arXiv:hep-th/0501249 v3 7 Feb 2005

Intersection Democracy for Winding Branes and Stabilization of Extra Dimensions

Tonguç Rador^∗ Bog̃aziçi University Department of Physics 34342 Bebek, İstanbul, Turkey (Dated: February 7, 2005)

We show that, in the context of pure Einstein gravity, a democratic principle for intersection possibilities of branes winding around extra dimensions in a given partitioning yield stabilization, while what the observed space follows is matter-like dust evolution . Here democracy is used in the sense that, in a given decimation of extra dimensions, all possible wrappings and hence all possible intersections are allowed. Generally, the necessary and sufficient condition for this is that the dimensionality m of the observed space dimensions obey 3 ≤ m ≤ N where N is the decimation order of the extra dimensions.

I. INTRODUCTION

One extension of standard theories of high energy physics possibly unifying all known forces is string theory which mathematically necessitates extra dimensions other than the three we observe daily and that these extra dimensions are compact and very small. One important question once this proposition is accepted is that why these extra dimensions remained so small in contrast to the known universe. It is therefor important to look for ways to stabilize the size of extra dimensions within the context of cosmological evolution of the universe where it is known that the observed dimensions expand and have expanded throughout its history.

The literature on this nowadays rather vivid topic is considerable and we refer the reader to the following articles on brane gas cosmology [1]-[22]. Articles [1]-[6] particularly deal with the stabilization problem, while [7]- [22] are works on brane gas cosmology also relevant to this work.

In this paper we confine the discussion to pure Einstein gravity and to brane winding modes only. The outline of the manuscript is as follows. After laying out the main mathematical formalism we present two explicit cases of winding schemes. Namely the 2-fold and 3-fold decimations, where the extra dimensions are divided into two and three lumps respectively. After discussing the possibilities for stabilization of extra dimensions in these explicit examples we then present stabilization conditions for an N-fold decimation where we made the simplifying assumption of symmetric decimation, that is the extra dimensions are divided into N equidimensional parts, provided it can be done. This assumption makes it easy to deal with an otherwise very complicated non-linear coupled system. The general lesson is that for stabilization to occur the number of dimensions of the observed space has to obey 3 ≤ m ≤ N .

∗tonguc.rador@boun.edu.tr

II. FORMALISM

The metric relevant for cosmological purposes is given by the following,

ds^2 = −dt^2 + e^{2B(t)}dx^2 + ∑ i e^{2Ci(t)}dy^2_i . (1)

Here the C_i and y_i represent the scale factor and the coordinates of extra dimensions respectively, the dimensionality of each partition is p_i. For clarity we separated the observed dimensions with scale factor B and dimensionality m. We also assume that the observed dimensions x_i are non-compact and the y_i represent compact extra dimensions with the topology of S^1 each. The total space time dimensionality is d = 1 + m + ∑ i p_i. The pure Einstein gravity equations coupled to matter is R_{μν} − 1 2 Rg_{μν} = κ^2T_{μν} . (2)

With these assumptions the equations of motion for the scale factors can be cast as follows (we set κ^2 = 1),

Ȧ^2 = mḂ^2 + ∑ i p_iĊ_i^2 + 2ρ , (3a)

B̈ + ȦḂ = T_{b̂b̂} − 1 d − 2 T , (3b)

C̈_i + ȦĊ_i = T_{ĉiĉi} − 1 d − 2 T , (3c) A ≡ mB + ∑ i p_iC_i . (3d)

The hatted indices refer the the orthonormal coordinates. Also ρ represents the total energy density and T_{μ̂ν̂} are the components of the total energy-momentum tensor while T is its trace.

For brane winding modes the total energy momentum tensor for a particular winding pattern can be shown to be a sum of dust-like energy momentum tensors with pressure coefficients to be zero wherever there is no wrapping and minus one wherever there is wrapping [1]- [4]. The energy density for any such conserved energymomentum tensor would be

ρ^α = ρ^α_0 exp [ −mB + ∑ (1 + ω_iC_i) ] , (4)

with ρ^α_0 > 0 and as mentioned w_i = −1 for directions where there is a wrapped brane and w_i = 0 if there is no brane wrapped in that direction. Following [4] we call w_i = −1 winding and w_i = 0 transverse directions respectively. Note in particular that since branes only wrap around extra dimensions, observed space is transverse to those and the corresponding pressure coefficient vanishes: we have T_{b̂b̂} = 0.

Now if stabilization ever happens the rest of the equations should remain compatible. Stabilization would require all C̈_i and Ċ_i to vanish and we therefor get the following relation (upon observing that ∑ i p_i [RHS of C_i equations] = 0), ( m − 1 d − 2 ) T = −ρ . (5) This results in the following equations for B

B̈ + mḂ^2 = ( 1 m − 1 ) ρ , (6a)

m(m − 1)Ḃ^2 = 2 ρ . (6b)

Here ρ = e^{−mB} ×σ. The constant σ depends on values of the stabilized scale C_i(0) and energy density factors ρ^α_0 . The equations (6) for B are congruent only if e^B ∝ t^{2/m} which is the evolution of presureless dust. This is to be expected since branes do not exert any pressure along the observed dimensions. The only remaining condition is

σ = 2e^{mB(0)} ( m − 1 m ) . (7)

which can be satisfied without problem since we still have the choice of B(0).

Thus if we can somehow find a way to stabilize the extra dimensions. This solutions will not spoil the rest of the equations and we would be safe. From now on we will focus on the C_i equations to study stabilization.

A. 2-Fold Decimation

In this section we would like to reproduce the results presented in [3, 4] to clarify the formalism. We divide the spacetime in the way 1 + m + p + q, that is the extra dimensions are divided in a 2-fold partitioning. We also use the following winding scheme,

(p)q ⊕ p(q) The above is meant to read there is one brane wrapping along the p directions and another one wrapping along the q directions. The C_i equations are therefore

− m + q − 2 d − 2 ρ^p_0e^{−qCq} + 1 + q d − 2 ρ^q_0e^{−pCp} = 0 , (8)

1 + p d − 2 ρ^p_0e^{−qCq} − m + p − 2 d − 2 ρ^q_0e^{−pCp} = 0 . (9)

Which could be written as a matrix equation

−(m + q − 2) 1 + q

1 + p −(m + p − 2) X Y = 0 . (10)

Here we have defined X = ρ^p_0e^{−qCq} and Y = ρ^q_0e^{−pCp} and omitted the irrelevant factors. For a non-trivial solution we must have determinant of the matrix in (10) vanish. This quantity is -(m-3)(d-2). Therefor the necessary requirement is m = 3. On the other hand however the solutions must all be positive definite as evident from the definitions of X and Y . With m = 3 the nullspace of the matrix in (10) is (1, 1). Therefor there is stabilization and necessary and sufficient condition is that m = 3.

We could enlarge the winding scheme to the following

(p)q ⊕ p(q) ⊕ (pq) and this would give the following

−(m + q − 2) 1 + q

1 + p −(m + p − 2) X Y = (m − 2)ρ^{pq}_0 1 1 (11)

This would result in X = Y = −(m − 2)/(m − 3)ρ^{pq}_0 and again a positive definite solution would not be possible unless m = 3. Therefor the winding mode (pq) is forbidden for stabilization in this case.

B. 3-Fold Decimation

To get further acquainted with the formalism let us consider a partitioning of the form 1 + m + p + q + r. And consider the following cascaded winding scheme

(pq)r ⊕ p(qr) ⊕ q(rp) With these assumptions the stabilization equations for extra dimensions read

−(m + r − 2) 1 + q + r −(m + q − 2) −(m + r − 2) −(m + p − 2) 1 + p + r 1 + p + q −(m + p − 2) −(m + q − 2) X Y Z = 0 . (12)

With X = ρ^{pq}_0 e^{−rCr} and similarly for the others. The determinant of the matrix in (12) is (5 − 2m)(d − 2)^2, which won’t allow a non-trivial solution for integer m. To be able to go around this we could add the (pqr) winding mode so that the total winding scheme is

(pq)r ⊕ p(qr) ⊕ q(rp) ⊕ (pqr) for which the stabilization equations are,

−(m + r − 2) 1 + q + r −(m + q − 2) −(m + r − 2) −(m + p − 2) 1 + p + r 1 + p + q −(m + p − 2) −(m + q − 2) X Y Z = (m − 2)ρ^{pqr}_0 1 1 1 . (13)

The solutions to this system would be X = Y = Z = ρ^{pqr}_0 (m − 2)/(5 − 2m) which makes it impossible to have positive definite solutions for m ≥ 2.

The only possibility left is to consider further winding modes around one part of the decimation. That is we now look for the following winding scheme (pq)r ⊕ p(qr) ⊕ q(rp) ⊕ (pqr) ⊕ (p)qr ⊕ p(q)r ⊕ pq(r) This scheme will bring quadratic terms involving XY , XZ and Y Z. Since for example the winding mode (p)qr will have two transverse partitions the corresponding energy density will be ρ^p_0e^{−mB−qCq −rCr} which is proportional to XY apart from the factor e^{−mB} which will cancel out in the stabilization equations. So this system will in principle be complicated. Nevertheless we can devise a simpler way to procede as follows. The equations are invariant under the trivial permutations of quantities depending on p, q and r. Therefore if a stabilizing solutions exists generally, it should also exist for p = q = r and with this we should take all the corresponding coefficients of energy densities to be equal since the only parameter these can depend are the dimensionality of the space around which they wrap (and topology which we took equivocally to be tori from the outset). For example the modes (pq)r, p(qr) and q(rp) will have equal strengths when p = q = r. This is what we would like to call symmetric decimation and although it is not the general case it would give a hint on the general solution. For example if after setting p = q = r the solution does not depend on p we can argue as follows. Assume a non-symmetric solution exists and there is stabilization, then all the differences in the stabilization values of the scale factors of extra dimensions can be gauged away by rescaling the corresponding dimensions by appropriate amounts. Thus a symmetric solution hints strongly to a solution in the general case.

This argument simplifies matters to a considerable extent since we will only have one variable to deal with and the problem will resolve to the finding positive definite roots to a polynomial equation. For our winding scheme this equation will be

α(4 − m)X^2 + (5 − 2m)X + β(2 − m) = 0 . (14)

Here α and β are positive numbers and are related to the energy densities of the corresponding winding modes. There are no positive definite solutions for the above equations for all positive α and β unless m = 3. This actually does not depend on the existence of β, provided the linear term in X is present.

Thus we have shown that in 3-fold decimation a democratic winding scheme and hence a democratic intersection scheme is stabilizing the extra dimensions with positive real scale factors provided the dimensionality of the observed space is constrained as m = 3.

C. N-Fold Symmetric Decimation

The formalism in the previous part can be generalized easily to an N-fold democratic decimation and following the argument we presented we will consider symmetric decimation.

1 + m+ p + p + p + ..... N factors

the winding scheme will consist of

(p)pppp... ⊕ Nsources ⊕ (pp)ppp... ⊕ Nsources ⊕ (ppp)pp... ⊕ Nsources ⊕ all N − 1 modes . . Nsources ⊕ (ppp....) 1source and this will lead to the following stabilization condition

P_s(X) ≡ N−1∑ n=1 α_nξ_nX^n − β(m − 2) = 0 (15)

with

ξ_n = (2N − n) − (N − n)m (16a) α_1 = 1 (16b) α_i ≥ 0; (16c) β ≥ 0; (16d)

Stabilization requires finding the solutions of (15) for all α_i and β such that X > 0. For our purposes we do not need to know the most general solutions of polynomials of arbitrary order. We just need to find the condition on m such that there are positive roots. To study this we just need to count the sign changes in the polynomial starting from the highest order term, then Descartes’s sign rule tells us that the number of positive roots is either equal to the number of sign changes in the coefficients or less than it by a multiple of 2. The sign of the coefficients are determined by ξ_n since all α_i ≥ 0. One important thing to realize is that the coefficients ξ_n are monotonically decreasing with n for a given m. Thus, if there will be a sign change after all it will only occur once starting with the lowest degree term and the sign changing term changes and moves towards the highest degree term with increasing m. It can be shown that there are no sign changes for m < 3 and m ≥ N (the upper bound start to operate for N ≥ 3) and that there is only one sign change in between, meaning that there is only one positive root for all values of α_n. Again this is independent of the full winding mode (pppp....), provided we have the term linear in X, since the coefficient of the β term is (2 − m) which always starts to change sign with the linear term. Unfortunately this procedure does not fix m unambiguously but it certainly puts a strict lower bound of m ≥ 3 and a decimation dependent upper bound of m ≤ N which is enough to state that m = 3 is always sufficient to ensure stabilization although it is not necessary. One could turn the argument around and actually pick the decimation number to be N = 3 which is the smallest number of decimations for which the bound operates and this unambiguously fixes m. Finally the fact that there is only one positive root hints at the possibility that the solution exists even for non-symmetric decimation.

To complete the argument we should remember that the equation (7) be satisfied as well. With the parameters defined in (15) and (16) this will read

β + N N−1∑ i α_iX^i = 2e^{mB(0)} ( m − 1 m ) . (17)

which can be satisfied without problem by an appropriate choice of B(0).

D. Stability of the equilibrium point

In this section we discuss that the stability point is in fact stable, that is all admissible (see below) initial data will converge to the stabilization point. We first show that the equilibirum point is linearly stable and then present an argument to show that stabilization is also achieved in the non-linear regime.

C̈ = −ȦĊ + 1 d − 2 e^{−mB} P_s(X = e^{−pC} ). (18) If we expand C around the equilibrium point such that we keep only the linear perturbations C = C_0 + δC we would get the following

δC̈ = −ȦδĊ − pδC d − 2 e^{−mB} X_0 P^′_s(X_0), . (19)

where P^′_s(X_0) denotes derivative of P_s as the equilibrium point.

This is like a motion under two forces. The force which is proportional to Ȧ can either be a driving or a friction force depending on the sign of Ȧ but as clear from the equations of motions Sign(Ȧ) is a constant of motion since Ȧ is never allowed to vanish by (3a). In [1] it has been observed that when Sign(Ȧ) < 0 one has a driving force and a singularity is reached in finite proper time. For Sign(Ȧ) > 0 on the other hand one has a frictionlike force, this already is a hint for the stability of the equations in the long term. The other force is like a linear force depending on the sign of the RHS of (19). This sign is unambiguously fixed by the requirements for stabilization. Let us remember that the coefficients of P_s(X) start becoming negative with increasing m starting from the lowest order term (including the constant term), and we have shown that there is a unique positive root of P_s(X) if there is at least one sign change in the coefficients. Thus the requirement for a unique non-degenerate positive root also requires that the sign of the coefficient of the highest order term be positive, this would mean that the derivative of the stabilization polynomial at the equilibirum point is positive since the positive root is the largest root and the polynomial will either increase or decrease depending on the sign of the coefficient of the largest order term . Therefor the sign of the RHS of (19) is negative. The second force is an attractive linear force in the linear approximation. Hence the C equations are linearly stable near the stabilization fixed point.

To try to understand what could happend in the nonlinear regime let us remember again we have shown ,given the conditions on m, that there is a unique positive root X_0 of P_s(X). This would mean that we have P_s(X) < 0 for 0 < X < X_0 and P_s(X) > 0 for X > X_0 since the coefficient of the highest order term is positive. We will confine ourselves to Sign(Ȧ) > 0.

Case A: Let us pick a point in the region 0 < X < X_0 as our initial data point. Here C̈ is initially negative if initially Ċ > 0 (C getting larger X getting smaller) and hence Ċ will become negative at some time in the future (since C̈ will never change sign until Ċ becomes negative), when this transition happens we would have C getting smaller and X getting larger so this initial data eventually turns toward the equilibrium point X_0 with an initial data equivalent to, 0 < X < X_0 and Ċ < 0 thus we should only consider this. In this case the sign of C̈ depends on the interplay between the terms in (18). There are two cases: either the evolution of the system monotonically approaches X_0 with Ċ approaching zero from below or passes this point with Ċ < 0 and becomes a problem of Case B below.

Case B: Let us pick a point in the region X > X_0 as our initial data point. Here C̈ is initially positive if initially Ċ < 0 (C getting smaller X getting larger) and hence Ċ will become positive at some time in the future (since C̈ will never change sign until Ċ becomes positive), when this transition happens we would get C getting larger and X getting smaller to this initial data eventually turns towars the equilibrium point X_0 with an initial data equivalent to X > X_0 and Ċ > 0 thus we should only consider this. In this case the sign of C̈ depends on the interplay between the terms in (18). There are two cases: either the evolution of the system monotonically approaches X_0 with Ċ approaching zero from above or passes this point with Ċ > 0 and becomes a problem of Case A above.

The considerations above are enough to argue that the point X_0 is an attractive fixed point: the solutions will converge to this point in the future.

III. CONCLUSIONS

In this work we have shown that in pure Einstein gravity the size of extra dimensions can be stabilized by winding modes alone in a particular winding system we called democratic winding scheme where intersections and windings of all possible kinds are allowed. This is an admirable result since during very early times in the cosmological evolution the extreme hot environment of the universe could somehow been incapable of choosing among winding schemes[24].

This model is incomplete in the sense that we have made the symmetric decimation choice and it is hard to infer directly what would happen for non-symmetric generalization. One possibly related problem is about the Branderberger-Vafa (BV) [23] mechanism which implies that all p-branes with p > 2 annihilated very early in the universe. To connect the BV construct to the model of this paper we first realize that there are only four symmetric decimations of the six extra dimensions of string theory. These are 111111, 222, 33 and 6. Only the first two are allowed in the BV formalism to have non-trivial wrapping and unfortunately allowing only branes with p ≤ 2 yields bounds for m strictly greater than three. Perhaps a variant of the model we presented can circumvent this.

There could be interesting extensions of the democratic winding idea with increasing complexity. For example it is fairly easy to see that adding momentum excitations along winding directions would change things drastically since the equations will be generally polynomials with non-integer powers[25]. One could also try to enlarge the present system to dilaton gravity. Works along these lines are in progress.

[1] Arapog̃lu S. and Kaya A., ”D-Brane gases and Stabilization of Extra Dimensions in Dilaton Gravity”, Phys. Lett. B603 (2004) 107, hep-th/0409094.

[2] A. Kaya, “Volume Stabilization and Acceleration in Brane Gas Cosmology”, JCAP 08 (2004) 004, hep-th/0405099.

[3] A. Kaya and T. Rador, “Wrapped branes and compact extra dimensions in cosmology”, Phys. Lett. B565 (2003) 19, hep-th/0301031.

[4] A. Kaya, “On Winding Branes and Cosmological Evolution of Extra Dimensions in String Theory”, Class. Quant.Grav. 20 (2003) 4533, hep-th/0302118.

[5] S. Watson and R. Brandenberger, “Stabilization of Extra Dimensions at Tree Level”, JCAP 0311 (2003) 008, hep-th/0307044.

[6] S. P. Patil and R. Brandenberger, “Radion Stabilization by Stringy Effects in General Relativity and Dilaton Gravity”, hep-th/0401037.

[7] T. Battefeld and S. Watson, “Effective Field Theory Approach to String Gas Cosmology”, JCAP 0406 (2004) 001, hep-th/0403075.

[8] S. Alexander , R.H. Brandenberger and D. Easson, “Brane gases in the early universe”, Phys. Rev. D62, 103509, (2000), hep-th/0005212.

[9] D.A. Easson, “Brane Gases on K3 and Calabi- Yau Manifolds”,Int. J. Mod. Phys. A18 (2003) 4295, hep-th/0110225.

[10] R.H. Brandenberger, D.A. Easson and D. Kimberly,

“Loitering Phase in Brane Gas Cosmology”, Nucl. Phys. B623 (2002) 421, hep-th/0109165.

[11] R. Easther, B.R. Greene, and M.G. Jackson, “Cosmological String Gas on Orbifolds”, Phys. Rev. D66 (2002) 023502, hep-th/0204099.

[12] S. Watson, R.H. Brandenberger, “Isotropization in brane gas cosmology”, Phys. Rev. D67 (2003) 043510, hep-th/0207168.

[13] T. Boehm and R.H. Branderberger, “On T-duality in brane gas cosmology”, JCAP 0306 (2003) 008, hep-th/0208188.

[14] R. Easther, B.R. Greene, M.G. Jackson and D. Kabat, “Brane gas cosmology in M-theory: late time behavior”, Phys. Rev. D67 (2003) 123501, hep-th/0211124.

[15] S. H. S. Alexander, “Brane gas cosmology, M-theory and little string theory”, JHEP 0310 (2003) 013, hep-th/0212151.

[16] B.A. Bassett, M. Borunda, M. Serone and S. Tsujikawa, “Aspects of String-Gas Cosmology at Finite Temperature”, Phys. Rev. D67 (2003) 123506, hep-th/0301180.

[17] T. Biswas, “Cosmology with branes wrapping curved internal manifolds”, JHEP 0402 (2004) 039, hep-th/0311076.

[18] A. Campos, “Late-time dynamics of brane gas cosmology”, Phys. Rev. D68 (2003) 104017, hep-th/0304216.

[19] A. Campos, “ Late cosmology of brane gases with a two-form field”, Phys. Lett. B586 (2004) 133, hep-th/0311144.

[20] J. Y. Kim, “ Late time evolution of brane gas cosmology and compact internal dimensions”, hep-th/0403096.

[21] A. Campos, ”Dynamical decompactification from brane gases in eleven-dimensional supergravity”, J. Cosm. AstroP. Phys. 01 (2005) 010, hep-th/0409101.

[22] A. Campos, ”Asymptotic cosmological solutions for string/brane gases with solitonic fluxes”, hep-th/0501092.

[23] R. Branderberger and C. Vafa, “Superstrings in the early universe”, Nucl. Phys. B316, 391,(1989).

[24] the case of different topology is no concern in the present work since we assumed the same topology for all the internal dimensions from the outset.

[25] this is expected because the pressure coefficient of momentum modes of a p-brane is 1/p in contrast to p independent winding pressure which is −1.