arXiv:hep-th/0502112 v3 26 Jul 2005

hep-th/0502112

Five dimensional 2-branes from special

Lagrangian wrapped M5-branes

Moataz H. Emam^1

Department of Physics Mount Holyoke College South Hadley, MA 01075

Abstract We present an ansatz for black 2-branes in five dimensional N = 2 supergravity theory that carry magnetic charge with respect to general hypermultiplet scalars. We find explicit solutions in certain special cases and examine the constraints on the general case. These branes may be thought of as arising from M-branes by wrapping eleven dimensional supergravity over special Lagrangian calibrated cycles of a Calabi-Yau 3-fold.

1Electronic address: memam@mtholyoke.edu

1 Introduction

In this paper, we study black 2-branes in the context of ungauged D = 5 N = 2 supergravity theory that arise from dimensionally reducing D = 11 supergravity on a Calabi-Yau 3-fold M [1]. These branes carry magnetic charge with respect to the hypermultiplet scalars and are dual to the electrically charged instantons discussed in [2, 3]. From a higher dimensional viewpoint they correspond to M-branes wrapping special Lagrangian (SLAG) cycles of M.

In recent years, interest in nonperturbative solutions to N = 2 supersymmetric theories has increased due to their relevance to the conjectured equivalence between string theory on anti-de Sitter space and certain superconformal gauge theories living on the boundary of the space (the AdS/CFT duality) [4]. In N = 2 supergravity (SUGRA), however, an abundance of studies of solitonic solutions coupled to the vector multiplets exist (for example [5, 6] and other sources cited below), while very little work on the hypermultiplets sector has been produced (for example [3]). It then becomes of particular importance to fill in this gap, and this paper presents a step in this direction.

Another motivation for this work is to extend recent analysis of supergravity solutions for branes wrapping Kähler calibrated cycles to the SLAG case: D = 11 Bogomolnyi-Prasad-Sommerfield (BPS) spacetimes, known as Fayyazuddin-Smith (FS) spacetimes [7], that describe M2 and M5- branes wrapping Kähler calibrated cycles of Calabi-Yau manifolds have been discussed in [7, 8, 9, 10, 11, 12, 13, 14, 15]. FS spacetimes [7] are specified entirely in terms of a Hermitian metric g_{mn̄} on the Calabi-Yau space M, which varies as a function of the non-compact coordinates transverse to the wrapped brane. Far from the brane in the transverse space, the Hermitian metric g_{mn̄} asymptotes to a fixed Ricci-flat Kähler metric describing the Calabi-Yau vacuum. Moving closer to the brane, variation of g_{mn̄} describes how the wrapped brane distorts the shape of the Calabi-Yau space. Near the brane, the metric g_{mn̄} at a fixed transverse position is not even approximately Ricci-flat (see, for example, [12]).

Supersymmetry requires that the Hermitian metric g_{mn̄} satisfy certain additional properties that depend on the precise case under consideration. For example, for M2-branes wrapping 2-cycles of Calabi-Yau N-folds with N = 2, 3, 4, 5, it was shown in [13] that the Kähler form J = ig_{mn̄}dz^m ∧dz^{n̄} at a fixed transverse position satisfies the condition

dJ^{N −1} = 0. (1)

The metric also satisfies a nonlinear equation of motion, the precise form of which again depends on the dimensions of the Calabi-Yau and on the dimensions of the brane and the wrapped cycles. Explicit solutions to the FS equations of motion are difficult to find^2. On the other hand, one can gain intuition by studying approximate solutions that hold far away from the wrapped brane and correspond to black brane solutions of the dimensionally reduced theory. If we focus on Calabi-Yau 3-folds, for example, then M2-branes wrapping 2-cycles are black holes of the corresponding D = 5 N = 2 supergravity theory, and M5-branes wrapping 4-cycles are black strings [21]. Such black hole and black string spacetimes have been studied [5, 6, 22, 23, 24] in the context of the attractor phenomenon of D = 4, 5 N = 2 supergravity discovered in [25, 26, 27, 28].

Recently, an ansatz for D = 11 FS spacetimes corresponding to M5-branes wrapping SLAG cycles of a Calabi-Yau 3-fold has been constructed [29] using the G-structures approach [30, 31, 32, 33, 34]. The Calabi-Yau metric in this case also satisfies a nonlinear equation that is difficult to solve exactly. The black 2-branes introduced here are the dimensionally reduced counterparts of these D = 11 spacetimes. In future work we plan to analyze the relation between these results.

The paper is structured as follows: Section two begins with a review of D = 5 N = 2 SUGRA theory coupled to the universal hypermultiplet. We then proceed to discuss our solutions (section 2.2) representing D = 5 black 2-branes coupled to the universal hypermultiplet. There are two such special cases, corresponding to the dimensional reduction of M2 and M5 branes over a six dimensional torus. Section 3 considers the theory with the full hypermultiplets spectrum. For this, we review the special geometry that arises in the space of moduli of the complex structures of the Calabi-Yau space, following the notation of [3]. We construct the form of the general ansatz in section 4, representing a two brane coupled to the full set of hypermultiplets, and find the differential equations constraining the solution. These depend on the explicit form of the underlying compact Calabi-Yau space. Finally, we conclude and motivate further investigation.

2 The universal hypermultiplet solutions

Dimensionally reducing D = 11 supergravity on a Calabi-Yau 3-fold M yields D = 5 N = 2 supergravity coupled to (h_{1,1} − 1) vector multiplets and (h_{2,1} + 1) hypermultiplets [1]; the h’s being the Hodge numbers of M. M-branes wrapping Kähler calibrated cycles of M deform the Kähler structure of M and reduce to configurations in which the vector multiplets are excited. SLAG

2Exact solutions have been found only in near horizon limits [9, 16, 17, 18, 19, 20].

wrapped M-branes, on the other hand, our focus in this paper, deform the complex structure of M and reduce to configurations carrying charge under the hypermultiplet scalars. The two sectors of the theory decouple and we only keep the hypermultiplets in our presentation. The universal hypermultiplet is present even if h_{2,1} vanishes, and in this section we present D = 5 2-branes for which only the scalar fields of the universal hypermultiplet are excited. We will see that these solutions are easily obtained by compactifying known M-brane solutions of D = 11 supergravity on a 6-torus.

We will use the following notation: The volume form is related to the totally antisymmetric Levi-Civita symbol by ε_{μ1μ2 ···μD} = eε̄_{μ1 μ2···μD} , where e = √ det (g_{μν} ) and ε̄_{012···} = +1.

2.1 D = 5 N = 2 supergravity coupled to the universal hypermultiplet

We briefly sketch the derivation of the D = 5 Lagrangian following the discussion in [2]. The bosonic fields of D = 11 supergravity theory are the metric and the 3-form gauge potential A. The action is given by

S_{11} = 1 2κ^2_{11} ∫ d^{11}x √ −G ( R − 1 48 F^2 ) − 1 12κ^2_{11} ∫ A ∧ F ∧ F . (2) The D = 5 couplings of gravity to the universal hypermultiplet follow from D = 11 fields of the form ds^2 = e^{−σ/3}ds^2_{CY} + e^{2σ/3}g_{μν} dx^μdx^ν , μ, ν = 0, . . ., 4 A = 1 3! A_{μνρ}dx^μdx^ν dx^ρ + 1 √ 2‖Ω‖ χΩ + 1 √ 2‖Ω‖ χ̄Ω̄, (3)

where ds^2_{CY} is a fixed Ricci flat metric on the Calabi-Yau space M and Ω is the holomorphic 3-form on M with norm ‖Ω‖. The D = 5 fields of the universal hypermultiplet are the real overall volume modulus σ of the the Calabi-Yau space, the D = 5 3-form gauge potential A_{μνρ} and the complex scalar χ. The D = 5 action is given by (κ^2_5 = κ^2_{11}/V_{CY} ):

S_5 = 1 2κ^2_5 ∫ d^5x √ −g [ R − 1 2 (∇σ)^2 − 1 48 e^{−2σ} F^2 − e^σ|∇χ|^2 ] − 1 4κ^2_5 ∫ F ∧ (χdχ̄ − χ̄dχ). (4) The equations of motion of σ, F_{μνρσ} and (χ, χ̄) are, respectively: ∇^2σ − 1 2 e^σ (∂_μχ) (∂^μχ̄) + 1 24 e^{−2σ} F_{μνρσ} F^{μνρσ} = 0 ∇^μ ( e^{−2σ}F_{μνρσ} + ε̄_{μνρσα} i 2 [χ (∂^αχ̄) − χ̄ (∂^αχ)] ) = 0

∇^μ [ e^σ (∂_μχ) + i 48 ε̄_{μνρσα}F^{νρσα}χ ] = − i 48 ε̄_{μνρσα}F^{μνρσ} (∂^αχ) ∇^μ [ e^σ (∂_μχ̄) − i 48 ε̄_{μνρσα}F^{νρσα}χ̄ ] = + i 48 ε̄_{μνρσα}F^{μνρσ} (∂^αχ̄) . (5) The full action is invariant under the set of supersymmetry (SUSY) transformations:

δψ^1_μ = (∂_μϵ_1) + 1 4 ω^{μ̂ν̂}_μ Γ_{μ̂ν̂} ϵ_1 + i e^{−σ} 96 ε_{μνρσλ}F^{νρσλ}ϵ_1 − e^σ2 √ 2 (∂_μχ) ϵ_2

δψ^2_μ = (∂_μϵ_2) + 1 4 ω^{μ̂ν̂}_μ Γ_{μ̂ν̂} ϵ_2 − i e^{−σ} 96 ε_{μνρσλ}F^{νρσλ}ϵ_2 + e^σ2 √ 2 (∂_μχ̄) ϵ_1

δξ_1 = 1 2 (∂_μσ) Γ^μϵ_1 − i 48 e^{−σ} ε_{μνρσλ}F^{μνρσ} Γ^λϵ_1 + e^σ2 √ 2 (∂_μχ) Γ^μϵ_2

δξ_2 = 1 2 (∂_μσ) Γ^μϵ_2 + i 48 e^{−σ} ε_{μνρσλ}F^{μνρσ} Γ^λϵ_2 − e^σ2 √ 2 (∂_μχ̄) Γ^μϵ_1, (6)

where ψ and ξ are the gravitini and hyperini fermions respectively, the ϵ’s are the N = 2 SUSY spinors, ω is the spin connection and the hatted indices are frame indices in a flat tangent space.

2.2 The solutions We find explicit solutions with only the universal hypermultiplet fields excited. The first one may be thought of as a direct reduction of the M2-brane (i.e. without wrapping) to D = 5. The D = 11 M2-brane solution is given by

ds^2_{11} = f^{−2/3}(−dx^2_0 + dx^2_1 + dx^2) + f^{1/3}(dx^2_3 + · · · + dx^2_{10}) A_{012} = f^{−1}, (7)

where for the direct reduction to D = 5 we take f = f(x_3, x_4) with (∂^2_3 + ∂^2_4 )f = 0. If we let x^5, . . ., x^{10} be coordinates on a flat 6-torus, then putting this into the form of the ansatz for the universal hypermultiplet we find

ds^2_5 = −dx^2_0 + dx^2_1 + dx^2 + f(dx^2_3 + dx^2_4) e^σ = f^{−1}, A_{012} = f^{−1}, χ = χ̄ = 0. (8)

This satisfies both the D = 5 equations of motion (5) and the SUSY equations (6) in a straightforward way, as can be easily checked.

Another more interesting solution we find is one which may be thought of as the wrapping of a M5-brane on a particular SLAG cycle of the 6-torus. Exciting only the universal hypermultiplet requires a configuration of 4 sets of intersecting M5-branes as follows M5 : 1 2 5 6 7 M5 : 1 2 5 9 10 M5 : 1 2 6 8 10 M5 : 1 2 7 8 9 (9)

The D = 11 metric and 6-form gauge potential can then be constructed as follows

ds^2_{11} = h^{−4/3}(−dx^2_0 + dx^2_1 + dx^2) + h^{8/3}(dx^2_3 + dx^2_4) + h^{2/3}(dx^2_5 + . . . + dx^2_{10}) A = 1 2 h^{−1}dx^0 ∧ dx^1 ∧ dx^2 ∧ (Ω + Ω̄) (10)

where Ω = dz^1 ∧ dz^2 ∧ dz^3 is the holomorphic 3-form associated with the complex coordinates z^1 = x^5 + ix^8, z^2 = x^6 + ix^9 and z^3 = x^7 + ix^{10} on the 6-torus. This satisfies the D = 11 equations of motion and SUSY variation equations provided that the supersymmetry parameters satisfy ϵ = h^{−1/3}ϵ_0, where ϵ_0 is a constant spinor.

The corresponding D = 5 fields are then found to be

ds^2_5 = −dx^2_0 + dx^2_1 + dx^2 + h^4(dx^2_3 + dx^2_4) e^σ = h^{−2}, A_{μνρ} = 0, (∂_μχ) = i √ 2 ε̄^ν_μ (∂_ν h), (∂_μχ̄) = −i √ 2 ε̄^ν_μ (∂_ν h), (11)

where the equations of motion are satisfied provided that the function h is harmonic in the transverse space. The SUSY equations are also satisfied provided the constant spinors are simply related by ϵ_1 = ±iϵ_2.

3 Special geometry of the complex structure moduli space

The D = 5 N = 2 supergravity Langrangian including the full set of (h_{2,1} + 1) hypermultiplets can be written in terms of geometric quantities on the moduli space of the complex structures on the Calabi-Yau manifold M. These structures are discussed in detail in [35] and we will give a brief review here. Start by taking a basis of the homology 3-cycles (A^I , B_J ) with I, J = 0, 1, . . ., h_{2,1} and a dual cohomology basis of 3-forms (α_I , β^J ) such that ∫ A^J α_I = ∫ M α_I ∧ β^J = δ^J_I , ∫ B_I β^J = ∫ M β^J ∧ α_I = −δ^J_I . (12)

Define the periods of the holomorphic 3-form Ω on M by

Z^I = ∫ A^I Ω, F_I = ∫ B_I Ω. (13)

The periods Z^I can be regarded as coordinates on the complex structure moduli space. Since Ω can be multiplied by an arbitrary complex number without changing the complex structure, the Z^I are projective coordinates. The remaining periods F_I can then be regarded as functions F_I (Z). One can further show that F_I is the gradient of a function F (Z), known as the prepotential, that is homogeneous of degree two in the coordinates, i.e. F_I = ∂_I F (Z) with F (λZ) = λ^2F (Z). The quantity F_{IJ} (Z) = ∂_I ∂_J F (Z) will also play an important role. Non-projective coordinates can then be given by taking e.g. z^i = Z^i/Z^0 with i = 1, . . ., h_{2,1}. The Kähler potential of the complex structure moduli space is K = − log(i ∫ M Ω ∧ Ω̄). Given the expansion of Ω in terms of the periods Ω = Z^I α_I − F_I β^I , (14) the Kähler potential is determined in terms of the prepotential F (Z) according to K = − ln [ i(Z^IF̄_I − Z̄^I F_I ) ] . (15) An important ingredient in carrying out the dimensional reduction is the expression for the Hodge-Kähler duals of the cohomology basis (α_I , β^J ) expressed in terms of the basis itself. This is given by ∗α_I = ( γ_{IJ} + θ_{IK} γ^{KL}θ_{LJ} ) β^J − θ_{IK} γ^{KJ} α_J ∗β^I = γ^{IK}θ_{KJ} β^J − γ^{IJ} α_J . (16) Here θ_{IJ} and γ_{IJ} are real matrices defined by N_{IJ} = F̄_{IJ} − 2i N_{IK}Z^K N_{JL}Z^L Z^P N_{P Q}Z^Q = θ_{IJ} − iγ_{IJ} (17) where N_{IJ} = Im(F_{IJ} ), γ^{IJ} γ_{JK} = δ^I_K and N_{IJ} is known as the period matrix.

4 The general case

The derivation of the Lagrangian for the bosonic fields of the D = 5 theory is sketched in [3], where Euclidean instantons carrying electric charge with respect to the hypermultiplet scalars are constructed. We follow the notation of [3], with the exception that we will be working in Lorentzian signature. The reduction of the D = 11 action is done over the metric (3), and the D = 11 3-form is now expanded in terms of the cohomology basis as follows A = 1 3! A_{μνρ}dx^μdx^ν dx^ρ + √ 2 ( ζ^I α_I + ζ̃_I β^I ) , μ, ν = 0, . . ., 4. (18)

The resulting D = 5 action for the bosonic fields is

S_5 = 1 2κ^2_5 ∫ d^5x √ −g [ R − 1 2 (∂_μσ) (∂^μσ) − G_i¯_j (∂_μz^i)(∂^μz^{j̄} ) − 1 48 e^{−2σ} F_{μνρσ} F^{μνρσ} − 1 24 ε̄_{μνρσα}F^{μνρσ} K^α ( ζ, ζ̃ ) + e^σ L^μ ( ζ, ζ̃ )] , (19)

where we have defined: K_α(ζ, ζ̃) = [ ζ^I (∂_αζ̃_I ) − ζ̃_I (∂_αζ^I ) ] L_{μν} (ζ, ζ̃) = − ( γ + γ^{−1}θ^2 ) (∂_μζ) (∂_ν ζ) − γ^{−1}(∂_μζ̃)(∂_νζ̃)

−2γ^{−1}θ (∂_μζ) (∂_νζ̃). (20)

The scalar fields z^i, z^ī with i = 1, . . ., h_{2,1} are complex coordinates on the complex structure

moduli space with metric G_i¯_j . The scalar fields ζ^I , ζ̃_I with I = 0, 1, . . ., h_{2,1} arise from the dimen-

sional reduction of the D = 11 3-form gauge potential. The scalar field σ is the overall volume

scalar of the Calabi-Yau M and F_{μνρσ} is the D = 5 4-form field strength. Each hypermultiplet has

4 scalar fields. The scalar fields (z^i, z^ī, ζ^i, ζ̃_i) make up h_{2,1} of the hypermultiplets. The additional

universal hypermultiplet is comprised of the fields (a, σ, ζ^0, ζ̃_0), where the axion a is the scalar dual

of the 3-form gauge potential A_{μνρ}.

The equations of motion for σ, F_{μνρλ}, (z, z̄) and (ζ, ζ̃) are:

∇^2σ + e^σ L^μ + 1 24 e^{−2σ} F_{μνρσ} F^{μνρσ} = 0 ∇^μ ( e^{−2σ} F_{μρσλ} + ε̄_{μρσλν} K^ν ) = 0 ∇^2z^i + Γ^i_{jk} ( ∂_αz^j ) ( ∂^αz^k ) + e^σ ( ∂^iL^μ ) = 0 ∇^2z^ī + Γ^ī_{j̄k̄} (∂_αz^{j̄} )(∂^αz^{k̄} ) + e^σ (∂^īL^μ) = 0 ∇^μ [ e^σ ( γ + γ^{−1}θ^2 ) (∂_μζ) + γ^{−1}θe^σ (∂_μζ̃) − 1 48 ε̄_{μνρσα}F^{μνρσ}ζ̃ ]

= 1 48 ε̄_{μνρσα}F^{μνρσ} (∂^αζ̃) ∇^μ [ e^σ γ^{−1}θ (∂_μζ) + e^σ γ^{−1}(∂_μζ̃) + e^σ 48 ε̄_{μνρσα}F^{μνρσ} ζ ]

= − 1 48 ε̄_{μνρσα}F^{μνρσ} (∂^αζ) . (21) Further study of the structure of the theory (see [3] and the references within) reveals that

the hypermultiplets define a (h_{2,1} + 1) dimensional quaternionic space. This structure, in five

dimensions, is dual to the special Kähler geometry of the D = 4 vector multiplets sector via the so called c-map (e.g. [36]). This duality justifies the use of the special geometry defined in §3 as opposed to the explicit quaternionic form.

Furthermore, one finds that the theory is invariant under the symplectic group Sp(2h_{2,1}, R), i.e. (19) actually defines a family of Lagrangians that differ from each other only by a rotation in symplectic space that has no effect on the physics. In fact, if we define

V = L^I M_J ≡ e^{K/2} Z^I F_J (22)

satisfying ∇¯_iV = [ ∂¯_i − 1 2 (∂¯_iK) ] V = 0, (23) then V is a basis vector in symplectic space that satisfies the inner product i ⟨V | V̄ ⟩ = i ( L̄^I M_I − L^IM̄_I ) = 1. (24)

An orthogonal vector may be defined by

U_i ≡ f^I_i h_{J|i} = ∇iV, (25) such that ⟨V | U_i⟩ = ⟨V | U¯_i⟩ = 0. (26) Based on this, the following useful identities may be derived: N_{IJ} L^J = M_I , N_{IJ} f^J_i = h_{I|i} γ^{IJ} = 2 ( G^{ij̄} f^I_i f^J_{j̄} + L^IL̄^J ) ( ∇¯_j f^I_i ) = G_i¯_j L^I , ( ∇¯_j h_{iI} ) = G_i¯_j M_I γ_{IJ} L^IL̄^J = 1 2 G_i¯_j = 2f^I_i γ_{IJ} f^J_{j̄} . (27)

The gravitini variation equations are:

δψ^A_μ = (∂_μϵ^A) + 1 4 ω^{μ̂ν̂}_μ Γ_{μ̂ν̂} ϵ^A + [Q_μ]^A_B ϵ^B

[Q_μ] = 1 4 ( v_μ − v̄_μ −^{Z̄I NIJ} (^{∂μZJ} )^{−ZI NIJ} (^{∂μZ̄J} ) Z̄I N_{IJ} ZJ ) −ū_μ u_μ −^1_4 ( v_μ − v̄_μ −^{Z̄I NIJ} (^{∂μZJ} )^{−ZI NIJ} (^{∂μZ̄J} ) Z̄I N_{IJ} ZJ )

(28) where the indices A and B run over (1, 2), and u_μ = −ie^{σ2} [ M_I (∂_μζ^I ) + L^I (∂_μζ̃_I ) ] ū_μ = +ie^σ2 [ M̄_I (∂_μζ^I ) + L̄^I (∂_μζ̃_I ) ]

v_μ = 1 2 (∂_μσ) + i 2 e^σ [(∂_μa) − K_μ]

v̄_μ = 1 2 (∂_μσ) − i 2 e^σ [(∂_μa) − K_μ] . (29)

The hyperini equations are:

δξ^I_1 = e^{1I}_μΓ^μϵ_1 − ē^{2I}_μΓ^μϵ_2

δξ^I_2 = e^{2I}_μΓ^μϵ_1 + ē^{1I}_μΓ^μϵ_2, (30)

written in terms of the beins:

e^{1I}_μ = u_μ E^î_μ

e^{2I}_μ = v_μ e^î_μ (31)

E^î_μ = −ie^σ2 e^{îj} [ h_{jI} ( ∂_μζ^I ) + f^I_j ( ∂_μζ̃_I )] Ē^î_μ = +ie^σ_2 e^{îj̄} [ h¯_{jI} ( ∂_μζ^I ) + f^I_{j̄} ( ∂_μζ̃_I )] , (32)

and the beins of the special Kähler metric:

e^î_μ = e^î_j ( ∂_μz^j ) , ē^î_μ = e^î_{j̄} ( ∂_μz^{j̄} ) G_i¯_j = e^{k̂}_ie^{l̂}_{j̄} δ_{k̂l̂}. (33)

4.1 Constructing the ansatz

Solitonic solutions coupled to the N = 2 hypermultiplets are quite rare in the literature. On the

other hand, there is an abundance of solutions coupled to the vector multiplets. D = 4, 5 black

holes coupled to vector multiplets, for example, have been extensively studied. In what follows, we

are only interested in the case A_{μνρ} = 0 representing the wrapping of a M5-brane.

For the scalar fields, we expect that their most general form will be an expansion in terms of

more than one harmonic function. In the previous simpler cases, a single function, harmonic in the transverse space, sufficed. We now need to generalize this by introducing a number 2 (h_{2,1} + 1)

electric charges q_I and a similar number of magnetic charges q̃^I , defined by harmonic functions

corresponding to each homology cycle on the Calabi-Yau submanifold as follows:

H_I = h_I + q_I ln r , H̃^I = h̃^I + q̃^I ln r , I = 0, . . ., h_{2,1}, (34)

where h and h̃ are constants and r is the radial coordinate in the two dimensional space transverse

to the brane. We find that the BPS 2-brane metric is given by ds^2 = η_{ab}dx^adx^b + e^{−2σ}δ_{μν} dx^μdx^ν , a, b = 0, 1, 2 μ, ν = 3, 4, (35) satisfying both the SUSY and field equations, yielding:

(∂_μσ) = −2e^σ2 [ L^I (∂_μH_I ) − M_I ( ∂_μH̃^I )] ( ∂_μz^i ) = −e^{σ2} G^{ij̄} [ f^I_{j̄} (∂_ν H_I ) − h¯_{jI} ( ∂_νH̃^I )] ( ∂_μz^ī ) = −e^{σ2} G^{īj} [ f^I_j (∂_μH_I ) − h_{jI} ( ∂_μH̃^I )] ( ∂_μζ^I ) = ±ε̄^ν_μ ( ∂_νH̃^I ) ( ∂_μζ̃_I ) = ±ε̄^ν_μ (∂_ν H_I ) . (36)

The Bianchi identity on the (ζ, ζ̃) fields gives the harmonic condition on (H, H̃), and the SUSY

spinors satisfy ϵ_1 = ±ϵ_2. One also finds that the condition

H_I (∂_μH̃^I ) − H̃^I (∂_μH_I ) = hq̃ − h̃q = 0 (37)

is satisfied, guaranteeing the vanishing of the M5-brane charge.

We note that there is a relationship between the charges q and q̃ and the central charge Z of

the theory as follows [37]: Z = ( L^I q_I − M_Iq̃^I ) Z̄ = ( L̄^I q_I − M̄_Iq̃^I ) . (38)

Based on this, equations (36) become: dσ dr = −2e^{σ2} Z r dz^i dr = −e^{− σ2} ∇^iZ̄ r dz^ī dr = −e^{− σ2} ∇^īZ r . (39)

The solution may be further specified in terms of the moduli by adopting Sabra’s ansatz [6]:

H_I = i ( F_I − F̄_I )~ H^I = i(Z^I − Z̄^I ) σ = −K. (40)

The details of how this does indeed satisfy (39) are very similar to those in Sabra’s paper and will not be reproduced here. Finally, one can easily check that these equations immediately yield the universal hypermultiplet solution (11) by setting (h_{2,1} = 0) and integrating (39).

Conclusion

We have discussed the coupling of BPS black 2-branes to the hypermultiplets of five dimensional N = 2 supergravity theory and found explicit solutions in the special case of the universal hypermultiplet. In analyzing the general case, we have used the fact that the quaternionic structure of the theory can be mapped to the special geometry of the four dimensional vector multiplets sector, allowing us to use the more familiar symplectically invariant form of the action for the five dimensional hypermultiplets, following the work of [3].

Those 2-branes can be seen as various types of M-branes wrapped over supersymmetric cycles of Calabi-Yau manifolds. We have particularly focused on the case of wrapped M5-branes. Further analysis is left for future work.

Acknowledgments

This paper is based on results from the author’s doctoral dissertation [38], conducted under the patient guidance of David Kastor at the University of Massachusetts Amherst. I would like to extend him my thanks and gratitude for his support and invaluable advice.

Special thanks are also due to Wafic Sabra of the American University of Beirut, for useful discussions during the writing of this paper and for taking the time to read the final draft, providing me with further advice.

This work was supported in part by the National Science Foundation grant NSF PHY0244801.

References

[1] A. C. Cadavid, A. Ceresole, R. D’Auria and S. Ferrara, “Eleven-dimensional supergravity compactified on Calabi-Yau threefolds,” Phys. Lett. B 357, 76 (1995) [arXiv:hep-th/9506144].

[2] M. Gutperle and M. Spalinski, “Supergravity instantons and the universal hypermultiplet,” JHEP 0006, 037 (2000) [arXiv:hep-th/0005068].

[3] M. Gutperle and M. Spalinski, “Supergravity instantons for N = 2 hypermultiplets,” Nucl.

Phys. B 598, 509 (2001) [arXiv:hep-th/0010192].

[4] J. Maldacena, Prepared for ICTP Spring School on Superstrings and Related Matters, Trieste, Italy, 2-10 Apr 2001

[5] W. A. Sabra, “General BPS black holes in five dimensions,” Mod. Phys. Lett. A 13, 239 (1998) [arXiv:hep-th/9708103].

[6] W. A. Sabra, “Black holes in N = 2 supergravity theories and harmonic functions,” Nucl.

Phys. B 510, 247 (1998) [arXiv:hep-th/9704147].

[7] A. Fayyazuddin and D. J. Smith, “Localized intersections of M5-branes and four-dimensional superconformal fiel d theories,” JHEP 9904, 030 (1999) [arXiv:hep-th/9902210].

[8] A. Gomberoff, D. Kastor, D. Marolf and J. Traschen, “Fully localized brane intersections:

The plot thickens,” Phys. Rev. D 61, 024012 (2000) [arXiv:hep-th/9905094].

[9] A. Fayyazuddin and D. J. Smith, “Warped AdS near-horizon geometry of completely localized intersections of M5- branes,” JHEP 0010, 023 (2000) [arXiv:hep-th/0006060].

[10] B. Brinne, A. Fayyazuddin, S. Mukhopadhyay and D. J. Smith, “Supergravity M5- branes wrapped on Riemann surfaces and their QFT duals,” JHEP 0012, 013 (2000) [arXiv:hep-th/0009047].

[11] B. Brinne, A. Fayyazuddin, T. Z. Husain and D. J. Smith, “N = 1 M5-brane geometries,” JHEP 0103, 052 (2001) [arXiv:hep-th/0012194].

[12] H. Cho, M. Emam, D. Kastor and J. Traschen, “Calibrations and Fayyazuddin-Smith spacetimes,” Phys. Rev. D 63, 064003 (2001) [arXiv:hep-th/0009062].

[13] T. Z. Husain, “M2-branes wrapped on holomorphic curves,” JHEP 0312, 037 (2003) [arXiv:hep-th/0211030].

[14] T. Z. Husain, “That’s a wrap!,” JHEP 0304, 053 (2003) [arXiv:hep-th/0302071].

[15] T. Z. Husain, “If I only had a brane!,” [arXiv:hep-th/0304143].

[16] J. Maldacena and C. Nunez, “Supergravity description of field theories on curved manifolds and a no go theorem,” Int. J. Mod. Phys. A 16 (2001) 822 [hep-th/0007018].

[17] J. P. Gauntlett, N. Kim and D. Waldram, “M-fivebranes wrapped on supersymmetric cycles,” Phys. Rev. D 63 (2001) 126001 [arXiv:hep-th/0012195].

[18] B. S. Acharya, J. P. Gauntlett and N. Kim, “Fivebranes wrapped on associative three-cycles,” Phys. Rev. D 63 (2001) 106003 [arXiv:hep-th/0011190].

[19] J. P. Gauntlett, N. Kim, S. Pakis and D. Waldram, “Membranes wrapped on holomorphic curves,” Phys. Rev. D 65, 026003 (2002) [arXiv:hep-th/0105250].

[20] J. P. Gauntlett and N. Kim, “M-fivebranes wrapped on supersymmetric cycles. II,” Phys.

Rev. D 65 (2002) 086003 [arXiv:hep-th/0109039].

[21] D. Kastor, “From wrapped M-branes to Calabi-Yau black holes and strings,” JHEP 0307, 040 (2003) [arXiv:hep-th/0305261].

[22] K. Behrndt, D. Lust and W. A. Sabra, “Stationary solutions of N = 2 supergravity,” Nucl.

Phys. B 510, 264 (1998) [arXiv:hep-th/9705169].

[23] W. A. Sabra, “General static N = 2 black holes,” Mod. Phys. Lett. A 12, 2585 (1997) [arXiv:hep-th/9703101].

[24] K. Behrndt and W. A. Sabra, “Static N = 2 black holes for quadratic prepotentials,” Phys.

Lett. B 401, 258 (1997) [arXiv:hep-th/9702010].

[25] S. Ferrara, R. Kallosh and A. Strominger, “N=2 extremal black holes,” Phys. Rev. D 52, 5412 (1995) [arXiv:hep-th/9508072].

[26] A. Strominger, “Macroscopic Entropy of N = 2 Extremal Black Holes,” Phys. Lett. B 383, 39 (1996) [arXiv:hep-th/9602111].

[27] S. Ferrara and R. Kallosh, “Supersymmetry and Attractors,” Phys. Rev. D 54, 1514 (1996) [arXiv:hep-th/9602136].

[28] S. Ferrara and R. Kallosh, “Universality of Supersymmetric Attractors,” Phys. Rev. D 54, 1525 (1996) [arXiv:hep-th/9603090].

[29] D. Martelli and J. Sparks, “G-structures, fluxes and calibrations in M-theory,” Phys. Rev. D 68 085014 (2003) [arXiv:hep-th/0306225].

[30] J. P. Gauntlett, D. Martelli, S. Pakis and D. Waldram, “G-structures and wrapped NS5- branes,” Commun. Math. Phys. 247, 421 (2004) [arXiv:hep-th/0205050].

[31] J. P. Gauntlett, J. B. Gutowski, C. M. Hull, S. Pakis and H. S. Reall, “All supersymmetric solutions of minimal supergravity in five dimensions,” Class. Quant. Grav. 20, 4587 (2003) [arXiv:hep-th/0209114].

[32] S. Gurrieri, J. Louis, A. Micu and D. Waldram, “Mirror symmetry in generalized Calabi-Yau compactifications,” Nucl. Phys. B 654, 61 (2003) [arXiv:hep-th/0211102].

[33] G. L. Cardoso, G. Curio, G. Dall’Agata, D. Lust, P. Manousselis and G. Zoupanos, “Non- Kaehler string backgrounds and their five torsion classes,” Nucl. Phys. B 652, 5 (2003) [arXiv:hep-th/0211118].

[34] J. P. Gauntlett and S. Pakis, “The geometry of D = 11 Killing spinors,” JHEP 0304, 039 (2003) [arXiv:hep-th/0212008].

[35] P. Candelas and X. de la Ossa, “Moduli Space Of Calabi-Yau Manifolds,” Nucl. Phys. B 355, 455 (1991).

[36] J. De Jaegher, B. de Wit, B. Kleijn and S. Vandoren, “Special geometry in hypermultiplets,” Nucl. Phys. B 514, 553 (1998) [arXiv:hep-th/9707262].

[37] E. Witten and D. I. Olive, “Supersymmetry Algebras That Include Topological Charges,” Phys. Lett. B 78, 97 (1978).

[38] M. H. Emam, “Calibrated brane solutions of M-theory,” [arXiv:hep-th/0410100].