμ∂ηi +θ0j ∂ζ(b)0 ∂χj +θjσ ∂ζj ∂χσ )} and expanding the first factor

e^{i2 (θi0 ∂ξi ∂η(ϑ)0 +θ0j ∂ζ(ϑ)0 ∂χj )} = ∞∑ l=0 1 l! ( i 2 )_l( θ^{i0}∂^ξ_i ∂^{η(ϑ)}_0 + θ^{0j} ∂^{ζ(ϑ)}_0 ∂^χ_j )_l (3.63) we find

e^{i2 θμν ∂ξμ∂ην} e^{i2 θρσ ∂ζρ ∂χσ} = ∞∑ l=0 1 l! ( i 2 )_l( θ^{i0}∂^ξ_i ∂^{η(ϑ)}_0 + θ^{0j} ∂^{ζ(ϑ)}_0 ∂^χ_j )_l

e^{i2 (θi0∂ξi ∂η(b)0 +θμi ∂ξμ∂ηi +θ0j ∂ζ(b)0 ∂χj +θjσ ∂ζj ∂χσ )} . (3.64)

Replacing (⋆) in (3.62) by this expression, the contribution coming from l = 0 has no time derivative acting on a step function and is seen to exactly cancel with the first term. Thus

(□_x + m^2)⟨0|T ( σ(x)X ) |0⟩ − g⟨0|T ( (ϕ ⋆ ϕ^†)(x)X ) |0⟩ = g ∫ dy (□_x + m^2)⟨0|T (^∞∑ l=1 1 l! ( i 2 )_l( θ^{i0}∂^ξ_i ∂^{η(ϑ)}_0 + θ^{0j} ∂^{ζ(ϑ)}_0 ∂^χ_j )_l

e^{i2 (θi0 ∂ξi ∂η(b)0 +θμi∂ξμ∂ηi +θ0j ∂ζ(b)0 ∂χj +θjσ ∂ζj ∂χσ )} { ϑ(x^0 − y^0 − η^0 − ζ^0)Δ_+(x − y − η − ζ) + ϑ(y^0 + η^0 + ζ^0 − x^0)Δ_+(y + η + ζ − x) } ϕ^†(y + ξ)ϕ(y + η + χ)X ) |0⟩ | |_{ξ,η,ζ,χ=0} + c.t. = g ∫ dy (□_x + m^2)⟨0|T (^∞∑ l=1 1 l! ( i 2 )_l( θ^{i0}∂^ξ_i ∂^{η(ϑ)}_0 + θ^{0j} ∂^{ζ(ϑ)}_0 ∂^χ_j )_l { ϑ(x^0 − y^0 − η^0 − ζ^0)e^{i2 θμν ∂ξμ∂ην} e^{i2 θρσ ∂ζρ ∂χσ} Δ_+(x − y − η − ζ) + ϑ(y^0 + η^0 + ζ^0 − x^0)e^{i2 θμν ∂ξμ∂ην} e^{i2 θρσ ∂ζρ ∂χσ} Δ_+(y + η + ζ − x) } ϕ^†(y + ξ)ϕ(y + η + χ)X ) |0⟩ | |_{ξ,η,ζ,χ=0} + c.t. . (3.65)

Note that it does not make a difference whether we apply ∂^{η(ϑ)}_0 or ∂^{ζ(ϑ)}_0 to the step functions, we also get the same result by taking ∂^{y(ϑ)}_0 which we do in the following:

(□_x + m^2)⟨0|T ( σ(x)X ) |0⟩ − g⟨0|T ( (ϕ ⋆ ϕ^†)(x)X ) |0⟩ = g ∫ dy (□_x + m^2)⟨0|T (^∞∑ l=1 1 l! ( i 2 )_l( θ^{i0}∂^ξ_i + θ^{0j} ∂^χ_j )_l( ∂^{y(ϑ)}_0 )_l { ϑ(x^0 − y^0)e^i2^{θμν ∂ξμ∂ην} e^i2^{θρσ ∂ζρ ∂χσ} Δ_+(x − y − η − ζ) + ϑ(y^0 − x^0)e^{i2 θμν ∂ξμ∂ην} e^{i2 θρσ ∂ζρ ∂χσ} Δ_+(y + η + ζ − x) } ϕ^†(y + ξ)ϕ(y + η + χ)X ) |0⟩ | |_{ξ,η,ζ,χ=0} + c.t. . (3.66)

In each term of this sum exists at least one derivative ∂^{y(ϑ)}_0 which acting on the step functions yields a one-dimensional δ-distribution:

(□_x + m^2)⟨0|T ( σ(x)X ) |0⟩ − g⟨0|T ( (ϕ ⋆ ϕ^†)(x)X ) |0⟩ = g ∫ dy (□_x + m^2)⟨0|T (^∞∑ l=1 1 l! ( i 2 )_l( θ^{i0}∂^ξ_i − θ^{io}∂^χ_i )_l { − ( ∂^{l−1}_{y0} δ^{(1)}(x^0 − y^0) ) e^{i2 θμν ∂ξμ∂ην} e^{i2 θρσ ∂ζρ ∂χσ} Δ_+(x − y − η − ζ) + ( ∂^{l−1}_{y0} δ^{(1)}(y^0 − x^0) ) e^{i2 θμν ∂ξμ∂ην} e^{i2 θρσ ∂ζρ ∂χσ} Δ_+(y + η + ζ − x) } ϕ^†(y + ξ)ϕ(y + η + χ)X ) |0⟩ | |_{ξ,η,ζ,χ=0} + c.t. . (3.67)

With the help of δ^{(1)}(x^0 − y^0) = δ^{(1)}(y^0 − x^0) and Δ_+(x) − Δ_+(−x) = Δ(x), the commutator

function, we can write this more compact by

(□_x + m^2)⟨0|T ( σ(x)X ) |0⟩ − g⟨0|T ( (ϕ^† ⋆ ϕ^†)(x)X ) |0⟩ = − g ∫ dy (□_x + m^2)⟨0|T (^∞∑ l=1 1 l! ( i 2 )_l (θ^{i0})^l ( ∂^ξ_i − ∂^χ_i )_l {( ∂^{l−1}_{y0} δ^{(1)}(x^0 − y^0) ) e^i2^{θμν ∂ξμ∂ην} e^i2^{θρσ ∂ζρ ∂χσ} Δ(x − y − η − ζ) } ϕ^†(y + ξ)ϕ(y + η + χ)X ) |0⟩ | |_{ξ,η,ζ,χ=0} + c.t. . (3.68)

The time derivative ∂_{x0} in □_x + m^2 can act on the δ^{(1)}-distributions or on the commutator. With the help of (□_x + m^2)Δ(x) = 0 we find that only the terms contribute where at least

one time derivative is applied to the δ^{(1)}-distributions:

(□_x + m^2)⟨0|T ( σ(x)X ) |0⟩ − g⟨0|T ( (ϕ ⋆ ϕ^†)(x)X ) |0⟩ = − g ∫ dy ⟨0|T (^∞∑ l=1 1 l! ( i 2 )_l (θ^{i0})^l ( ∂^ξ_i − ∂^χ_i )_l {( ∂^2_{x0} ∂^{l−1}_{y0} δ^{(1)}(x^0 − y^0) ) e^i2^{θμν ∂ξμ∂ην} e^i2^{θρσ ∂ζρ ∂χσ} Δ(x − y − η − ζ) + ( ∂_{x0} ∂^{l−1}_{y0} δ^{(1)}(x^0 − y^0) ) e^{i2 θμν ∂ξμ∂ην} e^{i2 θρσ ∂ζρ ∂χσ} ∂_{x0} Δ(x − y − η − ζ) } ϕ^†(y + ξ)ϕ(y + η + χ)X ) |0⟩ | | ξ,η,ζ,χ=0 + c.t. = − g ∫ dy ⟨0|T (^∞∑ l=1 1 l! ( i 2 )_l (θ^{i0})^l ( ∂^ξ_i − ∂^χ_i )_l {( ∂^{l+1}_{y0} δ^{(1)}(x^0 − y^0) ) e^{i2 θμν ∂ξμ∂ην} e^{i2 θρσ ∂ζρ ∂χσ} Δ(x − y − η − ζ) + ( ∂^l_{y0} δ^{(1)}(x^0 − y^0) ) e^{i2 θμν ∂ξμ∂ην} e^{i2 θρσ ∂ζρ ∂χσ} ∂_{y0} Δ(x − y − η − ζ) } ϕ^†(y + ξ)ϕ(y + η + χ)X ) |0⟩ | | ξ,η,ζ,χ=0 + c.t. (3.69)

where in the second equality we replaced the partial derivatives ∂_{x0} by ∂_{y0} , such that we can now integrate by parts with respect to dy_0. We do not expect contributions from the boundary and use ∂^l_{y0} ( Δϕ^†ϕ ) = l∑ m=1 ( l m ) ( ∂^m_{y0} Δ )( ∂^{l−m}_{y0} ϕ^†ϕ ) (3.70)

to arrive at

(□_x + m^2)⟨0|T ( σ(x)X ) |0⟩ − g⟨0|T ( (ϕ ⋆ ϕ^†)(x)X ) |0⟩ = − g ∫ dy δ^{(1)}(x^0 − y^0)⟨0|T (^∞∑ l=1 1 l! ( i 2 )_l (θ^{i0})^l ( ∂^ξ_i − ∂^χ_i )_l e^{i2 θμν ∂ξμ∂ην} e^{i2 θρσ ∂ζρ ∂χσ} { (−1)^{l+1} l+1∑ m=1 ( l + 1 m ) ( ∂^m_{y0} Δ(x − y − η − ζ) ) ∂^{l−m+1} y_0 ( ϕ^†(y + ξ)ϕ(y + η + χ) )

+ (−1)^l l∑ m=1 ( l m )( ∂^{m+1}_{y0} Δ(x − y − η − ζ) ) ∂^{l−m}_{y0} ( ϕ^†(y + ξ)ϕ(y + η + χ) )}

X ) |0⟩ | |_{ξ,η,ζ,χ=0} + c.t. . (3.71)

We group the terms slightly different in order to recognize them as a series expansion in θ^{0i},

starting at first order:

(□_x + m^2)⟨0|T ( σ(x)X ) |0⟩ − g⟨0|T ( (ϕ ⋆ ϕ^†)(x)X ) |0⟩ = ∞∑ l=1 1 l! ( i 2 )_l (θ^{0i})^lg ∫ dy δ^{(1)}(x^0 − y^0)⟨0|T (( ∂^ξ_i − ∂^χ_i )_l e^i2^{θμν ∂ξμ∂ην} e^i2^{θρσ ∂ζρ ∂χσ} {^{l+1}∑ m=1 ( l + 1 m ) ( ∂^m_{y0} Δ(x − y − η − ζ) ) ∂^{l−m+1} y_0 ( ϕ^†(y + ξ)ϕ(y + η + χ) )

− l∑ m=1 ( l m )( ∂^{m+1}_{y0} Δ(x − y − η − ζ) ) ∂^{l−m}_{y0} ( ϕ^†(y + ξ)ϕ(y + η + χ) )} X ) |0⟩ | |_{ξ,η,ζ,χ=0} + c.t. . (3.72)

3.3.3 Modified phase factors

We have just shown that the classical equation of motion is violated in the case θ^{0i} ≠ 0 and

derived the additional terms as a series expansion in θ^{0i}. The aim of this subsection is to

write the whole quantized equation of motion in a form that resembles the classical one. We

will achieve that by introducing modified phase factors.

Let us start again from expression (3.57):

(□_x + m^2)⟨0|T ( σ(x)X ) |0⟩ = −g ∫ dy (□_x + m^2)⟨0|T ( e^{i2 θμν ∂ξμ∂ην} e^{i2 θρσ ∂ζρ ∂χσ} { ϑ(x^0 − y^0)Δ_+(x − y − η − ζ) + ϑ(y^0 − x^0)Δ_+(y + η + ζ − x) } ϕ^†(y + ξ)ϕ(y + η + χ)X ) |0⟩ | |_{ξ,η,ζ,χ=0} + c.t. . (3.73)

We will first apply (□ + m^2), where the part (□ + m^2) fully acting on Δ_+ gives 0, such that

(□_x + m^2)⟨0|T ( σ(x)X ) |0⟩ = −g ∫ dy ⟨0|T ( e^i2^{θμν ∂ξμ∂ην} e^i2^{θρσ ∂ζρ ∂χσ} { (∂^2_{x0} ϑ(x^0 − y^0))Δ_+(x − y − η − ζ) + (∂_{x0} ϑ(x^0 − y^0))∂_{x0} Δ_+(x − y − η − ζ) + (∂^2_{x0} ϑ(y^0 − x^0))Δ_+(y + η + ζ − x) + (∂_{x0} ϑ(y^0 − x^0))∂_{x0} Δ_+(y + η + ζ − x) } ϕ^†(y + ξ)ϕ(y + η + χ)X ) |0⟩ | |_{ξ,η,ζ,χ=0} + c.t. . (3.74)

The fields ϕ^†, ϕ as well as Δ_+ will now be expressed by their Fourier transforms

ϕ^†(x) = 1 (2π)^4 ∫ d^4p ϕ̃^†(p)e^{−ipx} ϕ(x) = 1 (2π)^4 ∫ d^4q ϕ̃^†(q)e^{−iqx} iΔ_+(x) = ∫ d^3k 2E_k(2π)^3 e^{−ikx} (3.75)

which results in

(□_x + m^2)⟨0|T ( σ(x)X ) |0⟩ = ig 1 (2π)^8 ∫ dy d^4p d^4q d^3k 2E_k(2π)^3 ⟨0|T ( e^{i2 θμν ∂ξμ∂ην} e^{i2 θρσ ∂ζρ ∂χσ} { (∂^2_{x0} ϑ(x^0 − y^0))e^{−ik(x−y−η−ζ)} + (∂_{x0} ϑ(x^0 − y^0))(−iE_k)e^{−ik(x−y−η−ζ)} + (∂^2_{x0} ϑ(y^0 − x^0))e^{−ik(y−x+η+ζ)} + (∂_{x0} ϑ(y^0 − x^0))iE_ke^{−ik(y−x+η+ζ)} } ϕ̃^†(p)ϕ̃(q)e^{−ip(y+ξ)}e^{−iq(y+η+χ)} X ) |0⟩ | | ξ,η,ζ,χ=0 + c.t. . (3.76)

It is now possible to perform the derivatives with respect to ξ, η, ζ, χ and we obtain

(□_x + m^2)⟨0|T ( σ(x)X ) |0⟩ = ig 1 (2π)^8 ∫ dy d^4p d^4q d^3k 2E_k(2π)^3 ⟨0|T ({[ (∂^2_{x0} ϑ(x^0 − y^0)) + (∂_{x0} ϑ(x^0 − y^0))(−iE_k) ] e^{−ik(x−y)}e^{−i(k∧p+q∧k)} + [ (∂^2_{x0} ϑ(y^0 − x^0)) + (∂_{x0} ϑ(y^0 − x^0))iE_k ] e^{−ik(y−x)}e^{−i(p∧k+k∧q)} } ϕ̃^†(p)ϕ̃(q)e^{−ipy}e^{−iqy} e^{−ip∧q}X ) |0⟩ + c.t. . (3.77)

Carrying out the integration over d^3y we obtain three-dimensional δ-distributions and a factor (2π)^3, and from a time derivative acting on a step-function we get a one-dimensional δ-distribution:

(□_x + m^2)⟨0|T ( σ(x)X ) |0⟩ = ig 1 (2π)^8 ∫ dy^0 d^4p d^4q d^3k 2E_k ⟨0|T ({[ (∂_{x0} δ(x^0 − y^0)) + δ(x^0 − y^0)(−iE_k) ] e^{−ikx}e^{iEk y0} δ^{(3)}(p^i + q^i − k^i)e^{−i(k∧p+q∧k)} + [ − (∂_{x0} δ(x^0 − y^0)) − δ(x^0 − y^0)iE_k ] e^{ikx}e^{−iEk y0} δ^{(3)}(p^i + q^i + k^i)e^{−i(p∧k+k∧q)} } ϕ̃^†(p)ϕ̃(q)e^{−i(p0+q0)y0} e^{−ip∧q}X ) |0⟩ + c.t. (3.78)

and we perform the integration over d^3k:

(□_x + m^2)⟨0|T ( σ(x)X ) |0⟩ = ig 1 (2π)^8 ∫ dy^0 d^4p d^4q 1 2E_{p+q} ⟨0|T ({[ (∂_{x0} δ(x^0 − y^0)) − iE_{p+q}δ(x^0 − y^0)) ] e^{−i(p+q)+x}e^{iEp+q y0} e^{−i((p+q)+∧p+q∧(p+q)+)} + [ − (∂_{x0} δ(x^0 − y^0)) − iE_{p+q}δ(x^0 − y^0) ] e^{−i(p+q)− x}e^{−iEp+q y0} e^{−i((p+q)−∧p+q∧(p+q)−)} } ϕ̃^†(p)ϕ̃(q)e^{−i(p0+q0 )y0} e^{−ip∧q}X ) |0⟩ + c.t. (3.79)

where, as already introduced before, p^± ≡ (±E_p, p). The one-dimensional δ-distributions allow us to carry out the dy^0 integration:

(□_x + m^2)⟨0|T ( σ(x)X ) |0⟩ = ig 1 (2π)^8 ∫ d^4p d^4q 1 2E_{p+q} ⟨0|T ({[ − i(p^0 + q^0) − iE_{p+q} ] e^{−i(p+q)ixi} e^{−i((p+q)+ ∧p+q∧(p+q)+)} + [ i(p^0 + q^0) − iE_{p+q} ] e^{−i(p+q)i xi} e^{−i((p+q)−∧p+q∧(p+q)−)} } ϕ̃^†(p)ϕ̃(q)e^{−i(p0+q0 )x0} e^{−ip∧q}X ) |0⟩ + c.t. . (3.80)

The two terms in the curly brackets differ mainly by their phase factors, so let us investigate these closer:

e^{−i((p+q)±∧p+q∧(p+q)±)} = e^{− i}2^{(±Ep+q θoi pi+(pi+qi)θi0 p0+qiθij pj +q0 θ0i(pi+qi)±qiθi0 Ep+q +qiθij pj )} (3.81) which we use to write

(□_x + m^2)⟨0|T ( σ(x)X ) |0⟩ = ig 1 (2π)^8 ∫ d^4p d^4q 1 2E_{p+q} ⟨0|T ({[ − i(p^0 + q^0) − iE_{p+q} ] e^{−i(Ep+q θoi pi+qiθi0 Ep+q )} + [ i(p^0 + q^0) − iE_{p+q} ] e^{−i(−Ep+q θoipi−qi θi0 Ep+q )} } ϕ̃^†(p)ϕ̃(q)e^{−i(p+q)x}e^{− i}_2^{(2q}i^{θij p}j^{+(p}i^{+q}i^{)θi0 p}0^{+q0θ0i (p}i^{+q}i^)e^{−ip∧q}X ) |0⟩ + c.t.

= 2g 1 (2π)^8 ∫ d^4p d^4q 1 2E_{p+q} ⟨0|T ({ − (p^0 + q^0) sin (E_{p+q}θ^{oi}p_i + q_iθ^{i0}E_{p+q})

+ E_{p+q} cos (E_{p+q}θ^{oi}p_i + q_iθ^{i0}E_{p+q}) } ϕ̃^†(p)ϕ̃(q)e^{−i(p+q)x}e^{− i}_2^{(2q}i^{θij p}j^{+(p}i^{+q}i^{)θi0 p}0^{+q0θ0i (p}i^{+q}i^)e^{−ip∧q}X ) |0⟩ + c.t. .

(3.82)

Further simplifications of the overall phase factor are possible, if we note e^{−ip∧q} = e^{− i2 (p0θ0i qi+pi θi0q0+pi θij qj )} (3.83) leading us to

(□_x + m^2)⟨0|T ( σ(x)X ) |0⟩ = g 1 (2π)^8 ∫ d^4p d^4q ⟨0|T ({ − p^0 + q^0 E_{p+q} sin (E_{p+q}θ^{oi}p_i + q_iθ^{i0}E_{p+q})

+ cos (E_{p+q}θ^{oi}p_i + q_iθ^{i0}E_{p+q}) } ϕ̃^†(p)ϕ̃(q)e^{−i(p+q)x}e^{− i}_2^{(q}i^{θij p}j^{+p}i^{θi0 p}0^{+q0 θ0iq}i X ) |0⟩ + c.t. (3.84)

which we leave as our final result. We encounter two terms on the right hand side instead of one, as it would be the case if the classical equation of motion was recovered. They come with modified phase factors, the alterations in there depend on θ^{0i}. We may check that we obtain the classical equation of motion if θ^{0i} vanishes. In this case we recognize the first term to vanish, the second simplifies to

(□_x + m^2)⟨0|T ( σ(x)X ) |0⟩ = g 1 (2π)^8 ∫ d^4p d^4q ⟨0|T ( ϕ̃^†(p)ϕ̃(q)e^{−i(p+q)x}e^{−iq∧p}X ) |0⟩ + c.t. (3.85)

which is indeed seen to be the desired equation of motion (2.18), with the fields being expressed by their Fourier transforms.

3.3.4 Implication for currents and Ward identities The reason for the additional terms arising in the quantized equation of motion is seen to come from the definition of the time-ordering, where the star product is carried out before. From these considerations, it is clear that similar terms will appear in addition to a classical current if considered on the quantized level. However, these calculations are more lengthy, as we have to consider a composed operator at place x instead of a single field. Therefore, we have chosen not to present them here.

In section 2.3 it has been shown how the Slavnov-Taylor identities are easily found from the BRS current conservation law on the level of Green’s functions. It seems obvious that the appearance of additional terms in the BRS current, which will emerge in TOPT, violates the Slavnov Taylor identities. This is the reason for the violation of Ward identities in TOPT.

3.4 The violation of remaining Lorentz invariance

In this section we want to investigate the question of remaining Lorentz invariance if TOPT is applied. We show the violation in a simple scattering process and argue that the general reason lies in the special form of the phase factors in TOPT. Note that the violation only occurs for θ^{0i} ≠ 0, as only then this characteristic appearance of the phase factors matters.

Though a noncommutative background described by θ^{μν} explicitly breaks Lorentz-invariance, we may find a subgroup that leaves it invariant, e.g. in the case of

θ^{μν} = 0 θ_e 0 0 −θ_e 0 0 0 0 0 0 θ_m 0 0 −θ_m 0

(3.86)

this is SO(1, 1) × SO(2) ⊂ L^↑_+. Such a subgroup is therefore expected to be a remaining symmetry group of the theory, such that physical amplitudes should be left invariant under group transformations. However, we will show that this is not the case in TOPT.

Let us first demonstrate this in a specific example. We choose a two by two scattering process in φ^3 theory on tree-level for incoming on-shell momenta p_1, p_2 and outgoing momenta again p_1, p_2. According to TOPT, the amplitude is diagrammatically given by the graphs in

p_1

p_2 p_1

p_2 q_s p_1

p_2 p_1

p_2 q_u p_1

p_2 p_1

p_2 q_t

Figure 3.1: A scattering process in φ^3 theory: s-, u- and t-channel

Fig. 3.1 and reads iM = iM_s + iM_u + iM_t iM_s = g^2 ∑ λ=±1 1 2E_{qs} λ q^0_s − λ(E_{qs} − iϵ) V (p_1, p_2, −q^λ_s )^2 | | q_s=p_1 +p_2

iM_u = g^2 ∑ λ=±1 1 2E_{qu} λ q^0_u − λ(E_{qu} − iϵ) V (p_1, p_2, −q^λ_u )^2 | |_{qu=p1−p2} iM_t = g^2 ∑ λ=±1 1 2E_{qt} λ q^0_t − λ(E_{qt} − iϵ) V (p_1, p_2, −q^λ_t )^2 | |_{qt=0} (3.87) where

E_q = √ m^2 + q^2 q^λ = (λE_q, q) V (p_1, p_2, p_3) = 1 6 ∑ πϵS_3 e^{−i(pπ(1),pπ(2),pπ(3))} (3.88)

and g is the coupling constant.

Now, we will choose specific p_1, p_2 and θ^{μν} of type (3.86) in frame 1, calculate iM = iM_s + iM_u + iM_t there and compare to iM^′ which we compute in frame 2 being related to frame 1 by the transformation

G = cosh β sinh β 0 0 sinh β cosh β 0 0 0 0 1 0 0 0 0 1

∈ SO(1, 1) × SO(2) . (3.89)

The following configuration is chosen in frame 1:

p_1 = (E_p, 0, 0, p) , E_p = √ m^2 + p^2 p_2 = (E_p, 0, 0, −p)

θ^{μν} = θ_e 0 1 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 q_s = p_1 + p_2 = (2E_p, 0, 0, 0) q^λ_s = (λm, 0, 0, 0) q_u = p_1 − p_2 = (0, 0, 0, 2p) q^λ_u = (λE_{2p}, 0, 0, 2p) , E_{2p} = √ m^2 + (2p)^2 q_t = p_1 − p_1 = (0, 0, 0, 0) q^λ_t = (λm, 0, 0, 0) (3.90) implying the configuration in frame 2:

p^′_1 = (E_p cosh β, E_p sinh β, 0, p) p^′_2 = (E_p cosh β, E_p sinh β, 0, −p)

θ^{′μν} = θ^{μν} = θ_e 0 1 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 q^′_s = p^′_1 + p^′_2 = (2E_p cosh β, 2E_p sinh β, 0, 0)

(q^′_s)^λ = (λE_q′_s, 2E_p sinh β, 0, 0) , E_q′_s = √ m^2 + 4E^2_p sinh^2 β q^′_u = p^′_1 − p^′_2 = (0, 0, 0, 2p) (q^′_u)^λ = (λE_{2p}, 0, 0, 2p)

q^′_t = p^′_1 − p^′_1 = (0, 0, 0, 0) (q^′_t)^λ = (λm, 0, 0, 0) . (3.91)

To compute iM in frame 1 we first notice that θ^{μν} does not appear in the noncommutative phase factor:

p_1 ∧ p_2 = p_1 ∧ q^λ_j = p_2 ∧ q^λ_j = 0 =⇒ V (p_1, p_2, −q^λ_j ) = 1 for j = s, u, t

allowing us to easily carry out the summation over λ in (3.87)

iM_s = g^2 ∑ λ=±1 1 2E_{qs} λ q^0_s − λ(E_{qs} − iϵ) | |_{qs=p1+p2} = g^2 1 2E_{qs} ( 1 q^0_s − (E_{qs} − iϵ) + −1 q^0_s + (E_{qs} − iϵ) )| |_{qs=p1 +p2} = g^2 1 2E_{qs} 2E_{qs} (q^0_s )^2 − E^2_{qs} + iϵ )| |_{qs=p1+p2} = g^2 1 (p_1 + p_2)^2 − m^2

(3.92)

and analogously

iM_u = g^2 1 (p_1 − p_2)^2 − m^2

(3.93) iM_t = −g^2 1 m^2

. (3.94)

In frame 2 we start again with the computation of the phase factor:

p^′_1 ∧ p^′_2 = 1 2 θ_eE_p cosh β · E_p sinh β − 1 2 θ_eE_p sinh β · E_p cosh β = 0

p^′_1 ∧ (q^′_s)^λ = 1 2 θ_eE_p cosh β · 2E_p sinh β − 1 2 θ_eE_p sinh β · λE_q′_s = θ_eE^2_p sinh β cosh β − 1 2 θ_eλE_pE_q′_s sinh β

p^′_2 ∧ (q^′_s)^λ = 1 2 θ_eE_p cosh β · 2E_p sinh β − 1 2 θ_eE_p sinh β · λE_q′_s = θ_eE^2_p sinh β cosh β − 1 2 θ_eλE_pE_q′_s sinh β

= p^′_1 ∧ (q^′_s)^λ

p_1 ∧ (q^′_u)^λ = − 1 2 λθ_eE_pE_{2p} sinh β

p_2 ∧ (q^′_u)^λ = − 1 2 λθ_eE_pE_{2p} sinh β

= p_1 ∧ (q^′_u)^λ

p_1 ∧ (q^′_u)^λ = − 1 2 λθ_eE_pm sinh β p_2 ∧ (q^′_t)^λ = − 1 2 λθ_eE_pm sinh β = p_1 ∧ (q^′_t)^λ

and thus

V (p^′_1, p^′_2, −q^{′λ}_s ) = 1 6 ( e^{−i2p′1 ∧(q′s)λ} + e^{−i0} + e^{−i2p′1∧(q′s)λ} + e^{−i0} + e^{i2p′1∧(q′s)λ} + e^{i2p′1∧(q′s)λ} )

= 1 3 + 2 3 cos(2p^′_1 ∧ (q^′_s)^λ) = 1 3 + 2 3 cos(2θ_eE^2_p sinh β cosh β − λθ_eE_pE_q′_s sinh β)

V (p^′_1, p^′_2, −q^{′λ}_u ) = 1 3 + 2 3 cos(2p^′_1 ∧ (q^′_u)^λ) = 1 3 + 2 3 cos(λθ_eE_pE_{2p} sinh β) (3.95)

which we will now expand to 2^{nd} order in θ_e:

V (p^′_1, p^′_2, −q^{′λ}_s ) = 1 + 2 3 (− 1 2 )θ^2_e ( 2E^2_p sinh β cosh β − λE_pE_q′_s sinh β

)_2 + o(θ^2_e )

= 1 − 1 3 θ^2_e ( 4E^4_p sinh^2 β cosh^2 β − 4λE^3_pE_q′_s sinh^2 β cosh β

+ E^2_p E^2_q′_s sinh^2 β ) + o(θ^2_e ) (3.96)

V^2(p^′_1, p^′_2, −q^{′λ}_s ) = 1 − 2 3 θ^2_e ( 4E^4_p sinh^2 β cosh^2 β − 4λE^3_pE_q′_s sinh^2 β cosh β

+ E^2_p E^2_q′_s sinh^2 β ) + o(θ^2_e )

= 1 − 2 3 θ^2_e ( 4E^4_p sinh^2 β cosh^2 β + E^2_p E^2_q′_s sinh^2 β ) + 8 3 λθ^2_e E^3_p E_q′_s sinh^2 β cosh β + o(θ^2_e )

= V^a_s + λV^b_s + o(θ^2_e ) (3.97)

where we introduced V^a_s , V^b_s to shorten our expressions

V^a_s = 1 − 2 3 θ^2_e ( 4E^4_p sinh^2 β cosh^2 β + E^2_p E^2_q′_s sinh^2 β ) V^b_s = 8 3 θ^2_e E^3_p E_q′_s sinh^2 β cosh β , (3.98)

note that both V^a_s and V^b_s do not depend on λ. The expressions for the u-channel are slightly simpler:

V (p^′_1, p^′_2, −q^{′λ}_u ) = 1 + 2 3 (− 1 2 )θ^2_e ( λE_pE_{2p} sinh β

)_2 + o(θ^2_e )

= 1 − 1 3 θ^2_e E^2_pE^2_{2p} sinh^2 β + o(θ^2_e )

V^2(p^′_1, p^′_2, −q^{′λ}_u ) = 1 − 2 3 θ^2_e E^2_pE^2_{2p} sinh^2 β + o(θ^2_e )

= V^a_u + λV^b_u + o(θ^2_e ) (3.99)

with

V^a_u = 1 − 2 3 θ^2_e E^2_p E^2_{2p} sinh^2 β

V^b_u = 0 (3.100)

from where we obtain the expression for the t-channel by replacing E_{2p} by m:

V^2(p^′_1, p^′_2, −q^{′λ}_t ) = V^a_t + λV^b_t + o(θ^2_e )

V^a_t = 1 − 2 3 θ^2_e E^2_p m^2 sinh^2 β

V^b_t = 0 . (3.101)

We are now able to simplify iM^′_j (j = s, u, t) as follows:

iM^′_j = g^2 ∑ λ=±1 1 2E_q′_j λ q^{′0}_j − λ(E_q′_j − iϵ) V (p^′_1, p^′_2, −(q^′_j )^λ)^2

= g^2 ∑ λ=±1 1 2E_q′_j λ q^{′0}_j − λ(E_q′_j − iϵ) V^a_j + ∑ λ=±1 1 2E_q′_j 1 q^{′0}_j − λ(E_q′_j − iϵ) V^b_j + o(θ^2_e )

= g^2 1 2E_q′_j ( 1 q^{′0}_j − (E_q′_j − iϵ) + −1 q^{′0}_j + (E_q′_j − iϵ) ) V^a_j + 1 2E_q′_j ( 1 q^{′0}_j − (E_q′_j − iϵ) + 1 q^{′0}_j + (E_q′_j − iϵ) ) V^b_j + o(θ^2_e )

= g^2 1 (q^{′0}_j )^2 − E^2_{q′j} + iϵ

V^a_j + 1 2E_q′_j 2q^{′0}_j (q^{′0}_j )^2 − E^2_{q′j} + iϵ

V^b_j + o(θ^2_e )

(3.102)

so for the s-channel:

iM^′_s = g^2 1 q^{′2}_s − m^2

V^a_s + 1 2E_q′_s 2E_p cosh β q^{′2}_s − m^2

V^b_s + o(θ^2_e )

= g^2 1 (p_1 + p_2)^2 − m^2 ( V^a_s +

2E_p cosh β 2E_q′_s V^b_s ) + o(θ^2_e )

= g^2 1 (p_1 + p_2)^2 − m^2 ( 1 − 2 3 θ^2_e ( 4E^4_p sinh^2 β cosh^2 β + E^2_p E^2_q′_s sinh^2 β )

+ θ^2_e 8 3 E^4_p sinh^2 β cosh^2 β ) + o(θ^2_e )

= g^2 1 (p_1 + p_2)^2 − m^2 ( 1 − 2 3 θ^2_e E^2_p E^2_q′_s sinh^2 β ) + o(θ^2_e )

= g^2 1 (p_1 + p_2)^2 − m^2 − 2 3 g^2θ^2_e 1 (p_1 + p_2)^2 − m^2

E^2_p ( m^2 + 4E^2_p sinh^2 β ) sinh^2 β + o(θ^2_e )

(3.103)

and for the u-channel:

iM^′_u = g^2 1 q^{′2}_u − m^2

V^a_u + o(θ^2_e )

= g^2 1 (p_1 − p_2)^2 − m^2 − 2 3 g^2θ^2_e 1 (p_1 − p_2)^2 − m^2

E^2_p E^2_{2p} sinh^2 β + o(θ^2_e ) (3.104)

from where we easily obtain the t-channel: iM^′_t = −g^2 1 m^2 + 2 3 g^2θ^2_e 1 m^2

E^2_p m^2 sinh^2 β + o(θ^2_e ) . (3.105)

We read off the differences in the amplitudes calculated in the two frames: iM_s − iM^′_s = 2 3 g^2θ^2_e 1 (p_1 + p_2)^2 − m^2

E^2_p ( m^2 + 4E^2_p sinh^2 β ) sinh^2 β + o(θ^2_e ) iM_u − iM^′_u = 2 3 g^2θ^2_e 1 (p_1 − p_2)^2 − m^2

E^2_pE^2_{2p} sinh^2 β + o(θ^2_e ) iM_t − iM^′_t = − 2 3 g^2θ^2_e E^2_p sinh^2 β + o(θ^2_e ) (3.106)

which are nonvanishing for p, θ_e, β ≠ 0. The complete amplitude differs as follows: iM − iM^′ = 2 3 g^2θ^2_e 1 (p_1 + p_2)^2 − m^2

E^2_p ( m^2 + 4E^2_p sinh^2 β ) sinh^2 β + 2 3 g^2θ^2_e 1 (p_1 − p_2)^2 − m^2

E^2_pE^2_{2p} sinh^2 β − 2 3 g^2θ^2_e E^2_p sinh^2 β + o(θ^2_e ) = 2 3 g^2θ^2_e E^2_p sinh^2 β

(m2 + 4E2_p sinh2 β 3m^2 + 4p^2 − m^2 + 4p^2 4p^2 + m^2 − 1 ) + o(θ^2_e ) = 2 3 g^2θ^2_e E^2_p sinh^2 β

(m2 + 4E2_p sinh2 β 3m^2 + 4p^2 − 2 ) + o(θ^2_e ) (3.107)

< 0 for p, θ_e, β ≠ 0 and β sufficiently small.

The last inequality is easily verified if we notice that for small enough β the term^{m2+4E2p sinh2 β}_{3m2+4p2} is less or equal^1_3 .

The origin of the above demonstrated violation of remaining symmetry in TOPT is the following: an amplitude calculated according to this prescription exhibits noncommutative phase factors depending on p_i and q^{λj}_j , if p_i are the external, q_j the internal momenta and λ_j = ±1. More precisely, these phase factors are functions of the complex numbers p_i ∧ p_j , p_i ∧ q^{λj}_j and q^{λi}_i ∧ q^{λj}_j . Under a transformation that leaves θ^{μν} unchanged and takes p_i → p^′_i, q_j → q^′_j we have

p_i ∧ p_j → p^′_i ∧ p^′_j = p_i ∧ p_j p_i ∧ q^{λj}_j → p^′_i ∧ (q^′_j )^{λj} ≠ p^′_i ∧ (q^{λj}_j )^′ = p_i ∧ q^{λj}_j q^{λi}_i ∧ q^{λj}_j → (q^′_i)^{λi} ∧ (q^′_j )^{λj} ≠ (q^{λi}_i )^′ ∧ (q^{λj}_j )^′ = q^{λi}_i ∧ q^{λj}_j (3.108)

where the inequalities in the last two lines arise because the internal momenta q_i are in general not on-shell and therefore (q^′_i)^{λi} ≠ (q^{λi}_i )^′. This means that the noncommutative phase factor is not left invariant by the transformation and can lead, as demonstrated above, to different amplitudes.

56

Chapter 4

The formulation of perturbation theory using retarded functions

The formulation of quantized field theories with the help of retarded functions instead of time-ordered products was introduced in [21] and further elaborated in [22], a nice presentation can also be found in [23]. In the following, we first present this approach for commutative theories, which we will do in such a way that the alterations for the noncommutative case can be easily seen. We discuss unitarity as well as equations of motion and currents, where we will face difficulties for θ^{0i} ≠ 0. These are analyzed and shown to come from a certain type of diagrams. The latter point suggests a modified theory which is unitary and preserves the classical equations of motion and currents on the quantized level.

4.1 Introduction to retarded functions in commutative theories

4.1.1 Retarded functions and the generating functional

Consider a field theory with a single hermitian field ϕ of mass m. The retarded products are then given by retarded multiple commutators of ϕ:

R(x; x_1...x_n) = (−i)^n ∑ perm

ϑ(x^0 − x^0_1)...ϑ(x^0_{n−1} − x^0_n) [ ...[ϕ(x), ϕ(x_1)]...ϕ(x_n) ] (4.1)

where the summation is taken over all permutations of the n coordinates x_i, ϑ denotes the step function. The retarded functions are now defined as the vacuum expectation values of the retarded products: r(x; x_1...x_n) = ⟨0|R(x; x_1...x_n)|0⟩ (4.2) and can be generated from the functional

R[j^′, j] = exp { 2 ∫ dx sin ( 1 2 δ δj(x) δ δ^δ_{δj′(x)} ) I [ δ δj^′ ]} × exp { ∫ dydz (1 4 j^′(y)Δ^{(1)}(y − z)j^′(z) − j^′(y)Δ^{ret}(y − z)j(z) )} (4.3)

by means of functional differentiation: r(x; x_1...x_n) = δ δj^′(x) δ^n δj(x_1)...δj(x_n) R[j^′, j] | |_{j′ =j=0} . (4.4)

We need to comment on some expressions appearing in equation (4.3). With I we denoted the interaction functional, e.g in ϕ^3-theory this would be I[q] =^g_{3!} ∫ dx q^3(x).

Δ^{ret} is a Green’s function to the Klein-Gordon equation

Δ^{ret}(x) = lim_{ϵ→+0} −1 (2π)^4 ∫ d^4k e^{−ikx} (k + iϵ)^2 − m^2

(4.5)

with the support property Δ^{ret}(x) = 0 for x_0 < 0. Δ^{(1)} is given by

Δ^{(1)}(x) = 1 (2π)^3 ∫ d^4k δ(k^2 + m^2)e^{−ikx} (4.6)

being a solution to the homogeneous Klein-Gordon equation: (□ + m^2)Δ^{(1)}(x) = 0.

The S-matrix can be constructed with the help of retarded functions as done by H. Lehmann, K. Symanzik and W. Zimmermann in [21]. The reduction formula in the case of a scattering process with n incoming particles of momenta p_1, ..., p_n and two outgoing particles of momenta q_1, q_2 reads

S(p_1, ..., p_n; q_1, q_2) = −i (2π)^32^{(n+2)} ∫ dx_1...dx_ndy_1dy_2 exp { i( n∑ i=1 p_ix_i − 2∑ i=1 q_iy_i) } × × K_{x1} ...K_{xn}K_{y1} K_{y2} r(y_2; y_1x_1...x_n) (4.7)

where K_x = □_x + m^2.

4.1.2 Diagrammatic rules

Computing retarded functions by using equation (4.4) on recognizes that one can cast the outcome in the form of diagrams. Its lines will obviously carry Δ^{ret} or Δ^{(1)}, and for r(x; x_1, ..., x_n) there will be endpoints x, x_1, ..., x_n.

To see which diagrams are allowed according to (4.4), we expand the first exponential in (4.3) in the example of I[q] = gq^m:

R[j^′, j] = 1+ ∞∑ n=1 1 n! n∏ i=1 ∫ dy_i 2 sin ( 1 2 δ δj(y_i) δ δ^δ_{δj′(yi )} ) ∫ dz_i g^m δ^m δj^′(z_i)^m × × exp { ∫ dydz (1 4 j^′(y)Δ^{(1)}(y − z)j^′(z) − j^′(y)Δ^{ret}(y − z)j(z) )} . (4.8)

Recalling that r(x; x_1...x_n) = δ δj^′(x) δ^n δj(x_1)...δj(x_n) R[j^′, j] | |_{j′ =j=0} . (4.9)

we see that x is connected by Δ^{ret}(x − a) or Δ^{(1)}(z − a) = Δ^{(1)}(a − z), the points x_i are connected by Δ^{ret}(a_i − x_i); a, a_i being some inner or outer points.

The^δ_{δ δδj′ (yi)} in the sin can only act on^{δm}_{δj′(zi)m} , such that by expanding sin we can make the replacement ∫ dy_i 2 sin (1 2 δ δj(y_i) δ δ^δ_{δj′(yi)} ) ∫ dz_i g^m δ^m δj^′(z_i)^m ≡ 2 ∑ j≤[^{m−1}_2 ] g^m ∫ dz_i 1 (2j + 1)! (1 2 )_{2j+1} δ^{2j+1} δj(z_i)^{2j+1} δ^{m−2j−1} δj^′(z_i)^{m−2j−1} (4.10)

such that at the vertex z_i we have an odd power of^δ_{δj(zi )} . As an incoming Δ^{ret}(a − z_i) at vertex z_i can only be created by^δ_{δj(zi)} and vice versa, we find that the number of incoming Δ^{ret}-functions at each vertex must be odd.

One checks that there are no further restrictions to diagrams as the ones mentioned above, so we have found the diagrammatic rules for the retarded function r(x; x_1...x_n):

1. x, x_1, ..., x_n are the endpoints of the diagram, inner points are called vertices.

2. Δ^{ret}(x − y) is symbolized by x y , Δ^{(1)}(x − y) = Δ^{(1)}(y − x) by x y .

3. x is connected by one line, Δ^{ret}(x − a) or Δ^{(1)}(x − a). The points x_i are also connected by one line each, Δ^{ret}(a_i − x_i).

4. The number of lines at each vertex is m for ϕ^m-theory, the contributing factor g, one integrates over the vertices.

5. The number of incoming functions Δ^{ret}(a_i − z_i) at each vertex z_i is odd.

6. When put into the reduction formula (4.7) only diagrams contribute where x is connected by Δ^{ret}(x − a).

The last rule follows from K_xΔ^{(1)}(x − a) = 0.

4.1.3 The tree level What is the relation between the standard perturbation theory for the S-matrix, in terms of diagrams with ordinary propagators, and the above one? In the following we will show that they agree on tree-level.

For this purpose we first proof the following

Proposition 4.1.1 On tree level all diagrams contributing to r(x; x_1...x_n) only contain the function Δ^{ret} and no function Δ^{(1)}.

Proof: Denote the number of vertices of a contributing diagram by V and its number of internal lines, i.e. those not connected to x, x_1, ..., x_n, by I. To satisfy rule 5, we need at least V functions Δ^{ret}. At least V-1 of them must be internal ones, as all external except the one at x are directed to the outer points. But on tree-level we have the relation V = I + 1 which follows by induction over V : for V = 1 we have I = 0 and for V → V + 1 we find I → I + 1. So rule 5 can only be fulfilled if every internal line carries the function Δ^{ret}, and if x is also connected by Δ^{ret}.

To see that this gives the standard result when put into the reduction formula (4.7), we notice that Δ^{ret} and Δ_C coincide if no singularities appear. We do not expect singularities at the tree-level and find the desired result.

4.1.4 Unitarity in terms of the generating functional This analysis of unitarity follows closely the presentation in [23], and will be of fundamental importance when we come to noncommutative theories. Rzewuski derives the generalized unitarity condition

R[0, j] = 1 (4.11)

which implies unitarity for the S-matrix [23]. To verify that this condition is fulfilled for the functional (4.3) in the case of ϕ^m-theory we perform again a Taylor expansion of the first exponential:

R[0, j] = 1+ ∞∑ n=1 1 n! n∏ i=1 ∫ dy_i2 sin (1 2 δ δj(y_i) δ δ^δ_{δj′(yi)} ) ∫ dz_ig^m δ^m δj^′(z_i)^m ×

× exp { ∫ dydz (1 4 j^′(y)Δ^{(1)}(y − z)j^′(z) − j^′(y)Δ^{ret}(y − z)j(z) )} | | | j^′ =0

(4.12)

Each factor in the n-th term (n ≥ 1) of the sum contains at least one functional derivative δ δ(z_i) such that we obtain ∏_n i=1 ∫ dx_ij^′(x_i)Δ^{ret}(x_i −z_i) in front of the exponential, which does not vanish for j^′ = 0 only if every factor is differentiated with some^δ_{δj(zj )} . This means that at each vertex z_i we have an ending Δ^{ret}(a − z_i), and the point a must be again out of the {z_i}^n_{i=1}, which implies that we have a closed cycle of Δ^{ret}-functions, i.e. an expression of the form Δ^{ret}(z_{i1} − z_{i2} )Δ^{ret}(z_{i2} − z_{i3} )...Δ^{ret}(z_{ik} − z_{i1} ) with i_1, i_2, ..., i_k ∈ {1, ..., n}. The last statement can be seen as follows: choose z_{i1} , which appears in a function Δ^{ret}(a − z_{i1} ), a among the z_i’s, say a = z_{i2} . Either z_{i2} = z_{i1} and we have found a closed cycle, or z_{i2} ≠ z_{i1} in which case we proceed by finding z_{i3} such that Δ^{ret}(z_{i3} − z_{i2} ) appears. In the case z_{i3} = z_{i1} or z_{i3} = z_{i2} we are finished, otherwise we go on in the same way. The limited number of points {z_i}^n_{i=1} implies that the procedure will stop and yield a closed cycle of Δ^{ret}-functions.

It follows from the support properties of the Δ^{ret}-function that a closed cycle of them vanishes, such that every term in the above sum except the first one is zero, giving us the fulfilled unitarity condition R[0, j] = 1.

4.1.5 Composite operators: equations of motion and currents

To derive equations of motion and current conservation laws on the level of Green’s functions, we define retarded functions r^O(x; x_1...x_n) for a composite operator O at place x and single fields at x_1, ..., x_n in the following way. We differentiate the generating functional by^δ_{δj′(x)} once for every single field appearing in O and by^{δn}_{δj(x1)...δj(xn)} . For O in the form O = D_1ϕD_2ϕ...D_kϕ with D_i differential operators this means r^{D1ϕD2ϕ...Dk ϕ}(x; x_1...x_n) ≡ D_1 δ δj^′(x) D_2 δ δj^′(x) ...D_k δ δj^′(x) δ^n δj(x_1)...δj(x_n) R[j^′, j] | | j^′=j=0

(4.13) e.g. r^{ϕ(□+m2)ϕ}(x; x_1...x_n) ≡ δ δj^′(x) (□_x + m^2) δ δj^′(x) δ^n δj(x_1)...δj(x_n) R[j^′, j] | |_{j′=j=0} . (4.14)

Diagrammatic rules for r^O(x; x_1...x_n) with O = D_1ϕD_2ϕ...D_kϕ can be easily read off, the only change to the previous rules lies in how the point x is treated, we therefore replace rule 3 by

3’. x is connected by k lines; the i^{th} line carries D_iΔ^{ret}(x−a_i) or D_iΔ^{(1)}(x−a_i). The points x_i are connected by one line each, Δ^{ret}(b_i − x_i).

As an example of equations of motion and current conservation laws we now want to prove the bilinear equation of motion in ϕ^3-theory (I[q] =^g_{3!} q^3) on the level of retarded functions, i.e. show that r^{ϕ(□+m2 )ϕ}(x; x_1...x_n) = r^{gϕ3} (x; x_1...x_n) + c.t. (4.15)

with c.t. meaning contact terms. We will evaluate both sides of the above equation diagrammatically:

r^{ϕ(□+m2 )ϕ}(x; x_1...x_n) = x

x_1 ... x_n

(□ + m^2)

= ∫ dy x y

x_1 ... x_n

(□ + m^2)

+ n∑ k=1

x

x_1 ... x̌_k x_n x_k

(□ + m^2)

where the dashed arrow line can be or and the dashed line stands for , or . We have used (□+m^2)Δ^{(1)}(x) = 0 to skip diagrams that have a line Δ^{(1)} between x and y resp. x and x_k. Applying (□ + m^2)Δ^{ret}(x) = δ(x) we recognize the last diagram as contact terms, such that

r^{ϕ(□+m2)ϕ}(x; x_1...x_n) = x

x_1 ... x_n

+ c.t. (4.16)

The right hand side of equation (4.15) yields in terms of diagrams

r^{gϕ3} (x; x_1...x_n) = x

x_1 ... x_n

(4.17)

To verify that both sides are equal up to contact terms, we need to show that diagrams belonging to (4.16) with a dashed line being a Δ^{ret}-function that points to x are zero. But this results from the following Lemma, when we consider the point x not as an outer point but a vertex of the diagram and remember that a closed cycle of Δ^{ret}-functions vanishes.

Lemma 4.1.1 A diagram having at each vertex at least one incoming Δ^{ret}-function attached and the outer points connected by outgoing Δ^{ret}-functions contains a closed cycle of Δ^{ret}-functions.

Proof: Let {z_i}^n_{i=1} be the set of vertices, at each z_i we have a function Δ^{ret}(a_i − z_i), and a_i must, as the outer points are connected by outgoing Δ^{ret}-functions, be itself out of {z_i}^n_{i=1}. We can now use the same argumentation as in the proof of unitarity to obtain a closed cycle of Δ^{ret}-functions.

4.2 Retarded functions in noncommutative theories

We implement noncommutativity by bringing the star product into the interaction functional, e.g. in noncommutative ϕ^3-theory I[q] =^g_{3!} ∫ dx(q ⋆ q ⋆ q)(x). This results in star multiplication at each vertex, in the Fourier representation meaning that we associate to every vertex a noncommutative phase factor V (±p_1, ..., ±p_n) if p_1, ..., p_n are the momenta flowing

{ in out } of the vertex. This phase factor is given by the n-point-function at first order, e.g. in ϕ^3-theory it reads

V (p_1, p_2, p_3) = 1 6 ∑ πϵS_3 e^{−i(pπ(1)∧pπ(2)+pπ(1)∧pπ(3)+pπ(2)∧pπ(3))} . (4.18)

This reminds us of the modified Feynman rules presented in chapter 2, in fact, they are similar in the sense that also there one takes the star product after a time-ordering is performed.

We formulate the diagrammatic rules in momentum space, which are essentially the ones as in subsection 4.1.2, the only change being the additional phase factor:

1. x, x_1, ..., x_n are the endpoints of the diagram, inner points are called vertices

2. Δ̃^{ret}(p) is symbolized by p , Δ̃^{(1)}(p) by p . 3. x is connected by one line, x p or p x and carries a factor e^{−ipx}.

The points x_i are also connected by one line each, x_i p_i and contribute a factor e^{ipixi} . 4. A vertex with momenta p_1, ..., p_n flowing

{ in out } contributes the coupling constant g, the noncommutative phase factor V (±p_1, ..., ±p_n) and the momentum conservation δ(±p_1... ± p_n).

5. The number of incoming Δ^{ret}-functions at each vertex is odd.

6. When put into the reduction formula (4.7) only diagrams contribute where x is connected by a Δ^{ret}-function.

4.2.1 Unitarity of the fishgraph

Applying the diagrammatic rules for retarded functions, we will discuss a two by two scattering process in ϕ^4-theory in second order perturbation theory and show the validity of the optical theorem

2 Im = ∫ dμ | | | | | | 2 . (4.19)

The S-matrix element S(p_1, p_2; q_1, q_2) can be computed from retarded functions by (4.7), the only diagram contributing to r(y_2; y_1x_1x_2) is

y_1

y_2 x_1

x_2

such that

r(y_2; y_1x_1x_2) = y_1

y_2 x_1

x_2 z_1 z_2 p^′_1

p^′_2 k_1

k_2 q^′_1

q^′_2

= ∫ dz_1dz_2dp^′_1dp^′_2dq^′_1dq^′_2dk_1dk_2 1 (2π)^{24}

Δ̃^{ret}(p^′_1)Δ̃^{ret}(p^′_2)Δ̃^{ret}(k_1)Δ̃^{(1)}(k_2)

Δ̃^{ret}(q^′_1)Δ̃^{ret}(q^′_2)V (−p^′_1, −k_1, −k_2, p^′_2)V (−q^′_1, −q^′_2, k_2, k_1) e^{−ip′1 (z1−y1 )}e^{−ip′2 (y2 −z1 )}e^{−iq′1(z2 −x1)}e^{−iq′2 (z2−x2 )}e^{−ik1 (z1−z2 )}e^{−ik2 (z1 −z2 )} = ∫ dp^′_1dp^′_2dq^′_1dq^′_2dk_1dk_2 1 (2π)^{16}

Δ̃^{ret}(p^′_1)Δ̃^{ret}(p^′_2)Δ̃^{ret}(k_1)Δ̃^{(1)}(k_2)

Δ̃^{ret}(q^′_1)Δ̃^{ret}(q^′_2)V (−p^′_1, −k_1, −k_2, p^′_2)V (−q^′_1, −q^′_2, k_2, k_1)

e^{ip′1 y1} e^{−ip′2 y2} e^{iq′1x1} e^{iq′2 x2} δ(p^′_1 − p^′_2 + k_1 + k_2)δ(q^′_1 + q^′_2 − k_1 − k_2) (4.20) and so for the S-matrix element according to formula (4.7), if we make use of K_xΔ̃^{ret}(p)e^{−ipx} = e^{−ipx} :

S(p_1, p_2; q_1, q_2) = −1 (2π)^8 ∫ dk_1dk_2Δ̃^{ret}(k_1)Δ̃^{(1)}(k_2)

V (p_1, −k_1, −k_2, p_2)V (−q_1, −q_2, k_2, k_1) δ(−p_1 − p_2 + k_1 + k_2)δ(q_1 + q_2 − k_1 − k_2) . (4.21)

Applying

Δ̃^{ret}(k) = −1

(k + iϵ)^2 − m^2 = ∑ λ=±1 −λ 2E_k(k^0 − λE_k + iϵ

⇒ ImΔ̃^{ret}(k) = − ∑ λ=±1 2πλ 2E_k δ(k^0 − λE_k)

Δ̃^{(1)}(k) = 2πδ(k^2 + m^2) = ∑ λ=±1 2π 2E_k δ(k^0 − λE_k)

⇒ ImΔ̃^{(1)}(k) = 0

and the reality of the phase factors V we obtain

ImS(p_1, p_2; q_1, q_2) = 1 (2π)^6 ∫ dk_1dk_2 ∑ λ_1,λ_2=±1

λ_1 2E_{k1} 2E_{k2} δ(k^0_1 − λ_1E_{k1} )δ(k^0_2 − λ_2E_{k2} )

V (p_1, −k_1, −k_2, p_2)V (−q_1, −q_2, k_2, k_1) δ(−p_1 − p_2 + k_1 + k_2)δ(q_1 + q_2 − k_1 − k_2) = 1 (2π)^6 ∫ dk^3_1dk^3_2 ∑ λ_1,λ_2=±1

λ_1 2E_{k1} 2E_{k2}

V (p_1, −k^{λ1}_1 , −k^{λ2}_2 , p_2)

V (−q_1, −q_2, k^{λ2}_2 , k^{λ1}_1 )δ(−p_1 − p_2 + k^{λ1}_1 + k^{λ2}_2 )δ(q_1 + q_2 − k^{λ1}_1 − k^{λ2}_2 ) (4.22)

where the functions δ(k^0_1 − λ_1E_{k1} ), δ(k^0_2 − λ_2E_{k2} ) allowed us to carry out the integration over k^0_1 and k^0_2. It is now a kinematic argument that for on-shell momenta p_1, p_2, q_1, q_2 the conditions δ(−p_1−p_2+k^{λ1}_1 +k^{λ2}_2 ) and δ(q_1+q_2−k^{λ1}_1 −k^{λ2}_2 ) can only be fulfilled if λ_1 = λ_2 = +1, which leads to

ImS(p_1, p_2; q_1, q_2) = 1 (2π)^6 ∫ dk^3_1 2E_{k1} dk^3_2 2E_{k2} V (p_1, −k^+_1 , −k^+_2 , p_2)V (−q_1, −q_2, k^+_2 , k^+_1 )

δ(−p_1 − p_2 + k^+_1 + k^+_2 )δ(q_1 + q_2 − k^+_1 − k^+_2 ) . (4.23)

The other side of the unitarity relation reads

∫ dk^3_1 (2π)^32E_{k1} dk^3_2 (2π)^32E_{k2} p_1

p_2 k_1

k_2 k_1

k_2 q_1

q_2

= 1 (2π)^6 ∫ dk^3_1 2E_{k1} dk^3_2 2E_{k2} V (p_1, −k^+_1 , −k^+_2 , p_2)V (−q_1, −q_2, k^+_2 , k^+_1 ) δ(−p_1 − p_2 + k^+_1 + k^+_2 )δ(q_1 + q_2 − k^+_1 − k^+_2 ) , (4.24) coinciding with the left hand side.

4.2.2 The question of unitarity in general In a previous subsection we proved the generalized unitarity condition R[0, j] = 1 (4.25) in the case of commutative ϕ^m-theory, the proof easily generalizes to other commutative theories. The subtle point was to see that the only diagrams appearing in R[0, j] at higher orders in the coupling constant than zero necessarily involve a closed cycle of Δ^{ret}-functions, i.e. an expression of the type Δ^{ret}(z_1 − z_2)Δ^{ret}(z_2 − z_3) · · ·Δ^{ret}(z_k − z_1) . (4.26) From the support property of the Δ^{ret}-functions Δ^{ret}(x) ≠ 0 only for x^0 > 0 (4.27) we find as a condition that (4.26) does not vanish z^0_1 > z^0_2 > ... > z^0_k > z^0_1 (4.28) which cannot be fulfilled, meaning that (4.26) is zero.

In noncommutative theories the above arguments that lead us to higher-order diagrams all involving a closed cycle of Δ^{ret}-functions go through, one only has to consider the star multiplication at each vertex, so that a closed cycle of Δ^{ret}-functions now has the form Δ^{ret}(z_1 − z_2)^{z2}⋆ Δ^{ret}(z_2 − z_3)^{z3}⋆ ...^{zk}⋆ Δ^{ret}(z_k − z_1)^{z1}⋆ . (4.29) If time is not involved in the star product, the earlier argumentation using the support properties of the Δ^{ret}-functions, formulated in terms of the time coordinate, to conclude that this expression vanishes, still holds. This means that for θ^{0i} = 0 we have unitarity.

But in the case θ^{0i} ≠ 0 this can no longer be maintained, as we then also smear over the time coordinate. In fact, it was argued in [12], that e.g. Δ^{ret}(x) ⋆ Δ^{ret}(−x) ≠ 0. The diagrams involving expressions (4.29) thus are the ones which violate unitarity if time does not commute with space.

Let us closer examine one-loop diagrams exhibiting (4.29), for which the graph is drawn in Fig. 4.1. As we are on the one-loop level, the graphs attached to the z_i’s different from the

z_1 z_2 z_k

... Figure 4.1: A closed cycle of Δret-functions

closed cycle are tree graphs, we refer to them as the tree-part of the diagram. The following proposition holds:

Proposition 4.2.1 A one-loop diagram contributing to r(x; x_1, ...x_n) and containing a closed cycle of Δ^{ret}-functions contains at least one function Δ^{(1)} in the tree-part.

We first show the following

Lemma 4.2.1 (i) In a tree diagram with outer points x_1, ..., x_n, z where x_1, ..., x_n are connected by ingoing Δ^{ret}-functions and every vertex has an odd number of incoming Δ^{ret}-functions the point z is connected by an outgoing Δ^{ret}-function.

(ii) In a tree diagram with outer points x, x_1, ..., x_n, z where x is connected by an outgoing Δ^{ret}- function, x_1, ..., x_n by ingoing Δ^{ret}-functions, z not by an ingoing Δ^{ret} and where each vertex has an odd number of incoming Δ^{ret}-functions we find a Δ^{(1)}-function appearing.

Proof: Let V be the number of vertices of the diagram, I the number of internal lines, on treelevel we have the relation V = I + 1 (see the proof of the generalized unitarity condition in commutative theories).

(i) To have at least one incoming Δ^{ret} at each vertex, we need at least V lines with Δ^{ret}- functions flowing into a vertex, from V = I + 1 we conclude that at least one must be an external line, this can only be the line connecting the point z, meaning that z has to be connected by an outgoing Δ^{ret}-function.

(ii) z is not connected by an ingoing Δ^{ret}-function, that means it can be connected by Δ^{(1)}, in which case we are done, or by an outgoing Δ^{ret}. Suppose no Δ^{(1)} would appear in the second case, then we would have I+2=V+1 lines with Δ^{ret}-functions flowing into vertices. But to have an odd number of incoming Δ^{ret}-functions at each vertex, the diagram may only contain V, V + 2, V + 4, ... lines with Δ^{ret} flowing into a vertex, yielding the contradiction.

We now come back to prove the proposition. If in such a diagram the point x is connected by Δ^{(1)} we are finished. Otherwise we have x connected via an outgoing Δ^{ret} and x_1, ..., x_n connected by ingoingΔ^{ret}-functions. To apply the lemma we notice that every line going out of the circle in (4.1) from the vertices z_1, ..., z_k is connected to a tree diagram, with outer points among the x, x_1, ..., x_n. Only one of these lines can thus be connected to a tree diagram having x as outer point, and using the lemma we find that the other lines must be outgoing Δ^{ret}-functions (treat the vertex z_i as the outer point z in part (i)). The missing line, say at point z_1, connected to a tree diagram having x as outer point cannot be an ingoing Δ^{ret}, as we then would have two incoming Δ^{ret}-functions at z_1. Applying part (ii) of the lemma (consider z_1 as the outer point z) we see that a Δ^{(1)}-function must appear in this tree diagram.

We now leave the question of the validity of the generalized unitarity condition and focus on the unitarity on the level of S-matrix elements, which is the only physically relevant one. We encounter

Proposition 4.2.2 If we consider an S-matrix element on one-loop level for a scattering process of momenta (p_1, ..., p_m) → (q_1, ..., q_n) the optical theorem is valid up to a set of momentum configurations which has measure zero within the set of all possible configurations {(p_1, ..., p_m, q_1, ..., q_n) ∈ R^{m+n} | p_1 + ... + p_m = q_1 + ... + q_n}. Proof: It follows from the above consideration of the generalized unitarity condition that the violation of the optical theorem can only occur for diagrams that contain a closed cycle of Δ^{ret}-functions, and so have a Δ^{(1)} in the tree part. Consider this diagram in the momentum space representation: let Δ^{(1)} be connected to momentum k. Because this appears in the tree part of the diagram, k is given by a sum of external momenta: ±k = p_{i1} + ... + p_{ir} − q_{j1} − ... − q_{js} ; i_1, ..., i_rϵ{1, ..., m} j_1, ..., j_s ∈ {1, ..., n} (4.30) We thus notice the function Δ̃^{(1)}(k) = 2πδ(k^2 + m^2) (4.31)

to put an extra condition on the above sum of external momenta, in fact being only fulfilled on a hypersurface of one dimension less than the space of all possible external momenta. The set of momentum configurations where the optical theorem may be violated has thus measure zero in the set of all possible momentum configurations.

4.2.3 Equations of motion and currents We now want to discuss the question whether the classical equations of motion and currents are still valid on the quantized level in noncommutative theories. From the considerations in subsection 4.1.5 of the bilinear equation of motion in the commutative case we learn that the only diagrams which might spoil the classical equations contain a closed cycle of Δ^{ret}- functions. As this still vanishes for θ^{0i} = 0 we conclude that we recover the classical equations in this case.

However, if θ^{0i} does not vanish, these diagrams will be different from zero. Notice that the violation of the classical equations of motion and currents due to these terms may earliest occur on one-loop level, on the tree-level we still recover the classical results.

4.2.4 A modified theory Let us first summarize our results so far. For space-time noncommutativity unitarity has turned out to be violated and the classical equations of motion and currents do not hold on the quantized level. In both cases these unpleasant outcomes are exactly due to diagrams which contain a closed cycle of Δ^{ret}-functions. Their vanishing for θ^{0i} = 0 is the reason that in this case the approach via retarded functions yields a unitary theory and respects the classical equations.

It is thus obvious that we encounter unitarity as well as validity of classical equations of motion and currents on the quantized level if we modify the theory by the requirement that we do not allow diagrams which exhibit a closed cycle of Δ^{ret}-functions. This altered theory can probably not be derived from a functional like (4.3), instead it is defined by the diagrammatical rules of subsection 4.1.2 together with the rule of subsection 4.1.5 if we impose the additional requirement

7. A diagram may not contain a closed cycle of Δ^{ret}-functions.

As such diagrams vanish for θ^{0i} = 0 the equivalence of the modified theory with the ordinary one derived from (4.3) in the case of only spatial noncommutativity is evident.

70

Outlook

Time-space noncommutativity poses remarkable difficulties. To formulate a perturbative approach which satisfies the fundamental requirement of unitarity and respects the classical equations of motion and currents on the quantized level is still a task to work on. Our suggestion of such a theory is formulated in subsection 4.2.4, future work in this approach could focus on the divergence properties of the one and higher loop levels. TOPT has been shown to suffer from fundamental problems. These are the violation of Ward identities which could be traced back to additional terms in the quantized current, and the no longer covariant behaviour under remaining Lorentz symmetry. The latter may suggest a formulation of time-ordering that leads to modifications in such a way that remaining Lorentz symmetry is preserved, such work has been done very recently [24]. The new formulation seems, apart from its unitarity, to respect classical equations of motion and currents and should be closer studied.

The validity of equations of motion and currents within the Yang-Feldman approach was not investigated and should also be a subject of further studies. In this respect one will have to define time-ordered Green’s functions, first steps in this direction were carried out in [12].

72

Appendix A

Notations and useful relations

We write noncommutative phase factors most often in a form that uses the wedge product p ∧ q = 1 2 θ^{μν} p_μq_ν (A.1)

and the brief notation (p_1, p_2, ..., p_n) = ∑ i<j≤n p_i ∧ p_j . (A.2)

In TOPT we do not longer encounter causal propagators, but parts of it. In the scalar case these are the quantities P_λ(k) with λ = ±1

P_λ(k) = iλ 2E_k(k^0 − λ(E_k − iϵ))

(A.3)

which represent the Fourier transforms of the positive and negative energy contribution of the propagator Δ_C (x − y) = ∑ λ=±1 ∫ d^4k (2π)^4 P_λ(k)e^{−ik(x−y)} . (A.4) For spin-^1_2 particles the quantities S_λ(k), λ = ±1

S_λ(k) = iλ(k̸^λ + m) 2E_k(k^0 − λ(E_k − iϵ))

(A.5)

are important, which come from the decomposition

S_C (x − y) = ∑ λ=±1 ∫ d^4k (2π)^4 S_λ(k)e^{−ik(x−y)} . (A.6)

In the definition of S_λ(k) we have just used the often met notation

k^λ = (λE_k, k_1, k_2, k_3) . (A.7)

74 Notations and useful relations

Discussing the approach via retarded functions we encounter two quantities that can be assigned to lines, at first the retarded Green’s function

Δ^{ret}(x) = lim_{ϵ→+0} −1 (2π)^4 ∫ d^4k e^{−ikx} (k + iϵ)^2 − m^2

(A.8)

which vanishes for x^0 ≤ 0 and fullfills (□ + m^2)Δ^{ret}(x) = δ(x); and at second the function

Δ^{(1)}(x) = 1 (2π)^3 ∫ d^4k δ(k^2 + m^2)e^{−ikx} (A.9)

which is a solution to the homogeneous Klein-Gordon equation: (□ + m^2)Δ^{(1)}(x) = 0.

Acknowledgments

I wish to express my gratitude to Prof. Dr. Klaus Sibold for introducing me to noncommutative theories and for his decisive hints leading me to the study of quantized equations of motion and current conservation laws. With constant support, he has guarded me during my first steps in scientific work.

Warm thanks is also given to the other members in our group, Yi Liao, Christoph Dehne and Paul Heslop for the often vital and inspiring discussions, from which I benefited a lot. As only one example, the result on violation of remaining Lorentz invariance goes back to a lively debate on the transformation properties of θ^{μν} .

All members at the institute have created a motivating and pleasant working atmosphere, which I am thankful for.

Financial support of the Carl-von-Bach Stiftung is gratefully acknowledged, it has enabled me to study unoffended of economic worries.

Last but not least, I am grateful to my family and my friends. The time of recreation that I could spend with them and the stimulations which I received were essential during the writing of this thesis.

76

Bibliography

[1] B. Carazza, H. Kragh, Heisenberg’s lattice world: The 1930 theory sketch, A. J. Ph. 63 (1995) 595-605.

[2] M. R. Douglas and N. A. Nekrasov, Noncommutative field theory, Rev. Mod. Phys. 73 (2001) 977-1029 [hep-th/0106048].

[3] R. J. Szabo, Quantum field theory on noncommutative spaces, Phys. Rept. 378 (2003) 207-299 [hep-th/0109162].

[4] E. Schrödinger, Über die Unanwendbarkeit der Geometrie im Kleinen, Naturwiss. 22 (1934) 518.

[5] H. S. Snyder, Quantized space-time, Phys. Rev. 71 (1947) 38.

[6] N. Seiberg and E. Witten, String theory and noncommutative geometry, JHEP 9906 (1999) 030 [hep-th/9908142].

[7] S. Doplicher, K. Fredenhagen, J. E. Roberts, The quantum structure of spacetime at the planck scale and quantum fields, Commun. Math. Phys. 172 (1995) 187 [hep-th/0303037].

[8] M. Drieschner, Th. Görnitz, C. F. von Weizsäcker, Reconstruction of abstract quantum theory, Int. J. Th. Ph. 27 (1988) 289-306 broader discussion in C. F. von Weizsäcker, Zeit und Wissen, Hanser 1992.

[9] T. Filk, Divergencies in a field theory on quantum space, Phys. Lett. B 376 (1996) 53-58.

[10] J. Gomis, T. Mehen, Space-time noncommutative field theories and unitarity, Nucl. Phys. B 591 (2000) 265-276 [hep-th/0005129].

[11] Y. Liao and K. Sibold, Time-ordered perturbation theory on noncommutative spacetime: basic rules, Eur. Phys. J. C 25 (2002) 469-477 [hep-th/0205269], Yi Liao and Klaus Sibold, Time-ordered perturbation theory on noncommutative spacetime II: unitarity, Eur. Phys. J. C 25 (2002) 479-486 [hep-th/0206011].

[12] D. Bahns, Perturbative methods on the noncommutative minkowski space, PhD-Thesis (2003) [desy-thesis-04-004].

[13] T. Ohl , R. Rückl, J. Zeiner, Unitarity of time-like noncommutative gauge theories: The violation of ward identities in time-ordered perturbation theory, Nucl. Phys. B 676 (2004) 229-242 [hep-th/0309021].

[14] M. Kontsevich, Deformation quantization of poisson manifolds, I, Lett. Math. Phys. 66 (2003) 157-216 [q-alg/9709040].

[15] Y. Liao and K. Sibold, On double gauging of U(1) symmetry on noncommutative space, Phys.

Lett. B586 (2004) 420-424 [hep-th/0401105].

[16] K. Sibold, Störungstheoretische Renormierung / Quantisierung von Eichtheorien, unpublished [17] A. Micu, M.M. Sheikh-Jabbari, Noncommutative Φ^4 theory at two loops , JHEP 0101 (2001) 025 [hep-th/0008057].

[18] Y. Okumura, K. Morita, K. Imai, Lorentz invariant nonabelian gauge theory on noncommutative space-time and BRST symmetry [hep-th/0309060].

[19] T. Mariz, C. A. de S. Pires, R. F. Ribeiro, Ward identity in noncommutative QED, Int. J.

Mod. Phys. A 18 (2003) 5433-5444 [hep-ph/0211416].

[20] H. Lehmann, K. Symanzik, W. Zimmermann, Zur Formulierung quantisierter Feldtheorien, Il nuovo cimento 1 (1955) 205-225.

[21] H. Lehmann, K. Symanzik, W. Zimmermann, On the formulation of quantized field theories -II, Il nuovo cimento 6 (1957) 319-333.

[22] K. Symanzik, On the many-particle structure of green‘s functions in quantum field theory, J.

Math. Ph. 1 (1960) 249-273.

[23] J. Rzewuski, Field Theory, Polish Scientific Publishers, Warszawa (1969). [24] P. J. Heslop, K. Sibold, Quantized equations of motion in noncommutative theories, in preparation.

[25] T. Kugo, Eichtheorie, Springer-Verlag (1997).

[26] M. E. Peskin, D. V. Schroeder, An Introduction to Quantum Field Theory, Westview Press (1995).

[27] S. Weinberg, The Quantum Theory of Fields, Cambridge University Press (1995). [28] J. M. Gracia-Bondia, J. C. Varilly, H. Figueroa, Elements of Noncommutative Geometry, Birkhäuser (2001).

[29] H. J. Groenewold, On the principles of elementary quantum mechanics, Physica 12 (1946) 405, J. E. Moyal, Quantum mechanics as a statistical theory, Proc. Cambridge Phil. Soc. 45 (1949) 99. [30] I. Chepelev, R. Roiban, Renormalization of quantum field theories on noncommutative R^d, I.

Scalars, JHEP 5 (2000) 37 [hep-th/9911098].

[31] Y. Liao, C. Dehne, Some phenomenological consequences of the time-ordered perturbation theory of QED on noncommutative spacetime, Eur. Phys. J. C29 (2003) 125-132 [hep-ph/0211425].

[32] M. Hayakawa, Perturbative analysis on infrared and ultraviolet aspects of noncommutative QED on R^4 [hep-th/9912167].

[33] M. Chaichian, M. N. Mnatsakanova, A. Tureanu, Yu. S. Vernov, Analyticity and forward dispersion relations in noncommutative quantum field theory, Nucl. Phys. B 673 (2003) 476- 492 [hep-th/0306158].

[34] K. Morita, A new gauge-invariant regularization scheme based on lorentz-invariant noncommutative quantum field theory [hep-th/0312080].

[35] H. Bozkaya, P. Fischer, H. Grosse, M. Pitschmann, V. Putz, M. Schweda, R. Wulkenhaar.

Space/time noncommutative field theories and causality, Eur. Phys. J. C29 (2003) 133-141 [hep-th/0209253].

[36] D. Bahns, S. Doplicher, K. Fredenhagen, G. Piacitelli, On the unitarity problem in space/time noncommutative theories, Phys. Lett. B533 (2002) 178-181 [hep-th/0201222].