arXiv:hep-th/0502196 v1 22 Feb 2005

N = 1 Super Yang-Mills Domain Walls via The Extended Veneziano Yankielowicz Theory

P. Merlatti^a, F. Sannino^b, G. Vallone^c and F. Vian^b

aII. Institut für Theoretische Physik Universität Hamburg Luruper Chaussee 149 D-22761 Hamburg, Germany

bThe Niels Bohr and NORDITA, Blegdamsvej 17, DK-2100 Copenhagen Ø, Denmark

c Dipartimento di Fisica Teorica, Università di Torino and I.N.F.N., Sezione di Torino, via P.Giuria 1, I-10125 Torino, Italy

Abstract We investigate the vacuum structure of pure SU(N) N = 1 super Yang-Mills. The theory is expected to possess N vacua with associated domain walls. We show that the newly extended version of the low energy effective Lagrangian for super Yang-Mills supports the BPS domain wall solutions associated with any two vacua aligned with the origin of the moduli space. For the two color theory the domain wall analysis is complete. We also find new non BPS domain wall solutions connecting any two vacua of the underling SU(N) super Yang-Mills theory not necessarely aligned. When two vacua are aligned with the origin of the moduli space these solutions are the BPS ones. We also discuss the generic BPS domain wall solutions connecting any two vacua within the extended Veneziano-Yankielowicz theory.

1 Introduction

Understanding strong dynamics is a challenging and fascinating problem. Any progress in this area is likely to affect our understanding of Nature. Supersymmetric gauge theories are easier to understand than nonsupersymmetric ones and hence provide a natural laboratory for theoretical explorations. Actually, the higher is the supersymmetry involved, the more tractable the problem becomes.

However, despite the enormous understanding gained on nonperturbative aspects of supersymmetric gauge dynamics [1], some puzzles remain unsolved. For example, since pure N = 1 SU(N) super Yang-Mills (SYM) is known to possess N independent vacua, BPS domain wall solutions are expected to exist [2]. Nonetheless, a proper domain wall description is still lacking.

Disappointingly, even the low energy effective theory which was constructed long ago by Veneziano and Yankielowicz (VY) [3] does not support them [4, 5, 6, 7, 8, 9]^1.

Perhaps alternative descriptions of N = 1 SU(N) SYM via string theory or its low energy limit (i.e. supergravity) may help shedding light on this subject. In recent years there has been much work in this area. For example, some nice results on the domain walls were obtained in [10], from the point of view of the three dimensional gauge theory living on them. We also recall that there are interesting descriptions of pure N = 1 SU(N) SYM which are the gravitational duals found in [11, 12, 13] and further investigated in [14]. However, despite some qualitative as well as quantitative results found, not even within this framework a satisfactory description of the domain walls has been obtained.

In this paper we will investigate the domain walls issue within the effective Lagrangian approach, leaving the study of the string theory connection for a future publication. A number of interesting models have been suggested in the literature [15, 16] to address some of the problems related to the SYM domain wall solutions at the effective Lagrangian level. A common feature of all of these models is that new fields are needed to have a reasonable description of the domain wall solutions.

In fact, the situation is even less satisfactory. Consider the case N = 2;

1Another puzzling feature emerges when investigating these objects in the large N limit of the underlying gauge theory. In this regime one may naturally expect their tension to scale as N^2, while it can be easily shown that it scales as N . This fact led to argue that they should be better viewed as D-brane like objects [8].

here not only the VY effective Lagrangian does not support a domain wall solution connecting the two vacua of the theory, but it actually displays domain wall solutions connecting the vacua with nonzero gluino condensate to the spurious vacuum [4, 5, 7, 9] with vanishing gluino condensate, i.e. the chirally symmetric one. This particular type of solution is expected to persist also at larger N [9].

Here we investigate the issue of domain walls using a recently extended version of the VY theory^2 [17]. We show that it is possible to find, at the effective Lagrangian level, domain wall solutions between the two vacua of N = 2. The extended VY theory has a number of amusing properties investigated in detail in [17, 20]. It contains a new chiral superfield with the same quantum numbers of scalar glueballs and its superpotential can be constrained using a number of consistency requirements. We will see that the introduction of this field is necessary for providing domain wall solutions between the two distinct vacua of the theory corresponding to nonvanishing gluino condensates.

Another interesting point is that the requirement of the domain wall solutions being BPS will provide new insights on the otherwise completely unknown Kähler of the theory.

We also find new non BPS domain wall solutions connecting any two vacua of SU(N) super Yang-Mills theory. Interestingly when two vacua are aligned with the origin of the moduli space these solutions are the BPS ones. We also discuss the generic BPS domain wall solutions connecting any two vacua within the extended Veneziano-Yankielowicz theory.

The paper is structured as follows: In the next section we will discuss the N = 1 domain walls in SYM. We then introduce the VY theory and summarize the associated domain wall problem discussed already in the literature. In section three we describe the extended VY effective theory and show how to recover the domain walls. We also introduce new solutions describing non-BPS domain walls associated to any two vacua of a generic SU(N) SYM theory. In section four we analyze the issue of domain walls when two fields are present. We also discuss the problem of the BPS domain wall solutions connecting vacua not aligned with the origin in section five and show that there is a possible intriguing relation with the domain wall

2Some earlier attempts to generalize the VY theory to contain new degrees of freedom were considered in the literature using a three form supermultiplet[18, 19]. The relation with the extended VY theory used here has been discussed in [17].

solutions for supersymmetric QCD. Conclusions are presented in the last section. Two appendices are provided. In appendix A, for reader’s convenience, we summarize the BPS conditions for domain walls for a generic nonlinear supersymmetric sigma model. We investigate, in appendix B, the effects on the domain wall solutions when a different Kähler is used.

2 Brief Review of the Domain Walls in SYM and the VY Theory

In N = 1 SYM there are N distinct vacua labelled by the value of the gluino condensate which, in our normalization, reads ⟨Trλλ⟩ ∝ NΛ^3 exp(2πik/N). Topologically stable domain walls interpolating between different vacua are expected. Their tension [2] should be E = N 8π^2

|⟨Trλ^2⟩_∞ − ⟨Trλ^2⟩_{−∞}| , (1)

where the subscript ±∞ marks the values of the gluino condensate at z → ±∞. These domain walls are BPS saturated configurations which preserve 1/2 of the original supersymmetry [2].

Explicitly, the domain wall tension has the following N dependence

N^2 sin πk N , (2)

where 2πk/N is the phase difference between two generic vacua.

When k is fixed and N becomes large the tension is O(N). However, when k scales with N the tension becomes O(N^2) and the associated domain walls should be described as soliton–like solutions in an effective theory [8]. On the other hand, Witten argued that a more suitable interpretation of the domain walls whose tension scales like N could be in terms of D-branes-like objects [8].

We now review the present status of the domain wall solution for pure SYM via the VY theory, which concisely summarizes the symmetry of the underlying theory in terms of the composite chiral superfield S S = 3 32π^2 N

TrW^2 , (3) where W_α is the supersymmetric field strength. When interpreting S as an elementary field it describes a gluinoball and its associated fermionic partner.

The Kähler potential and the superpotential are respectively [3] K(S, S̄) = 9N^2 α (SS̄)^{13} , W_{V Y} [S] = 2N 3 S log_{(0)} ( S eΛ^3 )_N , (4)

where α is a dimensionless real parameter and we restricted ourselves to the first branch of the logarithm. One determines the N vacua S = Λ^3e^{2kπi}N of the theory labelled by k = 0, . . . N − 1 by extremizing the superpotential, namely ∂W_{V Y} ∂S = 0 . (5)

To investigate the domain wall solutions it is sufficient to study the bosonic Lagrangian of the theory L_{V Y} = − N^2 α (φφ̄)^{− 23} ∂_μφ∂^μφ̄ + 4 9 α(φφ̄)^{23} | | |log_{(0)} (φ)^N | | |^2 , (6)

having written S = φ+ √ 2θψ+θ^2F and from now on we will set Λ = 1 to ease the notation. We note that although the superpotential (4) is discontinuous

on the rays S ∝ e^{(2k+1)πi}N , the potential | |log_{(0)} (_φ Λ^3 )_N | |^2 is continuous at φ ∝

e^{(2k+1)πi}N (while its derivative is not).

It was noticed in [4] that the effective theory has a vanishing potential not only for the vacua φ = e^{2kπi}N but also for the value φ = 0. There are, however, theoretical arguments which do not support the existence of such a vacuum state [21]. Besides, one should notice that since the kinetic term is divergent for φ → 0, one is not really allowed to consider such a vacuum^3. Setting aside the problems associated with the extra vacuum at the origin of the moduli space, one can still look for domain wall solutions in this theory.

3One may argue that by renaming the field φ with φ^3 the kinetic term becomes a canonically normalized term while the potential still has a zero at the origin. In this case we expect, due to Haag’s theorem, the field redefinition to provide the same physics in a given vacuum. However the global structure of the minima changes dramatically with the field redefinition and special attention must be paid. This is true especially at the origin of the field space since with the original field definition the kinetic term is singular.

As explained in appendix A, we can write for the case at hand the following linear differential equation dφ̄ dz = e^{iβ} 2α 3N (φφ̄)^{23} log_{(0)} φ^N , (7)

where β is an arbitrary phase.

If we consider the case N = 2, it is then possible to find real solutions for φ interpolating between one of the vacua at φ = ±1 and the spurious one at φ = 0 [5]. This is clearly a strange situation in which we expect the origin not to be a true vacuum while the BPS domain wall solutions are welldefined only between the true vacua and the origin and no solution exists interpolating between φ = ±1 [5, 7, 9, 22]. We now show that such solutions can be found when using the extended VY theory [17].

3 Extended VY Theory versus Domain Walls

In the previous section we reviewed the failure of the simple VY effective Lagrangian to describe the expected domain solutions. To overcome these difficulties, also guided by previous insights [9], it is natural to think that new degrees of freedom are needed. Indeed, even before considering the domain wall solutions, it was shown that the introduction of new states with zero R charge in the VY theory is important. For example these states are relevant when breaking supersymmetry by adding a gluino mass term [17]. This is so since the basic degrees of freedom of the pure Yang-Mills theory are glueballs. Further support for the relevance of such glueball states in SYM comes from lattice simulations [23]. This state is encoded in a new chiral superfield χ with the proper quantum numbers. Moreover it was possible to motivate a specific form for the extended VY superpotential which has a number of amusing properties. The introduction of a new field has also a natural counterpart in the geometric approach to the effective Lagrangian theory proposed by Dijkgraaf and Vafa [24].

In [17] the focus was on the properties of the theory depending solely on the superpotential, which reads W [S, χ] = 2N^2 3 S [ log_{(0)} S − 1 − log ( −e χ N log_{(0)} χ^N )] , (8)

where S is the gaugino bilinear superfield defined after (6) and χ describes the R = 0 glueball type degrees of freedom (χ = φ_χ + √ 2θψ_χ + θ^2F_χ).

For illustration, in figure 1 we plot the superpotential of the theory in the N = 2 case. There are two extrema (the points where the first derivative of

Figure 1: Superpotential of the extended VY theory for the case N = 2.

the superpotential vanishes), i.e. (S = 1, χ = 1/e) and (S = −1, χ = −1/e). Note that before taking into account the Kähler we have no extremum at the origin of the moduli. Here we do not distinguish, labelwise, between the chiral superfields and their bosonic components.

A Kähler potential is, in general, needed to investigate dynamical properties as done in [20]. VY suggested the simplest Kähler for S which does not upset the saturation of the quantum anomalies, i.e. (SS̄)^{1/3}. However, due to the presence of the new field one can modify the VY Kähler in order to provide a kinetic term also for χ as follows K(S, S̄, χ, χ̄) = 9 N^2 α (SS̄)^{1/3}h(χ, χ̄) , (9)

where h(χ, χ̄) is a generic real positive definite function of χ and χ̄. We stress that since χ is a dimensionless field and in order not to upset the saturation of the quantum anomalies, at the effective Lagrangian level, the generic form of the new Kähler for S and χ is the one presented above. The associated Kähler metric is

g^{ij̄} = [ g^{−1}_{ij̄} ]_T , with g_{ij̄} =

∂^2 K ∂φ^i∂φ̄^{j̄} , (10)

and φ^1 = φ while φ^2 = φ_χ. The potential is then

V [φ , φ_χ] = ∂W ∂φ^i g^{ij̄} ∂W ∂φ̄^{j̄} . (11)

Note also that since eliminating χ via its equation of motion at the superpotential level ∂W [S, χ] ∂χ = 0 , (12)

yields

χ = e^{2i πkN} e^{−1} , (13)

we both recover the effective Lagrangian of the VY with an opportunely redefined α and in a very natural way the corrections advocated by Kovner and Shifman [4] emerge. It is now natural to try to use the extended VY theory to overcome some of the problems related to the domain wall solutions of the VY theory.

3.1 Domain Walls in the Extended VY

Before showing the complete solution for two fields, it is instructive to display the domain wall solution for χ after having integrated out S via its equation of motion. This will be helpful in building up our intuition on the more general and complicated solution featuring the two fields. If any domain wall solution is found we simply reconstruct the domain wall for S via its functional dependence on χ. We will see that, while there are relevant corrections when solving for the complete two field theory, the basic picture remains unchanged. When integrating out χ via its equation of motion we return to the VY theory improved a lá Kovner and Shifman [4], for which no solution interpolating between the desired vacua is found.

We will start from a general Kähler for χ and require a functional form which is compatible with the presence of BPS saturated domain wall solutions. It is really the freedom in choosing the Kähler for χ which allows us to find the desired domain wall solutions. There is no analog of this in the case of the simple VY theory, where instead the Kähler is constrained for dimensional reasons.

The equation of motion for S reads ∂W [S, χ] ∂S = 0 , (14)

yielding S = − e N χ log_{(0)} χ^N , (15) which at the bosonic level can be used to relate the domain wall solution for φ_χ to φ. The effective theory for χ is then L = ∫ d^2θd^2θ̄ g(χ, χ̄) + 2N 3 e ∫ d^2θ χ log_{(0)} χ^N + c.c. , (16)

where g(χ, χ̄) is obtained from (9) via the substitution (15) g(χ, χ̄) = 9N^2 α (S(χ)S̄(χ̄))^{13} h(χ, χ̄) . (17)

Integrating out S in this way, strictly speaking, is valid only in the limit in which S is much heavier than χ. Recently it has been demonstrated that this is not the case [20], so this section must be considered only as a simple warm-up exercise which will help us understand the more general result we will obtain in the following section.

Having derived the Lagrangian for the effective theory, we can now write the BPS domain wall differential equation specializing (49) in the appendix A to the case of a single field dφ_χ dz = e^{−iβ}g^{χχ̄}∂_{χ̄}W , (18) where the metric can be read from (10) and it is understood that derivatives and Kähler metric indices are evaluated on the bosonic sector of the theory. Here β is a generic phase. Using equation (16) we know that:

∂_{χ̄}W = 2N 3 e ( log_{(0)} φ̄^N_χ + N ) . (19)

Problems arise since S ∝ χ log χ and, in general, the Kähler leads to very singular kinetic terms at the origin of the moduli space. These problems can be circumvented if one suitably chooses the function h(χ, χ̄) so as to satisfy a number of constraints which will be explained in much more detail in the next section. For illustration it is sufficient to device h such that one has the canonical Kähler for χ, i.e. χχ^†/ρ, with ρ a real parameter. We then have the following first order differential equation: dφ_χ dz = e^{−iβ}ρ 2N 3 e ( log_{(0)} φ̄^N_χ + N ) . (20)

This amounts to two independent differential equations, one for the modulus and the other for the phase of φ_χ. After defining

φ_χ = η e^{iδ} , (21) they read dη dz = ρ 2N 3 e [ cos(β + δ)(log η^N + N) − sin(β + δ)(Nδ)_{(0)} ] (22) η dδ dz = ρ 2N 3 e [ − sin(β + δ)(log η^N + N) − cos(β + δ)(Nδ)_{(0)} ] , (23)

where (Nδ)_{(0)} = δN − 2kπ , if − π + 2kπ < δN < π + 2kπ . (24) Consider the case N = 2. The domain wall solution we would like to find must connect the two vacua at χ = ±1/e. We can look for a solution passing through the origin of the moduli space. In this case we have that the phase of φ_χ is π for z ∈ ] − ∞, 0] and is 0 for z ∈ ]0, ∞[. We split the equations in two parts, according to the range of the coordinate z. For z ∈ ] − ∞, 0] we have: dη dz = ρ 4 3 e(log η^2 + 2) , (25)

having set β = π, whereas dη dz = −ρ 4 3 e(log η^2 + 2) , (26)

for z ∈ ]0, ∞[. It is easy to solve this differential equation. Clearly, in the former the modulus decreases from 1/e to zero while in the latter it increases from 0 to 1/e. In figure 2 we portray the potential for the case N = 2 and the solution for the classical configuration. Since the superpotential is continuous at the origin and we used a simple Kähler, the standard BPS formula (50) for the tension applies yielding: E = 2|W_{+∞} − W_{−∞}| = 32 3 . (27)

Here W_{±∞} is the superpotential of the theory evaluated at the two different minima reached at z = ±∞. We note that the domain wall tension remains unaltered even after having integrated out S. This is another test of the extended VY [17], i.e. not only we can eliminate the troublesome vacuum at the origin of the moduli space, but we can now have a domain wall solution interpolating between the two vacua with the expected tension. Finally, the domain wall for S can be easily reconstructed via the equation of motion for S as function of χ, as shown in figure 3.1.

Figure 2: Potential of the theory with a simple Kähler for χ and the associated explicit domain wall solution obtained by setting ρ = 1 in the N = 2 case.

Figure 3: Domain wall solution for S obtained using the equation of motion linking S and χ.

3.2 Non-BPS Domain Walls

In the underlying theory the domain wall tension between two vacua differing by k reads E = 8 3 N^2 sin π k N . (28)

Consider two cases: 1) k is fixed and N becomes large. Here the tension is O(N). 2) k scales with N and hence the tension is O(N^2). For an even number of colors we can find immediately domain wall solutions between two vacua lying on a straight line crossing the origin, i.e. k = N/2. These simple generalizations of the N = 2 case are found by wisely choosing β, and have tension of order N^2. We recall that domain wall solutions whose tension is of order N^2 are naturally expected to emerge as solitonic solutions of a low energy effective theory description [8]. However our solutions do not exhaust all of the possible domain walls with tension of order N^2.

The situation is more involved when two vacua are not aligned with the origin. For the VY theory it has already been pointed out in [9] that one has to be very careful in trying to find solutions which do not pass through the origin when the effective lagrangian has a structure with N distinct sectors in the space of fields. The superpotential happens to be singular along the boundaries of a sector while the potential of the theory is obtained by gluing together different potentials along the boundaries, and cusps develop.

Here we face a similar problem since the extended VY theory also contains cusps, but now in the variable χ. According to [9], by resolving the problem of cusps, one might hope to obtain the expected O(N) tension between adjacent vacua. The claim is supported by a number of toy models and the final solution might even require the introduction of N fields. We will discuss in the last section these kind of domain walls within the extended VY theory.

We now investigate domain wall solutions interpolating between two generic vacua but still passing through the origin. This can be achieved by simply choosing two different β’s, one for each line connecting one of the two vacua to the origin. Since there are two different β’s, solutions will not preserve, in general, N = 1/2 supersymmetry and these objects will not be BPS saturated.

We start by considering two vacua differing by a phase of 2πk/N in the gluino condensate. For z ∈ ] − ∞, 0], using the definition in eq. (21), we fix δ = 2kπ/N, while δ = 0 for z ∈ ]0, ∞[. According to (22), (23), in the range z ∈ ] − ∞, 0], we have the following differential equations: dη dz = ρ 2N 3 e [ cos(β_1 + 2kπ N )(log η^N + N) ] , (29)

0 = ρ 2N 3 e [ sin(β_1 + 2kπ N )(log η^N + N) ] . (30)

The second equation demands β_1 = −2kπ/N + nπ, while the condition of a decreasing modulus fixes n to be even. In the region z ∈]0, ∞[ we have δ = 0 and hence dη dz = ρ 2N 3 e [ cos β(log η^N + N) ] , (31)

0 = ρ 2N 3 e [ sin β(log η^N + N) ] . (32)

The second equation requires β = nπ and the first that n is odd to ensure that the modulus increases with z. These differential equations are identical to the one solved for the N = 2 case. To reconstruct the complete solution one simply glues the two solutions at the origin of the moduli space. Due to the fact that β is constant in the two different regions the domain wall tension is 2 ( ℜe[e^{iβ}W_∞] − ℜe[e^{iβ}W [0]] + ℜe[e^{iβ1} W [0]] − ℜe[e^{iβ1} W_{−∞}] ) = 8 N^2 3 . (33)

This must be confronted with the sine formula (28) which shows that, using the underlying theory, the BPS and N = 1/2 associated solution has a lower tension. The bound is saturated by the domain wall solution with N even and k = N/2. These are exactly the solutions we found earlier.

Our construction cannot be reproduced using the simple VY theory. This is so since in the VY theory there are no domain wall solutions connecting two chirally asymmetric vacua and passing through the origin.

The present analysis has been performed in the simple case in which we integrated out S. Since we will show that it is possible to have a solution when keeping S, the results are valid in general.

4 The Two Field Problem

We now consider the two field problem. The situation is involved since the fields not only interact at the superpotential level but also due to the Kähler.

Here we will derive some general constraints on the Kähler structure of the effective theory by requiring the domain wall solutions to exist and to be BPS saturated.

We first recall the BPS domain wall differential equations for a generic supersymmetric nonlinear sigma model with D fields, presented in the appendix (see (49)) and reported here for the reader’s convenience dφ^i dz = e^{−iβ} g^{ij̄}∂_{j̄}W , i = 1, . . . , D . (34) We have only the two fields φ^1 = φ and φ^2 = φ_χ and the system of differential equations reduces to ∂ ∂z ( φ φ_χ ) = α N^2

(φ̄φ)^{23} h h_{χχ̄} − h_χh̄_{χ̄} [ h_{χχ̄} −^{φ̄−1hχ}_3 −^{φ−1h̄χ̄}_3^h_9 (φ̄φ)^{−1} ] ( ∂¯_S W ∂_{χ̄}W ) , (35)

with h_χ = ∂_χh, h̄_{χ̄} = ∂_{χ̄}h and h_{χχ̄} = ∂_χ∂_{χ̄}h.

We also have

∂_S W =

2N^2 3 log_{(0)} ( S −e^χ_N log_{(0)} χ^N ) , ∂_χW S = 2N 3 log_{(0)} χ^N + N −^χ_N log_{(0)} χ^N

. (36)

It is now possible to deduce a number of constraints. First of all the invertibility of the Kähler metric requires h not to be factorizable, i.e. it cannot be of the form h(χ, χ̄) = F(χ) F(χ̄) with arbitrary F. This condition is more easily understood when looking at the denominator in (35) which vanishes identically when h is factorizable. We also require h not to modify the vacuum structure dictated by the superpotential of the theory. In this section we will analyze in detail the N = 2 case and hence the solution must interpolate between the minimum at φ = 1 and φ_χ = 1/e and the one at φ = −1 and φ_χ = −1/e. It is the origin, in the field space, which causes problems. This is clear in the analysis [4, 5] reviewed earlier in the paper and when analyzing the solution only in terms of χ. To avoid that the solution stops at the origin of the field space one must use the field χ to eliminate the singular behavior of the Kähler at that point due to the field S. A Kähler which is not factorizable, removes the singular behavior at the origin of the moduli space and is consistent with the analysis of the previous sections is^4

h(χ, χ̄) = (1 + γ e^2 χχ̄)(e^2 χχ̄ N^2 log χ^N log χ̄^N )^{− 13} . (37)

4We have also explored other possibilities for the Kähler potential which are reported in the appendix.

Before presenting the numerical solution it is instructive to show how the previously introduced Kähler resolves the problem at the origin of the moduli space. Consider the term lim φ,φ_χ→0 (φ̄φ)^23 h h_{χχ̄} − h_χh̄_{χ̄} h_{χχ̄} ∝ 1 9γ , (38)

where in the last step we have taken the limit in which φ and φ_χ approach the origin simultaneously and neglected logarithmic corrections in the fields. It is not surprising that this ratio is proportional to 1/γ since γ is responsible for the fact that the Kähler is not factorizable. All the other matrix elements exhibit analogous behavior near the origin. More interestingly the dimensionless parameter γ is linked to the mass of the field χ which, after having integrated out the field S, reads

M_χ = 2 27 α γ . (39)

The mass of S after having integrated out χ is instead

M_S = 2 3 α (γ + 1)

. (40)

With this choice for the Kähler (see Appendix B for another choice) it turns out that the origin becomes problematic when the glueball mass diverges compared to the mass of the gluinoball. The glueball field must be present to construct explicit domain wall solutions in pure SYM. This is consistent with the claim of several authors in the literature. We can also consider two regimes, one in which the glueball mass is larger than the gluinoball mass, roughly for γ < 1/8, and the other in which the glueball is the lightest state^5. Although we have already argued in [20] that the glueball mass is larger than the gluinoball mass, it is interesting to show the domain wall solutions in both cases in figure 4 for the case of two colors.

The complete domain wall solution due to the interplay of the two fields is more complicate than in the illustrative case considered in the previous section in which we eliminated S via its equation of motion. For example we see that the glueball field reaches first the asymptotic values when it is more massive than the gluinoball, while this is not the case when the gluinoball is

5The analysis in [20] shows that the mixing between the states is small.

Figure 4: Explicit domain wall solutions obtained setting α = 3. On the top part of the panel we display the solutions for the fields while the associated parametric curves are drawn below. We have considered the case in which the glueball field is heavier (for γ = 0.1) on the left side of the panel. The case in which the glueball is lighter is presented on the right side of the panel (for γ = 1).

lighter. Our results reinforce the argument given in the literature [9] that the domain wall solutions are very sensitive to the presence of heavy states. This is so since the integrating out procedure can strongly modify the potential landscape in which the domain wall solutions must be found. To better visualize the problem related to integrating out χ in the extended VY theory we restrict ourselves to the two color theory while the results are general. Due to the form of the extended VY superpotential, integrating out χ leads to χ = ± 1 e . (41)

Thus χ is fixed in one of the two vacua, according to the sign of the field S. So for S positive (negative), we have χ = +(−)1/e. This means that after having integrated out χ the superpotential is just the VY theory. The Kähler for S is then the VY one and hence the walls interpolating between the desired vacua disappear. On the contrary, when integrating out S, due to the functional relation between S and χ, one is still able to construct the relevant wall solutions between the two correct vacua of the theory.

Our analysis completes the proof of the existence of the domain walls within the extended VY theory while strengthening the widespread expectation of the presence of such objects in SYM. Moreover, it confirms that the VY theory must be extended to describe a number of relevant properties of SYM such as the domain wall solutions.

5 On the Generic BPS Domain Walls

We have till now discussed BPS domain wall solutions which interpolates between two vacua connected by a straight line passing through the origin of the moduli space. We have also investigated non BPS domain wall solutions connecting two generic vacua. However we have not yet discussed the generic BPS solutions connecting any two vacua not aligned with the origin. These domain walls are also known to be problematic to obtain via the simple VY theory [9]. Indeed the VY superpotential has branch cuts in between the vacuua leading to cusps in the potential of the theory. Hence a domain wall solution, in the present case, will have to pass through these cusps with inevitable shortcomings. This situation has been discussed in detail in [9]. The problem here is of different nature than the one for the domain walls passing through the origin of the moduli, that was essentially due to the Kähler of the VY theory. However, it is natural to ask if also this problem can be solved or alleviated within our framework. Although we have not yet found a satisfactory solution we present our current understanding which we hope can help shedding some light on the problem.

We start by noticing that the extended VY theory has another interesting property, i.e. the discontinuities in the S plane have been removed due to the presence of the glueball field χ. As we shall see below this is similar, in spirit, to the case of one flavor super QCD [7, 5, 16] but with important differences. The discontinuities reappear though in the χ plane. In principle this situation is more appealing since one can imagine to find domain walls connecting any two vacua not aligned with the origin of the moduli without crossing the logarithmic branch. In particular one would like to find solutions interpolating between the vacua labelled by two distinct integers, i.e. k and k^′. To analyze this situation one can consider the condition (see equation (53) in appendix A) ℑm [ e^{iβ}W ] = constant , (42)

where the superpotential is evaluated on the solution of the equations of motion. For domain walls connecting two vacua which are on a straight line crossing the origin the previous constraint is easily satisfied and it can be reduced to the problem investigated in the previous sections. Unfortunately we have not yet found the generic BPS solutions connecting generic vacua not aligned with the origin. One of the reasons why we think that such solutions may exist is that the superpotential is very similar to the Taylor, Veneziano and Yankielowicz (TVY) superpotential for one massless flavor super QCD [25]. This is even more transparent if one defines Q = − χ N log χ^N . (43)

and rewrites the superpotential as: W = 2 3 N^2 S [ log S Q − 2 ] . (44)

This similarity, however, is only an apparent one. In fact there are many differences: i) Our original superpotential saturates correctly the anomalies of super Yang-Mills and not the ones of super QCD. ii) In the original variables the superpotential has well defined vacua while in massless super QCD the vacuum runs away.

From the generic domain wall solutions point of view one might still be tempted to say that the problem has been reduced to finding domain wall solutions in the super QCD effective theory a lá TVY. The domain wall solutions were found for this theory in [5, 7, 16] for a nonzero matter field mass. Unfortunately we cannot simply borrow these solutions. In our case, in the variable Q, we have zero mass. Besides we are using a different Kähler^6 than the one used in literature for super QCD. We will further investigate these type of domain wall solutions elsewhere.

6 Conclusions

We investigated the vacuum structure of SU(N) N = 1 super Yang-Mills. The theory is expected to possess N vacua with associated domain walls. However, when using just the Veneziano-Yankielowicz effective theory the domain wall solutions among these vacua were not found. We showed that the newly extended version of the low energy effective Lagrangian supports the expected domain wall solutions. More specifically we find the domain wall solutions associated with two vacua which are aligned with the origin of the moduli space. For the two color theory our analysis exhaust the number of possible BPS domain wall solutions. For a generic theory with even N we can construct N/2 BPS domain wall solutions. These are the ones for which the related vacua are on a straight line crossing the origin. It turns out that the tension of these domain walls, at large N, is quadratic in N, in agreement with general expectations for this kind of solitons.

We constructed new non-BPS domain wall solutions, for a generic SU(N) SYM theory associated with any two vacua. These have tension scaling as N^2 and in some cases they reduce to the BPS ones described above. Finally we have discussed the generic BPS domain walls related to two vacua not aligned with the origin. We have also suggested an intriguing relation between the domain walls description of SYM via the extended VY theory and similar domain walls for super QCD within the TVY effective theory [25].

A number of relevant puzzles remain unsolved, such as the BPS domain

6We remind the reader that the Kähler used in the present work does not spoil any of the anomalies of the underlying gauge theory and it allows for domain wall solutions in between vacua aligned with the origin of the moduli.

wall solutions associated with any vacua not aligned with the origin of the moduli space. However our analysis shows for the first time how domain walls emerge within the effective theory supposed to describe the low energy dynamics of pure N = 1 SYM. Our results are also a further test of the extended VY theory. Among possible interesting applications one might consider the effects of matter fields.

Acknowledgments We thank M. Shifman and A.V. Smilga for useful discussions. F.S. thanks A.V. Smilga for suggesting this interesting problem while visiting the Institute of Theoretical Physics in Minnesota.

A BPS Domain Walls for a Generic Supersymmetric Sigma Model

In the paper of Chibisov and Shifman [6] one can find a very detailed and exhaustive discussion of domain walls for supersymmetric theories. Here, to make the paper self-contained, we re-determine the domain wall solution for a generic supersymmetric sigma model, contemplating a general Kähler for the theory. Consider a generic N = 1 supersymmetric sigma model defined by the Lagrangian L = ∫ d^4θ K[Φ^i, Φ^ī] + [∫ d^2θ W [Φ^i] + c.c. ]

= −g_{ij̄}∂_μφ^i∂^μφ̄^{j̄} + F^ig_{ij̄}F^{j̄} + (F^i∂_iW + c.c.) + fermions ,

(45)

where as usual g_{ij̄} =

∂^2K ∂φ^i∂φ̄^{j̄} . (46)

Here the generic superfield reads in components Φ^i = φ^i + √ 2θψ^i + (θθ)F^i (i = 1, .., D and the bar means complex conjugation).

Eliminating the auxiliary fields using their equations of motion, F^i = −g^{ij̄}∂_{j̄}W up to fermions, we obtain for the bosonic Lagrangian the following expression L = −g_{ij̄}∂_μφ^i∂^μφ̄^{j̄} − V (φ^i, φ̄^{j̄}) , (47)

where V = ∂_iW g^{ij̄}∂_{j̄}W .

The theory may support domain walls: these are classical solutions of the equations of motion with finite tension E = ∫_{+∞} −∞ dz ε. The fields can be chosen to depend only on one coordinate, say the coordinate z. The energy density of the Lagrangian (45) in this case is given by ε = g_{ij̄} dφ^i dz dφ̄^{j̄} dz + ∂_iW g^{ij̄}∂_{j̄}W = g_{ij̄} [( dφ^i dz − e^{−iβ}g^{ik̄} ∂¯_kW ) ( dφ̄^{j̄} dz − e^{iβ} g^{j̄ℓ}∂_ℓW )] + 2 d dz ℜe[e^{iβ}W ] , (48)

where in the last step ℜe means the real part and we introduced an arbitrary phase e^{iβ} . Finiteness of E requires the boundary condition ε(z = ±∞) = 0. Since the kinetic and potential terms are both positive definite at spatial infinity, the previous condition requires the fields φ^i to approach a constant value φ^i_0 (the vacua of the theory) at infinity such that V (φ^i_0, φ̄^ī_0) = 0 and dφ^i dz (±∞) = 0.

For a given boundary condition (say φ^i(+∞) = φ^i_0, φ^i(−∞) = φ^i_1), the total energy is minimized if one finds a solution to the following first order differential equation: dφ^i dz = e^{−iβ}g^{ij̄}∂_{j̄}W . (49) One can show that this solution is BPS and the tension is simply:

E = 2 { ℜe[e^{iβ}W (φ^i_0)] − ℜe[e^{iβ}W (φ^i_1)] } . (50)

Such a solution can be also shown to preserve 1/2 of the original supersymmetry. This can be seen considering the general supersymmetry variation (for vanishing fermionic fields)

δ_ϵψ^i = √ 2 [ i(σ^3ϵ̄) dφ^i dz + F^iϵ ] , (51)

while the other variations vanish identically. If we choose a Weyl spinor ϵ_α such that ϵ_α = ie^{−iβ} σ^3_{αγ̇}ϵ̄^{γ̇} , the variation of the fermionic fields is exactly zero on the BPS solutions (49), as it can be easily shown by using the equation of motion of F^i. Another well known useful relations can be found by multiplying the linear differential equation by ∂_iW , after noticing that β is a constant one immediately derives: d [ e^{iβ}W ] dz = V . (52)

Since the potential of the theory V is real one deduces ℑm [ e^{iβ}W ] = constant , (53)

which is valid when evaluated on the equations of motion. There may exist also non-BPS domain wall solutions. These are classical solutions of the standard equation of motion d dz [ g_{ij̄} dφ̄^{j̄} dz ] = ∂V ∂φ^i . (54)

This equation admits the first integral of motion (conserved charge) Q = g_{ij̄} dφ^i dz dφ̄^{j̄} dz − V = constant . (55)

Equations (54) can be interpreted as the motion of a point particle constrained on a D-dimensional Kähler manifold with metric g_{ij̄} and subject to the potential −V . The conserved charge Q is the energy of such a particle. The boundary conditions for the domain wall solutions, namely that for z → ∞ both the kinetic and the potential energy must vanish, imply Q = 0.

B A different Kähler

Another simple Kähler which is not factorizable and solves the singular behavior at the origin of the moduli space is

h(χ, χ̄) = (1 + γ e^2 χχ̄)(e^2 χχ̄)^{− 13} . (56)

We consider the term: lim φ,φ_χ→0 (φ̄φ)^23 h h_{χχ̄} − h_χh̄_{χ̄} h_{χχ̄} = 1 9γ (φ̄φ)^23 (e^2φ̄_χφ_χ)^23 ∝ 1 γ , (57)

where in the last step we have taken the limit in which φ and φ_χ approach the origin simultaneously. This ratio is also proportional to 1/γ since γ is again responsible for the fact that our Kähler is not factorizable. The dimensionless parameter γ is linked to the mass of the fields χ and S in the following way

M_χ = 2α 3(1 + 4γ)

, M_S = 2α 3(1 + γ)

. (58)

Here the singular behavior in (57) happens when the glueball and the gluinoballs have the same (finite) mass and hence it makes this Kähler somewhat less physical than the one used in the main test. Actually, as it happens for the Kähler in eq. (37), the singularity should more naturally occur when the glueball field decouples. However we can still solve for the domain walls which we show in figure 5 for the case N = 2. In this case the two masses are roughly

Figure 5: Domain wall solutions obtained setting α = 3 and γ = 0.1.

comparable, with the glueball mass slightly lighter than the gluinoball mass.

References

[1] K. A. Intriligator and N. Seiberg, “Lectures on supersymmetric gauge theories and electric-magnetic duality,” Nucl. Phys. Proc. Suppl. 45BC, 1 (1996) [arXiv:hep-th/9509066].

[2] G. R. Dvali and M. A. Shifman, “Domain walls in strongly coupled theories,” Phys. Lett. B 396, 64 (1997) [Erratum-ibid. B 407, 452 (1997)] [arXiv:hep-th/9612128].

[3] G. Veneziano and S. Yankielowicz, “ An Effective Lagrangian For The Pure N=1 Supersymmetric Yang-Mills Theory”, Phys. Lett. B 113, 231 (1982).

[4] A. Kovner and M. A. Shifman, “ Chirally symmetric phase of supersymmetric gluodynamics”, Phys. Rev. D 56, 2396 (1997) [arXiv:hepth/9702174].

[5] A. Kovner, M. A. Shifman and A. Smilga, “Domain walls in supersymmetric Yang-Mills theories,” Phys. Rev. D 56, 7978 (1997) [arXiv:hepth/9706089].

[6] B. Chibisov and M. A. Shifman, “BPS-saturated walls in supersymmetric theories,” Phys. Rev. D 56, 7990 (1997) [Erratum-ibid. D 58, 109901 (1998)] [arXiv:hep-th/9706141].

[7] A. V. Smilga and A. I. Veselov, “Domain walls zoo in supersymmetric QCD,” Nucl. Phys. B 515, 163 (1998) [arXiv:hep-th/9710123]; A. Smilga and A. Veselov, “Complex Bogomolnyi-Prasad-Sommerfield domain walls and phase transition in mass in supersymmetric QCD,” Phys. Rev. Lett. 79, 4529 (1997) [arXiv:hep-th/9706217]; A. V. Smilga and A. I. Veselov, Phys. Lett. B 428, 303 (1998) [arXiv:hep-th/9801142].

[8] E. Witten, “Branes and the dynamics of QCD,” Nucl. Phys. B 507, 658 (1997) [arXiv:hep-th/9706109].

[9] I. I. Kogan, A. Kovner and M. A. Shifman, Phys. Rev. D 57, 5195 (1998) [arXiv:hep-th/9712046].

[10] B. S. Acharya and C. Vafa, “On domain walls of N = 1 supersymmetric Yang-Mills in four dimensions,” arXiv:hep-th/0103011.

[11] I. R. Klebanov and M. J. Strassler, “Supergravity and a confining gauge theory: Duality cascades and chiSB-resolution of naked singularities,” JHEP 0008, 052 (2000) [arXiv:hep-th/0007191].

[12] J. M. Maldacena and C. Nunez, “Towards the large N limit of pure N = 1 super Yang Mills,” Phys. Rev. Lett. 86, 588 (2001) [arXiv:hepth/0008001].

[13] M. Bertolini, P. Di Vecchia, G. Ferretti and R. Marotta, Nucl. Phys. B 630, 222 (2002) [arXiv:hep-th/0112187].

[14] C. P. Herzog, I. R. Klebanov and P. Ouyang, arXiv:hep-th/0205100.

E. Imeroni, Phys. Lett. B 541, 189 (2002) [arXiv:hep-th/0205216]. R. Apreda, F. Bigazzi, A. L. Cotrone, M. Petrini and A. Zaffaroni, Phys. Lett. B 536, 161 (2002) [arXiv:hep-th/0112236].

P. Di Vecchia, A. Lerda and P. Merlatti, Nucl. Phys. B 646, 43 (2002) [arXiv:hep-th/0205204].

P. Olesen and F. Sannino, arXiv:hep-th/0207039.

M. Bertolini and P. Merlatti, Phys. Lett. B 556, 80 (2003) [arXiv:hepth/0211142].

R. Marotta and F. Sannino, Phys. Lett. B 545, 162 (2002) [arXiv:hepth/0207163].

C. P. Herzog and I. R. Klebanov, Phys. Lett. B 526, 388 (2002) [arXiv:hep-th/0111078].

[15] G. Gabadadze, Nucl. Phys. B 544, 650 (1999) [arXiv:hep-th/9808005];

G. R. Dvali, G. Gabadadze and Z. Kakushadze, Nucl. Phys. B 562, 158 (1999) [arXiv:hep-th/9901032].

[16] B. de Carlos and J. M. Moreno, “Domain walls in supersymmetric QCD: From weak to strong coupling,” Phys. Rev. Lett. 83, 2120 (1999) [arXiv:hep-th/9905165];

B. de Carlos, M. B. Hindmarsh, N. McNair and J. M. Moreno, JHEP 0108, 056 (2001) [arXiv:hep-th/0106243].

[17] P. Merlatti and F. Sannino, “Extending the Veneziano-Yankielowicz effective theory,” Phys. Rev. D 70, 065022 (2004) [arXiv:hep-th/0404251].

[18] G. R. Farrar, G. Gabadadze and M. Schwetz, “On the effective action of N = 1 supersymmetric Yang-Mills theory”, Phys. Rev. D 58, 015009 (1998) [arXiv:hep-th/9711166].

[19] D. G. Cerdeno, A. Knauf and J. Louis, “A note on effective N = 1 super Yang-Mills theories versus lattice results”, hep-th/0307198.

[20] A. Feo, P. Merlatti and F. Sannino, “Information on the super Yang-Mills spectrum,” Phys. Rev. D 70, 096004 (2004) [arXiv:hep-th/0408214].

[21] F. Cachazo, N. Seiberg and E. Witten, “Chiral rings and phases of supersymmetric gauge theories,” JHEP 0304, 018 (2003) [arXiv:hepth/0303207].

[22] A. V. Smilga, “BPS domain walls in supersymmetric QCD: Higher unitary groups,” Phys. Rev. D 58, 065005 (1998) [arXiv:hep-th/9711032].

[23] I. Montvay, “SUSY on the lattice”, Nucl. Phys. Proc. Suppl. 63, 108 (1998) [hep-lat/9709080]; A. Donini, M. Guagnelli, P. Hernandez and

A. Vladikas, “Towards N = 1 Super-Yang-Mills on the lattice”, Nucl. Phys. B 523, 529 (1998) [hep-lat/9710065]; A. Feo, “ Supersymmetry on the lattice, Nucl. Phys. Proc. Suppl. 119, 198 (2003) [arXiv:heplat/0210015]. For more recent work see: I. Campos et al. [DESY-Münster Collaboration], “Monte Carlo simulation of SU(2) Yang-Mills theory with light gluinos,” Eur. Phys. J. C 11, 507 (1999) [arXiv:hep-lat/9903014]. F. Farchioni et al. [DESY-Münster-Roma Collaboration], “The supersymmetric Ward identities on the lattice,” Eur. Phys. J. C 23, 719 (2002) [arXiv:hep-lat/0111008]. I. Montvay, “Supersymmetric Yang-Mills theory on the lattice,” Int. J. Mod. Phys. A 17, 2377 (2002) [arXiv:heplat/0112007]. R. Peetz, F. Farchioni, C. Gebert and G. Münster, Nucl. Phys. Proc. Suppl. 119, 912 (2003) [arXiv:hep-lat/0209065]. F. Farchioni and R. Peetz, arXiv:hep-th/0407036.

[24] R. Dijkgraaf and C. Vafa, “A perturbative window into non-perturbative physics,” arXiv:hep-th/0208048.

[25] T. R. Taylor, G. Veneziano and S. Yankielowicz, “Supersymmetric QCD And Its Massless Limit: An Effective Lagrangian Analysis,” Nucl. Phys. B 218, 493 (1983).