arXiv:hep-th/0502020 v2 24 Mar 2005

UTHET-04-1101

Constrained Perturbative Expansion of the DGP Model^1

Chad Middleton^2 and George Siopsis^3 Department of Physics and Astronomy, The University of Tennessee, Knoxville, TN 37996 - 1200, USA.

Abstract We address the vDVZ discontinuity of the 5D DGP model which consists of a 3-brane residing in a flat, infinite-volume bulk. Following a suggestion by Gabadadze [hep-th/0403161], we implement a constrained perturbative expansion parametrized by brane gauge parameters. We explore the parameter space and show that the DGP solution exhibiting the vDVZ discontinuity corresponds to a set of measure zero.

1Research supported in part by the DoE under grant DE-FG05-91ER40627. 2E-mail: cmiddle1@utk.edu 3E-mail: siopsis@tennessee.edu

The weakness of the gravitational force has been successfully explained by postulating the existence of extra dimensions [1]. The effect of the extra dimensions is a high-energy modification of Newton’s Law of gravity due to the tower of Kaluza-Klein modes. When the extra dimensions are of infinite volume, light Kaluza-Klein modes may dominate even at low energies [2–4], therefore offering an attractive alternative to dark energy for solving the cosmological constant problem. Thus, unlike with finite-volume extra space, 4D gravity is modified at astronomically large distances [5].^4

The DGP model of a 3-brane residing in a 5D bulk of vanishing cosmological constant [2] is a ghost-free, general covariant theory where the 5D graviton mimics a 4D massive graviton on the brane. The model appears to be plagued by a van Dam-Veltman-Zakharov (vDVZ) discontinuity [7, 8] and has attracted much attention [10–12]. In refs.[11], solutions were found interpolating between regimes far from and near the Schwarzschild radius by keeping higher-order terms in the perturbative expansion. It was thus shown that in the decoupling limit, one recovers the standard four-dimensional, weak-field Schwarzschild metric.

As has been recently argued in [12, 13] for the specific case of D = 5, the breakdown of the perturbative expansion at linear order is an artifact of the weak-field expansion itself and can be healed by adopting a constrained perturbative expansion. Thus, instead of the incorporation of higher-order terms into the linearized treatment, the theory is regulated by a modification of the linearized theory itself. After fixing the gauge in the bulk, a residual four-dimensional gauge invariance remains on the brane. The graviton propagator is then rendered invertible by the addition of a term in the action which would amount to a gauge-fixing term in four-dimensional gravity.

Here, we present a generalized procedure of [12]. We introduce a two-parameter family of gauge-fixing terms on the brane. In the decoupling limit they amount to ordinary gauge-fixing terms and no physical quantities depend on these gauge parameters. We also fix the gauge in the bulk in terms of arbitrary gauge parameters. In the absence of a brane, five-dimensional gaugeinvariance guarantees that no physical quantities will depend on the bulk gauge parameters. We then explore the physical effects of these parameters away from the two extremal limits

4See [6] for a slightly different treatment which yields a 4D tensor structure at astronomical distances.

(decoupling and absence of a brane). We find that the graviton propagator in general has a welldefined decoupling limit implying the absence of a vDVZ discontinuity. The graviton propagator exhibits the expected crossover behavior and is found to be free of tachyonic asymptotic states. The DGP solution [2] corresponds to a set of measure zero in our parameter space.

The DGP model describes a 3-brane on the boundary of a five-dimensional bulk-space Σ. The action is S_{DGP} = M^3 ∫ Σ d^4xdy √ −G R^{(5)} + M^2 ∫ ∂Σ d^4x √ −g R^{(4)} (1) where R^{(5)}, (R^{(4)}) is the five- (four-) dimensional Ricci scalar. We adopt the standard conventions η_{AB} = diag[+ − − − −] ; A, B = 0, . . . , 3, y ; μν = 0, . . . , 3 ; i, j = 1, 2, 3.

Upon varying (1), one arrives at the DGP field equations, which are

M^3G^{(5)}_{AB} + M^2G^{(4)}_{μν} δ^μ_Aδ^ν_Bδ(y) = T_{μν} δ^μ_Aδ^ν_Bδ(y) (2)

with the linearized solution given by h̃_{μν} (p, y) = 1 M^2(p^2 + 2m_bp) { T̃_{μν} − 1 3 ( η_{μν} + p_μp_ν 2m_bp ) T̃ } e^{−py} h̃^α = − T̃ 6M^2m_bp e^{−py} = h̃^y (3)

which is written in terms of the 4D Euclidean momentum and graviton mass

p^2 = −p^μp_μ = −p^2_0 + p^2_i = p^2_4 + p^2_i m_b = M^3/M^2 (4)

The solution bares a striking resemblance to that of massive gravity where the factor of 1/3 instead of the Einstein factor of 1/2 signals the existence of a vDVZ discontinuity. In the decoupling limit (m_b → 0), 4D Einstein gravity is not recovered and we do not obtain sensible dynamics for the longitudinal term with tensor structure of the form p_μp_ν . Although the p_μp_ν term does not contribute at linear level, it does enter nonlinear diagrams.

Generalizing [12], we define a Constrained DGP Action of the form

S_{cDGP} = S_{DGP} + S^{(5)} + S^{(4)} (5)

where S_{DGP} is the DGP action given by (1) and S^{(4)} and S^{(5)} are gauge-fixing terms in the decoupling limit (m_b → 0) and absence of brane (m_b → ∞), respectively. Away from these two limits (M, M ≠ 0), these additional terms no longer simply fix the gauge; they alter the boundary conditions.

We start in the bulk by defining S^{(5)} as follows

S^{(5)} = M^3 ∫ Σ d^4xdy √ −G [ B^2_5 2γ + B^2_μ 2α ] (6) with B_μ ≡ ∂_μh^y + a∂_μh^α − b∂^αh_{αμ} B_y ≡ ∂^μh_{μy} (7)

where α, γ, a, b are arbitrary parameters on which no bulk physical quantities should depend. In the absence of the brane, eq. (6) amounts to standard gauge-fixing conditions. In general, the α, γ → 0 limit should be taken at the end of the calculation to ensure that

B_μ → 0 B_y → 0 (8)

Next, we define the gauge-fixing term S^{(4)} on the brane. For a brane of finite thickness, additional terms can arise on the brane world-volume and can survive in the limit of the brane thickness tending to zero. In addition, we note that the boundary equations receive no contribution from eq. (6) and are invariant under the 4D transformations [12]

h_{μν} |_{y=0} → h_{μν} + ∂_μζ_ν + ∂_ν ζ_μ|_{y=0} (9)

indicating a residual gauge freedom. With the above in mind, we choose an additional brane action contribution S^{(4)} = λ M^2 ∫ ∂Σ d^4x √ −g B_ν B^ν (10) where B_ν ≡ ∂^μh_{μν} + ξ∂_ν h^α (11) and we assume λ > 0. These additional action contributions modify the DGP model by explicitly breaking the 4D and 5D coordinate invariance. Adopting this modified DGP model, we next obtain and solve the field equations. Varying (5), expanding around a flat background, and

Fourier transforming, the first-order Einstein equations are as follows. In the bulk, the transverse component is h̃^α − p^αp^β p^2 h̃_{αβ} − 1 α ( h̃^y + ah̃^α − bp^αp^β p^2 h̃_{αβ} ) = 0 (12)

The mixed components are

i∂_y(p^αh̃_{αμ} − p_μh̃^α) + p^2 ( h̃_{μy} − 1 p^2 p_μp^αh̃_{αy} ) + 1 γ p_μp^αh̃_{αy} = 0 (13)

and the components parallel to the brane are

G^{(5)}_{μν} = 0 (14)

where

G^{(5)}_{μν} = (p^2 − ∂_y∂^y)(h̃_{μν} − η_{μν}h̃^α) − p_μp^αh̃_{αν} − p_ν p^αh̃_{αμ} + p_μp_ν (h̃^α + h̃^y ) − η_{μν} (p^2h̃^y − p^αp^βh̃_{αβ}) + 1 α [ −b(p_μp_νh̃^y + ap_μp_ν h̃^α − bp_ν p^αh̃_{αμ}) + aη_{μν} (p^2h̃^y + ap^2h̃^α − bp^αp^βh̃_{αβ} ) ] + i∂^y(p_νh̃_{μy} + p_μh̃_{νy} − 2η_{μν} p^αh̃_{αy} ) (15)

From eqs. (12) and (13), we obtain h̃_{μy} = γ p^μ p^2 i∂_y ( h̃^α − p^αp^β p^2 h̃_{αβ} )

h̃^y = bp^αp^β p^2 h̃_{αβ} − ah̃^α + α ( h̃^α − p^αp^β p^2 h̃_{αβ} ) (16)

Plugging these expressions into (15) and assuming the solution is of the form h̃_{AB} (p, y) = h̃_{AB} (p)e^{−py} (17) we may write G^{(5)}μν entirely in terms of the 4D metric perturbations. Dotting with the momentum, we obtain p^μp^ν G^{(5)}_{μν} = (1 + a − b)p^2(p^2h̃^α − p^αp^βh̃_{αβ}) (18)

implying the constraint on the parameters

1 + a − b = 0 (19)

The vanishing of the divergence, p^ν G^{(5)}μν = 0, then implies p^νh̃_{μν} = p_μ p^αp^β p^2 h̃_{αβ} (20)

This is not an additional constraint on the metric. On general grounds, one may argue that p^νh̃_{μν} ∝ p_μ, hence (20). Using these results, we arrive at the expression

G^{(5)}_{μν} = (α − 2γ − 2a)(p_μp_ν − η_{μν} p^2) ( h̃^α − p^αp^β p^2 h̃_{αβ} ) (21)

leading to a second constraint on the parameters,

α − 2γ − 2a = 0 (22)

At the boundary, the Israel junction condition at y = 0 yields

M^2G^{(4)}_{μν} = T̃_{μν} (23)

where

G^{(4)}_{μν} = (p^2 + 2m_bp)(h̃_{μν} − η_{μν}h̃^α) − (1 − λ)(p_μp^αh̃_{αν} + p_ν p^αh̃_{αμ})

+ (1 + 2λξ)(p_μ p_νh̃^α + η_{μν} p^αp^βh̃_{αβ} ) + 2λξ^2η_{μν} p^2h̃^α + 2γm_bp ( η_{μν} − p_μp_ν p^2 ) ( h̃^α − p^αp^β p^2 h̃_{αβ} ) (24)

Eq. (23) can be solved for arbitrary parameters λ, ξ and γ. We obtain on the brane

h̃_{μν} (p) = 1

M^2(p^2 + 2m_bp) { T̃_{μν} − ( η_{μν} C_1 + p_μp_ν p^2

C_2 ) T̃ } (25)

where

C_1 =

2m^2_b + 2λ(1 + ξ)(1 − ξ + 2γ(1 + ξ))m_bp + λ(1 + ξ)^2p^2 6m^2_b + 4λ(1 + ξ)(1 − 2ξ + 3γ(1 + ξ))m_bp + 2λ(1 + ξ)^2p^2

C_2 =

(1 − 2λ(1 + ξ)(1 + 2γ(1 + ξ))m_bp − λ(1 + ξ)(1 + 2ξ)p^2 6m^2_b + 4λ(1 + ξ)(1 − 2ξ + 3γ(1 + ξ))m_bp + 2λ(1 + ξ)^2p^2 (26)

Notice that the 4D metric perturbations, when convoluted with a conserved tensor T̃^{′μν} ,

h̃_{μν}T̃^{′μν} = 1

M^2(p^2 + 2m_bp) { T̃_{μν}T̃^{′μν} − C_1T̃ T̃^′ } (27)

are still dependent on the parameters λ, ξ and γ. Examining the 4D momentum dependence of the metric perturbations, we find in the large momentum regime (p ≫ m_b), h̃_{μν}T̃^{′μν} ≃ 1 M^2p^2 { T̃_{μν}T̃^{′μν} −^1_2T̃ T̃^′ } (28) recovering 4D Einstein gravity, and in the small momentum limit (p ≪ m_b), h̃_{μν}T̃^{′μν} ≃ 1 2M^3p { T̃_{μν}T̃^{′μν} −^1_3T̃ T̃^′ } (29)

exhibiting 5D behavior, as expected. Notice that in both limits, the transverse components of the metric on the brane are independent of the parameters λ, ξ and γ. In the intermediate range, the propagator smoothly switches from the 4D expression (28) to the 5D expression (29) as the momentum decreases. This crossover behavior depends on the parameters λ, ξ and γ.

In the decoupling limit, m_b → 0, the graviton propagator yields the standard 4D Einstein solution on the brane demonstrating the absence of a vDVZ discontinuity. This is the case in the entire parameter space except for a set of measure zero defined by

ξ = −1 (30)

For this special choice, the parameters become true gauge parameters throughout the entire range of momenta. We obtain

h̃_{μν} (p, y) = 1 M^2(p^2 + 2m_bp) { T̃_{μν} − 1 3 ( η_{μν} + p_μp_ν 2m_bp ) T̃ } e^{−py} h̃^y (p, y) = − 1 6M^2m_bp T̃ e^{−py} h̃_{μy} (p, y) = 0 (31)

which is independent of α, γ. Also, the constraints B_μ = B_5 = 0 for general α, γ showing that they represent gauge-fixing conditions. This is the standard DGP model [2].

It should also be noted that for the choice of parameters λ = 1, ξ = −1/2, we recover the model proposed by Gabadadze [12],

h̃_{μν} (p, y) = 1 M^2(p^2 + 2m_bp) { T̃_{μν} − 1 2 η_{μν} (p^2 + 4m_bp) (p^2 + 6m_bp) T̃ } e^{−py} h̃^y = p^αp^β p^2 h̃_{αβ} + (^1_2 α + γ) ( h̃^α − p^αp^β p^2 h̃_{αβ} )

h̃_{μy} = −iγ p^μ p ( h̃^α − p^αp^β p^2 h̃_{αβ} ) (32)

in the α, γ → 0 limit.

We next wish to examine the poles of the propagator. Taking the γ → 0 limit, the transverse part of the propagator (27) can be written in a form explicitly revealing its pole structure, h̃_{μν}T̃^{′μν} = 1 M^2 (p^2 + 2m_bp) T̃_{μν}T̃^{′μν} − 1 3M^2

C(p)T̃ T̃^′ (33)

where C(p) = 1 p^2 + 2m_bp + 1 2(c_+ − c_−) [ c_+ (p^2 + c_+m_bp) − c_− (p^2 + c_−m_bp) ] (34) The location of the poles is determined by the coefficients

c_± = c_±(ξ, λ) = 1 1 + ξ [ 1 − 2ξ ± √ (1 − 2ξ)^2 − 3 λ ] (35)

For p ≫ m_b, C(p) ≈^3_{2p2} and we recover the 4D expression (28). The poles are significant for momenta p ≲ m_b. As was shown in [12], the p = −2m_b pole lies on the second Riemann sheet in the Minkowski four-momentum complex plane, where p^2 = s exp (−iπ), s = p_μp^μ. This pole corresponds to a non-physical resonance and indicates an intermediate, metastable state. This can be seen from the p = ± √ −s dependence of the propagator which indicates that the propagator is multi-valued and the complex s-plane has two sheets with a branch cut on the positive real axis. For the choice of p = √ −s, we obtain a non-physical resonance and a propagator which decays with the bulk coordinate.

The other two poles are located at p = −c_±m_b and depend on the parameters ξ and λ. In the (ξ, λ)-plane, above the curve λ = 3 (1 − 2ξ)^2

(36) both poles lie on the negative real axis in the complex s-plane, since c_± ∈ R. Moreover, c_± > 0 for −1 < ξ < 1/2. In this strip, the two poles are in the second Riemann sheet (corresponding to the choice p = √ −s) and are thus unphysical. In the special case ξ = −1/2, λ = 1, the pole at p = −c_−m_b coincides with the pole at p = −2m_b; this is the Gabadadze model [12]. As we approach the curve (36), the two poles come together. Below the curve (36), c_± become complex and c_+ = c^∗_−. In this case the poles are no longer on the real axis; we obtain a resonance with a momentum independent decay width, in addition to the pole at p = −2m_b.

As ξ → −1, the two poles p = c_±m_b become infinite and C(p) → (p^2 + 2m_bp)^{−1}. This is a singular case; dependence on the λ parameter disappears and the propagator turns into the DGP expression (31) [2] which is plagued by the vDVZ discontinuity.

To the left of ξ = −1 (as well as for ξ > 1/2), both c_± < 0; therefore, the poles p = −c_±m_b are tachyons, signaling instability of the solution. Were we to choose p = − √ −s, instead, we would place these two poles on the second Riemann sheet, but then the third pole at p = −2m_b would turn into a tachyon.

The above results are illustrated by the two-dimensional plot of the (ξ, λ) parameter space in Figure 1.

In summary, we generalized the constrained perturbative model of [12] and calculated the graviton propagator. The first-order contribution to the perturbative expansion depended explicitly on parameters which are gauge parameters in the bulk (in the absence of a brane) and on the brane (in the decoupling limit), respectively. These parameters determine the details of the distance-dependent, crossover behavior of the propagator and the position of the poles of the graviton propagator. At low momenta, we obtained a 5D behavior whereas at high momenta we recovered 4D gravity demonstrating the absence of a vDVZ discontinuity. In addition, we found a range of parameter values which yielded non-physical resonances corresponding to intermediate, metastable states. For a special choice of parameters (representing a set of measure zero in the parameter space), we recovered the standard DGP model [2]. This choice represented a set of measure zero in the parameter space which is plagued by the vDVZ discontinuity.

It would be desirable to understand the origin of these parameters better as physical quantities depend on them. They may represent different physical setups (embeddings of the brane in the bulk) or “schemes” (similar to QCD) which are artifacts of the perturbative expansion and would be resolved once higher-order terms are included. We hope to report on progress in this direction shortly.

References

[1] N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys. Lett. B429 (1998) 263;

hep-ph/9803315;

I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys. Lett. B436 (1998) 257;

hep-ph/9804398;

N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys. Rev. D59 (1999) 086004;

hep-ph/9807344;

L. Randall and R. Sundrum, Phys. Rev. Lett. 83 (1999) 3370; hep-ph/9905221; L. Randall and R. Sundrum, Phys. Rev. Lett. 83 (1999) 4690; hep-th/9906064.

[2] G.Dvali, G.Gabadadze, and M.Porrati, Phys. Lett. B485 (2000) 208; hep-th/0005016.

[3] G. Dvali, and G. Gabadadze, Phys. Rev. D63 (2001) 065007; hep-th/0008054.

[4] M. Carena, A. Delgado, J. Lykken, S. Pokorski, M. Quiros, and C.E.M. Wagner, Nucl. Phys. B609 (2001) 499; hep-ph/0102172

[5] I. I. Kogan, S. Mouslopoulos, A. Papazoglou, G. G. Ross and J. Santiago, Nucl. Phys. B584 (2000) 313; hep-ph/9912552; E. Witten, hep-ph/0002297;

R. Gregory, V. A. Rubakov and S. M. Sibiryakov, Phys. Rev. Lett. 84 (2000) 5928;hep-th/0002072;

C. Csaki, J. Erlich and T. J. Hollowood, Phys. Rev. Lett. 84 (2000) 5932; hep-th/0002161; G. Dvali, G. Gabadadze and M. Porrati, Phys. Lett. B484 (2000) 112; hep-th/0002190; G. Dvali, G. Gabadadze and M. Porrati, Phys. Lett. B484 (2000) 129; hep-th/0003054; I. I. Kogan and G. G. Ross, Phys. Lett. B485 (2000) 255; hep-th/0003074; C. Csaki, J. Erlich, T. J. Hollowood and J. Terning, Phys. Rev. D63 (2001) 065019;

hep-th/0003076;

I. Giannakis and H. Ren, Phys. Lett. B528 (2002) 133; hep-th/0111127.

[6] B. Kyae, JHEP 0403 (2004) 038; hep-th/0312161;

J. Kim, B. Kyae, and Q. Shafi, hep-th/0305239.

[7] H. van Dam and M. Veltman, Nucl. Phys. B22 (1970) 397.

[8] V. I. Zakharov, JETP Lett. 12 (1970) 312.

[9] M. Fierz and W. Pauli, Proc. Roy. Soc. A173 (1939) 211.

[10] C. Deffayet, G. Dvali, G. Gabadadze and A. I. Vainshtein, Phys. Rev. D65 (2002) 044026;

hep-th/0106001;

A. Lue, Phys. Rev. D66 (2002) 043509; hep-th/0111168; A. Gruzinov, astro-ph/0112246;

M. Porrati, Phys. Lett. B534 (2002) 209; hep-th/0203014.

[11] C. Middleton and G. Siopsis, Mod. Phys. Lett. A19 (2004) 2259; hep-th/0311070;

A. Lue and G. Starkman, Phys. Rev. D 67 (2003) 064002; astro-ph/0212083; G. Kofinas, E. Papantonopoulos and I. Pappa, Phys. Rev. D66 (2002) 104014;

hep-th/0112019;

G. Kofinas, E. Papantonopoulos and V. Zamarias, Phys. Rev. D66 (2002) 104028;

hep-th/0208207;

T.Tanaka, Phys. Rev. D69 (2004) 024001.

[12] G.Gabadadze, Phys. Rev. D70 (2004) 064005; hep-th/0403161.

[13] M. Porrati, hep-th/0409172

Figure 1: The two-dimensional (ξ, λ) parameter space. Above the curve (36), all poles of the propagator are real. Within the strip −1 < ξ < 1/2, only unphysical resonances appear; outside, we have tachyons (instability). Below the curve (36), we have one real pole and a resonance with momentum independent decay width. The DGP model [2] is represented by the line ξ = −1; the Gabadadze model [12] by the point ξ = −1/2, λ = 1.