arXiv:hep-th/0502154 v3 30 Jun 2005

UPR-1111-T LMU-ASC 09/05 hep-th/0502154 February 17, 2005

General Type IIB Fluxes with SU(3) Structures

Klaus Behrndt^1 , Mirjam Cvetič^2 and Peng Gao^2

1 Arnold-Sommerfeld-Center for Theoretical Physics Department für Physik, Ludwig-Maximilians-Universität München, Theresienstraße 37, 80333 München, Germany

2 Department of Physics and Astronomy, University of Pennsylvania, Philadelphia, PA 19104-6396, USA

ABSTRACT

A supersymmetric vacuum has to obey a set of constraints on fluxes as well as first order differential equations defined by the G-structures of the internal manifold. We solve these equations for type IIB supergravity with SU(3) structures. The 6-dimensional internal manifold has to be complex, the axion/dilaton is in general non-holomorphic and a cosmological constant is only possible if the SU(3) structures are broken to SU(2) structures. The general solution is expressed in terms of one function which is holomorphic in the three complex coordinates and if this holomorphic function is constant, we obtain a flow-type solution and near poles and zeros we find the so-called type-A and type-B vacuum.

Contents

1 Introduction 3

2 Warp Compactification and Fluxes 5 2.1 Bosonic Fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.2 The Supersymmetry Variations . . . . . . . . . . . . . . . . . . . . . 7

3 Constraints on N = 1 Fluxes and Intrinsic Torsion 10 3.1 Constraints of Fluxes . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 3.2 Killing Spinor and Intrinsic Torsion . . . . . . . . . . . . . . . . . . . 11

4 Solutions of SUSY Constraints 14 4.1 Solving the supersymmetry equations . . . . . . . . . . . . . . . . . . 14 4.2 The SU(3) Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 4.3 Special Hermitian or Kähler spaces . . . . . . . . . . . . . . . . . . . 19 4.4 Special limits of the general solution . . . . . . . . . . . . . . . . . . 20

5 Comments on the 4-d Cosmological Constant 22

1 Introduction

A string theory vacuum has to meet a number of requirements to be consistent with 4-dimensional phenomenology. Not only the moduli, which are abundant in string theory compactifications, have to be fixed, but also chiral fermions charged under the gauge group of the standard model have to present. Most difficult however, is to achieve this in a space time with a small positive cosmological constant. A good starting point are however, the supersymmetric ground states with a negative or zero cosmological constant. A crucial ingredients for lifting the moduli space is the presence of background fluxes, which generate a potential for the scalar fields and there are basically two approaches to these flux compactifications. If one neglects the back reaction of the fluxes on the geometry, one can simply perform a KK-reduction on a Calabi-Yau space yielding the explicit form of the potential. This is especially reliable as long as one has only RR or only NS fluxes, see [1, 2, 3]. The other approach discusses background fluxes as specific torsion components of the internal geometry and classifies the vacua with respect to the corresponding G-structures [4, 5, 6, 7, 8, 9, 10, 11]. This approach takes the back reaction of the fluxes on the geometry into account and gives not only the deformed geometry but identifies also the embedding of the fluxes. It does however not give an expression for the potential and a discussion of deSitter vacua is not possible a priori.

To consider type IIB string theory is especially interesting due to its role for providing supergravity duals of RG-flows and for providing the basis on most discussions on string cosmology [12]. From the technical viewpoint, fluxes on the IIB side do not generate the severe back-reaction onto the geometry as it is known on the type IIA side [13, 14, 15, 16, 17] (see [18] for type IIA fluxes that also preserve the Calabi-Yau property). In fact, as we will verify, the internal geometry is always given by a complex space and it is known that 3-form fluxes can be turned on while still preserving the Calabi-Yau space [19, 20, 21, 22]. On the other hand, type IIB supergravity yields generically a no-scale model related to at least one un-fixed modulus (typically the volume modulus) and the supersymmetric vacuum is a flat 4-dimensional Minkowski space. The no-scale structure can be lifted by non-perturbative effects due to braneinstantons that typically generate a (negative) cosmological constant. Since branes are sources for fluxes it would be interesting to see whether AdS vacua can also be obtained from flux compactifications and if so, they are promising candidates for vacua without (closed string) moduli. Having fixed the moduli, one can address the other important questions: Are there chiral fermions and a proper gauge group supported on these vacua? On the type IIA side, a promising vacuum was presented in [13, 17] and one might ask whether this vacuum has a mirror dual on the IIB side. It is also interesting to ask: If we consider general fluxes, is there still a landscape of string vacua as discussed by Douglas [23] in traditional CY compactifications? The fluxes on the type IIA side single out a rather unique vacuum, can this also happen on the type IIB side?

In the discussion of fluxes, the Ansatz for the Killing spinor plays an important role and there is a direct link between specific solutions (as e.g. supergravity brane solutions) and the assumptions for the spinor. The type-A(ndy) vacuum, for example, is obtained if the Killing spinor is Majorana-Weyl and describes the NS-type vacuum of [24] and the prototype supergravity solutions are NS5-branes. The S-dual configuration is called type-C vacuum [25]. For the so-called type-B(ecker) vacuum, one assumes the Killing spinor to be a direct product of a chiral internal and external spinor. This was originally introduced in [26] and adopted in the analysis of Grana and Polchinski [19, 21]. The prototype supergravity solutions in this class are 3- and 7-branes. The most general Ansatz is of course an interpolation, which we will consider later-on. We should also mention the type-D(all’Agata) vacuum related to SU(2) structures [27].

The flow type solutions have been discussed most intensively over the years and some aspects can be found, for example in [14, 16, 28, 25, 29, 30]. Interestingly, Frey [30] was able to solve the equations explicitly in this class, whereas other explicit solutions are restricted to a sub-class of fields or torsion classes. In this paper, we could solve all equations, imposed by supersymmetry and SU(3) structures, without making any assumptions. The solution preserves four supercharges, ie. yields N = 1 supersymmetry upon compactification to four dimensions, the internal space is complex and a cosmological constant cannot be generated as long as we keep SU(3) structures. The fields are expressed in terms of one holomorphic function f = f(z), which can be chosen freely. If it is constant we recover the flow type solutions whereas zeros and poles of this function can be related to the type-B and type-A vacua. We solved only the supersymmetry equations and the solution contains, besides the holomorphic function, one un-fixed field which, in the spirit of [29], is the “master function” and has to be fixed by the equations of motion or Bianchi identities. This is nothing specific to our solution, but a well-known feature of BPS vacua.

The paper is organized as follows. In the next Section, we setup our conventions and discuss especially the spinor Ansatz and the Killing spinor equations. In Section 3 we derive the constraints on the fluxes and differential equations from the supersymmetry variations. The main part is Section 4, where we first solve the differential equations explicitly, followed by a discussion of cases related to special assumptions for the holomorphic function f(z). We discuss three cases in more detail: (i) RG-flow for f = const., (ii) special Hermitian and Kähler manifolds and (iii) we expand the solution around zeros and poles of f(z). In the last section we also comment on the cosmological constant. Recall, SU(3) structures forbid a cosmological constant, but as we will show, for SU(2) structures a cosmological constant can be generated. In allowing for SU(2) structures, one has however to keep in mind, that there may appear an issue in obtaining chiral fermions [similar to the situation on the type IIA side [31]].

2 Warp Compactification and Fluxes

2.1 Bosonic Fields

We use the standard convention of type IIB supergravity [32] (see also [33, 19]) and combine the bosonic fields into a complex 1-form P , a complex 3-form G and the 5-form F P_M =^{∂M B}_{1−|B|2} , B =^{1+iτ}_{1−iτ} , G_{(3)} =^{F(3) −BF ⋆(3)}

√_{1−|B|2} , F_{(3)} = d(B_{(2)} + i C_{(2)}) ,

F_{(5)} = dA_{(4)} −^1_8 Im[(B_{(2)} + i C_{(2)}) ∧ F^⋆_{(3)}]

(2.1)

where τ = τ_1 +i τ_2 = C +i e^{−ϕ} combines the axion C and the dilaton ϕ. The equations of motions read

D^M P_M = 1 24 G_{M N P} G^{M N P} , (2.2)

D^M G_{M N P} = P^M Ḡ_{M N P} − 2i 3 F_{M N P QR}G^{M QR} , (2.3) R_{M N} = P_M P̄_N + P̄_M P_N + 1 6 F_{M LP QR}F_N^{LP QR} + 1 8 (G_M^{LP} Ḡ_{N LP} + G_N^{LP} Ḡ_{M LP} − 1 6 g_{M N} G_{LP Q}Ḡ^{LP Q}) (2.4) where the covariant derivative D_M = D_M − iq Q_M with D_M as the usual covariant derivative to the Levi-Civita connection and q the local U(1) charge (G_{M N P} has charge q = 1, and P_M has the charge q = 2) with respect to the U(1) connection

Q_M =

Im(B∂_M B^⋆) 1 − |B|^2 . (2.5)

By employing differential forms, the equations of motion can also be written in a more compact way as d^⋆G = iQ ∧^⋆G + P ∧^⋆Ḡ − 4i G ∧^⋆F , d^⋆P = 2iQ ∧^⋆P +^1_4 G ∧^⋆G

(2.6)

and the Bianchi identities for the forms are given by dQ = −iP ∧ P̄ , dP = 2iQ ∧ P , dF =^5_{12} i G ∧ Ḡ , dG = iQ ∧ G − P ∧ Ḡ . (2.7)

Defining a phase e^{2iθ} =^{1+iτ̄}_{1−iτ} , one finds moreover

Q_M = ∂_M θ −^{∂M τ1}_{2τ2} , P_M = ie^{2iθ ∂M τ}_{2τ2} , G_{(3)} = i^{eiθ}√_{τ2} (dA_{(2)} − τ dB_{(2)}) . (2.8)

The phase θ drops out from the equations of motion as well as from the Bianchi identities and can be set to zero yielding the string theory convention, but note, we are working in the Einstein frame and thus G_3 has the pre-factor τ^{−1/2}_2 = e^{ϕ/2}. There is a local U(1) symmetry related to this phase, which we will discuss below at eq. (2.12).

We are interested in vacua, which preserve four supercharges with a maximal symmetric external space, ie. either flat or anti de Sitter space. The 10-dimensional geometry is therefore a warped product of the 4-dimensional space-time X_{1,3} and the 6-dimensional internal space Y_6 and we write the metric as

ds^2 = e^{−2V (y)} g_{μν} dx^μdx^ν + e^{2U (y)} h_{mn}(y) dy^mdy^n (2.9)

where (g_{μν} , h_{mn}) are the metrics on (X_{1,3}, Y_6) and the warp factors depend only on the internal coordinates. To preserve 4-d Poincarè invariance, the 3-form field strength G_{(3)} and the one-form P have non-zero components only inside Y_6. On the other hand, the self-dual 5-form F_{(5)} has to have also components along the external space, but they are proportional to the four dimensional Poincarè invariant volume form, ie.^1 F_{μνλρm} = 5 e^{4V} ϵ_{[μνλρ} ∂_{m]}Z(y) , F_{mnpqr} = −e^{4V} ϵ_{mnpqrs} ∂^sZ(y) . (2.10)

2.2 The Supersymmetry Variations

The fermionic fields of Type IIB supergravity consists of a complex Weyl gravitino Ψ_M (Γ^{11}Ψ_M = −Ψ_M ) and a complex Weyl dilatino λ (Γ^{11}λ = λ). A bosonic vacuum, with unbroken supersymmetry requires that the supersymmetry variations of the fermionic fields vanish yielding

0 = δλ =^i_κ Γ^M P_M ϵ^⋆ −^i_{24} Γ^{M N P} G_{M N P} ϵ ,

0 = δΨ_M =^1_κ ( D_M −^i_2 Q_M ) ϵ +^i_{480} Γ^{M1...M5} F_{M1...M5} Γ_M ϵ

+^1_{96} ( Γ_M^{P QR}G_{P QR} − 9Γ^{P Q}G_{M P Q} ) ϵ^⋆ . (2.11)

We combined here both Majorana-Weyl supercharges of the same chirality into one complex Weyl spinor ϵ. Any non-trivial solution of these eqs. corresponds to an unbroken supercharge and ϵ is called a Killing spinor. These equations are invariant under the local U(1) gauge transformation ϵ → e^{ig}ϵ , θ → θ + g (2.12) where the phase θ was introduced at equation (2.8) and we denoted the corresponding U(1) charge by q. This local symmetry is due to the coset SL(2, R)/U(1) which is parameterized by the scalar fields of type IIB supergravity and it implies that the phase θ can be chosen freely, one can take θ = 0 (string theory convention) or e^{2iθ} =^{1+iτ̄}_{1−iτ} (supergravity convention) or any other value.

As we have done it for the metric and the fluxes, we have also split the spinors into external and internal components, ie. we have to distinguish between internal and external spinors. Globally well-defined supersymmetry requires that Killing spinors are singlets under the structure group of the internal manifold and depending on the group this provides a classification of supersymmetric vacua. If the structure group is

1Throughout this paper, we use ϵ_{μ1μ2 ...μp} for the antisymmetric tensor and ε_{μ1 μ2...μp} for the corresponding tensor density. In other words, ϵ_{μνλρ} = e^{−4V} √ −gε_{μνλρ} and ϵ_{mnpqrs} = e^{6U} √ hε_{mnpqrs}.

SU(3), there can exist only one internal spinor and for SU(2) we can have two singlet spinors. The maximal number would be four corresponding to a trivial structure group. In the following, we are only interested in SU(3) structures and hence we consider for the 10-dimensional spinor the general Ansatz

ϵ = a ζ_1 ⊗ χ + b^⋆ ζ_2 ⊗ χ^⋆ (2.13)

where χ is the internal Weyl spinor and ζ_{{1/2}} are two 4-dimensional spinors of opposite chirality (so that ϵ is chiral). We are primarily be interested in vacua preserving only four supercharges yielding N = 1, D = 4 supersymmetry upon compactification and it is worth pointing out that the internal SU(3)-structure alone does not guarantee that the vacuum has only N = 1 in four dimensions. In fact, one generically gets N = 2 in four dimensions with the two spinors ζ_{{1/2}}. Only if these two spinors are not independent and obey a projector, the supersymmetry is reduced to N = 1 or four supercharges. Due to the chirality of these spinors, we can only impose

ζ_2 = ζ^⋆_1 = ζ . (2.14)

Of course, any non-trivial factor appearing in this relation can be absorbed into the two complex functions a and b which are introduced for the most general SU(3) invariant Killing spinor. There are some special cases for the spinor Ansatz, which played an important role in the literature and which we mentioned already shortly in the introduction. The type-A vacuum is given by a = b^⋆ so that ϵ becomes a Majorana-Weyl spinor. This Ansatz yields especially NS-type vacua and the S-dual configuration is described by the type-C vacuum. On the other hand, the type-B vacuum corresponds to b = 0 (or a = 0) and the importance of this Ansatz is due to the fact, that it yields always an internal space that is Kähler, or for constant axion/dilaton Calabi-Yau^2.

To be concrete, we will use the following chirality conventions

Γ^{11}ϵ = −ϵ , γ^5ζ = ζ , γ^7χ = −χ (2.15)

with χ normalized to χ^†χ = 1. Actually, without loss of generality, we can take χ = e^{−β} χ_0 with χ_0 as constant spinor and the phase β will drop out in most of our calculations (any coordinate dependence can be absorbed in a and b). We now

2We refer to Kähler spaces as spaces with U(3) holonomy, in contrast to Calabi-Yau spaces that have SU(3) holonomy.

decompose the Γ-matrices as usual

Γ̂^{μ̂} = γ̂^{μ̂} ⊗ 1 , Γ̂^{m̂} = γ^5 ⊗ γ̂^{m̂} , Γ^{11} = γ^5 ⊗ γ^7 , γ^5 =^i_{4!}ϵ̃_{μνλρ}γ^μγ^ν γ^λγ^ρ , γ^7 = −^i_{6!}ϵ̃_{mnpqrs}γ^mγ^nγ^pγ^qγ^rγ^s

(2.16)

where hatted Γ̂^{M̂} and γ̂^{μ̂} have flat tangent space indices and ϵ̃ denotes tensors with respect to the un-warped metric. We use the Majorana representation so that Γ̂^{μ̂}, Γ̂^{m̂}, Γ^{11}, γ̂^{μ̂} are real and γ^5,γ^7,γ̂^{m̂} are imaginary and antisymmetric.

The covariant derivative D_M in the gravitino variation refers to the ten dimensional warped metric G_{M N} = (e^{−2V} g_{μν} , e^{2U} h_{mn}), which is related to the covariant derivatives (∇_μ, ∇_m) with respect to (g_{μν} , h_{mn}) by

D_μ = (∇_μ ⊗ 1) −^1_2 e^{−V−U} (γ_μγ^5 ⊗ ∂V ) , D_m = 1 ⊗ (∇_m +^1_2 γ_m^n∂_nU) .

(2.17)

Since we do not assume, that the external space is flat, also the 4-dimensional spinor is not necessarily covariantly constant. Instead we use ∇_μζ = γ_μ W̄ ζ^⋆ (2.18) and W̄ = W_1 −i W_2 is related to the 4-dimensional superpotential or more exactly, its value in the vacuum. The integrability constraint for this spinor equations requires that the vacuum is anti deSitter space. Actually, from 4-dimensional supergravity we infer that our W is related to the holomorphic superpotential by W ∼ e^{K/2}W_{hol}, where K is the Kähler potential.

Now, inserting our spinor Ansatz into the variations (2.11) yields δλ = ie^{−U} ζ ⊗ (bP −^a_{24} e^{−2U} G)χ −ie^{−U} ζ^⋆ ⊗ (a^⋆P −^{b⋆}_{24} e^{−2U} G)χ^⋆ (2.19)

where P = γ^mP_m and G = γ^{mnp}G_{mnp}. In evaluating the supersymmetry variation of the gravitino, we need the field strength F_{(5)} contracted with Γ-matrices and find i 480 Γ^{M1...M5} F_{M1...M5} =^1_4 e^{−U} (1 ⊗ γ^m∂_mZ − γ^5 ⊗ γ^7γ^m∂_mZ) =^1_2 e^{4V −U} (1 ⊗ ∂Z)

(2.20) where ∂ = γ^m∂_m. Then, the external supersymmetry variation of the gravitino becomes

δΨ_μ = γ_μζ ⊗ [ W b^⋆χ^⋆ −^1_2 e^{−V−U} (a∂V −ae^{4V} ∂Z −^b_{48} e^{−2U} G)χ ] + γ_μζ^⋆ ⊗ [ W̄ aχ +^1_2 e−V−U (b⋆∂V +b⋆e4V ∂Z −^{a⋆}_{48} e−2U G)χ⋆ ] . (2.21)

Finally, for the internal gravitino variation we get

δΨ_m = ζ ⊗ [ ∇_m +^1_2 (γ_m^n∂_nU −iQ_m +e^{4V} ∂Zγ_m) +^b_{96a} e^{−2U} (γ_mG−12G_m ) ] aχ+ ζ^⋆ ⊗ [ ∇_m +^1_2 (γ_m^n∂_nU −iQ_m −e^{4V} ∂Zγ_m) +^{a⋆}_{96b⋆} e^{−2U} (γ_mG − 12G_m ) ] b^⋆χ^⋆ (2.22)

where G_m = γ^{np}G_{mnp}. Setting these variations to zero gives us constraints on the background field strengths and in addition differential equations for the internal Killing spinor, which in turn require constraints on the geometry of the internal space expressed by specific non-vanishing torsion components.

3 Constraints on N = 1 Fluxes and Intrinsic Torsion

We will start with the flux constraints, that come from the dilatino (2.19) as well as from the external gravitino variation (2.21).

3.1 Constraints of Fluxes

Using the above relations and the one that we collected in the appendix, one gets from δλ = 0 (recall, ζ and ζ^⋆ have opposite chirality) Ω_{mnp}G^{mnp} = Ω̄_{mnp}G^{mnp} = 0 , (P_r − iJ_{rs}P^s) + i^a_{8b} e^{−2U} (J_{[mn}h_{p]r} + iJ_{[mn}J_{p]r})G^{mnp} = 0 , (P_r + iJ_{rs}P^s) − i^{b⋆}_{8a⋆} e^{−2U} (J_{[mn}h_{p]r} − iJ_{[mn}J_{p]r})G^{mnp} = 0 . (3.1)

The constraints in the first line imply that G ∧ Ω = G ∧ Ω̄ = 0 and hence G_{(3,0)} = G_{(0,3)} = 0. By using holomorphic indices these constraints can be written as

G_{ijk} = G¯_i¯_j¯_k = 0 ,

P_i =^{b⋆}_{4a⋆} e^{−2U} G_{ij}^j ,

P¯_i =^a_{4b} e^{−2U} G¯_i¯_j^{j̄} .

(3.2)

With these constraints δΨ_μ = 0 yields aW̄ = b^⋆W = 0 , a^{⋆2}P_i = 2b^{⋆2}(∂_iV + e^{4V} ∂_iZ) , b^2P¯_i = 2a^2(∂¯_iV − e^{4V} ∂¯_iZ) .

(3.3)

This has the important consequence that W = 0 (3.4) and hence the 4 dimensional cosmological constant is identically zero and the external space time is always flat Minkowskian. Note, it does not mean that there is no superpotential, it only implies that the supersymmetric vacuum is given by: dW = W = 0. Below we will see, that in order to generate a 4-dimensional cosmological constant one has to consider SU(2) structures.

3.2 Killing Spinor and Intrinsic Torsion Finally, the internal variation δΨ_m = 0 gives differential equations for the Killing spinor fixing the torsion components of the internal manifold. Using the same relations as before, eq. (2.22) simplifies to ^∇_m(aχ) = −^1_2 γ_{mn}(∂nU +∂nV −2e4V ∂nZ)aχ +^b_{8a} e−2U G_maχ , ^∇_m(b⋆χ⋆) = −^1_2 γ_{mn}(∂nU +∂nV +2e4V ∂nZ)b⋆χ⋆ +^{a⋆}_{8b⋆} e−2U G_mb⋆χ⋆ (3.5)

with ^∇_m = ∇_m −^i_2 Q_m +^1_2 ∂_mV . These two equations are consistent if ∂_m log(^{b⋆}_{a⋆} ) = iQ_m − 2ie^{4V} J_m^n∂_nZ +^{ia⋆}_{8b⋆} e^{−2U} J_{np}G_m^{np} −^{ib⋆}_{8a⋆} e^{−2U} J_{np}Ḡ_m^{np} . (3.6) And notice that ∇_p(χ^Tχ^⋆) = 0 requires

∂_m log |a| = −^1_2 ∂_mV −^{ib}_{16a} e^{−2U} J_{np}G_m^{np} +^{ib⋆}_{16a⋆} e^{−2U} J_{np}Ḡ_m^{np} . (3.7) The 3-form flux can be replaced by using the relations (3.2) and (3.3) and hence we find in complex coordinates

∂_i log(^b_a )^⋆ = iQ_i + 2e^{4V} ∂_iZ , ∂¯_i log(^b_a )^⋆ = iQ¯_i + 2(|^b_a |^2 − |^a_b |^2)∂¯_iV + 2(|^b_a |^2 + 1 + |^a_b |^2)e^{4V} ∂¯_iZ , ∂_i log |a| +^1_2 ∂_iV = −|^b_a |^2(∂_iV + e^{4V} ∂_iZ) + (∂_iV − e^{4V} ∂_iZ) .

(3.8)

Combining the first two equations, we find

∂_i log |^b_a |^2 = 2(|^b_a |^2 +|^a_b |^2 +2)e^{4V} ∂_iZ + 2(|^b_a |^2 −|^a_b |^2)∂_iV , ∂_i log(^{a⋆b}_{ab⋆} ) = −2iQ_i + 2(|^b_a |^2 +|^a_b |^2)e^{4V} ∂_iZ + 2(|^b_a |^2 −|^a_b |^2)∂_iV .

(3.9)

The first equation can be re-written as ∂_i log (|^b_a |^2 +1) = 2(|^b_a |^2 +1) e^{4V} ∂_iZ + 2(|^b_a |^2 −1) ∂_iV (3.10) and with the third equation in (3.8), we get

∂_i log |a| +^1_2 ∂_iV = −^1_2 ∂_i log(|^b_a |^2 + 1) ⇒ |a|^2 + |b|^2 = e^{−V} . (3.11) The integration constant for the warp factor V can be absorbed into a coordinate rescaling in the metric Ansatz. Thus our spinor becomes equivalent to [30] ϵ = e^{− V +iω2} ( sin α [ζ ⊗ χ] + cos α [ζ^⋆ ⊗ χ^⋆] ) (3.12) or a = e^{− V +iω2} sin α , b = e^{− V −iω2} cos α . (3.13) Note, we absorbed the common phase of a and b into the spinor (χ = e^{iβ}χ_0), because this phase drops out in most of our calculations. In addition, using the U(1) symmetry (2.12), one can always set ω = 0 (or fix the phase θ). We will explore these equations further in the next section.

Since the internal spinor is covariantly constant only for specific fluxes, we have to compensate the fluxes by intrinsic torsion components of the internal manifold. In other words, the fluxes deform the internal geometry in a way dictated by the non-vanishing torsion components. A real 6-dimensional space with SU(3) structures J and Ω is classified by five torsion classes W_{1,2,3,4,5}, which are defined by [34]

dJ =^{3i}_4 (W_1Ω̄ − W̄_1Ω) + W_3 + J ∧ W_4 , dΩ = W_1J ∧ J + J ∧ W_2 + Ω ∧ W_5

(3.14)

with W_1 ↔ (dJ)^{(3,0)} , W_2 ↔ (dΩ)^{(2,2)}_0 , W_3 ↔ (dJ)^{(2,1)}_0 , W_4 =^1_2 J⌟ dJ ↔ (dJ)^{(1,0)} , W_5 =^1_2 (ReΩ)⌟ d(ReΩ) ↔ (dΩ)^{(3,1)} .

(3.15)

The subscript 0 denotes the irreducible SU(3) representation with the trace part removed and the operation ⌟ is defined as^3 (α⌟ β) = 1 p! (α · β) [here we take α to be the lower form of rank p]. Due to the differential equations (3.5) J and Ω are not closed and we find

∂_{[m}J_{np]} = J_{[mn}M_{p]} +^{ib}_{4a} e^{−2U} ( J_{[m}^rJ^s_nG_{p]rs} − G_{mnp} − 2iJ_{[m}^lG_{l|np]} ) + c.c. , ∂_{[m}Ω_{npq]} = Ω_{[mnp}N_{p]} ,

(3.16)

with the two vectors: M = −d log |a| −^5_2 dV − 2dU + 4e^{4V} dZ −^{ib}_{8a} e^{−2U} G⌟ J N = 2d[log |a|+ 2V +^i_2 (ω + β)] − iQ + 3(dU − 2e^{4V} dZ) +^{ib}_{4a} e^{−2U} G⌟ J

And therefore the torsion classes read

W_1 = 0 ,

W_2 = 0 ,

(W_3)_{mnp} =^{ib}_{4a} e^{−2U} ( G_{mnp} −J_{[m}^rJ^s_nG_{p]rs} −^1_2 J_{rs}J_{[mn}G_{p]}^{rs} ) + c.c. , (W_4)_p = M_p −^b_{8a} e^{−2U} J_p^lG_{lmn} J^{mn} + c.c. ,

(W_5)_p =^1_2 [ δ_p^l −iJ_p^l ] N_l + cc .

(3.17)

Because W_1 = W_2 = 0, the internal space has to be a complex manifold, i.e. the almost complex structure J_m^n is integrable. This result has also been found in [14], but since they assumed a flat Minkowski vacuum, it was not clear if a non-zero cosmological constant could have been compensated by W_1 for example, which is exactly the case on the type IIA side [13, 17]. For generic background fluxes, the intrinsic torsion lies therefore in (W_3 ⊕ W_4 ⊕ W_5), with W_3 purely supported by the (2, 1) primitive^4 components of G_{(3)} and W_{{4/5}} are related to a non-trivial axion/dilaton and warping. One can easily check that our expressions reduces to the well known results in the corresponding special limits. For example, when ab = 0, W_3 and W_4 vanish if we let U = V , and W_5 = −i(Q+dβ) characterizes a Kähler space. If b = ±a,

3Also notice that (dα)_{m1 ...mp+1} = (p + 1)∂_{[m1} α_{m2...mp+1 ]}. 4Primitive means J⌟ G_{(3)} = 0.

on the other hand, 2W_4 + W_5 = 0 if we let U + V = 0. Let us also remark, that the combination 3W_4 + 2W_5 is independent of U as it should be, because U is only a conformal rescaling.

In complex coordinates the expressions simplify to

W_{3ij}¯_k =^{ib}_{4a} e^{−2U} (G_{ij}¯_k −^3_2 h_{[i}¯_kG_{j]l}^l) ,

W_{4i} = ∂_i log(cos α) − 2(∂_iU + ∂_iV − 2e^{4V} ∂_iZ) ,

W_{5i} = −i (Q_i + ∂_iω + ∂_iβ) + ∂_i log cos^2 α + 3 ∂_iU + 7 ∂_iV − 10 e^{4V} ∂_iZ

(3.18)

where we used eqs. (3.2), (3.3), (3.10) and (3.12).

Observe that all constraints required by supersymmetry do not involve the internal warp factor U and we may thus simplify our torsion classes by imposing relations between U and the other functions. Remember however a change in U does change the solution by a conformal rescaling of the internal metric. In what follows, by internal geometry we always mean the non-warped metric, so a Calabi-Yau space really means the internal space equipped with the warped metric is conformal to a Calabi-Yau and so on.

4 Solutions of SUSY Constraints

To simplify the calculations we use the symmetry (2.12) to set in the following

ω = 0

(equivalently, one could also fix the phase θ). We will start by solving the supersymmetry constraint equations followed by a discussion of special cases/limits.

4.1 Solving the supersymmetry equations

Using the parameterization from (3.13) we find from the first equation in (3.9)

4 ∂_iZ = ∂_i ( e^{−4V} cos 2α )

and hence Z − Z_0 = 1 4 e^{−4V} cos 2α . (4.1)

To keep the notation simple, we set in the following: Z_0 = 0. The second equation in (3.9) can be written as i Q_i = 2 cos 2α ∂_iV +

(_2

sin 2α − sin 2α ) ∂_iα = − cos 2α ∂_i log √ Z + ∂_i log cot α .

(4.2)

Next, the equations in (3.3) become P_i = 4 cos^2 α ∂_iV + 2^{cos3 α}_{sin α} ∂_iα , P¯_i = 4 sin^2 α ∂¯_iV − 2^{sin3 α}_{cos α} ∂¯_iα and therefore (P + P^⋆)_i = −∂_i log |Z̃| , (P − P^⋆)_i = − cos 2α ∂_i log |Z̃| + ∂_i cos 2α = 2i Q_i

(4.3)

where we used the expression for Q_i as found in (4.2) and introduced Z̃ = Z^{sin2 2α}_{cos 2α} . (4.4) The vector P can now be written as P = −^1_2 d log |Z̃| + i Q (4.5) and from the Bianchi identities in (2.7) we get dQ ≡ −iP ∧ P̄ = −Q ∧ d log |Z̃| (4.6) which can formally be solved by: Q = Z̃^{−1} Q_0 where Q_0 can be any closed 1-form. With this expression for dQ, one can also verify that the Bianchi identity for P , dP = 2iQ ∧ P , is identical fulfilled for P as given in (4.5).

On the other hand, using the expression for the vector P from eq. (2.8), we find P = 1 2 ( − e^ϕ sin 2θ dτ_1 + cos 2θ dϕ ) + i 2 ( e^ϕ cos 2θ dτ_1 + sin 2θ dϕ ) . In comparing these two expressions for P we get two equations. Taking Q from eq. (2.8), we find from equating the imaginary parts 0 = e^ϕ cos θ ∂_iτ_1 + sin θ ∂_iϕ − ∂_iθ cos θ whose integral is τ_1 = c_0 + sin θ cos θ e^{−ϕ} . (4.7) Then, from equating the real parts we find e^{−(ϕ−ϕ0)} = Z̃ cos^2 θ . (4.8)

We have now everything expressed in terms of θ, α and Z and these functions have to solve the eqs. 2i Q_i ≡ 2i ( ∂_iθ − ∂_iτ_1 2τ_2 ) = − cos 2α ∂_i log |Z̃| + ∂_i cos 2α .

Inserting our result for τ we find

2i Q_i = i ∂_i tan θ − i tan θ ∂_i log |Z̃| and thus ∂_i ( Z̃ cos 2α − i tan θ ) = ∂_if^⋆ = 0 . (4.9) By complex conjugation, we infer that the complex function f = Z̃ cos 2α + i tan θ has to be holomorphic in the three complex coordinates parameterizing the internal space. Separating the complex function f into real and imaginary part, this equation can then also be written as

0 = Ref tan θ + Imf cos 2α , Z̃ =^{|f |2}_{Imf} tan θ = −^{|f |2}_{Ref} cos 2α

(4.10)

and the final solution reads

τ = c_0 + i e^{−ϕ0 |f |2 cos 2α}

f sin^2 α+f^⋆ cos^2 α ,

e^{4V} =^{Ref}_{4|f |2}^{sin2 2α}_{cos 2α} , Z =^{|f |2}_{Ref}^{cos2 2α}_{sin2 2α} .

(4.11)

Recall, we dropped the constant Z_0, which can be re-introduced by Z → Z − Z_0 and similarly, by replacing θ → θ + ω we can again write it in a U(1)-gauge invariant form [with respect to local symmetry (2.12)].

So, we were able to integrate the first order differential equations required by supersymmetry and the solution is parameterized by one holomorphic function f. But we have to keep in mind, that in addition, also the Bianchi identities and the equations of motion for the form fields have to be satisfied in order to have really a BPS solution. Note, in total we have to fix five function, the four bosonic fields on the lhs of (4.11) plus α which fixes the spinor (ω can be gauged away). The eqs. (4.11) give four algebraic relations and hence one function remains free (the “master function” as discussed in [29]), which has to be fixed by the equations of motion – as it is very typical for supersymmetric constraints.

4.2 The SU(3) Flow

The simplest case is to assume that all functions depend only on one real coordinate, say r, which is the case for a flow-type solution which have been widely discussed already in the literature [35, 29, 30, 16]. Since there are no holomorphic functions depending only on one real coordinate we have to set f = constant providing two real integration constants. It is straightforward to verify that in this case our solution as given in (4.11) is equivalent to the results obtained in [30]. There are two special cases: (i) Imf = 0 or (ii) Ref = 0, where some fields become trivial: for case (i) it is the axion whereas for (ii) the 5-form flux vanishes, ie.

Imf = 0 : τ_1 = c_0 ,

Ref = 0 : Z = 0 .

Note, for this choice of f one cannot add, in addition to the fluxes, 7-branes or 3- branes and in the following we will assume that f is a generic complex constant. Since all fields depend only on one real coordinate, we find trivially dQ = −iP ∧ P̄ = 0 , Q ∧ P = 0 and using the U(1) symmetry (2.12) we can also set Q ≡ 0. In addition, this case requires dZ ∧ dV = 0 and hence we can always impose W_4 = 0 by choosing an appropriate conformal factor of the internal metric, ie. to fix the function U.

Recall, the (algebraic) relations in (4.11) fix four of the five independent function and the remaining one has to be fixed by imposing the Bianchi identities and/or equations of motion. For this it is suggestive to take the angle α, but we can also take the 5-form flux function Z as the “master function”, because this function can be fixed by the 5-form Bianchi identity (the equations for the 3-form are trivially solved for this case) dF = 5i 12 G ∧ Ḡ . (4.12) The conformal factor of the internal metric can now be chosen in a way that the lhs of this equation becomes a (curved space) Laplacian on Z. This is the case for U = V and we can now distinguish the two possibilities whether the rhs is zero or not.

If G ∧ Ḡ = 0, the function Z has to be harmonic on the 6-d internal space. If Z is constant also α is constant and the solution becomes trivial, ie. the internal space is Calabi-Yau. If it is not constant, the real harmonic function Z has to have a singularity. Since e^{−4V} → ∞ at this point, the warp factor blows up and from the AdS/CFT perspective this point corresponds to the UV regime. On the other hand, if Z vanishes (or Z = Z_0 if we re-introduce the integration constant), also the warp factor goes to zero and we reach the IR regime. Depending on the concrete internal space, these can be regular fixed points corresponding to an AdS_5 × X_5 geometry, with X_5 as a 5-dimensional Einstein space (or products thereof). Thus, the UV-regime corresponds α ≃ 0 and e^{−4V} ≃ 4Z ≃^{|f |2}_{Ref α2} . Going back to the spinor equation (3.5), in this regime the spinor χ becomes covariantly constant and the internal space becomes Calabi-Yau. Since U = V , the point α ≃ 0 can only be regular, if the Calabi-Yau has a conical singularity with e^{2U} ≃ α r^2 = constant., where r is the radial coordinate of the cone. This yields a regular UV fixed point and X_5 has to be an Einstein-Sasaki space as required by supersymmetry; for an explicit example see [36]. A prototype example is the AdS_5 × S^5 geometry appearing in the near horizon limit of D3-branes and we reach this geometry in our setup in the limit

f → λ^2f , α → λ α , e^{ϕ0} → λ^2 e^{ϕ0} and λ → 0 . (4.13)

As consequence, only one chirality of the internal spinor contributes to the 10-d Killing spinor (a = 0 and b = 1) and τ = c_0 + i e^{−ϕ0} f (and θ becomes the phase of f), which is the type-B vacuum discussed in [19, 20]. Note, the 3-form flux does not need to vanish, the primitive components of (1,2)-type can still be non-zero fixing the complex structure moduli of the Calabi-Yau space. Therefore, in the UV regime, one can always approximate the internal geometry by a Calabi-Yau space. In the IR regime on the other hand, the situation is more involved. It is Calabi-Yau only if we take the limit (4.13). If we do not re-scale f, it corresponds to cos 2α ≃ 0 and hence sin^2 α ≃ cos^2 α (a = ±b^⋆) and the spinor does not become covariantly constant. From (4.11) follows, that we are in a strongly coupled regime (e^ϕ → ∞) and far off a Calabi-Yau approximation. Actually, only for the Calabi-Yau case, we have control over the IR regime^5. See also section 4.4 for a related discussion.

Let us also comment on the case if: G ∧ Ḡ ≠ 0. This is only possible if the 3-form G has primitive components, because all non-primitive components of G, given by G ∧ J, are along dr and hence do not contribute to G ∧ Ḡ. In the case of W_3 ≠ 0 the space cannot be Calabi-Yau. If one can find, for a given space, an appropriate 3-form which satisfies the Bianchi identities and the equations of motion, the function Z can have a regular maximum (ie. no poles anymore), which also represents the endpoint of the flow (dZ = dV = dτ = 0) and is reminiscent to the transgression mechanism discussed in [37]. Since the warp factor is finite at this point, this flow terminates on a 5-dimensional flat space time (instead of an AdS_5 fixed point discussed before) and using results from AdS/CFT, we expect a confining gauge theory dual at the endpoint of this flow (because Wilson loop calculation show the area law behavior in this case).

4.3 Special Hermitian or Kähler spaces

Next, we will allow for a general holomorphic function f and comment on the examples of special Hermitian manifolds. Special Hermitian manifolds are complex half-flat manifolds^6 and type IIB compactified on half-flat manifolds arises as mirror symmetric partner of type IIA on Calabi-Yau manifolds with NS-NS H_{(3)} fluxes [5]. Both compactifications usually retain N = 2 supersymmetries in four dimensions.

Observe the condition W_4 = 0 implies that dV ∧ dZ = 0 and we can solve the equation for the function U. Then, we find in the gauge ω = 0

0 = W_5 = i Q − 7 2 ∂ log(sin α) − 4 ∂V + 4 e^{4V} ∂Z (4.14)

where we have taken here only the holomorphic component. Inserting for Q the expression as given in eq. (4.2) and using the solution for Z in (4.1), we get a differential

5Although, in the spirit of F-theory, this may also be an indication of a de-compactification and the higher-dimensional theory does not need to be singular.

6These are 6-dimensional manifolds with SU (3)-structure and intrinsic torsion satisfying W_4 = W_5 = 0 and d(ImΩ) = 0. They can be lifted to seven dimensional manifolds with G_2-holonomy by Hitchin’s construction, where only the special Hermitian manifolds are also complex.

equation for V = V (α). The solution V = V (α) has to be compared with the one given before in eq. (4.11) and hence yields a relation between α and the holomorphic function f.

If we do not impose eq. (4.14), but instead require the vanishing of W_3, the internal space is Kähler with W_5 as the Kähler connection. The simplest possibility has been discussed by Grana and Polchinski [21], where the 10-dimensional spinor factorizes and only one chirality of the internal spinor contributes (a = 0). This exactly corresponds to the limit that we discuss at eq. (4.13) with the axion/dilaton

τ = c_0 + i e^{−ϕ0} f (4.15)

i.e. it is a holomorphic function of the internal coordinates (recall f = f(z^i)) and the 3-form can only have primitive components of (1,2) type. The warp factor and the 5-form flux become in this limit

e^{−4V} = 4Z = |f|^2 Ref α^2

(4.16)

which ensures that W_4 = 0 if we take U = V (recall sin α → 0 in this limit) and the internal space becomes conformal to a Kähler space with the Kähler connection (in the gauge ω = 0) W_5 = −i (Q + dβ) .

Since the Kähler form factorizes (dQ = −iP ∧ P̄ ), these can only be very specific Kähler spaces and one may wonder, whether more general spaces with nonholomorphic dilaton are possible. We do not want to discuss this question here in detail, let us only mention that, imposing W_4 = 0 implies that the rhs of (4.14) can be written as W_5 = i ∂K with K as the Kähler potential and W_5 the Kähler connection (recall dV ∧ dZ = 0 in order to have W_4 = 0).

4.4 Special limits of the general solution

Most explicitly known solutions have an internal space, where all possible torsion classes are non-trivial and the mathematical classification of spaces with respect to non-vanishing torsion classes, has no obvious physical interpretation. In physics literature the solutions are typically classified with respect to the spinor Ansatz, e.g.

whether the 10-dimensional Killing spinor is only Weyl (e.g. sin α = 0) or if the spinor is Majorana-Weyl (e.g. sin α = cos α). Different spinor Ansätze correspond to different solutions, as e.g. different brane solutions in supergravity.

The general solution, which we found, is parameterized by a holomorphic function f and we discussed already in detail the case of constant f, which is the only regular case if the internal space is compact. Other solutions can be classified with respect to the singularities and zeros of f. If we write

f(z^i) = p(z^i) q(z^i) where p and q are some polynomials in the complex coordinates z^i of different degree. To get a regular solution around a zero of p or q, the other fields have to behave appropriately.

Let us first discuss the solution around zeros of f. Denoting a zero of the polynomial p(z^i) by z_p , a (regular) expansion around z = z_p can be identified with the limit (4.13) if we take^7: λ^2 = |z − z_p|. This (vanishing) parameter drops out and the fields are given in eqs. (4.15) and (4.16). Recall, the solution becomes the B-type vacuum and the supergravity solution in this class describes intersecting 7-branes in the background of a 5-form flux and a primitive 3-form flux of type (1, 2). The resulting geometry is a (special) Kähler space. If the fluxes vanish, ie. especially for Z = const. yielding α^2 ∼ |f|^2/Ref, the only non-trivial field is the axion/dilaton and one can follow the discussion in [38, 39], where the singularities of the holomorphic function f are related to 7-branes, that generate a deficit angle and if one has 24 branes, the space becomes smooth and compact. By considering D_4 singularities, one can also setup an orientifold with D7-branes and coincident O7-planes; see [40]. Note, if there is no 5-form flux, there is also no warping (V and U become constant), which one should expect for a 7-brane background in the Einstein frame.

In the same way we can also explore the solution around zeros of the polynomial q(z^i) giving poles for the holomorphic function f. As before, we are asking for a regular expansion around this point, but this time we consider

f → λ^{−2}f , α → (^π_4 − λ^2 ) α , θ → λ^2 θ and λ → 0 (4.17)

7The corresponding phase gives a shift to θ and can be gauged away due to the symmetry (2.12).

and obtain e^{4V} =^{Ref}_{8|f |2}^1_α ,

Z = 0 ,

τ = c_0 +^i_8 e^{−(ϕ0+4V )} .

(4.18)

Since now a = b^⋆ we get the A-type vacuum, which has been analyzed in [24]. All RR fields are trivial up to the primitive 3-form flux of (1, 2) type, which one can always turn on. The dual (2,1)-forms have to vanish because the Bianchi identity for the 5-form requires G ∧ Ḡ = 0 and the non-primitive part is of NS-type, since G ∧ J is real in this limit. A prototype supergravity solution would be the nearhorizon geometry of NS5-branes with a constant warp factor in the string frame metric (ds^2_{str} = e^{ϕ/2}ds^2 ∼ e^{2V} ds^2), but the dilaton is not stabilized.

In summary, around zeros of the holomorphic function, the solution is equivalent to the type-B vacuum, whereas close to a pole of f one reaches the type-A vacuum.

5 Comments on the 4-d Cosmological Constant

The value of the superpotential in the vacuum gives a mass term for the gravitino and hence enters also the spinor equation (2.18). We have seen that supersymmetry preserving background fluxes cannot contribute to W , as long as the internal manifold has SU(3) structures. The external 4-d space time will always be Minkowski. In order to generate a cosmological constant, one has to consider an internal manifold with SU(2) structures and let us briefly discuss some aspects here; see also [31, 27]. In this case, the internal spinors have to be singlets only under SU(2) and hence there are two independent Weyl spinors χ_1 and χ_2. Equivalently, one can define a real unit vector v globally, which relates the two spinors by

χ_2 = γ_v χ_1 = v_mγ^mχ_1 . (5.19)

Without loss in generality, we set γ^7χ_1 = −χ_1, and then γ^7χ_2 = χ_2 and χ_1 can be taken as the SU(3) singlet spinor that we used before [of course, χ_2 transforms then under SU(3) and is a singlet only under SU(2)]. With the notation of χ = (_{χ1} χ_2 ) , this is γ^7χ_i = −(σ_3χ)_i, where σ_k the usual Pauli matrices. Decomposing the chiral 10-d supersymmetry transformation parameters, we get two 4-d Weyl spinors ζ_1 and ζ_2, or ζ = (_{ζ1} ζ_2 ) , with chiralities γ^5ζ_i = (σ_3ζ)_i. In order to get N = 1, D=4 supersymmetric backgrounds, we project out half of the spinor components of the two 4-d spinors by imposing: ζ_i = (σ_1ζ^⋆)_i [due to the chiral choice, this is the only possibility]. Now, the 10-d Killing spinor decomposes as

ϵ = f_1 ζ_1 ⊗χ_1 + f_2 ζ_2 ⊗χ_2 + f_3 ζ_1 ⊗χ^⋆_2 + f_4 ζ_2 ⊗χ^⋆_1 (5.20)

where f_i are globally defined complex functions, which are the analogs of the function a and b used before and the spinors are normalized to χ^†_i χ_j = ζ^†_i ζ_j = δ_{ij} . Now the superpotential is in general a 2 × 2 matrix denoted Ŵ ,

∇_μζ_i = γ_μŴ_{ij} ζ^{⋆j} (5.21)

However, since ζ_i are chiral and ζ^⋆_1 = ζ_2, we find that Ŵ is diagonal and Ŵ_{11} = Ŵ^⋆_{22} = W̄ . Here as before we defined W̄ = W ⋆ = W_1 − iW_2.

Now, the calculation can be repeated in the same way as we were doing it before. Since this is very involved, let us only show here that now W can be non-zero in the vacuum. For this, it is enough to consider the simple case, which is the analog of the type-B vacuum, ie. where the spinor is a direct product ϵ = ζ ⊗ χ with ζ_1 ≡ ζ and χ = f_1χ_1 + f_3χ^⋆_2 (or f_2 = f_4 = 0). Using the above conventions and taking the spinor product (χ^T δΨ_μ), we find from the vanishing of this expression that W̄ = 1 16 e^{−V −3U} (χ^T Gχ) = 1 8 e^{−V −3U} f_1f_3 (χ^†_2 G χ_1) .

Inserting χ_2 = v_mγ^mχ_1 and taking χ_1 as the SU(3) singlet spinor, satisfying the relations from the appendix, one gets an explicit form of W . This is straightforward and we do not want to discuss further details here.

Note the importance of the vector field, which implies that the internal space has to admit a complex fibration over a 4-d base space. As long as one does not take into account brane sources, this vector field has to be globally defined, which severely constraints the geometry of the internal space. On the other hand, if we allow for singularities, eg. related to 7-branes wrapping the 4-d base, also the spinors and the vector field do not need to be globally defined and to make the supersymmetry nevertheless well-defined one has to add explicitly the brane sources. This is consistent with the statements, how a cosmological constant can be generated by wrapped branes [40].

Appendix

On a real 6-dimensional space, an SU(3) structure is defined by a 2-form J and a 3-form Ω which are globally well-defined and are in one-to-one correspondence to an SU(3) singlet spinor η. If this spinor (and therewith the forms) is covariantly constant, the space has SU(3) holonomy, which is however in general not the case and the deviation is measured by non-zero torsion components. As consequence of the SU(3) singlet property, this spinor satisfies (γ_m − iJ_{mn}γ^n)χ = 0 , (γ_{mn} + iJ_{mn})χ =^i_2 e^{2iβ} Ω_{mnp}γ^pχ^⋆ , (γ_{mnp} + 3iJ_{[mn}γ_{p]})χ = ie^{2iβ} Ω_{mnp}χ^⋆ . (A.22)

The first relation is a set of three projector equations for the SU(3)-invariant spinor. Only two of them are independent and, together with ζ_2 = ζ^⋆_1 in (2.14), reduce the number of supersymmetries to N = 1 in four dimensions. The fundamental 2-form J and the 3-form Ω are defined as spinor bilinears by χ^T γ_{mn}χ^⋆ = iJ_{mn} , χ^T γ_{mnp}χ = i e^{2iβ} Ω_{mnp} . (A.23) Both are SU(3) singlets and these are the only non-vanishing forms constructed from χ, because any other form, especially a vector, would transform under SU(3) ⊂ SO(6). They satisfy in addition the following relations (which follow directly from Fierz identities) J ∧ Ω = 0 ,

Ω ∧ Ω̄ = −^{4i}_3 J ∧ J ∧ J = −8i vol_6 The almost complex structure on the internal manifold is given by J_m^n = h^{ln}J_{ml} (J^2 = −1) and can be used to define holomorphic projectors so that Ω is a (3, 0)- form with respect to J. Note, this does not require J to be integrable or the manifold to be complex.

Some further useful identities are χ^T γ_{mnpq}χ^⋆ = −3J_{[mn}J_{pq]} , Ω̄mnpΩ_{pqr} = 4δmn_{qr} − 4J_{[q}[mJ_{r]}n] + 8iδ^{[m}_{[q} J^{n]}_{r]} ,

Ω̄^{mnp}Ω_{npq} = 8δ^m_q + 8iJ_q^m ,

Ω̄^{mnp}Ω_{mnp} = 48 ,

J^{mn}J_{[mn}T_{p]} =^4_3 T_p , Ω̄^{mnp}Ω_{[mnp}T_{q]} = 6(δ^r_q −iJ_q^r)T_r .

(A.24)

The last three can also be obtained from realizing Ω_{ijk} = iε_{ijk} and ε_{123} = ε¯_1¯_2¯_3 = √ 8. Acknowledgments The work of MC was supported in part by the DOE grant DOE-EY-76-02-3071, NSF grant INT02-03585, and Fay R. and Eugene L. Langberg endowed Chair. KB would like to thank the theory groups at the University of Pennsylvania and the Albert- Einstein-Institute where this work has been initiated.

References

[1] J. Polchinski and A. Strominger, “New vacua for type II string theory,” Phys.

Lett. B388 (1996) 736–742, hep-th/9510227. J. Michelson, “Compactifications of type IIB strings to four dimensions with non-trivial classical potential,” Nucl. Phys. B495 (1997) 127–148, hep-th/9610151. T. R. Taylor and C. Vafa, “RR flux on Calabi-Yau and partial supersymmetry breaking,” Phys. Lett. B474 (2000) 130–137, hep-th/9912152.

[2] G. Curio, A. Klemm, D. Lüst, and S. Theisen, “On the vacuum structure of type II string compactifications on Calabi-Yau spaces with H-fluxes,” Nucl. Phys. B609 (2001) 3–45, hep-th/0012213.

[3] J. Louis and A. Micu, “Type II theories compactified on Calabi-Yau threefolds in the presence of background fluxes,” Nucl. Phys. B635 (2002) 395–431,

hep-th/0202168.

[4] J. P. Gauntlett, D. Martelli, S. Pakis, and D. Waldram, “G-structures and wrapped NS5-branes,” hep-th/0205050.

[5] S. Gurrieri, J. Louis, A. Micu, and D. Waldram, “Mirror symmetry in generalized Calabi-Yau compactifications,” Nucl. Phys. B654 (2003) 61–113,

hep-th/0211102.

[6] G. L. Cardoso et al., “Non-Kaehler string backgrounds and their five torsion classes,” Nucl. Phys. B652 (2003) 5–34, hep-th/0211118.

[7] S. Gurrieri and A. Micu, “Type IIB theory on half-flat manifolds,” Class.

Quant. Grav. 20 (2003) 2181–2192, hep-th/0212278. S. Gurrieri, A. Lukas, and A. Micu, “Heterotic on half-flat,” Phys. Rev. D70 (2004) 126009,

hep-th/0408121.

[8] K. Behrndt and C. Jeschek, “Fluxes in M-theory on 7-manifolds and G structures,” JHEP 04 (2003) 002, hep-th/0302047. K. Behrndt and C. Jeschek, “Fluxes in M-theory on 7-manifolds: G-structures and superpotential,” Nucl. Phys. B694 (2004) 99–114, hep-th/0311119.

[9] J. P. Gauntlett, D. Martelli, and D. Waldram, “Superstrings with intrinsic torsion,” hep-th/0302158.

[10] P. Kaste, R. Minasian, and A. Tomasiello, “Supersymmetric M-theory compactifications with fluxes on seven-manifolds and G-structures,” JHEP 07 (2003) 004, hep-th/0303127.

[11] G. Dall’Agata and N. Prezas, “N = 1 geometries for M-theory and type IIA strings with fluxes,” hep-th/0311146.

[12] S. Kachru, R. Kallosh, A. Linde, and S. P. Trivedi, “De Sitter vacua in string theory,” Phys. Rev. D68 (2003) 046005, hep-th/0301240.

[13] K. Behrndt and M. Cvetič, “General N = 1 supersymmetric flux vacua of (massive) type IIA string theory,” hep-th/0403049. K. Behrndt and M. Cvetič, “General N = 1 supersymmetric fluxes in massive type IIA string theory,” Nucl. Phys. B708 (2005) 45–71, hep-th/0407263.

[14] M. Grana, R. Minasian, M. Petrini, and A. Tomasiello, “Supersymmetric backgrounds from generalized Calabi-Yau manifolds,” JHEP 08 (2004) 046,

hep-th/0406137.

[15] J.-P. Derendinger, C. Kounnas, P. M. Petropoulos, and F. Zwirner, “Superpotentials in IIA compactifications with general fluxes,”

hep-th/0411276.

[16] A. Butti, M. Grana, R. Minasian, M. Petrini, and A. Zaffaroni, “The baryonic branch of Klebanov-Strassler solution: A supersymmetric family of SU(3) structure backgrounds,” hep-th/0412187.

[17] D. Lüst and D. Tsimpis, “Supersymmetric AdS(4) compactifications of IIA supergravity,” hep-th/0412250.

[18] S. Kachru and A.-K. Kashani-Poor, “Moduli potentials in type IIA compactifications with RR and NS flux,” hep-th/0411279.

[19] M. Grana and J. Polchinski, “Supersymmetric three-form flux perturbations on AdS(5),” Phys. Rev. D63 (2001) 026001, hep-th/0009211.

[20] S. B. Giddings, S. Kachru, and J. Polchinski, “Hierarchies from fluxes in string compactifications,” Phys. Rev. D66 (2002) 106006, hep-th/0105097.

[21] M. Grana and J. Polchinski, “Gauge / gravity duals with holomorphic dilaton,” Phys. Rev. D65 (2002) 126005, hep-th/0106014.

[22] S. Kachru, M. B. Schulz, and S. Trivedi, “Moduli stabilization from fluxes in a simple IIB orientifold,” hep-th/0201028. S. Kachru, M. B. Schulz, P. K. Tripathy, and S. P. Trivedi, “New supersymmetric string compactifications,” JHEP 03 (2003) 061, hep-th/0211182.

[23] M. R. Douglas, “The statistics of string / M theory vacua,” JHEP 05 (2003) 046, hep-th/0303194.

[24] A. Strominger, “Superstrings with torsion,” Nucl. Phys. B274 (1986) 253.

[25] A. R. Frey and M. Grana, “Type IIB solutions with interpolating supersymmetries,” Phys. Rev. D68 (2003) 106002, hep-th/0307142.

[26] K. Becker and M. Becker, “M-theory on eight-manifolds,” Nucl. Phys. B477 (1996) 155–167, hep-th/9605053.

[27] G. Dall’Agata, “On supersymmetric solutions of type IIB supergravity with general fluxes,” Nucl. Phys. B695 (2004) 243–266, hep-th/0403220.

[28] K. Pilch and N. P. Warner, “N = 1 supersymmetric renormalization group flows from IIB supergravity,” Adv. Theor. Math. Phys. 4 (2002) 627–677,

hep-th/0006066.

[29] K. Pilch and N. P. Warner, “N = 1 supersymmetric solutions of IIB supergravity from Killing spinors,” hep-th/0403005.

[30] A. R. Frey, “Notes on SU(3) structures in type IIB supergravity,” JHEP 06 (2004) 027, hep-th/0404107.

[31] K. Behrndt and M. Cvetič, “Supersymmetric intersecting D6-branes and fluxes in massive type IIA string theory,” Nucl. Phys. B676 (2004) 149–171,

hep-th/0308045.

[32] J. H. Schwarz and P. C. West, “Symmetries and transformations of chiral N = 2, D = 10 supergravity,” Phys. Lett. B126 (1983) 301. J. H. Schwarz, “Covariant field equations of chiral N=2, D = 10 supergravity,” Nucl. Phys. B226 (1983) 269.

[33] A. Kehagias, “New type IIB vacua and their F-theory interpretation,” Phys.

Lett. B435 (1998) 337–342, hep-th/9805131.

[34] S. Chiossi and S. Salamon, “The intrinsic torsion of SU(3) and G_2 structures,”

math.dg/0202282.

[35] G. Papadopoulos and A. A. Tseytlin, “Complex geometry of conifolds and 5-brane wrapped on 2- sphere,” Class. Quant. Grav. 18 (2001) 1333–1354,

hep-th/0012034.

[36] J. P. Gauntlett, D. Martelli, J. F. Sparks, and D. Waldram, “A new infinite class of Sasaki-Einstein manifolds,” hep-th/0403038.

[37] M. Cvetič, H. Lü, and C. N. Pope, “Brane resolution through transgression,” Nucl. Phys. B600 (2001) 103–132, hep-th/0011023.

[38] B. R. Greene, A. D. Shapere, C. Vafa, and S.-T. Yau, “Stringy cosmic strings and noncompact Calabi-Yau manifolds,” Nucl. Phys. B337 (1990) 1.

[39] C. Vafa, “Evidence for F-theory,” Nucl. Phys. B469 (1996) 403–418,

hep-th/9602022.

[40] F. Denef, M. R. Douglas, and B. Florea, “Building a better racetrack,” JHEP 06 (2004) 034, hep-th/0404257.