arXiv:hep-th/0502012 v2 18 May 2005

Locality, Causality and Noncommutative Geometry

Chong-Sun Chu Centre for Particle Theory and Department of Mathematics, University of Durham, Durham, DH1 3LE, United Kingdom.

Email: Chong-Sun.Chu@durham.ac.uk

Ko Furuta Theoretical Physics Laboratory, The Institute of Physical and Chemical Research (RIKEN), 2-1 Hirosawa, Wako, Saitama 351-0198, Japan. Email: furuta@riken.jp

Takeo Inami Department of Physics, Chuo University, Kasuga, Bunkyo-ku, Tokyo, 112-8551, Japan.

Email: inami@phys.chuo-u.ac.jp

May 18, 2005

Abstract

We analyse the causality condition in noncommutative field theory and show that the nonlocality of noncommutative interaction leads to a modification of the light cone to the light wedge. This effect is generic for noncommutative geometry. We also check that the usual form of energy condition is violated and propose that a new form is needed in noncommutative spacetime. On reduction from light cone to light wedge, it looks like the noncommutative dimensions are effectively washed out and suggests a reformulation of noncommutative field theory in terms of lower dimensional degree of freedom. This reduction of dimensions due to noncommutative geometry could play a key role in explaining the holographic property of quantum gravity.

1 Introduction

The study of field theories in noncommutative space has attracted a great deal of attention (see for example, the review [1, 2]) after it was revealed that low-energy description of string theory in the presence of a constant NS-NS B-field background gives rise to a certain class of field theory on noncommutative space [3] with commutation relations [x^μ, x^ν ] = iθ^{μν} . One of the important problems in the study of noncommutative field theories is to understand how to define observable quantities, see for example [4, 5] for discussions about the construction of the energy-momentum tensor, and [6, 7] for the construction of gauge invariant observable in noncommutative gauge theory. In noncommutative space, locality is broken and it is not clear whether one can define local physical quantities in general.

In commutative field theories, microcausality enables us to define local observables. Also, microcausality is one of the basic assumptions leading to the notion of S-matrix.

The study of microcausality will help us understand better the notion of locality in noncommutative field theory. In noncommutative space, translational invariance is intact. However Lorentz symmetry is broken down to a smaller sub-group. This fact leads the authors of [8] to argue that the notion of a light cone is generally modified to that of a light wedge. A modified microcausality condition was proposed which state that

[Φ(x), Φ(0)]_± = 0, if (x^0)^2 − (⃗x_c)^2 < 0, (1)

where +(−) is for fermionic (or bosonic) fields and ⃗x_c includes only the commutative space direction. The relation between violation of causality and unitarity was studied in [9]. Another version where the commutator is replaced by a star-commutator has also been proposed in [10]. See also [11] where microcausality condition for composite operators has been studied. Several properties of noncommutative field theories such as CPT theorem [8, 10], spectral relations and dispersion relations of the S-matrix [11, 12] have been studied with a modified microcausality condition adapted for a light wedge. Attempts to study noncommutative field theories from an axiomatic approach have also been made [8, 10, 13].

Although the argument based on the spacetime symmetry generally allows the causal region to be enlarged to the light wedge, it is still necessary to study the causal structure in concrete models and see if and how the light cone is modified. For example, we may consider a commutative theory in d = 6 S = ∫ d^6x ( 1 2 (∂ϕ)^2 − 1 2 m^2ϕ^2 + gc^{μν} ϕ∂_μϕ∂_ν ϕ ) . (2)

If we consider the case in which only c^{45} ≠ 0, then the Lorentz symmetry is broken to SO(3, 1) × SO(2). One may expect that the light wedge will arise too due to the general analysis of [8]. However as will be clear from our analysis below, microcausality condition is still given by the usual light cone for the theory (2). The crucial difference between a noncommutative theory and a generic Lorentz symmetry broken theory lies in the nonlocality of noncommutative interaction. This important aspect was missing in the general argument of [8].

In this paper, we study the microcausality in a concrete model, the noncommutative ϕ^3 theory. In section 2, we show that due to the phase factor characteristic of the nonplanar diagram, the light cone is modified to the light wedge in perturbative computation. Also it will be clear from our computation that this modification is generic and holds for general noncommutative field theory. In section 3 we study the energy conditions in noncommutative field theories and show that their usual form is violated. This is consistent with our result in section 2. Discussion and conclusions are made in section 4.

2 Microcausality condition in perturbative theory

2.1 Commutative case

For a vector v^μ, we use the notation v to denote its spatial part. We have u·v = u^0v^0−u·v. We also use the light cone coordinates. Define v_± = (v^0 ± v^5)/ √ 2 and denote the orthogonal part by ⃗v. We have u · v = u_+v_− + u_−v_+ − ⃗u · ⃗v.

We start with the commutative case to see how the light cone condition is derived in a canonical quantization formalism. Consider the ϕ^3 theory in six dimensions. To study the causal structure, we consider the matrix element of the field commutator

M := ⟨α|[ϕ_H (x_1), ϕ_H(x_2)]|β⟩. (3)

Here ϕ_H is the operator in the Heisenberg picture

ϕ_H (x) = U^† (t, t_0)ϕ(x)U(t, t_0), (4)

ϕ is the field operator in the interaction picture ϕ(t, ⃗x) = ∫ d^5p (2π)^5 1 √ 2ω_p ( a_p e^{−ip·x} + a^†_p e^{ip·x} ) | | x^0=t−t_0

, ω_p := √ p^2 + m^2 (5)

and U(t_1, t_2) is the time evolution operator

U(t_1, t_2) = T exp ( ig ∫_{t2} t_1 dtV (t) ) , V (t) = ∫ d^5⃗x 1 3! : ϕ^3 : . (6)

We use a normal ordered interaction term here. However this is inessential to our argument, the same result will be obtained without the normal ordering. We will make more comments on this at the end of this section. For simplicity, we consider the states

|α⟩ = |β⟩ = U^† (t_1, t_0)|0⟩, (7)

where |0⟩ is the perturbative vacuum a_p|0⟩ = 0. Due to translational invariance, M is a function of x^μ := x^μ_1 − x^μ_2 .

We evaluate the matrix element (3) in perturbation theory. Up to second order in g, we have M = M^{(0)} + M^{(1)} + M^{(2)} + · · · , (8)

where M^{(0)} = ⟨0|[ϕ(x_1), ϕ(x_2)]|0⟩, (9)

M^{(1)} = ig ∫_{t2} t_1 ds⟨0| [ ϕ(x_1)V (s)ϕ(x_2) − ϕ(x_1)ϕ(x_2)V (s) + c.c. ] |0⟩, (10)

M^{(2)} = −g^2 ∫_{t2} t_1 ds_1 ∫_{s1} t_1 ds_2 ⟨0| [ ϕ(x_1)V (s_1)V (s_2)ϕ(x_2) + ϕ(x_1)ϕ(x_2)V (s_2)V (s_1)

−ϕ(x_1)V (s_1)ϕ(x_2)V (s_2) − c.c. ] |0⟩. (11) For the ϕ^3 interaction, it is easy to see that M^{(1)} = 0. It is easy to show that M^{(0)} = 0 iff δx^2 := (x_1 − x_2)^2 = 2x^+x^− − ⃗x^2 < 0. (12) For completeness we include an elementary calculation in the appendix.

For M^{(2)}, a straightforward calculation yields

M^{(2)} = −g^2 (2π)^{10} ∫ d^5q_2d^5q_3 2ω_{q2} 2ω_{q3} (2ω_{p1} )^2 e^{−ip1 x}f − c.c. , (13)

where p_1 = q_2 + q_3, p^0_1 = ω_{p1} = √ (q_2 + q_3)^2 + m^2, (14)

f = t 2iω̃ + 1 2ω̃^2 + 1 ω̃ω̂ − 1 ω̃ω_{p1} + 1 ω̃ω̂ e^{iω̃t} − 1 2ω̃^2 e^{−iω̃t}, (15)

PSfrag replacements

Figure 1: Planar and nonplanar contributions

ω̂ := ω_{q2} + ω_{q3} + ω_{p1} , (16) ω̃ := −ω_{q2} − ω_{q3} + ω_{p1} . (17)

The contributions leading to (13) are given in figure 1, the planar diagram.

Using ∫ d^5q ω_q = ∫_∞ 0 dq^+ q^+ d^4⃗q | | q^−=(⃗q^2 +m^2 )/2q^+

, (18)

we obtain the light cone representation of M^{(2)} as

M^{(2)} = g^2 [∫_∞ 0 dq^+_2 ∫_∞ 0 dq^+_3 G(q^+_i , x) − ∫_∞ 0 dq^+_2 ∫_∞ 0 dq^+_3 G(q^+_i , −x) ] , (19)

where

G(q^+_i , x) := e^{−i} δx2 2x+ (q^+_2 +q^+_3 )−i^{m2x+}_2

(_1 q+2 +^1_{q+} 3 ) H(q^+_i , x) (20) and the kernel H(q^+_i , x) is defined as

H(q^+_i , x) := ∫ d^4⃗q_2d^4⃗q_3 (2π)^{10} e^{−i} x+ 2q+2 ( ⃗q_2−q^+_2^{⃗x}_{x+}

)_2 e^{−i} x+ 2q+3 ( ⃗q_3 −q^+_3^{⃗x}_{x+}

)_2 fe^{−iω̃t} 16q^+_2 q^+_3 ω^2_{p1}

. (21)

The frequencies ω_{qi} and ω_{p1} are to be written in terms of the light cone and transverse components. We have ω_{qi} = 1 √ 2 (q^+_i + 1 2q^+_i

(⃗q_i^2 + m^2)), i = 2, 3, (22)

ω^2_{p1} = (⃗q_2 + ⃗q_3)^2 + m^2 + 1 2 [ q^+_2 + q^+_3 − 1 2q^+_2

(⃗q_2^2 + m^2) − 1 2q^+_3

(⃗q_3^2 + m^2)

]_2 . (23)

In the above we have chosen to write G in the form (20) which will be convenient for our analysis. Note that the exponential part in (20) is kinematical and is independent of the interaction. The details of dynamics of the theory enter through H(q^+_i , x) from the last piece in (21).

The convergence properties of the q^+_2 , q^+_3 integrals in (19) depend crucially on the sign of δx^2. For large q^+_i ,

ω_{qi} ∼ q^+_i , ω_{p1} ∼ q^+_2 + q^+_3 , ω̃ ∼ 1/q^+_i , ω̂ ∼ q^+_2 + q^+_3 , (24) up to numerical proportional constants. It follows that f and H(q^+_i , x) grow at most polynomially with q^+_i . The large q^+_i behaviour of G(q^+_i , x) is thus dominated by the exponential part, G(q^+_i , x) ∼ e^{−i(q+2 +q+3 ) δx} 2 2x+ , for large q^+_i . (25) Without loss of generality^1, we assume x^+ > 0, G(q^+_i , x) thus vanishes exponentially at large q^+_i on the upper half-plane if δx^2 < 0. It can also be verified that there is no pole enclosed when the integration path is rotated. Thus we can rotate the contours of the integration to the imaginary axes as follows without getting any extra contribution:

q^+_i → iq^+_i in the first integral in (19), q^+_i → −iq^+_i in the second integral in (19). (27)

And we obtain

M^{(2)} = g^2 [∫_∞ 0 dq^+_2 ∫_∞ 0 dq^+_3 G(iq^+_i , x) − ∫_∞ 0 dq^+_2 ∫_∞ 0 dq^+_3 G(−iq^+_i , −x) ] . (28)

Since the frequencies ω_{qi} , ω_{p1} change sign under q^+ → −q^{+ 2}, G(−iq^+_i , −x) = G(iq^+_i , x) and hence the two terms in (19) are identical:

M^{(2)} = − ∫_∞ 0 dq^+_2 ∫_∞ 0 dq^+_3 e^{(q} + 2 +q^+_3 )^{δx2}_{2x+} −^{m2 x+}_2

(_1 q+2 +^1_{q+} 3 ) H(iq^+_i , x) + same term as above. (29)

Therefore M^{(2)} vanishes if the first term of (29) is finite, i.e., ∫_∞ 0 dq^+_2 ∫_∞ 0 dq^+_3 e^{(q} + 2 +q^+_3 )^{δx2}_{2x+} −^{m2 x+}_2

(_1 q+2 +^1_{q+} 3 ) H(iq^+_i , x) < ∞. (30) As we showed above, H(q^+_i , x) grows at most polynomially with q^+_i , thus the integral converges at large q^+_i if δx^2 < 0. For small q^+_i , we have the damping factor (m^2 > 0 since the theory is not tachyonic) in the exponent, thus the integral converges also at q^+_i = 0. Therefore we obtain the result that, up to order g^2, the light cone is not modified by interaction.

We remark that at the tree level, the matrix element takes a similar form. See (69). In fact the form (19) and (20) is quite general and universal. In general, the matrix element at a certain order of coupling takes the form M^{(n)} ≈ g^n [∫ ∏ i dq^+_i G(q^+_i , x) − ∫ ∏ i dq^+_i G(q^+_i , −x) ] , (31)

where G(q^+_i , x) := exp ( −i δx^2 2x^+ ∑ i∈I q^+_i − i m^2x^+ 2 ∑ i∈I 1/q^+_i ) H(q^+_i , x) (32)

1If x^+ < 0, one can consider [ϕ(x2), ϕ(x1)]. Or if one want, one can keep x^+ < 0 for the analysis. All one need to do is to perform an opposite rotation of contours to the one in (27):

q^+_i → −iq^+_i in the first integral in (19), q^+_i → iq^+_i in the second integral in (19), (26)

and the same analysis leads to the light cone condition δx^2 < 0.

2Although it does not follow immediately from (23), one should change the sign of all frequencies simultaneously under q^+ → −q^+ for analytically.

and H(q^+_i , x) is some kernel which contains the details of the interaction. The momentum integration ranges over all the independent momenta after imposing momentum conservation at each vertex. The index i in the sum ranges over a subset I of them. For example, for the diagram in figure 2, the independent momenta to be integrated can be chosen to be q_2, q_3 · · · , q_n and the set I may be taken to be {2, 3}. A similar argument can be applied and one arrives at the same light cone. The generalization to theory with more couplings and masses is straightforward.

PSfrag replacements

Figure 2: Higher order contributions

2.2 Noncommutative case

We now turn to the noncommutative case. Since theory with noncommutativity in time has problem with unitarity [14], see also [9,15], we will consider spatial noncommutativity We can choose the light cone direction to be commutative. [ x^i, x^j ] = iθ^{ij} , i = 1, 2, 3, 4, (33) θ^{±i} = θ^{+−} = 0. (34)

In noncommutative case, we can classify the terms contributing to M^{(2)} into planar and nonplanar parts. The planar parts give exactly the same terms (apart from numerical coefficient) as the commutative case. For the nonplanar parts, we have the additional phase factor P (q_2, q_3) = e^{i⃗q2 θ⃗q3} . (35)

Consider the contribution coming from non-planar part. Up to a numerical coefficient,

M^{(2)}_{np} ∼ ∫_∞ 0 dq^+_2 ∫_∞ 0 dq^+_3 [ G_{np}(q^+_i , x) − G_{np}(q^+_i , −x) ] , (36)

where

G_{np}(q^+_i , x) := e^{−i} δx2 2x+ (q^+_2 +q^+_3 )−i^{m2x+}_2

(_1 q+2 +^1_{q+} 3 ) H_{np}(q^+_i , x) (37)

and the kernel H_{np} is

H_{np}(q^+_i , x) := ∫ d^4⃗q_2d^4⃗q_3 (2π)^{10} e^{−i} x+ 2q+2 ( ⃗q_2−q^+_2^{⃗x}_{x+}

)_2 e^{−i} x+ 2q+3 ( ⃗q_3−q^+_3^{⃗x}_{x+}

)_2 fe^{−iω̃t} 16q^+_2 q^+_3 ω^2_{p1}

P (q_2, q_3), (38)

where f is defined by (15) above.

To see the possibility of contour deformation, we examine the large q^+_i behaviour of H_{np}(q^+_i , x). The ⃗q-integral in H_{np} is of the form

H_{np}(q^+_i , x) = ∫ d^4⃗q_2d^4⃗q_3 (2π)^{10} e^{A2 (⃗q2−⃗a2 )2+A3 (⃗q3−⃗a3)2+i⃗q2 θ⃗q3} fe^{−iω̃t} 16q^+_2 q^+_3 ω^2_{p1}

, (39) where A_2 = −^{ix+}_{2q+2} , A_3 = −^{ix+}_{2q+3} , ⃗a_2 =^{q+2 ⃗x}_{x+} and ⃗a_3 =^{q+3 ⃗x}_{x+} . As checked above, fe^{−iω̃t}/16q^+_2 q^+_3 ω^2_{p1} diverges at large q^+_i at most polynomially. Thus we have for large q^+_i ,

H_{np} ∼ ∫ d^4⃗q_2d^4⃗q_3e^{A2 (⃗q2−⃗a2)2+A3 (⃗q3−⃗a3 )2+i⃗q2θ⃗q3} (40) = ∫ d^4⃗q_2e^{A2 (⃗q2−⃗a2)2} ∫ d^4⃗q_3 exp ( A_3 ( ⃗q_3 + i −→ q_2θ − 2A_3⃗a_3 2A_3

)_2 + ( −→ q_2θ)^2 + 4iA_3⃗q_2θ⃗a_3 4A_3 ) . (41)

Now we choose θ^{ij} to be in the canonical form

θ^{ij} = ( (θ^′)_{2×2} (θ^{′′})_{2×2} ) = θ^′ −θ^′ θ^{′′} −θ^{′′} , (42)

then ( −→ q_2θ)^2 = θ^{′2}(⃗q_2^′)^2 + θ^{′′2}(⃗q_2^{′′})^2, (43) where ⃗q_2^′ and ⃗q_2^{′′} represent the 1, 2 components and 3, 4 components of ⃗q_2 respectively. The integral (41) factorizes into a product of 2 dimensional integrals. Integrating out ⃗q_3, we obtain

H_{np} ∼ ∫ d^2⃗q_2^′ exp [ (⃗q_2^′)^2 ( A_2 + θ^{′2} 4A_3 ) − ⃗q_2^′ · ( 2A_2⃗a_2 − i −−→ θ^′a_3 ) + A_2⃗a^2 ]

× ∫ d^2⃗q_2^{′′} exp [ θ^′ replaced by θ^{′′}] . (44)

This can be easily integrated and it gives

H_{np} ∼ e^{F ′} e^{F ′′} , (45)

where

F^′ := 1 E^′ [ θ^{′2}A_2 4A_3

⃗a^2 + iA_2⃗a_2 −−→ θ^′a_3 + ( −−→ θ^′a_3)^2 4 ] , and E^′ := A_2 + θ^{′2} 4A_3

(46)

and a similar expression for F^{′′} with θ^′ replaced by θ^{′′}. Substitute the expressions for A_2, A_3,⃗a_2,⃗a_3, we obtain F^′ = −i θ^{′2}⃗x^{′2}q^+_2 q^+_3 (q^+_2 + q^+_3 ) 2x^+(−x^{+2} + θ^{′2}q^+_2 q^+_3 )

(47)

whose large q^+_i behaviour can be read off easily F^′ → − i⃗x^{′2} 2x^+ q^+_2 as q^+_2 → ∞, (48) F^′ → − i⃗x^{′2} 2x^+ q^+_3 as q^+_3 → ∞. (49)

Note that θ^′-dependence is cancelled completely! Similarly, we have the same results for F^{′′}. Thus for large q^+_i , the integral factor H_{np}(q^+_i , x) contributes H_{np}(q^+_i , x) ∼ e^{−i ⃗x} 2 nc 2x+ (q^+_2 +q^+_3 ) (50)

for each subspace of ⃗x_{nc} with non-zero noncommutativity. This is in contrast to the commutative case where the dependence on q^+_i is subdominant compared to that of G(q^+_i , x). Because of (50), the large q^+_i behaviour of G_{np}(q^+_i , x) will be modified. Notice that the large q^+_i behaviour of H_{np} matches the exponential factor of (37), we have

M^{(2)} = coeff. × ∫_∞ 0 dq^+_2 ∫_∞ 0 dq^+_3 e^{−i(q+2 +q+3 )x−−i m} 2 x+ 2 (_1 q+2 +^1_{q+} 3 ) +i^{⃗x2}_{2x+} (q^+_2 +q^+_3 )

H_{np}(q^+_i , x) − c.c.

∼ ∫_∞ 0 dq^+_2 ∫_∞ 0 dq^+_3 [ e^{−i(q+2 +q+3 ) (Δx)} 2 2x+ − c.c. ] , (51)

where (Δx)^2 := 2x^+x^− − ⃗x^2_c . (52)

⃗x_c represents the commutative subspace of ⃗x. In the second line of (51), we have omitted factors which do not exponentially diverge at large q^+_i .

Now we can repeat the same argument as in the commutative case:

We can rotate the contour if (Δx)^2 < 0;

Integrals in (51) converge and cancel out if (Δx)^2 < 0. (53)

Thus we see that the light cone ((δx)^2 < 0) is modified to light wedge ((Δx)^2 < 0) in order for the commutator to be zero.

PSfrag replacements

Figure 3: Unimportant contributions

A couple of remarks are in order.

1. In the above, we have done the computation using a normal ordered vertex. However this point is inessential. If we use a vertex without normal ordering, then we will get additional terms as shown in figure 3. These diagrams arise from the selfcontractions of the vertex and will give additional contributions to M^{(2)}. However it is easy to see that there will not be any noncommutative phase factor involved for these terms. Because of this, they will not modify the microcausality condition. The modification to the microcausality condition arises solely from the nonplanar diagrams in figure 1.

2. Another effect of nonlocality in noncommutative field theory is the emergence of IR singularity from integrating out UV degree of freedoms. This mixing of scales is called IR/UV mixing phenomena [17, 18]. IR/UV mixing implies a breakdown of the standard Wilsonian effective description. IR/UV mixing may also results in instability of the perturbative vacuum. This happens for example for the case of noncommutative QED [19] and for the ϕ^3 theory [17] we considered.^3 Since the

3The ϕ^3 theory suffers also from the usual instability that it does not has a stable vacuum. However this is a separate issue.

vacuum is unstable, in principle our perturbative analysis is not valid. However our analysis can be straightforwardly extended to other theory where this is not a problem, for example ϕ^4 in 4-dimension. It is clear from our analysis above that the modification of the light cone to light wedge is due to the inclusion of the noncommutative phase factor P which appears in (38) for the nonplanar diagram. For the ϕ^4 theory, there will be a different f. However the precise form of f is unimportant for our argument. Our analysis above go through. Therefore we conclude that the modification from light cone to light wedge is quite general and is valid even if there is IR/UV mixing so long as the IR/UV mixing effect does not result in instability of the vacuum.

3. Obviously supersymmetrizing the theory will not change our result. Again having more particles circulating in the loop will only modify the form of the function f, which is not important for our argument.

4. Using the equations (31) and (32), our analysis can be readily generalized to higher order. In general a noncommutative phase factor will appear for the nonplanar diagrams. For those nonplanar diagrams which has a phase factor which intertwines the momenta in the set I in (32), our analysis can be applied straightforwardly and the light wedge is obtained. For example for the planar contribution in figure 2, we have the noncommutative counterpart in figure 4 which give rise to the light wedge due to the phase factor e^{i⃗q2θ⃗q3} associated with the diagram.

5. Theory with lightlike noncommutativity is unitary perturbatively [16] and presents another interesting case. For the case say θ := θ^{i−} ≠ 0, one quantize the theory using the light cone time x^+ as the time coordinate. Since θ^{i+} = 0, the theory is local in the light cone time and the operator formalism is well defined. Our analysis can be applied directly and we find

H_{np}(q^+_i , x) ∼ e^{i θ} 2 2x+ q^+_2 q^+_3 (q^+_2 +q^+_3 ). (54)

This implies that the commutator vanishes only for x^+_1 = x^+_2 . This agrees precisely with the Galilean spacetime symmetry which is in residual in the presence of θ^{i−} ≠ 0._{PSfrag replacements}

Figure 4: Higher order nonplanar contributions

In conclusion, our analysis and result is applicable to general noncommutative theories, so long as the theory admits nonplanar diagrams and the perturbative vacuum is not instabilized by the IR/UV mixing effect.

3 Energy condition in noncommutative geometry

Another way to study the causality issue is to consider energy condition. For review, see [20], also [21]. For applications in string theory, see for example [22]. Let us first consider the dominant energy condition in details. The discussion for the other energy conditions is similar. An energy-momentum tensor T_{μν} is said to satisfy the dominant energy condition if for every future directed time like vector t^μ, T_{μν} t^ν is future directed, time like or null. One can show that when it is satisfied, the velocity of the energy-flow cannot exceed the speed of light.

To warm up, let us first consider an example in commutative theory L = 1 2 (∂ϕ)^2 − V (ϕ) (55)

with V (ϕ) =^1_2 m^2ϕ^2 + V_{int}. The energy-momentum tensor is given by T_{μν} = ∂_μϕ∂_ν ϕ − g_{μν} L. (56) We now show that the dominant energy condition is satisfied if V > 0. Let t^μ be timelike: t^μt_μ > 0 and future directed: t^0 > 0. Then

u_μ := T_{μν} t^ν = ∂_μϕ(∂ϕ · t) − t_μL (57) and u_μu^μ = (∂ϕ)^2V (ϕ) + t^2L^2. (58)

Thus u_μu^μ ≥ 0 if V (ϕ) > 0. For example, if m^2 > 0 and V_{int} > 0. As for u_0, we have

u_0 = [ 1 2 (∂_0ϕ)^2 + 1 2 (∂_iϕ)^2 + V ] t^0 + ∂_0ϕ∂_it^i. (59)

t future directed and timelike implies t^0 > |t|. If V > 0 also, then u_0 > |t| [ 1 2 (∂_0ϕ)^2 + 1 2 (∂_iϕ)^2 ] + ∂_0ϕ∂_it^i > |∂_0ϕ| [ |t||∂_iϕ| ± t^i∂_iϕ ] ≥ 0 (60)

is future directed.

Now consider the noncommutative ϕ^4 theory L = 1 2 (∂_μϕ)^2 − 1 2 m^2ϕ^2 − g 4! ϕ ∗ ϕ ∗ ϕ ∗ ϕ. (61) Alternatively, we can also consider the Lagrangian which gives the same action L = 1 2 ∂_μϕ ∗ ∂^ν ϕ − 1 2 m^2ϕ ∗ ϕ − g 4! ϕ ∗ ϕ ∗ ϕ ∗ ϕ. (62) First, we need to construct the symmetric and conserved energy-momentum tensor. This problem has been considered in [5] and the authors found that they cannot be satisfied simultaneously. Here we show that one can construct such an energy-momentum tensor if one allow it to be path-dependent. This is also the case in noncommutative Yang-Mills theory [4]. We define the energy momentum tensor T̂_{μν} = ∂_μϕ∂_ν ϕ − g_{μν} [ 1 2 (∂ϕ)^2 − 1 2 m^2ϕ^2 − g 3! ∫ C dy^λ ∂_λϕ(y)(ϕ ∗ ϕ ∗ ϕ)(y) ] . (63)

Here the integration is carried out along an arbitrary path C connecting from a reference point x_0 to x. Obviously, T̂_{μν} = T̂_{νμ} and also T̂_{μν} is real. Using equation of motion, it is easy to verify that ∂^μT̂_{μν} = 0. (64)

For the alternative choice of the Lagrangian (62), we can consider the path-dependent energy-momentum tensor

T̂_{μν} =1 2 ∂_μϕ ∗ ∂_ν ϕ + 1 2 ∂_ν ϕ ∗ ∂_μϕ − g_{μν} [ 1 2 ∂_λϕ ∗ ∂^λϕ − 1 2 m^2ϕ ∗ ϕ − g 3!2 ∫ C dy^λ ( (∂_λϕ ∗ ϕ ∗ ϕ ∗ ϕ)(y) + (ϕ ∗ ϕ ∗ ϕ ∗ ∂_λϕ)(y) )] . (65)

Again, it is easy to show that T̂_{μν} is real, symmetric and conserved.

Let us now check the dominant energy condition in the noncommutative case. Note that (63) is of the same form as (56). Thus we arrive at (58) and (59) again. However now the analogy of V_{int} is given by the path-dependent terms in (63) and (65) and they are not positive definite for non-zero noncommutativity. One can also show that (65) does not satisfy the dominant energy condition. It is straightforward to generalize the argument for other noncommutative field theories. Therefore we conclude that the dominant energy condition is generally violated in noncommutative theory. It is also easy to verify that none of the standard form of energy condition (e.g. null, strong, weak) are satisfied. On the other hand, if we naively integrating out the whole noncommutative subspace, then energy conditions are satisfied. This is reminiscent of the averaged energy condition [23].

Given that the causal structure of the noncommutative theory is modified, it is not surprising that the usual form of energy condition is violated. The real challenge and really interesting problem is to derive the appropriate generalization of the energy condition for noncommutative spacetime.

4 Discussion

In this paper, we have shown that the causality condition in noncommutative field theory is generally modified from a light cone to a light wedge. The phase factor e^{iq2 θq3} in (41), which arises due to the nonlocal nature of the noncommutative interaction, is crucial to modify the large q^+_i behaviour of the kernel H_{np}(q^+_i , x) and hence the modified causality condition. In contrast, a local Lorentz symmetry breaking interaction will generally not modify the light cone. Nonlocality of interaction plays the key role. See also [24] for other considerations on how noncommutative geometry may modify the causality condition.

Based on the modified dispersion relation in the noncommutative theory at nonzero temperature, the authors of [25] show that the low momenta modes have superluminous group velocity. The authors of [26] constructed and studied the classical dynamics of solitons in noncommutative gauge theories. They found that these solitons can travel with speed faster than light (with no upper bound in the noncommutative direction). However as these authors argued, since one cannot send information backward in time, so this does not violate causality. One may also deduce the light wedge in this setting. Our result of having the light cone changed to the light wedge is consistent with their result. However the analysis and result here is more general since it applies without the need of specific modified dispersion relation nor of the existence and the construction of solitons with specific properties.

In [10], a new form of Wightman functions, which are defined as vacuum expectation value of star-product of fields, have been considered. The motivation was that the new form of Wightman functions contain the noncommutativity explicitly. On the other hand, as the authors argued, on applying the reconstruction theorem the usual Wightman functions will lead to commutative field theory (which are invariant under the smaller Lorentz group), but not to noncommutative field theory since there is no trace of the noncommutativity parameter θ in the usual Wightman function. We remark that this is not the case. The Wightman functions can depend on θ just as they depends on the coupling constants. This can be easily demonstrated in perturbation theory, as is clear from our calculations. Also the authors proposed another form of microcausality condition where the star-commutator of fields vanishes at separation which is spacelike with respect to the light wedge. We note that, due to momentum conservation, it is ⟨α|[ϕ(x_1), ϕ(x_2)]|β⟩ = ⟨α|[ϕ(x_1), ϕ(x_2)]_∗|β⟩, (66) for states |α⟩, |β⟩ with the same momentum. Thus as far as matrix elements of the above type are of concern, there is no difference in considering the standard commutator or the star-commutator. The usual commutator is smart enough to know about the modified causality condition in noncommutative geometry.

As we explained, the emergence of the modified causality condition is characteristic of noncommutative geometry and is generic and independent of the details of the type of noncommutative interaction. One can expect that this drastic change of the notion of causality to be a rather clear phenomenological signal for noncommutative geometry. See for example [27–29] for some discussions of the phenomenological aspect of noncommutative field theory. If the universe was noncommutative at the early stage, region that one would traditionally taken to be not in causal contact (outside the light cone) may indeed be causally related according to the light wedge. This may offer an alternative scenario to inflation for explaining the horizon problem of the universe. For other applications of noncommutative geometry to cosmology, see for example [30].

In this paper, we have seen that nonlocality of noncommutative geometry leads to a modification of the light cone. String theory is another nonlocal theory. The effect of interaction on the string light cone [31] has been studied in [32] for the case of flat string theory and [33] for the pp-wave string theory. The result is that the light cone is modified in the flat case, but not in the pp-wave case [33]. This is related to the fact that the pp-wave 3-string interaction is more localized compared to the flat space 3-string interaction. It is important to identify and understand better the nonlocal effects in string theory. This should help us to understand better the nature of the theory of quantum gravity, which is believed to be nonlocal also.

The modification of the light cone in noncommutative field theory is intriguing. As far as causality is of concern, no trace of the noncommutative coordinates enter. Our result suggests that a reformulation of the noncommutative theory in terms of one living in lower dimensional spacetime maybe able to capture the causal aspects of the physics more accurately. This possibility of formulation in terms of lower dimensional degree of freedom reminds us of the holographic property of quantum gravity [34]. The dynamical reduction of spacetime dimensions at short distance scale is also seen in the very interesting recent works [35]. Since quantum gravity effects is believed to quantize the spacetime and make it noncommutative, noncommutativity geometry may play a key role in explaining holography. See also [36, 37] for more considerations in support of this view.

Acknowledgements

CSC acknowledges the support of EPSRC through an advanced fellowship. TI acknowledges supports from the grants from JSPS (Kiban C and Kiban B). The authors wish to thank Koryu Kyokai for the grant of Japan-Taiwan science collaboration, which helped us meet and collaborate.

A Light cone for free theory

Consider real scalar field in (d + 1)-dimensions. It is easy to calculate that [ϕ(x), ϕ(0)] = D(x) − D(−x), D(x) := ∫ d^dq (2π)^d 1 2ω_q e^{−iq·x} (67) Using (18), it is easy to rewrite D as D(x) = ∫_∞ 0 dq^+G(q^+, x), G(q^+, x) := 1 4πq^+ ∫ d^{d−1}⃗q (2π)^{d−1} e^{−iq·x}. (68) The kernel G(q^+, x) can be easily evaluated and we obtain

[ϕ(x), ϕ(0)] = ∫_∞ 0 dq^+[G(q^+, x) − G(q^+, −x)], (69)

G(q^+, x) = 1 4πq^+ ( iq^+ 2πx^+ )^{d−12} exp [ − iq^+ δx^2 2x^+ − im^2x^+ 2q^+ ] . (70)

The convergence properties of the q^+ integral depends crucially on the sign of δx^2 = 2x^+x^− − ⃗x^2. Without loss of generality, we assume x^+ > 0. If δx^2 < 0, then we can rotate the contours in (69) as follows without getting any extra contribution:

q^+ → iq^+ in the first integral, q^+ → −iq^+ in the second integral. (71)

Moreover since G(iq^+, x) ∼ e^{q+ δx} 2 2x+ −^{m2 x+}_{2q+} (72)

the integral converges for q^+ → 0 and q^+ → ∞ if δx^2 < 0. Hence the two terms in (69) cancels and the commutation vanishes if δx^2 < 0. On the other hand, if δx^2 > 0, we may perform the opposite contour rotation. The integral converges for q^+ → ∞ but not for q^+ → 0. Therefore we obtain that the commutator vanishes iff δx^2 < 0.

References

[1] M. R. Douglas and N. A. Nekrasov, “Noncommutative field theory,” Rev. Mod.

Phys. 73 (2001) 977 [arXiv:hep-th/0106048].

[2] R. J. Szabo, “Quantum field theory on noncommutative spaces,” Phys. Rept. 378 (2003) 207 [arXiv:hep-th/0109162].

[3] N. Seiberg and E. Witten, “String theory and noncommutative geometry,” JHEP 9909 (1999) 032 [arXiv:hep-th/9908142].

[4] Y. Okawa and H. Ooguri, “Energy-momentum tensors in matrix theory and in noncommutative gauge theories,” arXiv:hep-th/0103124.

[5] M. Abou-Zeid and H. Dorn, “Comments on the energy-momentum tensor in noncommutative field theories,” Phys. Lett. B 514 (2001) 183 [arXiv:hep-th/0104244].

[6] N. Ishibashi, S. Iso, H. Kawai and Y. Kitazawa, “Wilson loops in noncommutative Yang-Mills,” Nucl. Phys. B 573 (2000) 573 [arXiv:hep-th/9910004].

[7] D. J. Gross, A. Hashimoto and N. Itzhaki, “Observables of non-commutative gauge theories,” Adv. Theor. Math. Phys. 4 (2000) 893 [arXiv:hep-th/0008075].

[8] L. Alvarez-Gaume and M. A. Vazquez-Mozo, “General properties of noncommutative field theories,” Nucl. Phys. B 668 (2003) 293 [arXiv:hep-th/0305093].

[9] L. Alvarez-Gaume, J. L. F. Barbon and R. Zwicky, “Remarks on time-space noncommutative field theories,” JHEP 0105 (2001) 057 [arXiv:hep-th/0103069].

[10] M. Chaichian, M. N. Mnatsakanova, K. Nishijima, A. Tureanu and Y. S. Vernov, “Towards an axiomatic formulation of noncommutative quantum field theory,” arXiv:hep-th/0402212.

[11] Y. Liao and K. Sibold, “Spectral representation and dispersion relations in field theory on noncommutative space,” Phys. Lett. B 549 (2002) 352 [arXiv:hep-th/0209221].

[12] M. Chaichian and A. Tureanu, “Jost-Lehmann-Dyson representation and Froissart-Martin bound in quantum field theory on noncommutative space-time,” arXiv:hep-th/0403032.

[13] D. H. T. Franco and C. M. M. Polito, “CPT, spin-statistics and analytic wavefront set in non-commutative field theories,” arXiv:hep-th/0403028.

[14] J. Gomis and T. Mehen, “Space-time noncommutative field theories and unitarity,” Nucl. Phys. B 591 (2000) 265 [arXiv:hep-th/0005129].

[15] C. S. Chu, J. Lukierski and W. J. Zakrzewski, “Hermitian analyticity, IR/UV mixing and unitarity of noncommutative field theories,” Nucl. Phys. B 632 (2002) 219 [arXiv:hep-th/0201144].

[16] O. Aharony, J. Gomis and T. Mehen, “On theories with light-like noncommutativity,” JHEP 0009 (2000) 023 [arXiv:hep-th/0006236].

[17] S. Minwalla, M. Van Raamsdonk and N. Seiberg, “Noncommutative perturbative dynamics,” JHEP 0002 (2000) 020 [arXiv:hep-th/9912072].

[18] A. Matusis, L. Susskind and N. Toumbas, “The IR/UV connection in the noncommutative gauge theories,” JHEP 0012 (2000) 002 [arXiv:hep-th/0002075].

[19] F. R. Ruiz, “Gauge-fixing independence of IR divergences in non-commutative U(1), perturbative tachyonic instabilities and supersymmetry,” Phys. Lett. B 502 (2001) 274 [arXiv:hep-th/0012171].

[20] S. Hawking and G. Ellis, “The large scale structure of space-time,” Cambridge University Press, 1973.

[21] R.M . Wald, “General Relativity,” Chicago University Press, 1984.

[22] G. W. Gibbons and C. A. R. Herdeiro, “Supersymmetric rotating black holes and causality violation,” Class. Quant. Grav. 16 (1999) 3619 [arXiv:hep-th/9906098]; “Born-Infeld theory and stringy causality,” Phys. Rev. D 63 (2001) 064006 [arXiv:hep-th/0008052].

[23] F.J. Tipler, “Energy conditions and spacetime singularities,” Phys. Rev. D 17 (1978) 2521.

[24] G. Battilotti and P. Zizzi, “The internal logic of Bell’s states,” arXiv:quant-ph/0412199.

[25] K. Landsteiner, E. Lopez and M. H. G. Tytgat, “Excitations in hot non-commutative theories,” JHEP 0009 (2000) 027 [arXiv:hep-th/0006210].

[26] A. Hashimoto and N. Itzhaki, “Traveling faster than the speed of light in noncommutative geometry,” Phys. Rev. D 63 (2001) 126004 [arXiv:hep-th/0012093].

[27] S. M. Carroll, J. A. Harvey, V. A. Kostelecky, C. D. Lane and T. Okamoto, “Noncommutative field theory and Lorentz violation,” Phys. Rev. Lett. 87 (2001) 141601 [arXiv:hep-th/0105082].

[28] J. L. Hewett, F. J. Petriello and T. G. Rizzo, “Signals for non-commutative interactions at linear colliders,” Phys. Rev. D 64 (2001) 075012 [arXiv:hep-ph/0010354]. I. Mocioiu, M. Pospelov and R. Roiban, “Low-energy limits on the antisymmetric tensor field background on the brane and on the non-commutative scale,” Phys. Lett. B 489 (2000) 390 [arXiv:hep-ph/0005191].

Z. Guralnik, R. Jackiw, S. Y. Pi and A. P. Polychronakos, “Testing noncommutative QED, constructing non-commutative MHD,” Phys. Lett. B 517 (2001) 450 [arXiv:hep-th/0106044].

[29] V. V. Khoze and G. Travaglini, “Wilsonian effective actions and the IR/UV mixing in noncommutative gauge theories,” JHEP 0101 (2001) 026 [arXiv:hep-th/0011218]. C. E. Carlson, C. D. Carone and R. F. Lebed, “Supersymmetric noncommutative QED and Lorentz violation,” Phys. Lett. B 549 (2002) 337 [arXiv:hep-ph/0209077]. C. S. Chu, V. V. Khoze and G. Travaglini, “Dynamical breaking of supersymmetry in noncommutative gauge theories,” Phys. Lett. B 513 (2001) 200 [arXiv:hep-th/0105187].

[30] C. S. Chu, B. R. Greene and G. Shiu, “Remarks on inflation and noncommutative geometry,” Mod. Phys. Lett. A 16 (2001) 2231 [arXiv:hep-th/0011241]. S. Tsujikawa, R. Maartens and R. Brandenberger, “Non-commutative inflation and the CMB,” Phys. Lett. B 574 (2003) 141 [arXiv:astro-ph/0308169].

[31] E. J. Martinec, “The Light cone in string theory,” Class. Quant. Grav. 10 (1993) L187 [arXiv:hep-th/9304037]; “Strings And Causality,” arXiv:hep-th/9311129.

[32] D. A. Lowe, L. Susskind and J. Uglum, “Information spreading in interacting string field theory,” Phys. Lett. B bf 327 (1994) 226 [arXiv:hep-th/9402136]. D. A. Lowe, J. Polchinski, L. Susskind, L. Thorlacius and J. Uglum, “Black hole complementarity versus locality,” Phys. Rev. D 52 (1995) 6997 [arXiv:hep-th/9506138].

[33] C. S. Chu and K. Kyritsis, “The string light cone in the pp-wave background,” Phys. Lett. B 566 (2003) 240 [arXiv:hep-th/0304191]; “Local commutativity and causality in interacting pp-wave string field theory,” JHEP 0409 (2004) 049 [arXiv:hep-th/0407046].

[34] G. ’t Hooft, “Dimensional reduction in quantum gravity,” arXiv:gr-qc/9310026.

L. Susskind, “The World as a hologram,” J. Math. Phys. 36 (1995) 6377 [arXiv:hep-th/9409089].

[35] J. Ambjorn, J. Jurkiewicz and R. Loll, “Spectral Dimension of the Universe,” arXiv:hep-th/0505113; “Reconstructing the Universe,” arXiv:hep-th/0505154.

[36] P. M. Ho and M. Li, “Fuzzy spheres in AdS/CFT correspondence and holography from noncommutativity,” Nucl. Phys. B 596 (2001) 259 [arXiv:hep-th/0004072].

[37] P. A. Zizzi, “A minimal model for quantum gravity,” arXiv:gr-qc/0409069.