arXiv:hep-th/0502067 v1 7 Feb 2005

On an Alternative Approach to the Relation between Bosons and Fermions: Employing Clifford Space

Matej Pavšič Jožef Stefan Institute, Jamova 39, 1000 Ljubljana, Slovenia e-mail: matej.pavsic@ijs.si

Abstract

We further explore the idea that physics takes place in Clifford space which should be considered as a generalization of spacetime. Following the old observation that spinors can be represented as members of left ideals of Clifford algebra, we point out that the transformations which mix bosons and fermions could be represented by means of operators acting on Clifford algebra-valued (polyvector) fields. A generic polyvector field can be expanded either in terms of bosonic or in terms of fermionic fields. In particular, a scalar field can transform into a mixture of bosonic and/or fermionic fields.

The idea that Clifford algebra might provide a clue to the unification of fundamental interactions has been explored by a number of researchers [1, 2, 3], [4]–[6]. Crawford considered local transformations which involve all 2^n generators of Clifford algebra acting on column spinors. The compensating gauge fields behaved as Yang-Mills fields. Instead of column spinors one can represent spinors geometrically, as memebers of left or right ideals of Clifford algebra [7, 11]. Chisholm used geometric spinors, but he took only spinor of one left ideal, and left out those belonging to other left ideals. The first who took advantage of the full Clifford algebra in describing wave functions was Pezzaglia. He proposed that wave functions be Clifford algebra valued objects, called polyvectors, satisfying the generalized Klein-Gordon or the Dirac equation. In his particular model the wave function depended on vector and bivector coordinates. In ref. [8] the polyvector Dirac equation in which the polyvector wave function depended on polyvector coordinates, wheareas in ref. [9] the analogous wave function in the context of the Klein-Gordon equation was considered. Those ideas were subsequently further developed in refs. [4, 5, 10], and it was realized that a polyvector field can contain either bosons or fermions, or both at once, and thus provided a realization of a kind of supersymmetry.

In this letter I will demonstrate how the transformations, proposed in by Chisholm and Crawford [1], when operating on polyvector fields (“wave functions”), can change bosons into fermions, and vice versa.

Let X be a coordinate polyvector

X = x^M γ_M = n∑ r=1 x^{μ1...μn} γ_{μ1 ...μr} , μ_1 < μ_2 < ... < μ_r (1) expanded in terms of the basis {γ_M } = (1, γ_{μ1} , γ_{μ1 μ2} , ..., γ_{μ1...μr} ) of the Clifford algebra generated by γ_μ, μ = 1, 2, ..., n that satisfy γ_μ · γ_ν ≡ 1 2 (γ_μγ_ν + γ_ν γ_μ) = g_{μν} 1 (2)

The basis {γ_M } spans a manifold, called Clifford space, shortly C-space. The metric of C space is defined as the scalar product

G_{M N} = γ^‡_M ∗ γ_N (3)

Here ‘‡’ denotes the reversion, that is the operation which reverses the order of the generators γ_μ (for example, γ^‡_{μ1 μ2 μ3} = γ_{μ3 μ2μ1} ), whilst ‘*’ denotes the scalar product between two Clifford numbers A and B A ∗ B = ⟨AB⟩_0 (4) In general, C-space is curved and we distinguish between the coordinate basis elements γ_M and local basis elements γ_A [12]. For simplicity, in this paper we confine our consideration to flat C-space, therefore γ_M = γ_A.

Let us consider a field theory in C-space, by introducing a polyvector field

Φ = ϕ^M (X)γ_M = ϕ^A(X)γ_A (5)

We assume that the components ϕ^A are in general complex valued. We interprete the imaginary unit i in the way that is usual in quantum theory, namely that i lies outside the

Clifford algebra of spacetime and hence commutes with all γ_M . This is different from the point of view hold by many researchers of the geometric calculus based on Clifford algebra (see, e.g., [13, 14]). They insist that i has to be defined geometrically, so it must be one of the elements of the set {γ_A}, such that its square equals −1. An alternative interpretation, also often assumed, is that i is the pseudoscalar unit of a higher dimensional space. For instance, if our spacetime is assumed to be 4-dimensional, then i is the pseudoscalar unit of a 5-dimensional space. The problem then arises about a physical intepretation of the extra dimension. This is not the case that we adopt. Instead we adopt the view, first proposed in [5], that i is the bivector of the 2-dimensional phase space P_2, spanned by e_q, e_p, so that Q ∈ P_2 is equal to Q = e_qe_q + pe_p, e_qQ = q + ip, i = e_qe_p. So our i is also defined geometrically, but the space we employ differs form the spaces usually considered in defining i. Taking into account that there are four spacetime dimensions, the total phase space is thus the direct product M_4 × P_2 = P_8, so that any element Q ∈ P_8 is equal to Q = x^μe_μe_p +p^μe_μe_p, e_qQ = (x^μ +ip^μ)e_μ. This can then be generalized to Clifford space by replacing x^μ, p^μ by the corresponding Clifford space variables x^M , p^M . In a classical theory, we can just consider x^μ only (or x^M only), and forget about p^μ (p^M ), since x^μ and p_μ are independent. In quantum theory, x^μ and p_μ (x^M and p_M ) are complementary variables, therefore we cannot formulate a theory without at least implicitly involving the presence of momenta p_μ (p_M ). Consequently, wave functions are in generally complex valued. Hence the occurrence of i in quantum mechanics is not perplexing, it arises from phase space. We adopt here the conventional interpretation of quantum mechanics; no hidden variables, Böhmian potential, etc., just the Born statistical interpretation and Bohr-Von Neumann projection postulate.

Following Teitler [11] (whose work built on Riesz [7]) we introduce spinors as follows. Instead of the basis {γ_A} one can consider another basis, which is obtained after multiplying γ_A by 4 independent primitive idempotents [11]

P_i = 1 4 (1 + a_iγ_A + b_iγ_B + c_iγ_C ) , i = 1, 2, 3, 4 (6)

such that P_i = 1 4 (1 + a_iγ_A)(1 + b_iγ_B ) , γ_Aγ_B = γ_C , c_i = a_ib_i (7) Here a_i, b_i, c_i are complex numbers chosen so that P^2_i = P_i. For explicit and systematic construction see [11, 15].

By means of P_i we can form minimal ideals of Clifford algebra. A basis of a left (right) minimal ideal is obtained by taking one of P_i and multiply it from the left (right) with all 16 elements γ_A of the algebra:

γ_AP_i ∈ I^L_i , P_iγ_A ∈ I^R_i (8)

Here I^L_i and I^R_i , i = 1, 2, 3, 4 are four independent minimal left and right ideals, respectively. For a fixed i there are 16 elements P_iγ_A, but only 4 amongst them are different, the remaining elements are just repetition of those 4 different elements.

Let us denote those different elements ξ_{αi}, α = 1, 2, 3, 4. They form a basis of the i-th left ideal. Every Clifford number can be expanded either in terms of γ_A = (1, γ_{a1} , γ_{a1a2} , γ_{a1a2a3} , γ_{a1a2a3a4} ) or in terms of ξ_{αi} = (ξ_{α1}, ξ_{α2}, ξ_{α3}, ξ_{α4}):

Φ = ϕ^Aγ_A = Ψ = ψ^{αi}ξ_{αi} = ψ^Ãξ~_A (9)

In the last step we introduced a single spinor index Ã which runs over all 16 basis elements that span 4 independent left minimal ideals. Explicitly, eq. (9) reads

Ψ = ψ^Ãξ~_A = ψ^{α1}ξ_{α1} + ψ^{α2}ξ_{α2} + ψ^{α3}ξ_{α3} + ψ^{α4}ξ_{α4} (10)

Eq.(9) or (10) represents a direct sum of four independent 4-component spinors, each living in a different left ideal I^L_i . The polyvector field Φ can be expanded either in term of r-vector basis elements γ_A (bosonic fields) or in terms of the spinor basis elements ξ~_A (fermionic fields).

A generic transformation in C-space which maps a polyvector Ψ into another polyvector Ψ^′ is given by Ψ^′ = RΨS (11) where R = e^{γAαA} and S = e^{γAβA} (12) Here α^A and β^A are parameters of the transformation. Requiring that the transformations (11) should leave the quadratic form Ψ^‡ ∗ Ψ invariant. So we have ψ^{′‡} ∗ Ψ^′ = ⟨ψ^{′‡}Ψ^′⟩_S = ⟨S^‡Ψ^{′‡}R^‡RΨS⟩_S = ⟨Ψ^‡Ψ⟩_S = Ψ^‡ ∗ Ψ, provided that R^‡R = 1 and S^‡S = 1. Explicitly, the quadratic form reads Ψ^‡ ∗ Ψ = ψ^{∗Ã}ψ^{B̃}z~_A~_B, where z~_A~_B = ξ^‡_Ã ∗ ξ~_B is the spinor metric.

The transformations that are usually considered are those for which β^A = −α^A, i.e., R = R^{−1}, but here we allow for more general transformations (11). They mix bosonic and fermionic field. This can be seen on the folowing example. Let ϕ1 be a scalar valued field. Operating on it by a transformation R from the left we obtain a new field which is a mixture of fields of different grades r:

Φ^′ = Rϕ 1 = ϕ e^{γAαA} 1 = ϕ e^{ξÃαÃ} 1 = ϕ^{′A}γ_A = ψ^{′Ã}ξ~_A (13)

From a scalar we thus obtain a polyvector. But a polyvector can written, according to eq.(9), as a mixture of fermionic fields. Therefore, our transformation R acting on ϕ has a role of a supersymetric transformations. For other r-vector fields, i.e., the fields with definite grade r, we have:

Rϕ^aγ_a = ϕ^aC_a^Bγ_B = ϕ^{′′}Bγ_B = ψ^{′′B̃}ξ~_B (14) Rϕ^{a1 a2} γ_{a1a2} = ϕ^{a1a2} C_{a1a2}^B γ_B = ϕ^{′′′}Bγ_B = ψ^{′′′B̃}ξ~_B (15) . . (16)

The above equations say that an r-vector field, r = 0, 1, 2, 3, 4, transforms into a superpositon of r-vector fields, which in turn is a superposition of spinor fields belonging to different left ideals.

In examples (13)–(15) a bosonic field is transformed into a mixture of fermionic fields. The inverse transformations are also possible and they read:

Rψ^{α1}ξ_{α1} = ψ^{α1}K_{α1}^{B̃}ξ~_B = ψ^{′B̃}ξ~_B = ϕ^{′B}γ_B (17) Rψ^{α2}ξ_{α2} = ψ^{α2}K_{α2}^{B̃}ξ~_B = ψ^{′′B̃}ξ~_B = ϕ^{′′B}γ_B (18) . . (19)

In eqs. (13)–(18) we have particular cases of a general transformation (11) which transforms a polyvector field Φ into another polyvector field Φ^′, or equivalently, a generalized spinor field Ψ into another generalized spinor field Ψ^′:

Such view on spinors and supersymmetries has potentially profound implications for further development of field theory, and in particular, of string theory. The procedure that we described above, can be applied to generalized point particles and strings as well.

We can envisage that physical objects are described in terms of x^M = (σ, x^μ, x^{μν} , ...). The first straightforward possibility is to introduce a single parameter τ and consider a mapping τ → x^M = X^M (τ ) (20) where X^M (τ ) are 16 embedding functions that describe a worldline in C-space. From the point of view of C-space, X^M (τ ) describe a wordlline of a “point particle”: at every value of τ we have a point in C-space. But from the perspective of the underlying 4-dimensional spacetime, X^M (τ ) describe an extended object, sampled by the center of mass coordinates X^μ(τ ) and the coordinates X^{μ1 μ2} (τ ), ..., X^{μ1μ2μ3 μ4} (τ ). They are a generalization of the center of mass coordinates in the sense that they provide information about the object 2-vector, 3-vector, and 4-vector extension and orientation^1.

Instead of one parameter τ we can introduce two parameters τ and σ. Usual strings are described by the mapping (τ, σ) → x^μ = X^μ(τ, σ), where the embedding functions X^μ(τ, σ) describe a 2-dimensional worldsheet swept by a string. This can be generalized to C-space. So we obtain generalized strings, considered in refs. [16, 17], described by polyvector variables X^M (τ, σ)γ_M . According to the procedure described above, the latter polyvector can be expanded as as sum of bosonic or fermionic fields. Altogether there are 16 real degrees of freedom incorporated in bosonic fields X^M (τ, σ), or equivalently in fermionic fields θ^Ã(τ, σ). According to this approach we do not need a higher dimensional target spacetime for a consistent formulation of (quantized) string theory. Instead of a higher dimensional space we have Clifford space.

References

[1] F.D. Smith, Jr, Intern. J. Theor. Phys. 24 (1985) 155; 25 (1985) 355; J.S.R. Chisholm and R.S. Farwell, J. Phys. A: Math. Gen. 20 (1987) 6561;33 (1999) 2805; 22 (1989) 1059; J.P. Crawford, J. Math. Phys. 35 (1994) 2701; J.S.R. Chisholm, J. Phys. A: Math. Gen. 35 (2002) 7359; Nuov. Cim. A 82 (1984) 145; 185; 210; G. Trayling and W.E. Baylis, Int. J. Mod. Phys. A 16, Suppl. 1C (2001) 900; J. Phys. A: Math. Gen. 34 (2001) 3309; G. Roepstorff, “A class of anomaly-free gauge theories,” arXiv:hep-th/0005079; “Towards a unified theory of gauge and Yukawa interactions,” arXiv:hep-ph/0006065; “Extra dimensions: Will their spinors play a role in the standard model?,” arXiv:hep-th/0310092; F. D. Smith, “From sets to quarks: Deriving the standard model plus gravitation from simple operations on finite sets,” [arXiv:hep-ph/9708379].

1A systematic and detailed treatment is in ref. [6].

[2] W. M. . Pezzaglia and A. W. Differ, “A Clifford Dyadic superfield from bilateral interactions of geometric multispin Dirac theory,” arXiv:gr-qc/9311015; W. M. . Pezzaglia, “Polydimensional Relativity, a Classical Generalization of the Automorphism Invariance Principle,” in V.Dietrich et al. (eds.) Clifford Algebras and their Applications in Mathematical Physics, 305-317 (Kluwer Academic Publishers, 1998) [arXiv:gr-qc/9608052]; W. M. . Pezzaglia and J. J. Adams, “Should metric signature matter in Clifford algebra formulations of physical theories?,” arXiv:gr-qc/9704048.

[3] C. Castro, Chaos, Solitons and Fractals 10 (1999) 295; Chaos, Solitons and Fractals 12 (2001) 1585; ” The Search for the Origins of M Theory: Loop Quantum Mechanics, Loops/Strings and Bulk/Boundary Dualities ” [arXiv: hep-th/9809102]; C. Castro, Chaos, Solitons and Fractals 11 (2000) 1663; Foundations of Physics 30 (2000) 1301.

[4] M. Pavšič, Found. Phys. 31 (2001) 1185 [arXiv:hep-th/0011216]; M. Pavšič, NATO Sci. Ser. II 95 (2003) 165 [arXiv:gr-qc/0210060].

[5] M.Pavšič, The Landscape of Theoretical Physics: A Global View; From Point Particle to the Brane World and Beyond, in Search of Unifying Principle (Kluwer Academic, Dordrecht 2001).

[6] M. Pavšič, Found. Phys. 33 (2003) 1277 [arXiv:gr-qc/0211085].

[7] M. Riesz, in Dixieème Congrès Math. des Pays Scandinaves, Copenhagen, 1946 (Jul.

Gjellerups Forlag, Copenhagen, 1947), pp. 123-148.

[8] “Clifford Algebra as a Usefull Language for Geometry and Physics”, Proceedings of the 38. Internationale Universitätswochen für Kern- und Teichenphysik, Schladming, January 9–16, 1999, p. 395.

[9] , C. Castro, Found. Phys. 30 (2000) 1301.

[10] C. Castro and M. Pavšič, Phys. Lett. B 539 (2002) 133 [arXiv:hep-th/0110079].

[11] S. Teitler, Supplemento al Nuovo Cimento III, 1 (1965) and references therein; Supplemento al Nuovo Cimento III, 15 (1965); Journal of Mathematical Physics 7, 1730 (1966); Journal of Mathematical Physics 7, 1739 (1966).

[12] M. Pavsic, “Kaluza-Klein theory without extra dimensions: Curved Clifford space,” arXiv:hep-th/0412255.

[13] D. Hestenes, Space-Time Algebra (Gordon and Breach, New York, 1966); D. Hestenes and G. Sobcyk, Clifford Algebra to Geometric Calculus (D. Reidel, Dordrecht, 1984).

[14] P. Lounesto, Clifford Algebras and Spinors (Cambridge University Press, Cambridge, 2001).

[15] N. S. Mankoč Borštnik and H. B. Nielsen, J. Math. Phys. 43 (2002) 5782 [arXiv:hep-th/0111257]; J. Math. Phys. 44 (2003) 4817 [arXiv:hep-th/0303224].

[16] M. Pavsic, “Clifford space as a generalization of spacetime: Prospects for unification in physics,” arXiv:hep-th/0411053.

[17] M. Pavsic, “Clifford space as a generalization of spacetime: Prospects for QFT of point particles and strings,” arXiv:hep-th/0501222.