arXiv:hep-th/0501241 v1 30 Jan 2005

AdS_{d+1} → AdS_d

T.E. Clark^{1 a} , S.T. Love^{2 a,b} , Muneto Nitta^{3 c} , T. ter Veldhuis^{4 d}

a. Department of Physics, Purdue University, West Lafayette, IN 47907-1396

b. Fermi National Accelerator Laboratory, P.O. Box 500, Batavia, IL 60510

c. Department of Physics, Tokyo Institute of Technology, Tokyo 152-8551, Japan

d. Department of Physics & Astronomy, Macalester College, Saint Paul, MN 55105- 1899

Abstract

Coset methods are used to construct the action describing the dynamics of the (massive) Nambu-Goldstone scalar degree of freedom associated with the spontaneous breaking of the isometry group of AdS_{d+1} space to that of an AdS_d subspace. The resulting action is an SO(2, d) invariant AdS generalization of the Nambu-Goto action. The vector field theory equivalent action is also determined.

1e-mail address: clark@physics.purdue.edu 2e-mail address: love@physics.purdue.edu 3e-mail address: nitta@th.phys.titech.ac.jp 4e-mail address: terveldhuis@macalester.edu

1 Introduction

The AdS/CF T correspondence originally proposed by Maldecena [1] has sparked an enormous amount of theoretical investigation and speculation [2]. The nature of this connection has been recently considered [3],[4] for the case of an AdS_d defect (brane) embedded in an underlying AdS_{d+1} space so that the SO(2, d) isometry group of the AdS_{d+1} metric is spontaneously broken to the SO(2, d−1) isometry group of the AdS_d space. It turns out that this case also provides a surprising example of a localized D=4 gravity in which the metric differs drastically from the Minkowski metric only far from the brane [3]. Moreover, when a CF T is coupled to AdS gravity, it has been shown that the AdS graviton obtains a mass by means of the AdS Higgs mechanism with the graviton absorbing a massive AdS vector [5] Nambu-Goldstone field [3][6][7].

As a consequence of the embedding of the AdS_d brane in AdS_{d+1} space, it follows that (d + 1) of the pseudo-translations and Lorentz transformations of the AdS_{d+1} space are spontaneously broken. As is typical of spontaneous space-time symmetry breaking [8], however, not all of the broken symmetries give rise to independent Nambu-Goldstone degrees of freedom. In fact, there is only a single Nambu-Goldstone boson, denoted ϕ(x), associated with a broken pseudo-translation generator which is independent. Here x^μ, μ = 0, 1, . . . , d − 1, are coordinates parametrizing the AdS_d space. In this paper, we construct the action governing the dynamics of this Nambu- Goldstone boson. This mode has a natural interpretation as describing the coordinate oscillations of the brane into the target space covolume. As such we obtain the AdS space generalization of the Nambu-Goto action.

AdS_{d+1} space can be simply described as the SO(2, d) invariant hyperboloidal hypersurface 1 m^2

= X^2_0 − X^2_1 − X^2_2 − · · · − X^2_d + X^2_{d+1} = X^Mη̂_{MN} X^N , (1.1)

embedded in a (d + 2)-dimensional pseudo-Euclidean space defined with invariant interval ds^2 = dX^Mη̂_{MN} dX^N (1.2) characterized by the metric tensor η̂_{MN} of signature (+1, −1, −1, . . . , −1, +1), where

M, N = 0, 1, . . . , d, d + 1. Here X^M are the pseudo-Euclidean space homogeneous coordinates and m is a constant inverse length scale characterizing the AdS_{d+1} space.

AdS_{d+1} space containing an AdS_d brane, which is a d dimensional world volume with an AdS metric embedded as a X^d = 0 hypersurface, can be described by the coordinates X^M = (X^μ, X^d, X^{d+1}) with

X^μ = a(x^2)x^μ cosh (mr) : μ = 0, 1, ..., d − 1 X^d = 1 m sinh (mr) X^{d+1} = 1 m b(x^2) cosh (mr). (1.3)

Here x^μ are the intrinsic coordinates of the AdS_d world volume and −∞ < r < ∞ is the covolume coordinate. To satisfy the equation (1.1) of the AdS_{d+1} hyperbola, a(x^2) and b(x^2) are related as

1 = m^2x^2a^2(x^2) + b^2(x^2). (1.4)

Hence the SO(2, d) invariant interval, Eq. (1.2), becomes

ds^2 = e^{2A(r)}ds̄^2 − dr^2, (1.5)

where the warp factor is A(r) = ln cosh (mr) and ds̄^2 = dx^μḡ_{μν} (x)dx^ν is the AdS_d invariant interval with ḡ_{μν} the AdS_d metric tensor.

The AdS_d subspace has the isotropic coordinates x^μ of an SO(2, d − 1) invariant hyperboloid,^1_{m2} = X^2_0 − X^2_1 − · · · − X^2_{d−1} + X^2_{d+1}, embedded at r = 0 = X^d. This subsurface maintains the coordinate relation Eq. (1.4). This in turn leads to a form for the AdS_d metric tensor given by

ḡ_{μν} (x) = a^2(x^2)P_{T μν} (x) + ( a(x^2) + 2x^2 da(x^2) dx^2 )_2 + 4 x^2 m^2 ( db(x^2) dx^2 )_2 P_{Lμν} (x)

= a^2(x^2)P_{T μν} (x) + ( a(x^2) + 2x^{2 da(x2)}_{dx2}

)_2

(1 − m^2x^2a^2(x^2))

P_{Lμν} . (1.6)

Here the transverse and longitudinal projectors for x^μ are defined as P_{T μν} (x) = η_{μν} − x_μx_ν x^2

P_{Lμν} (x) = x_μx_ν x^2

. (1.7)

and η_{μν} is the metric tensor for d–dimensional Minkowski space having signature (+1, −1, . . . , −1). Throughout this paper, indices are raised, lowered and contracted using η_{μν} so that, for instance x^2 ≡ x^μη_{μν} x^ν . Any use of a curved metric will be noted explicitly. Further discussion of AdS coordinates and some specfic choices for a(x^2) and b(x^2) are found in Appendix A.

Since the embedding of the AdS_d brane breaks the AdS_{d+1} space-time symmetries to those of AdS_d, the associated Nambu-Goldstone bosons act as coordinates of the coset manifold corresponding to the SO(2, d) → SO(2, d − 1) breakdown. In this paper, we show, using coset methods [9][10][11], that the SO(2, d) invariant action governing the dynamics of the Nambu-Goldstone boson degree of freedom takes the form Γ = −σ ∫ d^dx det ē(x) cosh^d (mϕ(x)) 1 − D_ℓϕ(x)η^{ℓn}D_nϕ(x) cosh^2 (mϕ(x))

. (1.8)

Here D_n = ē^{−1μ}_n (x)∂_μ is the SO(2, d − 1) covariant derivative with n = 0, 1, ..., d − 1. The AdS_d vielbein, ē^n_μ , corresponding to the metric tensor ḡ_{μν} = ē^ℓ_μ η_{ℓn}ē^n_ν is given by

ē^n_μ (x) = a(x^2)P^n_{T μ} (x) + ( a(x^2) + 2x^2 da(x^2) dx^2 )_2 + 4 x^2 m^2 ( db(x^2) dx^2 )_2 P^n_{Lμ} (x)

= a^2(x^2)P^n_{T μ} (x) + a(x^2) + 2x^{2 da(x2)}_{dx2} √ 1 − m^2x^2a^2(x^2)

P^n_{Lμ} (1.9)

The overall positive constant σ (brane tension) carries mass dimension d. Note that the overall sign of the action is fixed so that the ϕ kinetic energy term is positive. Eq. (1.8) is the AdS generalization of the Nambu-Goto action for an AdS_d brane embedded in AdS_{d+1} space. We see that the Nambu-Goldtone mode is massive and has non-derivative self interactions.

The outline of the paper is as follows. The coset method construction is presented in section 2 along with the explicit form of the nonlinear realizations of the SO(2, d) transformations of the Nambu-Goldstone fields. The action building blocks secured from the Maurer-Cartan one-form also appear in this section. Section 3 includes the transformation properties of the Maurer-Cartan one form along with the construction of the SO(2, d) invariant AdS_d action. In addition, this section contains the general AdS_d coordinate transformations. The form of the AdS_d action is shown to remain invariant under these coordinate transformations. Finally in section 3, the vector field theory equivalent of this action is also secured. In this construction, it is the longitudnal component of the vector field which plays the role of the massive Nambu- Goldstone degree of freedom. In the Poincaré limit, m → 0, the usual equivalence of this action to a tensor gauge theory [12] action is obtained [13]. There are two appendices. Appendix A contains a discussion of the various AdS coordinate systems used in the paper, while the AdS isometry charge algebra is reviewed in Appendix B.

2 The Coset Construction

The isometry group of the AdS_{d+1} hyperboloid (c.f. Eq. (1.1)) is SO(2, d) while that of the AdS_d subspace is SO(2, d − 1). The action governing the dynamics of the Nambu-Goldstone modes associated with the symmetry breakdown SO(2, d) → SO(2, d − 1) can be constructed by means of the coset method. This technique begins by introducing the coset element Ω ∈ SO(2, d)/SO(1, d−1) where SO(1, d−1) corresponds to the Lorentz (stability) group of transformations in AdS_d. The AdS_d = SO(2, d − 1)/SO(1, d − 1) coordinates, y^μ, act as parameters for pseudo-translations in the world volume and are part of the coset so that Ω(y) = e^{iyμPμ} e^{iϕ(y)Z} e^{ivμ(y)Kμ} , (2.1) Here the symmetry generators P_μ, Z and K_μ, as well as the Lorentz transformations generators M_{μν} , are defined in Appendix B. The coset so defined corresponds to a particular choice of coordinates, specifically denoted as y^μ, for the AdS_d world volume. The fields are also defined as functions of y^μ. Other coordinate choices, generically denoted by x^μ, can and will be used. In order to transform to these coordinates, the y^μ will be defined as a function of the x^μ coordinates, y^μ = y^μ(x). Likewise in this case, the fields will also be relabeled as functions of x^μ. That is, ϕ(y) = ϕ(y(x)) → ϕ(x) and v^m(y) = v^m(y(x)) → v^m(x). Hence the coset element has the same operator structure as in equation (2.1) but now the fields and y are functions of x so that Ω(y) = Ω(y(x)) → Ω(x) = e^{iyμ(x)Pμ} e^{iϕ(x)Z}e^{ivμ(x)Kμ} . For the present, we use the y^μ coordinates and the fields are considered functions of y^μ. The Nambu-Goldstone field ϕ(y) along with v^μ(y) act as the remaining coordinates needed to parametrize the coset manifold SO(2, d)/SO(2, d − 1).

Left multiplication of the coset elements Ω by an SO(2, d) group element g = e^{iϵμPμ} e^{izZ} e^{ibμKμ} e^{i2 λμν Mμν} , (2.2) which is specified by the (space-time independent) infinitesimal parameters ϵ^μ, z, b^μ, λ^{μν} , results in transformations of the space-time coordinates and the Nambu-Goldstone fields according to the general form [9]

gΩ = Ω^′h. (2.3)

The transformed coset element, Ω^′, is a function of the transformed world volume

coordinates and the total variations of the fields: Ω^′ = e^{iy′μPμ} e^{iϕ′(y′)Z} e^{iv′μ(y′ )Kμ} , (2.4) while h is a field dependent element of the stability group SO(1, d − 1): h = e^{i2 θμν (y)Mμν} , (2.5) Exploiting the algebra of the SO(2, d) charges displayed in Appendix B, along with

extensive use of the Baker-Campbell-Hausdorf formulae, the AdS transformations are

obtained as y^{′μ} = [ 1 − z √ m^2 tanh √ m^2ϕ^2 sin √ m^2y^2 √ m^2y^2 ] y^μ − λ^{μν} y_ν + [ P^{μν}_L (y) + √ m^2y^2 cot √ m^2y^2P^{μν}_T (y) ] ϵ_ν + tanh √ m^2ϕ^2 √ m^2 [ cos √ m^2y^2P^{μν}_L (y) + √ m^2y^2 sin √ m^2y^2 P^{μν}_T (y) ] b_ν

ϕ^′(y^′) = ϕ(y) + z cos √ m^2y^2 + b_μy^μ sin √ m^2y^2 √ m^2y^2

v^{′μ}(y^′) = v^μ(y) − λ^{μν} v_ν − m^2 2 tan √ m^2y^2/4 √ m^2y^2/4

(ϵ^μy^ν − ϵ^ν y^μ)v_ν −z m^2

cosh √ m^2ϕ^2 sin √ m^2y^2 √ m^2y^2 [ P^{μν}_L (v) + √ v^2 coth √ v^2P^{μν}_T (v) ] y_ν + √ m^2/4 tan √ m^2y^2/4 √ m^2y^2/4 tanh √ m^2ϕ^2(b^μy^ν − b^ν y^μ)v_ν + 1 cosh √ m^2ϕ^2 [ P^{μν}_L (v) + √ v^2 coth √ v^2P^{μν}_T (v) ]

× [ cos √ m^2y^2P_{Lνρ}(y) + P_{T νρ}(y) ] b^ρ

θ^{μν} (y) = λ^{μν} + m^2 2 tan √ m^2y^2/4 √ m^2y^2/4

(ϵ^μy^ν − ϵ^ν y^μ)

−z m^2 cosh √ m^2ϕ^2 sin √ m^2y^2 √ m^2y^2

(v^μy^ν − v^νy^μ) tanh √ v^2/2 √ v^2 − √ m^2/4 tan √ m^2y^2/4 √ m^2y^2/4 tanh √ m^2ϕ^2(b^μy^ν − b^ν y^μ)

− 1 cosh √ m^2ϕ^2 tanh √ v^2/2 √ v^2 × [ cos √ m^2y^2P^{μρ}_L (y)b_ρv^ν + P^{μρ}_T (y)b_ρv^ν − (μ ↔ ν) ] . (2.6)

The nonlinearly realized SO(2, d) transformations induce a field dependent general coordinate transformation of the world volume space-time coordinates. Using the y^μ coordinate transformation given above, the AdS_{d+1} general coordinate transformation for the world volume space-time coordinate differentials is given by

dy^{′μ} = dy^νḠ^μ_ν , (2.7)

with Ḡ^μ_ν = ∂y^{′μ}/∂y^ν . The SO(2, d) invariant interval can be formed using the metric tensor g_{μν} (y) so that ds^2 = dy^μg_{μν} (y)dy^ν = ds^{′2} = dy^{′μ}g^′_{μν} (y^′)dy^{′ν} where the metric tensor transforms as g^′_{μν} (y^′) = Ḡ^{−1ρ}_μ g_{ρσ} (y)Ḡ^{−1σ}_ν . (2.8) The form of the vielbein (and hence the metric tensor) as well as the SO(2, d) covariant derivatives of the Nambu-Goldstone boson fields and the spin connection can be extracted from the Maurer-Cartan one-form, Ω^{−1}dΩ, which can be expanded in terms of the generators as

Ω^{−1}dΩ = i [ ω^mP_m + ω_Z Z + ω^m_K K_m + 1 2 ω^{mn}_M M_{mn} ] . (2.9)

Latin indices m, n = 0, 1, . . . , d − 1, are used to distinguish tangent space (Latin indices) transformation properties from world volume (Greek indices) transformation properties. Recall all contracted indices (Latin or Greek) are summed using the d-dimensional Minkowski metric tensor. Applying the Feynman formula for the variation of an exponential operator in conjunction with the Baker-Campell-Hausdorff formulae, the individual world volume one-forms appearing in the above decomposi-

tion of the Maurer-Cartan one-form are secured as

ω^m = − sinh √ v^2 √ v^2 v^mdϕ + cosh √ m^2ϕ^2 [ P^{mn}_{vT} + cosh √ v^2P^{mn}_{vL} ] ω̄_n

ω_Z = cosh √ m^2ϕ^2 [ dϕ − cosh √ m^2ϕ^2ω̄_mv^m tanh √ v^2 √ v^2 ]

ω^m_K = dv^m − ( sinh √ v^2 √ v^2 − 1 ) [v^mv_ndv^n − v^2dv^m]

v^2 −ω̄^{mn}_M v_n sinh √ v^2 √ v^2 + √ m^2 sinh √ m^2ϕ^2 [ P^{mn}_{vL} + cosh √ v^2P^{mn}_{vT} ] ω̄_n

ω^{mn}_M = ω̄^{mn}_M + [ cosh √ v^2 − 1 ] v^mdv^n − v^ndv^m v^2

−(cosh √ v^2 − 1) [P^m_{vLr}ω̄^{nr}_M − P^n_{vLr}ω̄^{mr}_M ]

+ √ m^2 sinh √ m^2ϕ^2 sinh √ v^2 √ v^2 ω̄_r [v^mP^{rn}_{vT} − v^nP^{rm}_{vT} ] . (2.10)

In these expressions, the AdS_d covariant coordinate differential, ω̄^m, and spin con-

nection, ω̄^{mn}_M , are obtained from the AdS_d coordinate one-form (e^{−iym Pm} )d(e^{iynPn} ) =

i[ω̄^mP_m +^1_2ω̄^{mn}_M M_{mn}] as

ω̄^m = sin √ m^2y^2 √ m^2y^2 P^{mn}_T (y)dy_n + P^{mn}_L (y)dy_n ω̄^{mn}_M = [ cos √ m^2y^2 − 1 ] (y^mdy^n − y^ndy^m) y^2

. (2.11)

The differential ω̄^m is related to the y^μ world volume coordinate differential via the

veilbein ē^m_μ (y) as

ω̄^m = dy^μē^m_μ (y). (2.12)

Using equation (2.11) along with d = dy^μ∂^y_μ, this veilbein is obtained as

ē^m_μ (y) = sin √ m^2y^2 √ m^2y^2

P^m_{T μ} (y) + P^m_{Lμ} (y). (2.13)

Thus it is seen that the y coordinates correspond to the choice of embedding coordinates (c.f. Eq. (1.3))

a(y^2) = sin √ m^2y^2 √ m^2y^2 b(y^2) = cos ( √ m^2y^2). (2.14)

The two sets of bases for coordinate differentials, dy^μ and the AdS_{d+1} covariant one-form ω^m, are related to each other through the veilbein e^m_μ (y):

ω^m(y) = dy^μe^m_μ (y). (2.15)

Again using that d = dy^μ∂^y_μ, it follows from the first equality in Eq. (2.10) that the vielbein e^m_μ can be factorized as

e^m_μ (y) = ē^n_μ (y)N^m_n (y), (2.16)

where the Nambu-Goto veilbein, N^m_n (y), is

N^m_n (y) = −v^m sinh √ v^2 √ v^2

D_nϕ + cosh √ m^2ϕ^2 [ P^m_{T n}(v) + cosh √ v^2P^m_{Ln}(v) ] , (2.17)

and the AdS_d covariant derivative is defined as D_n = ē^{−1μ}_n (y)∂^y_μ.

3 The Invariant Action

To construct an SO(2, d) invariant action, we begin by using (c.f. Eqs. (2.3) and (2.5)) Ω^′(y^′) = gΩ(y)e^{− i2 θmn (y)Mmn} (3.1) and isolating the coefficient of P_m in the decomposition of (Ω^{−1}dΩ)^′(y^′) giving ω^{′ m}(y^′)P_m = ω^m(y)e^{i2 θlr (y)Mlr} P_me^{− i2 θst(y)Mst} . (3.2) Next, from the SO(2, d) algebra (see Appendix B) it follows that e^{i2 θlr Mlr} P_me^{− i2 θstMst} = Λ_m^n(θ)P_n, (3.3) where Λ^n_m (θ) is an AdS_d (local) Lorentz transformation with parameter θ^{rs}(y) so that det Λ = 1.

Thus ω^{′ m}(y^′) = dy^{′ ν} e^{′ m}_ν (y^′) = ω^n(y)Λ_n^m = dy^ρe_ρ^n(y)Λ_n^m (3.4) where dy^{′ μ} = dy^ρḠ_ρ^μ, equation (2.7). Consequently the vielbeine are related as e_ρ^n(y)Λ_n^m = Ḡ_ρ^ν e^{′ m}_ν (y^′). (3.5) Taking the determinant (using det Λ = 1) then yields det e^′ = (det Ḡ)^{−1} det e. Since the Jacobian of the y^μ → y^{′ μ} transformation is simply d^dy^′ = d^dy det Ḡ, (3.6) it follows that d^dy^′ det e^′(y^′) = d^dy det e(y). Thus an SO(2, d) invariant action is constructed as Γ = −σ ∫ d^dy det e(y), (3.7) with the vacuum energy denoted by σ. Note that the action is simply the negative of the brane tension integrated over the invariant AdS volume.

An additional general coordinate transformation can be made taking the y^μ coordinates to the x^μ coordinates, y^μ = y^μ(x), so that the SO(2, d) invariant interval will assume the form ds^2 = dx^μg_{μν} (x)dx^ν with the metric tensor given by

g_{μν} (x) = ∂y^ρ(x) ∂x^μ g_{ρσ} (y(x)) ∂y^σ(x) ∂x^ν = a^ρ_μ (x)g_{ρσ}(y(x))a^σ_ν (x). (3.8)

The transformation matrix associated with this change of variables is defined to be a^ρ_μ (x) =^{∂yρ(x)}_{∂xμ} . Consequently the SO(2, d) transformations similarly induce a field dependent general coordinate transformation of these new world volume coordinates

x^{′μ} = x^μ + a^{−1μ}_ν (x)δy^ν(x), (3.9)

where the corresponding SO(2, d) variation of y^μ is given in equation (2.6), δy^μ = y^{′μ} − y^μ. From equation (3.9), the new coordinate differentials transform as

dx^{′μ} = dx^ν G^μ_ν , (3.10)

with G^μ_ν = ∂x^{′ μ}/∂x^ν . Relating the coordinate differentials through the transformation matrix, dy^μ = dx^ν (∂y^μ/∂x^ν ) = dx^ν a^μ_ν and likewise for the SO(2, d) transformed coordinates, dy^{′μ} = dx^{′ν} (∂y^{′μ}/∂x^{′ν}) = dx^{′ν} a^{′ μ}_ν , the variation of the transformation matrix is obtained

a^{′ μ}_ν = ∂y^{′μ} ∂x^{′ν} = ∂y^{′μ} ∂y^σ ∂y^σ ∂x^ρ ∂x^ρ ∂x^{′ν} = G^{−1ρ}_ν a^σ_ρ Ḡ^μ_σ . (3.11)

Hence the invariance of the interval in terms of the new x^μ coordinates is secured since g^′_{μν} (x^′) = G^{−1ρ}_μ g_{ρσ} (x)G^{−1σ}_ν .

The covariant coordinate differential one-forms are related to the new coordinate differentials dx^μ through the vielbein e^m_μ (x) as

ω^m(x) = dx^μe^m_μ (x). (3.12)

Thus the y^μ and the x^μ coordinate veilbeine are related by the transformation matrix

e^m_μ (x) = a^ν_μ e^m_ν (y). (3.13)

In a similar fashion, the ω̄^m one-form can also be expanded in terms of dx^μ as ω̄^m = dx^μē^m_μ (x) = dy^μē^m_μ (y) thus giving

ē^m_μ (x) = a^ν_μ ē^m_ν (y). (3.14)

The AdS_d covariant derivative has the same form in either coordinate system,

D_m = ē^{−1μ}_m (y)∂^y_μ = ē^{−1μ}_m (y)a^{−1ν}_μ ∂^x_ν = ē^{−1μ}_m (x)∂^x_μ (3.15)

as does the Nambu-Goto vielbein N^m_n . Thus Eq. (2.17), after making the replacements ϕ(y) = ϕ(y(x)) → ϕ(x) and v^m(y) = v^m(y(x)) → v^m(x), reads

N^m_n (x) = −v^m sinh ( √ v^2) √ v^2

D_nϕ + cosh √ m^2ϕ^2 [ P^m_{T n}(v) + cosh ( √ v^2)P^m_{Ln}(v) ] . (3.16)

It follows that the x coordinate vielbein also has the factorized form

e^m_μ (x) = a^ν_μ e^m_ν (y) = a^ν_μ ē^n_ν (y)N^m_n (y) = ē^n_μ (x)N^m_n (x). (3.17)

Using Eq. (3.13), the SO(2, d) invariant action in the x coordinate system then becomes Γ = −σ ∫ d^dy det e(y) = −σ ∫ d^dx det a det a^{−1} det e(x) = −σ ∫ d^dx det e(x) = −σ ∫ d^dx det ē(x) det N(x). (3.18)

Finally, the determinant of the Nambu-Goto vielbein is evaluated as

det N = cosh^d (mϕ) cosh ( √ v^2) [ 1 − ( v^n tanh ( √ v^2) √ v^2 ) ( D_nϕ cosh (mϕ) )] , (3.19)

so that the action (3.18) reads Γ = −σ ∫ d^dx det ē(x) cosh^d (mϕ) cosh ( √ v^2) [ 1 − ( v^n tanh ( √ v^2) √ v^2 ) ( D_nϕ cosh (mϕ) )]

(3.20) Note that the v^n field is not an independent dynamical degree of freedom since it enters the action with no derivative. Hence it can be expressed in terms of the Nambu-Goldstone boson ϕ through its field equation as v_n tanh √ v^2 √ v^2 = D_nϕ cosh √ m^2ϕ^2

. (3.21)

This relation is identical to that obtained by setting to zero the SO(2, d) invariant second equality in Eq. (2.10) from the expansion of the Maurer-Cartan one-form, ω_Z = 0. This is referred to as the “inverse Higgs mechanism” [8]. Exploiting this relation, the final form of the Nambu-Goto action for an AdS_d brane embedded in AdS_{d+1} target space is secured Γ = −σ ∫ d^dx det e = −σ ∫ d^dx det ē cosh^d (mϕ) 1 − D_ℓϕη^{ℓn}D_nϕ cosh^2 (mϕ)

. (3.22)

This is the AdS space generalization of the Nambu-Goto action for the Nambu- Goldstone mode. Expanding the action through terms bilinear in ϕ gives Γ = −σ ∫ d^dx det ē { 1 + 1 2 (d m^2)ϕ^2 − 1 2 ∂_μϕḡ^{μν} ∂_ν ϕ + · · · } . (3.23)

It is seen that the Nambu-Goldstone boson carries the (E, s) = (d, 0) representation [5] of SO(2, d − 1). That is, it has mass squared equal to d m^2 and hence energy d in units of m while being spin zero.

Note that the form of the action, Eq. (3.22), also follows from the invariant interval of the AdS_{d+1} space, Eq. (1.5), provided one identifies the covolume coordinate r with the Nambu-Goldstone field ϕ(x), r → ϕ(x). Using this identification, the interval can be written as ds^2 = dx^μg_{μν} (x)dx^ν , with

g_{μν} (x) = ḡ_{μν} (x) cosh^2 (mϕ) − ∂_μϕ∂_ν ϕ. (3.24)

The SO(2, d) invariant AdS_d brane action, Γ, can then be constructed from g_{μν} as Γ = −σ ∫ d^dx √ −(−1)^d det g_{μν} . (3.25)

Introducing the AdS_d vielbein, ē^m_μ (x), via ḡ_{μν} = ē^m_μ η_{mn}ē^n_ν , as in Eq. (1.9), and likewise the AdS_{d+1} vielbein, e^m_μ (x) as g_{μν} = e^m_μ η_{mn}e^n_ν , it then follows that e^m_μ has the factorized form e^n_μ (x) = ē^ℓ_μ (x)N^n_ℓ (x), (3.26) where the Nambu-Goto veilbein, N^m_n is given by

N^n_ℓ (x) = δ^n_ℓ cosh (mϕ(x))

+ [√ ( cosh^2 (mϕ(x)) − D_rϕ(x)η^{rs}D_sϕ(x) ) − cosh (mϕ(x)) ] D_ℓϕ(x)D^nϕ(x) (Dϕ)^2(x) . (3.27)

The action can then be expressed in terms of the vielbein as Γ = −σ ∫ d^dx det e(x) = −σ ∫ d^dx det ē(x) det N(x) = −σ ∫ d^dx det ē(x) cosh^d (mϕ(x)) 1 − D_ℓϕ(x)η^{ℓn}D_nϕ(x) cosh^2 (mϕ(x))

, (3.28)

which is precisely Eq. (3.22).

Next reconsider the action with both Nambu-Goldstone fields ϕ and v^m present and independent as given in Eq. (3.20): Γ = −σ ∫ d^dx det ē [ cosh^d ( √ m^2ϕ^2) cosh ( √ v^2) − cosh^{d−1} √ (m^2ϕ^2) sinh ( √ v^2) √ v^2 v^mD_mϕ ] . (3.29) Defining the (ϕ independent) vector density field F^μ as

F^μ ≡ det ē sinh ( √ v^2) √ v^2 v^nē^{−1μ}_n , (3.30)

the v^n dependent terms can be expressed as F^μ and

det ē cosh ( √ v^2) = √ (det ē)^2 + F^μḡ_{μν} F^ν = √ −(−1)^d det ḡ_{μν} + F^μḡ_{μν} F^ν = √ −(−1)^d det (ḡ_{μν} + F_μF_ν ), (3.31)

where the covariant vector field is

F_μ = 1 det ē ḡ_{μν} F^ν . (3.32)

The action can then be written as Γ = −σ ∫ d^dx [√ −(−1)^d det (ḡ_{μν} + F_μF_ν ) cosh^d (mϕ) − F^μ∂_μϕ cosh^{d−1} (mϕ) ] . (3.33)

Expressing the second term on the right hand side as

∂_μϕ cosh^{d−1} (mϕ) = ∂_μf(ϕ) (3.34)

so that^{df}_{dϕ} = cosh^{d−1} (mϕ), the action, after integrating the second term by parts, can be written as Γ = −σ ∫ d^dx [√ −(−1)^d det (ḡ_{μν} + F_μF_ν ) cosh^d (mϕ) + f(ϕ)∂_μF^μ ] . (3.35)

Note that in the Poincaré limit, m → 0, the action reduces to Γ → −σ ∫ d^dx[ √ 1 + F^2 + ϕ∂_μF^μ]. In that case, the ϕ field equation, δΓ/δϕ = 0 = ∂_μF^μ, is just the Bianchi identity for F^μ. That is, the dual of F^μ is closed. Hence F^μ can be (locally) expressed as F^μ = ϵ^{μν(ρ)}∂_ν B_{(ρ)}, where the (d−2)-form B_{(ρ)} is a tensor gauge potential. Eliminating the ϕ term from the action by integration by parts, the tensor gauge theory action dual to the bosonic Poincaré brane Nambu-Goto action is obtained [13]. The situation for m ≠ 0 is quite different.

Now the ϕ field equation δΓ δϕ = 0 = −σ df(ϕ) dϕ [ ∂_μF^μ + d m sinh (mϕ) det ē cosh ( √ v^2) ] . (3.36)

can be used to eliminate it from the action. Introducing a Lagrange multiplier field L to enforce this equality, the action becomes Γ = −σ ∫ d^dx [√ −(−1)^d det (ḡ_{μν} + F_μF_ν ) (T (ϕ) + L d m sinh (mϕ)) + L∂_μF^μ ] , (3.37) where T (ϕ) = cosh^d (mϕ) − d mf(ϕ) sinh (mϕ). (3.38) After employing Eq. (3.36) to eliminate the ϕ and L fields, the action takes the form Γ = −σ ∫ d^dx √ (−1)^{d−1} det (ḡ_{μν} + F_μF_ν ) T (F ). (3.39)

Here T (ϕ) = T (ϕ(F )) → T (F ) where the implicit dependence of ϕ on F^μ is given by

sinh mϕ = − ∂_μF^μ d m √ −(−1)^d det (ḡ_{μν} + F_μF_ν )

, (3.40) which follows from the equation of motion (3.36).

Expanding T through terms bilinear in the field gives

T (F ) = 1 − 1 2 d m^2ϕ^2 + O(ϕ^3) = 1 − ( 1 d m^2 det^2 ē ) (∂_μF^μ)^2 + · · · . (3.41)

Substituting this into Eq. (3.39) and expanding the square root, the bilinear in the field F^μ form of the action becomes Γ = −σ ∫ d^dx det ē { 1 + ( 1 m^2d det^2 ē ) [ 1 2 (m^2d)F^μḡ_{μν} F^ν − 1 2 ∂_μF^μ∂_ν F^ν + · · · ]} . (3.42) The ellipses refer to the F^μ field self interactions.

The F_μ field equation then gives

det ē ḡ^{μν} ∂_ν ( 1 det ē

∂_λF^λ) − d m^2F^μ = J^μ (3.43)

where J_μ contains the F field self-interactions contained in the ellipses. Taking the divergence of Eq. (3.43), it follows that the longitudnal projection F_L ≡^1_{det ē} ∂_μF^μ satisfies the equation

[ḡ^{μν} ∂_μ∂_ν − dm^2 + 1 det ē

∂_μ(det ē ḡ^{μν} )∂_ν ]F_L = 1 det ē

∂_μJ^μ. (3.44)

The differential operator on the LHS acting on F_L is identical to the differential operator acting on ϕ which appears in the ϕ field equation resulting from the AdS Nambu-Goto action. Thus the longitudinal mode F_L describes a propagating scalar degree of freedom with mass d m^2 and Eq. (3.39) is the vector field action equivalent to the Nambu-Goto action in AdS space. On the other hand, using the field equation (3.43), the transverse component of F is constrained to satisfy d m^2 ϵ^{μ1μ2···μd} ∂_{μ1} [ 1 det ē ḡ_{μ2ν} F^ν ] = −ϵ^{μ1μ2 ···μd} ∂_{μ1} [ 1 det ē ḡ_{μ2 ν} J^ν ]. (3.45)

Indeed this equivalence can be run in reverse. Starting with equation (3.39), the Lagrange multiplier field L can be re-introduced to give equation (3.37) (recall that T (ϕ) = cosh^d (mϕ)− d mg(ϕ) sinh (mϕ)). The fields ϕ, F^μ and L are all independent. Hence the ϕ field equation, δΓ/δϕ = 0 implies that L = g(ϕ). Substituting this into the action along with the definition of F^μ in terms of v^n, equation (3.30), and integrating by parts, the Nambu-Goto action equation (3.29) is once again obtained.

The work of TEC and STL was supported in part by the U.S. Department of Energy under grant DE-FG02-91ER40681 (Task B) while MN was supported by the Japan Society for the Promotion of Science under the Post-Doctoral Research Program. STL thanks the hospitality of the Fermilab theory group during his sabbatical leave while this project was completed.

Appendix A: AdS Coordinates

An AdS_d brane embedded as a r = 0 hypersurface in an AdS_{d+1} target space has intrinsic coordinates x^μ with the pseudo-Euclidean (d + 2)-dimensional homogeneous coordinates given as in equation (1.3)

X^μ = a(x^2)x^μ cosh (mr) X^d = 1 m sinh (mr) X^{d+1} = 1 m b(x^2) cosh (mr). (A.1)

The AdS_{d+1} target space and the embedded AdS_d brane hyperbolic equations require the coordinate relation 1 = m^2x^2a^2 + b^2. This leads to a form of the AdS_d metric tensor, Eq. (1.6),

ḡ_{μν} (x) = a^2(x^2)P_{T μν} (x) + ( a(x^2) + 2x^2 da(x^2) dx^2 )_2 + 4 x^2 m^2 ( db(x^2) dx^2 )_2 P_{Lμν} (x)

= a^2(x^2)P_{T μν} (x) + ( a(x^2) + 2x^{2 da(x2)}_{dx2}

)_2

1 − m^2x^2a^2(x^2)

P_{Lμν} (A.2)

and the AdS_d veilbein, Eq. (1.9),

ē^m_μ (x) = a(x^2)P^m_{T μ} (x) + ( a(x^2) + 2x^2 da(x^2) dx^2 )_2 + 4 x^2 m^2 ( db(x^2) dx^2 )_2 P^m_{Lμ} (x)

= a(x^2)P^m_{T μ} (x) + ( a(x^2) + 2x^{2 da(x2)}_{dx2} ) √ 1 − m^2x^2a^2(x^2)

P^m_{Lμ} (x). (A.3)

Only the case where a and b are functions of x^2 are considered.

The coset construction setup naturally led to a specific choice of intrinsic coordinates denoted by y^μ for which the functions a and b were given by Eq. (2.14)

a(y^2) = sin ( √ m^2y^2) √ m^2y^2 b(y^2) = cos √ m^2y^2. (A.4)

Hence the embedding relations for these homogeneous coordinates are

X^μ = y^μ sin ( √ m^2y^2) √ m^2y^2 cosh (mr)

X^d = 1 m sinh (mr) X^{d+1} = 1 m cos ( √ m^2y^2) cosh (mr). (A.5)

The metric on the AdS_d brane was then given by the vielbein, Eq. (2.13),

ē^n_μ (y) = sin ( √ m^2y^2) √ m^2y^2

P^n_{T μ} (y) + P^n_{Lμ} (y). (A.6)

A different choice of intrinsic coordinates x^μ that leaves the AdS_d veilbein ē^n_μ diagonal is given by

a(x^2) = 4 4 + m^2x^2

b(x^2) = ( 4 − m^2x^2 4 + m^2x^2 ) , (A.7)

hence the embedding relations for the homogeneous coordinates become

X^μ = a(x^2)x^μ cosh (mr) X^d = 1 m sinh (mr) X^{d+1} = a(x^2) 1 m ( 4 − m^2x^2 4 ) cosh (mr). (A.8)

The metric on the AdS_d brane is then given by the vielbein

ē^n_μ (x) = a(x^2)δ^n_μ = ( 4 4 + m^2x^2 ) δ^m_μ . (A.9)

Note that in the Poincaré limit, m → 0, this reduces to the Minkowski metric and vielbein.

The transformation between the x and y coordinates is found by substituting the transformation y^μ = x^μf(x^2) into the expression for ω̄^m in equation (2.11) and requiring a diagonal vielbein. In the process, the function a(x^2) is also determined. The resulting differential equation for f,

2x^2f^′(x^2) = −f(x^2) 1 − sin √ m^2x^2f(x^2) √ m^2x^2f(x^2)

, (A.10)

has the solution f(x^2) =

2 tan^{−1} √ m^2x^2/4 √ m^2x^2

. (A.11)

Hence the coordinate transformation is given by

y^μ = x^μ tan^{−1} √ m^2x^2/4 √ m^2x^2/4

, (A.12)

while the inverse relation is

x^μ = y^μ tan √ m^2y^2/4 √ m^2y^2/4

. (A.13)

In the Poincaré limit, the x and y coordinates are identical, y^μ = x^μ. In AdS space the transformation matrix between these coordinates is

a^ν_μ (x) = ∂^x_μy^ν (x) = tan^{−1} √ m^2x^2/4 √ m^2x^2/4

P^ν_{T μ} (x) + a(x^2)P^ν_{Lμ} (x). (A.14)

This choice of coordinates has the advantage of simplifying the variations of the fields as well as the transformations of the coordinates themselves. Transforming Eq. (2.6) from y to x coordinates yields

x^{′μ} = x^μ + 1 4 (4 − m^2x^2)ϵ^μ + m^2 2 (ϵ_ν x^ν )x^μ − λ^{μν} x_ν − zx^μ √ m^2 tanh √ m^2ϕ^2

+ 1 4 tanh √ m^2ϕ^2 √ m^2 [ (4 − m^2x^2)P^{μν}_L (x) + (4 + m^2x^2)P^{μν}_T (x) ] b_ν

ϕ^′(x^′) = ϕ(x) + z [ 4 − m^2x^2 4 + m^2x^2 ] + a(x^2)x^μb_μ

v^{′μ}(x^′) = v^μ(x) − λ^{μν} v_ν − m^2 2 (ϵ^μx^ν − ϵ^ν x^μ)v_ν

−za(x^2) m^2 cosh √ m^2ϕ^2 [ P^{μν}_L (v) + √ v^2 coth √ v^2P^{μν}_T (v) ] x_ν

+ √ m^2 2 tanh √ m^2ϕ^2(b^μx^ν − b^ν x^μ)v_ν + 1 cosh √ m^2ϕ^2 [ P^{μν}_L (v) + √ v^2 coth √ v^2P^{μν}_T (v) ]

× [ P_{T νρ}(x) + ( 4 − m^2x^2 4 + m^2x^2 ) P_{Lνρ}(x) ] b^ρ θ^{μν} = λ^{μν} + m^2 2 (ϵ^μx^ν − ϵ^ν x^μ)

−za(x^2) m^2 cosh √ m^2ϕ^2 tanh √ v^2/2 √ v^2

(v^μx^ν − v^ν x^μ)

− √ m^2 2 tanh √ m^2ϕ^2(b^μx^ν − b^ν x^μ)

− 1 cosh √ m^2ϕ^2 tanh √ v^2/2 √ v^2 × [ P^{μρ}_T (x)b_ρv^ν + ( 4 − m^2x^2 4 + m^2x^2 ) P^{μρ}_L (x)b_ρv^ν + −(μ ↔ ν) ] . (A.15)

Appendix B: AdS Symmetry Charge Algebra

AdS_{d+1} space can be viewed as a hyperboloid embedded in a (d + 2)-dimensional pseudo-Euclidean space. The equation of such a hypersurface is given in Eq. (1.1), 1 m^2

= X^2_0 − X^2_1 − X^2_2 − · · · − X^2_d + X^2_{d+1} = X^Mη̂_{MN} X^N . (B.1)

Here the pseudo-Euclidean metric tensor η̂_{μν} has signature (+1, −1, −1, · · · , −1, +1) and M, N = 0, 1, · · · , d, d + 1. It follows that the the isometry group of this AdS_{d+1} space is SO(2, d). Denoting the symmetry generators as M^{MN} , they obey the algebra [ M^{MN} , M^{RS} ] = −i ( η̂^{MR}M^{N S} − η̂^{MS} M^{N R} + η̂^{N S} M^{MR} − η̂^{N R}M^{MS} ) . (B.2)

The SO(1, d) subgroup of Lorentz transformations in AdS_{d+1} space is generated by the charges M^{M N} , where M, N = 0, 1, . . . , d. The remaining SO(2, d) generators are the pseudo-translations in AdS_{d+1} space and are given by the Lorentz group vectors P^M = mM^{d+1,M} . In terms of P^M and M^{M N} , the SO(2, d) algebra (B.2) reads [ M^{M N} , M^{RS} ] = −i ( η^{M R}M^{N S} − η^{M S}M^{N R} + η^{N S} M^{M R} − η^{N R}M^{M S} ) [ M^{M N} , P^L ] = i ( P^M η^{N L} − P^N η^{M L} ) [ P^M , P^N ] = −im^2M^{M N} , (B.3)

where the d + 1-dimensional Minkowski metric η_{M N} = (+1, −1, −1, . . . , −1).

An AdS_d brane embedded in the AdS_{d+1} space as a X^d = 0 hypersurface is described by the hyperboloidal hypersurface 1 m^2

= X^2_0 − X^2_1 − . . . − X^2_{d−1} + X^2_{d+1}. (B.4)

The brane spontaneously breaks the isometry group of the AdS_{d+1} space from SO(2, d) to SO(2, d − 1), which is the isometry group of the AdS_d space. The SO(2, d) generators can be expressed in terms of the unbroken SO(1, d − 1) Lorentz subgroup representation content of the SO(2, d − 1) symmetry group of the brane. The unbroken SO(2, d−1) symmetry group is generated by the subgroup Lorentz transformation generators M^{μν} , where μ, ν = 0, 1, 2, . . . , d − 1 and the pseudo-translations in AdS_d space with charges P^μ. The remaining charges are the generating elements of the

SO(2, d)/SO(2, d − 1) coset. They are the broken SO(2, d) symmetry transformation charges. Z = P_d generates the broken SO(2, d) pseudo-translations in the X_d direction, while K^μ = M^{dμ} generates the broken AdS_{d+1} Lorentz transformations. Thus the SO(2, d) algebra, equations (B.2) and (B.3), can be written in terms of the P^μ, M^{μν} , Z and K^μ charges as [M^{μν} , M^{ρσ}] = −i (η^{μρ}M^{νσ} − η^{μσ}M^{νρ} + η^{νσ}M^{μρ} − η^{νρ}M^{μσ} ) [ M^{μν} , P^λ ] = i ( P^μη^{νλ} − P^ν η^{μλ} ) [ M^{μν} , K^λ ] = i ( K^μη^{νλ} − K^ν η^{μλ} ) [M^{μν} , Z] = 0 [P^μ, P^ν ] = −im^2M^{μν} [K^μ, K^ν ] = iM^{μν} [P^μ, K^ν ] = iη^{μν} Z [P^μ, Z] = −im^2K^μ [Z, K^μ] = iP^μ. (B.5)

References

[1] J. Maldecena, Adv. Theor. Math. Phys. 2, 231 (1998); Int. J. Theor. Phys. 38, 1113 (1999) [hep-th/9711200].

[2] For reviews, see for example, O. Aharony, S. Gubser, J. Maldacena, H. Ooguri and Y. Oz, Phys. Rept. 323, 183 (2000) [ hep-th/9905111], E. D’Hoker and D. Freedman, Boulder 2001, Strings, branes and extra dimensions, 3 (2001) [ hep-th/0201253]; J. Maldecena Recent Trends in String Theory, Boulder, Colorado, 1 (2003), [ hep-th/0309246].

[3] A. Karch and L. Randall, JHEP 0105, 008 (2001) [hep-th/0011156].

[4] A. Karch and L. Randall, Phys. Rev. Lett. 87, 061601 (2001) [hep-th/0105108];

A. Karch, E. Katz and L. Randall, JHEP 0112, 016 (2001) [hep-th/0106261].

[5] D. W. Düsedau and D. Z. Freedman, Phys. Rev. D 33, 389 (1986); C. Fronsdal, Phys. Rev. D 12, 3819 (1975); P. Breitenlohner and D.Z. Freedman, Phys. Lett. 115B, 192 (1982); Ann. Phys. (N.Y.) 144, 249 (1982); H. Nicolai, in Supersymmetry and Supergravity ’84, proceedings of the Trieste Spring School, edited by B. de Wit, P. van Nieuwenhuizen (World Scientific, Singapore, 1985).

[6] M. Porrati, Phys. Rev. D 65, 044015 (2002) [hep-th/0109017].

[7] M. Porrati, JHEP 0204, 058 (2002) [hep-th/0112166]; Mod. Phys. Lett. A 18, 1793 (2003) [hep-th/0306253].

[8] E. A. Ivanov and V. I. Ogievetsky, Teor. Mat. Fiz. 25, 164 (1975); I. Low and A. Manohar, Phys.Rev.Lett. 88, 101602 (2002) [hep-th/0110285].

[9] S. R. Coleman, J. Wess and B. Zumino, Phys. Rev. 177, 2239 (1969);

C. G. Callan, S. R. Coleman, J. Wess and B. Zumino, Phys. Rev. 177, 2247 (1969); D. V. Volkov, Sov. J. Particles and Nuclei 4, 3 (1973); V. I. Ogievetsky, Proceedings of the X-th Winter School of Theoretical Physics in Karpacz, vol. 1, p. 227 (Wroclaw, 1974).

[10] For more on AdS branes, supersymmetry and the CF T correspondence from the coset method perspective see:

E. Ivanov, Theor. Math. Phys. 139, 513 (2004) [Teor. Mat. Fiz. 139, 77 (2004)] [hep-th/0305255]; I. Low and A. Manohar, Phys.Rev.Lett. 88, 101602 (2002) [hep-th/0110285]. S. Bellucci, E. Ivanov and S. Krivonos, Nucl. Phys. B 672, 123 (2003) [hep-th/0212295]; Phys. Lett. B 558, 182 (2003) [hep-th/0212142]; Phys. Rev. D 66, 086001 (2002) [Erratum-ibid. D 67, 049901 (2003)] [hep-th/0206126]; E. Ivanov, S. Krivonos and J. Niederle, Nucl. Phys. B 677, 485 (2004) [hep-th/0210196]; E. Ivanov and S. Krivonos, Prepared for 9th International Conference on Supersymmetry and Unification of Fundamental Interactions (SUSY01), Dubna, Russia, 11-17 Jun 2001; Prepared for International Workshop on Supersymemtry and Quantum Symmetry (SQS ’01): 16th Max Born Symposium, Karpacz, Poland, 21-25 Sep 2001; F. Delduc, E. Ivanov and S. Krivonos, Phys. Lett. B 529, 233 (2002) [hep-th/0111106]; M. Sano and T. Uematsu, Phys. Lett. B 503, 413 (2001) [hep-th/0012098]; S. Bellucci, A. Galajinsky, E. Ivanov and S. Krivonos, Phys. Lett. B 555, 99 (2003) [hep-th/0212204]; S. M. Kuzenko and I. N. McArthur, Phys. Lett. B 522, 320 (2001) [hep-th/0109183]; P. Pasti, D. P. Sorokin and M. Tonin, [hep-th/9912076]; S. Deser and B. Zumino, Phys. Rev. Lett. 38, 1433 (1977); B. Zumino, Nucl. Phys. B 127, 189 (1977); B. W. Keck, J. Phys. A 8, 1819 (1975); E. A. Ivanov and A. S. Sorin, JINR-E2-12363.

[11] For more on non-BPS brane construction from the coset method perspective see:

T. E. Clark, M. Nitta and T. ter Veldhuis, Phys. Rev. D 67, 085026 (2003) [hep-th/0208184]; Phys. Rev. D 69, 047701 (2004) [hep-th/0209142]; Phys. Rev. D 71, 025017 (2005) [hep-th/0409030].

[12] K. Hayashi, Phys. Lett. B 44, 497 (1973); M. Kalb and P. Ramond, Phys. Rev.

D 9, 2273 (1974); E. Cremmer and J. Scherk, Nucl. Phys. B 72, 117 (1974); V. I. Ogievetsky and I. V. Polubarinov, Sov. J. Nucl. Phys. 4, 156 (1967) [Yad.

Fiz. 4, 216 (1966)]; D. Z. Freedman and P. K. Townsend, Nucl. Phys. B 177, 282 (1981); K. Seo, M. Okawa and A. Sugamoto, Phys. Rev. D 19, 3744 (1979); T. E. Clark, C. H. Lee and S. T. Love, Nucl. Phys. B 308, 379 (1988); Mod. Phys. Lett. A 4, 1343 (1989); K. Furuta, T. Inami, H. Nakajima and M. Nitta, Prog. Theor. Phys. 106, 851 (2001) [hep-th/0106183].

[13] T. E. Clark, M. Nitta and T. ter Veldhuis, Phys. Rev. D 70, 125011 (2004) [hep-th/0409151]; Phys. Rev. D 70, 105005 (2004) [hep-th/0401163].