arXiv:hep-th/0503185 v3 28 Mar 2005

hep-th/0503185 Imperial/TP/3-04/nn

Super spin chain coherent state actions and AdS_5 × S^5 superstring

B. Stefański, jr.^{1,∗} and A.A. Tseytlin^{2,1,†}

1 Theoretical Physics Group, Blackett Laboratory, Imperial College, London SW7 2BZ, U.K.

2 Physics Department, The Ohio State University, Columbus, OH 43210-1106, USA

Abstract

We consider a generalization of leading-order matching of coherent state actions for semiclassical states on the super Yang-Mills and superstring sides of the AdS/CFT duality to sectors with fermions. In particular, we discuss the SU(1|1) and SU(2|3) sectors containing states with angular momentum J in S^5 and spin in AdS_5. On the SYM side, we start with the dilatation operator in the SU(2|3) sector having super spin chain Hamiltonian interpretation and derive the corresponding coherent state action which is quartic in fermions. This action has essentially the same “Landau-Lifshitz” form as the action in the bosonic SU(3) sector with the target space CP^2 replaced by the projective superspace CP^{2|2}. We also discuss the complete P SU(2, 2|4) one-loop SYM spin chain coherent state sigma model action. We then attempt to relate it to the corresponding truncation of the full AdS_5 ×S^5 superstring action written in a light-cone gauge where it has simple quartic fermionic structure. In particular, we find that part of the superstring action describing SU(1|1) sector reduces to an action of a massive 2d relativistic fermion, with the expansion in the effective coupling λ̃ =^λ_{J 2} being equivalent to a non-relativistic expansion.

∗E-mail address: b.stefanski@ic.ac.uk †Also at Lebedev Institute, Moscow.

1 Introduction

Recent progress in understanding the AdS/CFT duality beyond the supergravity sector was inspired by the suggestion to consider a subsector of semiclassical string states (and near-by fluctuations) that carry large quantum numbers [1, 2, 3, 4] and by the relation between the N = 4 super Yang-Mills dilatation operator and integrable spin chains [5, 6, 7] (for reviews and further references see, e.g., [9, 10, 11]).

Here we shall concentrate on a particular approach (suggested in [12] and developed in [13, 14, 15, 16, 17, 18, 19, 20, 21]) to comparing gauge theory (spin chain) and string theory sides of the duality. It is based on considering a low-energy effective action for coherent states of the ferromagnetic spin chain and relating it to a “fast-motion” limit of the string action. In addition to explaining how a limit of string action “emerges” from the gauge theory dilatation operator, this approach also clarifies the identification of states on the two sides of the duality [17, 21] as well as matching the integrable structures. For example, in the SU(3) sector containing states corresponding to operators tr(Φ^{J1}_1 Φ^{J2}_2 Φ^{J3}_3 ) built out of 3 chiral combinations of N = 4 SYM scalars one finds from the 1-loop spin chain Hamiltonian [5] the “Landau-Lifshitz” type action for coherent states defined on CP^2, and an equivalent action comes out (in the large J limit) of the bosonic part of the classical superstring action [14, 15].

The motivation behind the present work is to try to generalize previous discussions of the matching of coherent state actions in bosonic sectors to sectors with fermions. Previous interesting work in this direction appeared in [19, 20] where quadratic order in fermions was considered. The full one-loop SYM dilatation operator [22] is a Hamiltonian of the P SU(2, 2|4) super spin chain [7], and it is of obvious importance to understand in general a relation between the corresponding coherent state action and the AdS_5 ×S^5 superstring action [8] based on the P SU(2, 2|4)/[SO(1, 4)×SO(5)] supercoset. That may help to further clarify the structure of superstring theory in this background and its connection to SYM theory.

Let us note that, in general, one should be comparing quantum gauge theory states on R×S^3 to quantum string theory states in (global) AdS_5×S^5. In the “semiclassical” limit of large quantum numbers it is natural to consider coherent states on both sides of the duality. In the presence of fermions one cannot follow the bosonic pattern and directly compare classical string solutions to spin chain configurations: the classical solutions will dependent on Grassmann parameters and their energy and charges will be even elements of a Grassmann algebra.^1 To give an interpretation to such solutions one would need to assign some expectation values to the Grassmann elements so that they approximate the results found for the corresponding quantum states with some fermionic occupation numbers.

In order to by-pass this complication one may compare not the states/solutions

1Related issues were recently discussed in [23, 24].

but semiclassical effective actions with fermions that appear in the relevant limits both on the spin chain side and the string theory side. Indeed, one may reformulate the spin-chain dynamics in terms of a coherent-state path integral and then compare the fermionic action that appears there in a continuum limit (and describing a particular class of “semiclassical” states) to a limit of superstring action appearing in the string path integral. Such a comparison of fermionic effective actions is what we will be aiming at below, but we will also discuss some of their Grassmann-valued classical solutions.

On the SYM or spin chain side, we shall concentrate on the closed SU(2|3) sector [25] which generalizes the scalar SU(3) sector to include in the single-trace operators powers of two “gluino” fermionic components. We shall systematically derive the corresponding (1-loop) coherent state action which has a natural interpretation as a Landau-Lifshitz sigma model on the projective superspace CP^{2|2} (an equivalent action was found independently in [20]).^2 On the string theory side, we shall start with an explicit form of the AdS_5 × S^5 action in the light-cone κ-symmetry gauge of [27, 28]. This action is at most quartic in fermions and has manifest SU(4) symmetry. We shall discuss how to truncate this action to the SU(2|3) sector by first writing it in the SU(3) × U(1) invariant form and then isolating the singlet fermionic sector. Understanding the issue of consistent truncation to the SU(2|3) sector and also attempting to including quartic fermionic terms are novel elements of the present work. The precise matching of the quartic fermionic terms appears to depend on a particular choice of field redefinitions that we did not succeed in finding.

To motivate the required truncation of the superstring action let us recall the contents of the SU(2|3) sector on the SYM side [25, 29]. Starting with the N = 4 SYM theory written in terms of the N = 1 superfields we may consider the operator O=tr(Φ^{J1}_1 Φ^{J2}_2 Φ^{J3}_3 ψ^{K1}_1 ψ^{K2}_2 ) built out of three chiral scalars of the “matter” supermultiplets and two spinor components of the “gaugino” supermultiplet (W_α = ψ_α + ..., α = 1, 2). Then we will have the SU(3) ⊂ SO(6) R-symmetry acting on the scalars (under which the fermions ψ_α are singlets) and the SU(2) ⊂ SU(2, 2) symmetry acting on the fermions (under which the scalars are singlets). The latter symmetry is essentially the Lorentz spin symmetry, and ψ_1 may be thought of as a “spin-up”, and ψ_2 as a “spin-down” state. The above operator O has canonical dimension Δ_0 = J +^3_2 (K_1 + K_2), with J = J_1 + J_2 + J_3 being the total R-charge. Then S =^1_2 (K_1 − K_2) is the Lorentz spin and L = J + K_1 + K_2 is the total number of fields or the length of the corresponding spin chain.^3 One may also consider various subsectors of the SU(2|3) sector, for example, SU(1|3) (3 scalars and 1 fermion). The simplest subsector (which is closed to all orders [25, 11]) is the SU(1|1) subsector containing the operators tr(Φ^J ψ^K ) with Δ_0 = J +^3_2 K = L + S, L = J + K, S =^1_2 K,

2See also a related discussion in the very recent paper which studies the SU (1, 1|1) sector [26] and its relation to superstring action to quadratic order in fermions.

3Beyond one loop the length can fluctuate as one can trade a scalar SU (3) singlet ϵ^{ijk}Φ_iΦ_j Φ_k for the SU (2) singlet ϵ^{αβ}ψ_αψ_β which has the same canonical dimension [25].

with the K = 0 case being the BPS vacuum.

The corresponding string states should thus have both the S^5 angular momenta (carried by the bosonic coordinates) and one component of the AdS_5 spin (carried by the fermionic coordinates). Also, the two non-zero fermionic coordinates should be singlets under the SU(3) R-symmetry. In particular, the closed SU(1|1) sector should be described by an “extension” of the BMN point-like BPS state (carrying S^5 momentum J) by a single fermion. The associated coherent state action will then involve only a single fermionic variable.

We start in section 2 by deriving the coherent-state action corresponding to the 1-loop SYM dilatation operator in the SU(2|3) sector. We emphasize its geometrical interpretation as a Landau-Lifshitz sigma model on the projective superspace CP^{2|2} and show that there exists a field redefinition that makes the action quartic in fermions. We mention then a particular fermionic classical solution which generalizes a static bosonic SU(2) Landau-Lifshitz solution (corresponding to a circular spinning string with two equal angular momenta [4, 30]). We also discuss the generalization to the full P SU(2, 2|4) spin chain coherent state sigma model action.

In section 3 we consider the AdS_5 × S^5 superstring action [8] in the light-cone κ-symmetry gauge [27, 28] which contains two fermionic coordinates transforming in the fundamental representation of SU(4). We choose an ansatz for the AdS_5 bosonic coordinates that describes strings localised at the center of AdS_5 in global coordinates, with the global time proportional to the world-sheet time. Then we rewrite the fermionic part of the action in the manifestly SU(3) × U(1) form that no longer involves gamma-matrices. That facilitates the truncation to the SU(2|3) sector where only two SU(3)-singlet fermionic coordinates are present.

In section 4 we present some classical solutions of the superstring action that are fermionic generalizations of the bosonic spinning string solutions. That helps to clarify possible consistent truncations of the superstring equations of motion.

In section 5 we consider the matching of the Landau-Lifshitz spin chain action to the “fast-string” limit of the string action. In particular, we consider the SU(1|1) subsector and relate the resulting fermionic action to that of a free relativistic 2d fermion.

In Appendix A we summarize our notation and give useful gamma-matrix relations. In Appendix B we present the expressions for SU(4) charges of the string action.

2 From spin chains to sigma models: SU(2|3) sector

In this section we shall find the continuum limit of the coherent state expectation value of the one-loop N =4 SYM dilatation operator in the SU(m|n) sub-sector of the full

SU(2, 2|4) dilatation operator. In our choice of the fundamental representation of SU(n|m) = SU(m|n) n = 0, 1, 2 will be the number of chiral fermionic (grassmann) fields and m = 1, 2, 3 – the number of chiral scalar bosonic fields in the corresponding SYM single-trace operators [25].^4

Our aim will be to determine the structure of the associated low-energy effective actions for the coherent state fields. The cases of the purely bosonic (n = 0) SU(2) and SU(3) sectors were discussed previously in [12, 13] and in [14, 15]. Related supergroup-type sigma models were considered, e.g., in [39]. Our final result for the coherent state action in the SU(2|3) subsector will be the same as in [20] but we shall emphasize the simple geometrical structure of the action. We shall also mention some classical fermionic solutions and a generalization to the P SU(2, 2|4) case (see also [19]).

2.1 Coherent state expectation value of SU(2|3) dilatation operator

The starting point will be the one-loop dilatation operator in the SU(2|3) sector which can be put into the form of a spin chain Hamiltonian [25] D = 2λ (4π)^2 L∑ l=1 (1 − P_{l,l+1}) . (2.1)

Here P_{l,l+1} is the graded permutation operator, which acts by permuting a fermion or boson assigned to a site l with a fermion or boson assigned to a site l + 1 with an additional minus sign if both fields are fermionic. The key observation is that the permutation operator in the SU(m|n) sector can be expressed in terms of the SU(m|n) generators as^5 P_{l,l+1} = 1 m − n + ∑ A,B g_{AB} X^A_l X^B_{l+1} , (2.2)

4In this section we shall often use the notation SU (3|2) instead of SU (2|3) used in [25]. While the notation SU (2|3) (with SU (2) × SU (3) subgroups being the space-time spin acting on fermions and internal R-symmetry acting on bosons) is natural for a subgroup of the full symmetry supergroup P SU (2, 2|4) (with SU (2, 2) × SU (4) bosonic subgroup being the product of the space-time conformal symmetry and the internal R-symmetry), the “reverse” notation SU (3|2) seems more natural in discussing the coset superspaces we will be interested below. We will choose the fundamental representation of SU (m|n) to contain m “bosons” and n “fermions”. The superalgebra SU (m|n)

can be realised in fundamental representation as a set of (m+n)×(m+n) matrices M = ( B F F^′ B^′ ) , where the even m × m matrix B and n × n matrix B^′ are hermitian, with StrM = trB − trB^′ = 0, and the odd matrices satisfy F^† = F^′.

5When proving this identity it is important to recall the definition of the tensor product on a super-vector space: X^A ⊗ X^f (v_f ⊗ v_B) = −X^A(v_f ) ⊗ X^f (v_B ), where X^f (or v_f ) is a fermionic operator (or vector) and X^A (v_B ) is any bosonic or fermionic operator (or vector).

where g_{AB} is the Cartan metric on the Lie superalgebra, i.e. the inverse of

g^{AB} = Str(X^AX^B ) . (2.3)

For example, for the SU(2) case (m = 2, n = 0) with X^A being the Pauli matrices g_{AB} =^1_2 δ_{AB} and P_{l,l+1} =^1_2 (I + σ_l · σ_{l+1}).

Then the dilatation operator in the SU(m|n) sector is given explicitly by D = 2λ (4π)^2 L∑ l=1 ( m − n − 1 m − n − ∑ A,B g_{AB} X^A_l X^B_{l+1} ) . (2.4)

Let us first consider the simplest non-trivial SU(2|1) sector where

D_{SU (2|1)} = − 2λ (4π)^2 L∑ l=1 ∑ A,B g_{AB} X^A_l X^B_{l+1} , (2.5)

and derive the corresponding coherent state effective action (generalisations to other SU(m|n) sectors will be straightforward). We may choose the generators of SU(2|1) in the fundamental representation as

X^1 =

0 1 0 1 0 0 0 0 0

, X^2 = 0 −i 0 i 0 0 0 0 0

, X^3 =

1 0 0 0 −1 0 0 0 0

, X^4 =

1 0 0 0 1 0 0 0 2 ,

X^5 =

0 0 1 0 0 0 −1 0 0

, X^6 =

0 0 i 0 0 0 i 0 0

, X^7 =

0 0 0 0 0 1 0 −1 0

, X^8 =

0 0 0 0 0 i 0 i 0 ,

where X^{1,2,3,4,8} are even and X^{5,6,7} are odd.^6 X^3 and X^4 form Cartan subalgebra, and X^1, X^2 and X^3 form the bosonic SU(2) subgroup. As usual, we can define a coherent state by a “rotation” of a “vacuum state” by the generators that do not preserve it [37] |N⟩ ≡ N e^{i(a1X 1+a2X 2+θ1 X 5+θ2 X 6)} |0⟩ . (2.6) Here a_1, a_2 and θ_1, θ_2 are real even and odd parameters and N is a (Grassmann-even) normalisation.^7 We shall choose the vacuum state to be |0⟩ = (1, 0, 0) which is an eigen-state of the Cartan generators (and is annihilated by X^7, X^8) – it corresponds to the BPS vacuum Tr(Φ^L). The coherent states are thus parametrized by the elements of the supercoset G/H where H is the stability subgroup of the vacuum, i.e. by the

6We take the even (b) and odd (f) generators to satisfy X^†_{(b)} = X_{(b)} , X^†_{(f)} = −X_{(f)} . 7Let us recall that in the case of a free fermionic oscillator (or Clifford algebra) the fermionic coherent states may be defined as |θ⟩ = e^{−θa†} |0⟩ , a |0⟩ = 0, aa^† + a^†a = 1, a |θ⟩ = θ |θ⟩ .

points in the projective superspace CP^{1|1} = SU(2|1)/[SU(1|1) × U(1)].^8 Similarly, we define ⟨N| ≡ N^∗ ⟨0| e^{−i(aX 1+bX 2−θ1 X 5−θ2 X 6)} . (2.7) In order to satisfy ⟨N|N⟩ = 1 we require

N = N^∗ = 1 − sin 2Δ Δ θ^2 , (2.8)

where Δ ≡ √ a^2_1 + a^2 , θ^2 ≡ θθ̄ , θ = θ_1 + iθ_2 , θ̄ = θ_1 − iθ_2 , (2.9)

Then

⟨N| X^A |N⟩ = x^A , x^A = x^A(a_1, a_2, θ_1, θ_2) , (2.10)

where the explicit form of the functions x^A is

x^1 = cos φ [ − sin 2Δ + θ^2 Δ (cos 2Δ + sin 2Δ(4 sin^2 Δ − 1) 2Δ ) ] , x^2 = − sin φ [ − sin 2Δ + θ^2 Δ (cos 2Δ + sin 2Δ(4 sin^2 Δ − 1) 2Δ ) ] , x^3 = cos 2Δ + θ^2 Δ (sin 2Δ − sin Δ sin 3Δ Δ ) , x^4 = 1 + θ^2 Δ^2 sin^2 Δ ,

x^5 = sin 2Δ 2Δ (¯ θ − θ ) , x^6 = i sin 2Δ 2Δ (¯ θ + θ ) , x^7 = sin^2 Δ Δ ( θe^{−iφ} − θ̄e^{iφ} ) , x^8 = −i sin^2 Δ Δ ( θe^{−iφ} + θ̄e^{iφ} ) , e^{iφ} ≡ a_2 + ia_1 Δ (2.11)

Let us define the SU(2|1) matrix N belonging to the supercoset SU(2|1)/[SU(1|1) × U(1)] as N = 8∑ A,B=1 g_{AB} x^AX^B , x^A = Str(NX^A ) . (2.12)

It is then easy to show that N can be written as

N^q_p = V^qV_p − δ^q_p , p, q = 1, 2, 3 , (2.13)

where

V^p = (V_1, V_2, ψ) , V_p ≡ (V^p)^† = (V^∗_1 , V^∗_2 , ψ̄) , V_pV^p = V^pV_p = 1 , (2.14)

8Had we chosen instead the “fermionic” vacuum (0, 0, 1) (which corresponds to a non-BPS state Tr(ψ^L)) we would get the coset SU (2|1)/[SU (2) × U (1)].

and thus N^† = N , StrN = 0 , N^2 = −N . (2.15) It is assumed that the^p_p summation (as in A_pB^p) is done with plus sign for the fermionic components, while the^p_p summation (as in B^pA_p) – with minus sign (so it is consistent with the definition of the supertrace). The explicit form of the Grassmannvalued constraint on V^p is thus |V_1|^2 + |V_2|^2 + ψ̄ψ = 1 . (2.16) Both N and V^p (the latter modulo U(1) phase transformations) thus parametrise the supercoset CP^{1|1} = SU(2|1)/[SU(1|1) × U(1)]. The components of V^p can be expressed in terms of Δ, φ and θ in (2.11) as

V_1 = − cos Δ − θ^2 2Δ^2 sin Δ(Δ − sin 2Δ) , (2.17) V_2 = e^{iφ} [ sin Δ + θ^2 4Δ^2

(sin 3Δ − sin Δ − 2Δ cos Δ) ] , (2.18) ψ = sin Δ Δ θ . (2.19) The above construction is straightforward to generalise to the SU(m|n) case where the matrix N should belong to (CP^{m−1} in the bosonic n = 0 case [15]) CP^{m−1|n} = SU(m|n) SU(m − 1|n) × U(1) i.e.

N^q_p = (m − n)V^q V_p − δ^q_p , V_pV^p = 1 , (2.20)

N^† = N , StrN = 0 , N^2 = (m − n − 2)N + (m − n − 1)I . (2.21) The components of V^p are V_i (i = 1, ..., m) and ψ_α (α = 1, ..., n) with ψ̄_α ≡ ψ^†_α V^p = (V_i, ψ_α) , V^∗_i V_i + ψ̄_αψ_α = 1 , (2.22) where we assume summation over repeated i and α index.

Returning back to SU(2|1) case let us now define the coherent state for the whole spin chain as |N⟩ ≡ L∏ l=1 |N_l⟩ , (2.23) where |N_l⟩ are given by (2.6). Computing the matrix element of (2.5) we get ⟨N| D_{SU (2|1)} |N⟩ = − λ (4π)^2 L∑ l=1 g_{AB} Str(N_lX^A) Str(X^B N_{l+1})

= λ (4π)^2 L∑ l=1 1 2 g_{AB} Str[(N_{l+1} − N_l)X^A] Str[(N_{l+1} − N_l)X^B]

= λ (4π)^2 L∑ l=1 Str(N_{l+1} − N_l)^2 . (2.24)

We used the completeness relation ∑ A,B g_{AB} Str(MX^A) Str(X^BM) = 2 StrM^2 , (2.25)

valid for any matrix M in the SU(2|1) superalgebra and also that StrN^2_l = −StrN_l = 0. Then taking the relevant [12, 13, 15] continuum limit describing semiclassical low-energy states of the spin chain, i.e. L → ∞ with λ̃ ≡^λ_{L2} =fixed, we get ⟨N| D_{SU (2|1)} |N⟩ → L ∫_{2π} 0 dσ 2π λ̃ 4 Str(∂_1N∂_1N) . (2.26)

Rescaling t → t = λ̃^{−1}t, the total coherent state path integral action becomes I = L ∫ dt ∫_{2π} 0 dσ 2π L_{SU (2|1)} , L_{SU (2|1)} = L_{WZ}(N) − 1 4 Str(∂_1N∂_1N) . (2.27)

Here L_{WZ}(N) is the usual WZ type term (which can be computed as ⟨N| i∂_0 |N⟩)

L_{WZ}(N) = i 2 ∫_1 0 dz Str (N[∂_zN, ∂_0N}) , (2.28)

where [ , } is the superbracket.

2.2 SU(2|3) Landau-Lifshitz sigma model

The Lagrangian in (2.27) admits a simpler local representation in terms of the vector variable V^p with an additional U(1) gauge symmetry which is a direct generalization of the CP^{m−1} “Landau-Lifshitz” Lagrangians in the bosonic SU(2) and SU(3) cases in the form given in [13, 15]:

L = −iU^∗_i ∂_0U_i − 1 2 |D_1U_i|^2 , |U_i|^2 = 1 , (2.29)

D_aU_i = ∂_aU_i − iC_aU_i , C_a = −iU^∗_i ∂_aU_i , U^∗_i D_aU_i = 0 . (2.30)

Here U_i (i = 1, ..., m) belongs to CP^{m−1} = SU(m)/[SU(m−1)×U(1)]: in addition to the unit modulus constraint the action has gauge U(1) symmetry. In the supercoset case we get the Lagrangian (2.27) defined on the projective superspace (cf. (2.20))^9 CP^{m−1|n} = SU(m|n)/[SU(m − 1|n) × U(1)] (here V_p = (V^p)^†, D_1V_p = (D_1V^p)^†)

L = −iV_p∂_0V^p − 1 2 D_1V_pD_1V^p , V_pV^p = 1 , (2.31)

D_aV^p = ∂_aV^p − iC_aV^p , C_a = −iV_p∂_aV^p . (2.32)

Written explicitly in terms of the component fields in (2.22) this becomes

L = −iV^∗_i ∂_0V_i − iψ̄_α∂_0ψ_α − 1 2 ( |D_1V_i|^2 + D^∗_1ψ̄_αD_1ψ_α ) = −iV^∗_i ∂_0V_i − iψ̄_α∂_0ψ_α − 1 2 ( |∂_1V_i|^2 + ∂_1ψ̄_α∂_1ψ_α − C^2_1 ) , (2.33)

where

D_a(V_i, ψ_α) = (∂_a − iC_a)(V_i, ψ_α) , C_a = −iV^∗_i ∂_aV_i − iψ̄_α∂_aψ_α . (2.34)

It is convenient to decouple bosons and fermions in the constraint (2.22). Let us first consider the SU(2|1) sector and define the new bosonic field U_i (i = 1, 2) by

V_i = U_i(1 − 1 2 ψ̄ψ) , U_i = V_i(1 + 1 2 ψ̄ψ) . (2.35)

Then the normalisation condition (2.16) becomes simply

|U_1|^2 + |U_2|^2 = 1 , (2.36)

so that U_i belongs to CP^1 (both U_i and ψ still transform under the U(1) gauge symmetry). The gauge field in (2.34) is then

C_a = C_a(1 − ψ̄ψ) − i 2 (ψ̄∂_aψ + ψ∂_aψ̄) , C_a = −iU^∗_i ∂_aU_i . (2.37)

and so the SU(2|1) Lagrangian (2.33) takes the form

L_{SU (2|1)} = −iU^∗_i ∂_0U_i − iψ̄D_0ψ − 1 2 [ (1 − ψ̄ψ)|D_1U_i|^2 + D^∗_1ψ̄D_1ψ ] , (2.38)

where D_a ≡ ∂_a − iC_a is the “bosonic” covariant derivative. A remarkable feature of this Lagrangian is that there are no terms quartic in fermions: terms which come from

9Standard 2-d Lorentz-covariant sigma models with projective superspaces as target spaces were studied, e.g., in [31].

C^2_1 and from ∂_1V_i∂_1V^∗_i cancel. This CP^{1|1} supercoset Landau-Lifshitz Lagrangian is a generalization of the CP^1 Lagrangian of the bosonic SU(2) sector.

Another special case is the CP^{0|1} model corresponding to the SU(1|1) sector where we have only one component of U_i (|U_1|^2 = 1) which can be gauge-fixed to 1. Then (2.38) reduces to the abelian Landau-Lifshitz system L_{SU (1|1)} = −iψ̄∂_0ψ − 1 2 ∂_1ψ̄∂_1ψ . (2.39)

We may repeat the same transformation in the SU(3|2) case (2.33) by solving the normalisation condition using the new bosonic fields U_i

V_i = U_i √ 1 − ψ̄_αψ_α = U_i [ 1 − 1 2 ψ̄_αψ_α − 1 8 (ψ̄_αψ_α)^2 ] , |U_i|^2 = 1 . (2.40)

Then C_a in (2.34) becomes

C_a = C_a (1 − ψ̄_αψ_α) − i 2 (ψ̄_α∂_aψ_α + ψ_α∂_aψ̄_α) , C_a = −iU^∗_i ∂_aU_i , (2.41)

and the Lagrangian (2.33) takes the form (i = 1, 2, 3; α = 1, 2)

L_{SU (3|2)} = −iU^∗_i ∂_0U_i − iψ̄_αD_0ψ_α − 1 2 [ |D_1U_i|^2(1 − ψ̄_αψ_α) + D^∗_1ψ̄_αD_1ψ_α + 1 2 (ψ_αD^∗_1ψ̄_α)^2 + 1 2 (ψ̄_αD_1ψ_α)^2 + 1 4 ψ̄_αψ_α∂_1(ψ̄_βψ_β)∂_1(ψ̄_γψ_γ )] . (2.42)

We may recover the SU(2|1) Lagrangian (2.38) by setting U_3 = 0 and ψ_2 = 0: the last sixth-order term (which originated from ∂_1V_i∂_1V_i) then vanishes, and the quartic fermionic terms also become zero since they are proportional to ψ_αψ_β or ψ̄_αψ̄_β.

Since we would like to compare the spin chain action to the superstring action which (in a particular gauge) contains terms that are at most quartic in fermions, it is useful to notice that one can eliminate the sixth-order term by redefining the fermionic field ψ_α → ψ_α − 1 2 (ψ̄_βψ_β )ψ_α . (2.43)

Then

L_{SU (3|2)} = −iU^∗_i ∂_0U_i − i(1 − ψ̄_αψ_α)ψ̄_αD_0ψ_α − 1 2 [ (1 − ψ̄_αψ_α + (ψ̄_αψ_α)^2)|D_1U_i|^2 + (1 − ψ̄_βψ_β)D^∗_1ψ̄_αD_1ψ_α

+(ψ_αD^∗_1ψ̄_α)(ψ̄_βD_1ψ_β) ] . (2.44)

In this form our CP^{2|2} Landau-Lifshitz Lagrangian agrees with the SU(2|3) spin chain coherent state Lagrangian found earlier in [20].

2.3 An example of fermionic solution of the Landau-Lifshitz model

The bosonic SU(2) Landau-Lifshitz model has a very simple static solution [13] which corresponds, in the string theory picture, to the circular string rotating in S^3 part of S^5 with two equal angular momenta (i.e. X_1 =^{1√}_2 e^{iwτ +inσ} , X_2 =^{1√}_2 e^{iwτ −inσ}): U_1 =^{1√}_2 e^{inσ}, U_2 =^{1√}_2 e^{−inσ} . Interestingly, the equations of motion that follow from the Lagrangian (2.38) (Λ is the Lagrange multiplier imposing U^∗_i U_i = 1)

0 = −2i(1 − ψ̄ψ)∂_0U_i + (1 − ψ̄ψ)D^2_1U_i + ΛU_i , (2.45) 0 = −2iD_0ψ + |D_1U_i|^2ψ + D^2_1 ψ . (2.46)

admit the following generalization of the above bosonic static solution

U_1 = 1 √ 2 ( e^{inσ} − e^{−inσ}ζ̄ζ ) , (2.47)

U_2 = 1 √ 2 ( e^{−inσ} + e^{inσ}ζ̄ζ ) , (2.48)

ψ = e^{imσ}ζ , (2.49)

where ζ is a constant complex Grassmann parameter (U_i are even elements of the Grassmann algebra) and n , m are integers. Note that since our action has local U(1) symmetry (in addition to global SU(2|1) symmetry) this solution is equivalent to the one with constant ψ field.

For the above ansatz

C_1 = −iU^∗_i ∂_1U_i = 0 , and |∂_1U_i|^2 = n^2 , (2.50)

and then

0 = (1 − ψ̄ψ)∂^2_1 U_i + ΛU_i , (2.51) 0 = n^2ψ + ∂^2_1 ψ . (2.52)

The latter equation is solved if n = m while the former determines the Lagrange multiplier to be

Λ = −(1 − ψ̄ψ)U^∗_i ∂^2_1 U_i = n^2(1 − ζ̄ζ) . (2.53)

Since ∂^2_1 U_i = −n^2U_i, our ansatz does indeed satisfy the U_i equation of motion.

Surprisingly, the corresponding energy density (determined by the spatial derivative part of (2.38)) E =^1_2 [ (1 − ψ̄ψ)|D_1U_i|^2 + D^∗_1ψ̄D_1ψ ] , evaluated on the above solution, is equal simply to^1_2 n^2, i.e. it does not depend on ζ. Indeed, one can show that this solution can be obtained from the bosonic SU(2) subsector solution by means of a global SU(1|2) rotation and a local U(1) rotation.

2.4 On P SU(2, 2|4) Landau-Lifshitz model

As was found in [15, 16, 19, 17], the generalization of the CP^2 Landau-Lifshitz action of the SU(3) sector to the case of the SO(6) sector is a similar action on the Grassmanian G_{2,6} = SO(6)/[SO(4)×SO(2)] which is the same as a quadric in CP^5 defined by U_iU_i = 0 (i = 1, ..., 6) imposed in addition to U_iU^∗_i = 1 and the U(1) gauge invariance. The discussion in [19] suggests that a generalization of the above CP^{2|2} supercoset action (2.31) for the SU(2|3) sector to the coherent state action for the full P SU(2, 2|4) spin chain of [7] (with the vacuum chosen again to represent the BPS state trΦ^J ) should be defined on a super-Grassmanian which generalizes the product of the two bosonic Grassmanians SO(2, 4)/[SO(4) × SO(2)] and SO(6)/[SO(4) × SO(2)] [19]: G_{2|2,4|4} = SU(2, 2|4)/[SU(2|2) × SU(2|2) × U(1) × U(1)] . The corresponding Lagrangian is a direct generalization of (2.31) where the analog of V^p is subject to an additional (V^p)^2 = 0 constraint. To get an action with unconstrained fermions one would then need only to redefine the bosons in a fashion similar to equation (2.40).

It remains a challenge to directly relate this action to a limit of the superstring action [8] defined on the supercoset SU(2, 2|4)/[SO(1, 4) × SO(5)]. As was argued in [19] (using a time-averaging procedure on the string side), the quadratic fermionic terms in the two actions should indeed match.

Below we would like to further clarify this relation by explaining the truncation of the superstring action that should correspond to a particular fermionic sector on the spin chain side and attempting to go beyond the quadratic level in fermions.

3 Superstring theory action

One would like to start with type IIB superstring action [8] and to show that a fermionic action equivalent to the one found from the spin chain in the previous section emerges from it in the “fast-string” limit, thus generalizing the observations made in the bosonic sectors [12, 13, 15, 14, 17, 18]. Since the spin chain side is sensitive only to physical degrees of freedom, we are free to choose any diffeomorphism and κ-symmetry gauge. We shall use the string action in the light-cone κ-symmetry gauge of [27, 28], i.e. Γ^+θ = 0, where “+” direction is a light-cone direction in the Poincare coordinates of AdS_5 space. The advantage of this gauge is that the fermionic part of the action (and, in particular, its SU(4) structure) becomes relatively simple and explicit.

We shall then fix the bosonic conformal gauge and make an ansatz for the bosonic AdS_5 fields that corresponds to the choice of the global AdS_5 time being proportional to the world-sheet time τ . The t ∼ τ relation is needed to ensure that the resulting

2-d Hamiltonian will match the spin chain Hamiltonian whose eigen-values should be anomalous dimensions. Put differently, while we will be using the κ-symmetry gauge “adapted” to the Poincare coordinates, we may still replace the bosonic AdS_5 Poincare coordinates by the global AdS_5 ones^{10} and then fix the latter (time, radial, and unit 4-vector representing angles of S^3) as t = ντ + ..., ρ = 0 + ..., n_i = 0 + ..., where dots stand for possible fermionic terms.^{11} The parameter ν will be related to the (large) angular momentum in S^5 and thus 1/ν will be our expansion parameter.

Next, one is to try choose a consistent ansatz for the bosonic and fermionic fields which would restricts the string action to the same sector of states (SU(2|3) or its subsectors) that we discussed above on the spin chain side. We shall only consider classical string configurations, i.e. semiclassical string states corresponding to coherent states of the spin chain; as in the previously discussed bosonic sectors, the string α^′ corrections should correspond to subleading 1/L corrections on the spin chain side [32, 33, 34]. While the truncation of the purely-bosonic string sigma model equations to particular subsectors is relatively straightforward [15, 17, 33], this is no longer so in the presence of superstring fermions, which, in particular, couple together the AdS_5 and S^5 parts of the bosonic action.

One may try to set part of fermionic fields to zero and make certain field redefinitions in order to show the existence of a truncation of classical string equations to a subsector with non-zero fermions.^{12} Having found a consistent truncation of the classical string equations, one may then attempt to reconstruct (at least in a certain fast-string limit corresponding to the leading order approximation on the gauge theory side) an action that describes this subsector.

10The standard transformation is e^ϕx^0 = cosh ρ sin t, e^ϕx_i = sinh ρ n_i, e^ϕ = cosh ρ cos t − n_4 sinh ρ, n^2_i + n^2_4 = 1.

11Since we will be interested in the SU (2|3) sector of states the corresponding string states should be rotating in S^5 (as in the SU (3) sector), and, in addition, the fermionic degrees of freedom should carry a spin component in AdS_5.

12Consistent truncations of the phase-space equations of the light-cone superstring in AdS_5 × S^5 were recently found in [24]. They involve setting to zero certain components of the generalized even momenta (depending on both bosonic and fermionic variables) and are equivalent to the truncations in the Lagrangian approach we discuss below.

3.1 Superstring Lagrangian in a light-cone gauge

Our starting point will be the κ-symmetry gauge fixed Lagrangian of [27]^{13} L = − 1 2 √ gg^{μν} [ 2e^{2ϕ}(∂_μx^+∂_ν x^− + ∂_μx∂_νx̄) + ∂_μϕ∂_ν ϕ + ∂_μX^M ∂_ν X^M ] − i 2 √ gg^{μν} e^{2ϕ}∂_μx^+ [ θ^A∂_ν θ_A + θ_A∂_ν θ^A + η^A∂_ν η_A + η_A∂_ν η^A ] −i √ gg^{μν} e^{2ϕ}∂_μx^+X^N ∂_ν X^M η_Aρ^{M N A}_B η^B + 1 2 √ gg^{μν} e^{4ϕ}∂_μx^+∂_ν x^+ [ (η^Aη_A)^2 + (X^N η_Aρ^{M N A}_B η^B)^2 ] +ϵ^{μν} e^{2ϕ}∂_μx^+X^M ( η^Aρ^M_{AB} ∂_ν θ^B + η_Aρ^{M AB}∂_ν θ_B ) +i √ 2ϵ^{μν} e^{3ϕ}∂_μx^+X^M ( ∂_νx̄η_Aρ^{M AB} η_B − ∂_ν xη^Aρ^M_{AB} η^B ) . (3.1)

Here μ, ν = 0, 1 and ϕ, x^0, x^i are the Poincare coordinates of AdS_5 with

x^± = 1 √ 2 (x^3 ± x^0) , x = 1 √ 2 (x^1 + ix^2) , x̄ = 1 √ 2 (x^1 − ix^2) , (3.2)

and X^M (M, N = 1, ..., 6) is a unit 6-vector parametrising S^5 (the constraint X^M X^M = 1 can be imposed with a Lagrange multiplier Λ). The 4+4 complex Grassmann fields θ_A, η_A (with A = 1, 2, 3, 4 and θ_A = (θ^A)^†, η_A = (η^A)^†) transform in the fundamental representation of SU(4).^{14} The 4 × 4 matrices ρ^M are “off-diagonal” blocks of the SO(6) gamma-matrices in the chiral representation (their properties are listed in Appendix A), and ρ^{M N} = −ρ^{[M} ρ^{∗N ]}.

Notice that θ^A enter the action only quadratically (all quartic fermionic terms involve only η_A) and thus it could be in principle “integrated out”. We recall [27, 28] that θ^A correspond to the (linearly realised) supersymmetry generators of the superconformal algebra P SU(4, 4|4) while η^A – to the non-linearly realised superconformal generators.

In what follows we shall choose the conformal gauge for the 2-d metric and will make the following ansatz for the bosonic AdS_5 fields which corresponds to the global AdS_5 time t = ντ + ..., namely,

e^ϕ = cos ντ , x^+ = tan ντ √ 2 , x^− = − tan ντ √ 2 + f(τ, σ) , x = x̄ = 0 , (3.3)

where f is to be determined. Then

e^{2ϕ}∂_0x^+ = ν √ 2 , (3.4)

13We ignore the overall factor of string tension^{√λ}_{2π} =^{R2}_{2πα′} .

14We mostly follow the notation of [27, 28] but use A, B = 1, 2, 3, 4 instead of i, j as SU (4) indices.

and the x^+ equation of motion (the one obtained by varying x^−) is automatically satisfied. Since we would like also to keep some fermions non-zero, it is not a priori clear if such an ansatz is consistent with all the equations of motion. Indeed, we expect that it will place restrictions on allowed fermions and on f(τ, σ). For example, setting x = 0 in the equation of motion for x is possible as long as η satisfies

∂_1(X^M η^Aρ^M_{AB} η^B) = 0 , (3.5)

plus a similar complex conjugate relation coming from the x̄-equation. The ϕ equation of motion gives

∂_0f = −iX^N ∂_0X^M η_Aρ^{M N A}_Bη^B − i 2 ( θ^A∂_0θ_A + θ_A∂_0θ^A + η^A∂_0η_A + η_A∂_0η^A ) −X^M ( η^Aρ^M_{AB} ∂_1θ^B + η_Aρ^{M AB} ∂_1θ_B ) , (3.6)

while the equation for x^− implies

∂^2_1 f = ∂_1 [ −iX^N ∂_1X^M η_Aρ^{M N A}_Bη^B − i 2 ( θ^A∂_1θ_A + θ_A∂_1θ^A + η^A∂_1η_A + η_A∂_1η^A ) −X^M ( η^Aρ^M_{AB} ∂_0θ^B + η_Aρ^{M AB}∂_0θ_B )] . (3.7)

The θ equation of motion and its conjugate are

∂_0θ_A + i∂_1(X^M ρ^M_{AB} η^B) = 0 , ∂_0θ^A + i∂_1(X^M ρ^{M AB}η_B ) = 0 (3.8)

These relations may be used to eliminate the θ fermions from the action.

The conformal gauge constraints (^{δS}_{δgμν} = 0 with √ gg^{μν} = η^{μν} ) place further restrictions on the allowed fermionic configurations. Using our ansatz (3.3) the one of the two constraints becomes

ν^2 = ∂_1X^M ∂_1X^M + ∂_0X^M ∂_0X^M + √ 2ν∂_0f + iν √ 2 [ 2X^N ∂_0X^M η_Aρ^{M N A}_B η^B + (θ^A∂_0θ_A + θ_A∂_0θ^A + η^A∂_0η_A + η_A∂_0η^A) ] = ∂_1X^M ∂_1X^M + ∂_0X^M ∂_0X^M − √ 2νX^M ( η^Aρ^M_{AB} ∂_1θ^B + η_Aρ^{M AB}∂_1θ_B ) . (3.9)

In the last line we have used equation (3.6). The other constraint implies

0 = ∂_1X^M ∂_0X^M + i ν √ 2 X^N ∂_1X^M η_Aρ^{M N A}_Bη^B + ν √ 2 [ ∂_1f + i 2 (θ^A∂_1θ_A + θ_A∂_1θ^A + η^A∂_1η_A + η_A∂_1η^A) ] . (3.10)

This determines the value of ∂_1f that should be consistent with (3.7).

3.2 Fermionic action in SU(3) notation

As already mentioned, we would like to consider a subspace of classical string configurations that should be dual to spin chain states from SU(2|3) subsector. The corresponding gauge theory operators are built out of 3 chiral complex combinations of 6 scalars and the two spinor components of the gluino Weyl fermion. The fermions should carry Lorentz spin but should be singlets under the Cartan [U(1)]^3 subgroup of SO(6) whose charges (S^5 angular momenta) are carried by the scalars. To identify the corresponding fermionic components on the string theory side we should thus do the 3+1 split of the SU(4) fermionic components and at the end keep only the SU(3) singlet fields. Thus a systematic procedure to isolate the SU(2|3) sector should be based on:

(i) introducing 3 chiral bosonic fields X_i and isolating their common large phase factor α (i = 1, 2, 3)

X_i = e^{iα}U_i , X_i ≡ X_{2i−1} + iX_{2i}, U_iU^∗_i = 1 , (3.11) α = ντ + v(τ, σ) , (3.12)

and (ii) splitting the SU(4) fermions in (3.1) in 3+1 way

η_A ≡ (η_i, η) , θ_A ≡ (θ_i, θ) , i = 1, 2, 3 . (3.13)

The two SU(3) singlet fields η ≡ η_4 and θ ≡ θ_4 should be eventually related to the two fermionic variables ψ_1, ψ_2 of the spin chain action (2.42) which are singlets under SU(3) but are rotated by an additional global SU(2) symmetry.

Finally, (iii) one is to eliminate η_i and θ_i fields from the Lagrangian in the large ν approximation. That step may be facilitated by applying some proper U(1) redefinitions of fermions by e^{iα} factors. While such rotations may not be necessary for the “dummy” SU(3) variables η_i and θ_i, we may need them in order to relate the singlet fields η, θ to ψ_1, ψ_2 of the spin chain.

Using the specific representation of ρ^M matrices and relations given in Appendix A one can rewrite the fermionic part of the Lagrangian (3.1) in the following manifestly SU(3) invariant form depending on X_i, η_i, θ_i, η and θ (after using also the ansatz (3.3),(3.4)) L̃_F ≡ √ 2ν^{−1}L_F = L̃_{2F} + L̃_{4F} , (3.14)

where the quadratic terms are

L̃_{2F} = iη^i∂_0η_i + iη̄∂_0η + iθ^i∂_0θ_i + iθ̄∂_0θ

+ ϵ_{ijk}η^i∂_1θ^j X^k − ϵ^{ijk}η_i∂_1θ_j X_k + η^i∂_1θ̄X_i − η_i∂_1θX^i + ∂_1θ^iη̄X_i − ∂_1θ_iηX^i − i(X^i∂_0X_j − X_j∂_0X^i)η_iη^j − iX^i∂_0X_i(η^j η_j − η̄η) − i(ϵ^{ijk}X_j ∂_0X_kη_iη̄ − ϵ_{ijk}X^j ∂_0X^kηη^i) , (3.15) and the quartic terms are L̃_{4F} = − ν√ 2 ( 3η^iη_iη̄η − 4X_iη^iX^jη_jη̄η + 4η_iX^iη^j X_j η_kη^k

+ 2ϵ_{ijk}η^iη^j X^kη_lX^lη + 2ϵ^{ijk}η_iη_j X_kη^lX_lη̄ ) , (3.16) where

X^i = X^∗_i , η^i = η^†_i , θ^i = θ^†_i , η̄ = η^† , θ̄ = θ^† . (3.17) For completeness, the bosonic S^5 part of the Lagrangian (3.1) written in terms of X_i is L_B = − 1 2 ∂^μX^∗_i ∂_μX_i + 1 2 Λ(X^∗_i X_i − 1) . (3.18)

4 Some fermionic solutions to superstring equations of motion

In this section we present a number of simple classical rotating string solutions of the above action that have non-zero fermions. This will help to understand better which truncations of the superstring coordinates are consistent with equations of motion. The solutions we shall discuss are generalisations of the rotating circular string solutions found in [4, 30].

Our starting point will be the action (3.15),(3.16). There are a number of consistent truncations of the Lagrangian (3.15). One includes restricting the bosonic fields to AdS_3 inside AdS_5 and S^3 inside S^5 and also truncating the fermions in one of two possible ways, i.e.

(x, X_3; η, η_3, θ_1, θ_2) = 0 , i.e. (X_1, X_2; θ, θ_3, η_1, η_2) ≠ 0 , (4.1) or (x, X_3; θ, θ_3, η_1, η_2) = 0 , i.e. (X_1, X_2; η, η_3, θ_1, θ_2) ≠ 0 . (4.2) We can also restrict to AdS_3 inside AdS_5 and S^1 inside S^5 and truncate fermions further in one of the two ways

(x, X_2, X_3; η, η_2, η_3, θ_1, θ_2, θ_3) = 0 , i.e. (X_1; θ, η_1) ≠ 0 , (4.3) or (x, X_2, X_3; θ, θ_2, θ_3, η_1, η_2, η_3) = 0 , i.e. (X_1; η, θ_1) ≠ 0 . (4.4) It is natural to expect that after integrating out “extra” fermions (i.e. leaving only η or θ in each case) these subsectors may be related to the SU(1|2) and SU(1|1) gauge theory sectors. In this section we shall use the names “SU(1|2)” and “SU(1|1)” for the above superstring truncations. Similar truncations were also obtained in [24] using phase space formulation.

4.1 “SU(1|1)” fermionic string solution

Below we present a particular “circular” string solution for the ansatz (4.4). We shall take the AdS_5 fields to be of the form given in equation (3.3). The η equation of motion then reduces to

0 = ∂^2_0 X_1η − X_1∂^2_0 η + ∂^2_1 (X_1η) . (4.5)

We will solve this by taking (|X_1|^2 = 1) X_1 = e^{iντ} (1 − iCτ ζ̄ζ) , η = e^{i(nσ+ωτ )}ζ , θ = e^{i(nσ+(ω+ν)τ )}ζ̄ , (4.6) where ζ is a constant complex Grassmann number, C is a real constant and ω = √ n^2 + ν^2 . (4.7)

The θ_1 equation of motion (3.8) then gives

θ_1 = −i ω + ν n e^{−i(nσ+(ω−ν)τ )}ζ̄ = −i ω + ν n e^{iντ} η̄ , (4.8) while the η_1 equation implies that

η_1 = i ω + ν n e^{−i(nσ+ωτ )}ζ = i ω + ν n e^{iντ} θ̄ . (4.9) The X_1 equation of motion is satisfied then if the Lagrange multiplier is Λ = −ν^2 − Aζ̄ζ , A = −2 √ 2ν^2 − 2 √ 2ν^3 n^2

(ν − ω_n) − 2νC . (4.10)

The ϕ equation of motion gives ∂_0f = 0, while the conformal gauge constraint (3.10) implies that ∂_1f = 0. In other words, this solution has the same AdS_5 part as the bosonic solutions representing strings rotating on S^5. It is easy to see that eq.(3.7) is also satisfied. Finally, the conformal gauge constraint (3.9) is satisfied for C = −2 √ 2(ω − ν) . (4.11)

The solution has energy ν, and is charged under the Cartan generators J^A_A of SU(4), with all other SU(4) charges zero. Indeed, for this solution J^1_1 = −J^2_2 = −J^3_3 = J^4_4 ≡ J, where J = − 1 2 ν + √ 2ζ̄ζ ( ω − ν − ω^2 − νω 2m^2 ) . (4.12)

We have thus obtained a formal classical superstring solution which generalizes the BMN geodesic solution (t = ντ, X_1 = e^{iντ} ) to the presence of non-trivial σ-dependent fermions. Here the string is “spread” only in the odd directions of superspace and in the even x^− direction. Its charge depends on ζ̄ζ, and hence appears to be Grassmann valued. This is an artifact of our semi-classical treatment of fermions; one may view ζ̄ζ in equation (4.12) as a real-valued expectation value ⟨ζ̄ζ⟩.

4.2 “SU(1|2)” solution with θ ≠ 0

Let us now present a solution in the case of the truncation (4.1). Guided by analogy with the solution of the Landau-Lifshitz model in section 2.3, we will try the following ansatz

X_1 = 1 √ 2 ( e^{inσ} − e^{−inσ}ζ̄ζ ) e^{iwτ −F (τ,σ)ζ̄ζ−iG(τ,σ)ζ̄ζ} , (4.13) X_2 = 1 √ 2 ( e^{−inσ} + e^{inσ}ζ̄ζ ) e^{iwτ +F (τ,σ)ζ̄ζ−iG(τ,σ)ζ̄ζ} , (4.14) θ = e^{imσ+iωτ} ζ , (4.15) together with θ_3 = 0 and

η_1 =

A_1 √ 2 e^{i((n−m)σ+(w−ω)τ )}ζ̄ , (4.16) η_2 =

A_2 √ 2 e^{i(−(n+m)σ+(w−ω)τ )}ζ̄ . (4.17)

As above, ζ is a constant complex Grassmann parameter, G and F are real σ-periodic function and the A_i are constants.^{15} The equations of motion for η, θ_1, θ_2 and η_3 are then trivially satisfied. The θ, η_1, η_2 and θ_3 equations of motion reduce to the following constraints

0 = A_1 − A_2 , (4.18) 0 = (A_1 + A_2)m − 2iω , (4.19) 0 = A_1(ω − w) − A_2w − im , (4.20) 0 = A_2(ω − w) − A_1w − im . (4.21)

The solution to these is

ω = w ± √ w^2 + m^2 , A_1 = A_2 = −i w ± √ w^2 + m^2 m . (4.22)

Turning to the bosonic equations of motion it is easy to see that the X_3 equation of motion is trivial while the X_1, X_2 ones reduce to the condition

0 = 4n∂_1G − 2∂^2_1 F + 4iw∂_0F + 2∂^2_0 F . (4.23)

The equations of motion for the AdS_5 coordinates and the conformal gauge constraints give rise to further constraints

0 = ∂_0∂_1G + 2n∂_0F , (4.24) 0 = √ 2(w ± √ m^2 + w^2)ν − w∂_0G , (4.25) 0 = ∂^2_1 G + 2n∂_1F , (4.26)

15Of course, e^{−iGζ̄ζ} = 1 − iGζ̄ζ but we prefer to use the exponential parametrization.

as well as w = √ ν^2 − n^2 . (4.27)

Given the equations (4.18)–(4.21), the equation of motion for ϕ (3.6) implies that

∂_0f = 0 , (4.28)

while the conformal gauge constraint (3.10) reduces to

∂_1f = 1 mν ( 2(m^2 + w^2 ± w √ m^2 + w^2)ν − 2 √ 2mnwF − √ 2mw∂_1G ) ζ̄ζ . (4.29)

The simplest solution to these equations which ensures that x^+ = −x^− is F (τ, σ) = − √ 2(m^2 + w^2 ± w √ m^2 + w^2)ν 2mnw , (4.30) G(τ, σ) = √ 2ν [ 1 ± √ 1 + (m/w)^2 ] τ . (4.31)

One can check that for this solution the Cartan charges J^A_A are the only non-zero components of the SU(4) charges (see Appendix B).

To match this solution to the spin-chain sigma model one, we need to take ν → 0. In order to keep our solution finite in this limit we will consider the minus sign choice in the above relations. In this limit A_1 and A_2 tend to zero, and, as a result, the only non-zero fields are X_1, X_2 and θ, which can be matched to the spin chain variables. We should stress, however, that besides being rotated by a common phase Gζ̄ζ, the X_i are also rescaled by factor (1 ± F ζ̄ζ). This implies that while a rotation by a common phase, discussed below in section 5, can be used to relate the string and spin chain variables and actions to the leading order, at higher orders one will need more involved field redefinitions.

4.3 “SU(1|2)” solution with η ≠ 0

Let us now consider the case of the truncation (4.2). In this sector it turns out that one needs to consider a more general ansatz for the bosons

X_1 = 1 √ 2 ( e^{inσ} − e^{−inσ}ζ̄ζ ) e^{iwτ −F (τ,σ)ζ̄ζ−iG(τ,σ)ζ̄ζ} , (4.32) X_2 = 1 √ 2 ( e^{−inσ} + e^{inσ}ζ̄ζ ) e^{iwτ +F (τ,σ)ζ̄ζ−iH(τ,σ)ζ̄ζ} , (4.33) where F , G and H are real σ-periodic functions. For the fermions we shall choose η = e^{imσ+iωτ} ζ , η_3 = Be^{i(mσ+(ω−2w)τ )}ζ , (4.34) θ_1 =

A_1 √ 2 e^{i((n−m)σ+(w−ω)τ )}ζ̄ , θ_2 = A_2 √ 2 e^{i((−n−m)σ+(w−ω)τ )}ζ̄ . (4.35)

The fermionic equations of motion then reduce to 0 = A_1(m − n) + A_2(m + n) + 2i(w + ω) , (4.36) 0 = (m − n)(1 − B^∗) + iA_1(w − ω) , (4.37) 0 = (m + n)(1 + B^∗) + iA_2(w − ω) , (4.38) 0 = A_1(m − n) − A_2(m + n) + 2iB^∗(3w − ω) . (4.39) These equations can be solved for A_i, B and ω in terms of n, m and w. The general solution is quite involved, but setting n = m gives three simple solutions

I : ω = w , A_1 = free , A_2 = − 2iw n , B = −1 , (4.40) II_± : ω = w ± 2 √ w^2 + n^2 , A_1 = 0 ,

A_2 = 2(−iw ∓ i √ w^2 + n^2) n , B = n^2 + 2(w^2 ± w √ w^2 + n^2) n^2

. (4.41)

For the solution II_−, the X_i equations of motion reduce to

0 = 8 √ 2wν + 16 √ 2νw^2(w − ν)

n^2

+ 2n∂_1M − 2∂^2_1 F − i∂^2_1N +4iw∂_0F − 2w∂_0N + 2∂^2_0 F + i∂^2_0N , (4.42) where we have defined M(τ, σ) = G(τ, σ) + H(τ, σ) , N(τ, σ) = G(τ, σ) − H(τ, σ) . (4.43) The AdS_5 equations of motion and the conformal gauge constraints reduce to 0 = 4nw∂_1F + w∂^2_1 M + n∂^2_0 M , (4.44) 0 = 4nw∂_0F + w∂_0∂_1M + n∂^2_1 M , (4.45) 0 = 8 √ 2wν(n^2 + 2w^2 − 2wν) + n^3∂_1N + n^2w∂_0M , (4.46) together with the condition w = √ ν^2 − n^2 , (4.47) and the following equations for f

∂_0f = 0 , (4.48) ∂_1f = −8ν^3(n^2 − 2ν^2 + 2νw) + √ 2n^3 (4nwF + w∂_1M + n∂_0N) . (4.49) A simple solution to these equations is M = − 8 √ 2ν(n^2 + 2w^2 − 2wν) n^2 τ , (4.50) N = 4 √ 2ν(n^2 + 2w^2 − 2wν)

n^2 τ , (4.51) F = √ 2ν(n^2 + ν^2)(n^2 + 2w^2 − 2wν) wn^4 , (4.52) and f = 0 which implies x^+ = −x^−. While the existence of this exact solution is quite remarkable, we should stress that its complexity (in particular, the fact that the phases of X_1 and X_2 are different) indicates again the need for some further field redefinitions to match the string and the spin chain variables. This solution also shows the difference between the η = η_4 and θ = θ_4 subsectors on the string side. Comparing to the solution in the previous subsection it is clear that some field redefinitions are needed to make explicit the SU(2) symmetry between the two fermions θ and η.

5 Matching the string and spin-chain actions

Let us now discuss how to relate the Landau-Lifshitz action (2.44) representing the low-energy coherent states of the SU(2|3) spin chain to a “fast-string” limit of the superstring action (3.1) or (3.15),(3.16),(3.18). We shall first consider the quadratic fermionic term in the general SU(2|3) case (to “one-loop” or leading term in “faststring” expansion) and then discuss the special case of SU(1|1) sector (including also subleading terms).

5.1 SU(2|3) case to leading order

As was mentioned in sect. 3.2, we should isolate the common large phase α of the S^5 bosons as in (3.11) and simplify the Lagrangian assuming that ν in α = ντ + v large. In order to do that one may also redefine the two pairs of 3+1 fermions as follows η_i → 1 ν e^{iντ} ξ_i , η → e^{−iντ} ψ , θ_i → 1 ν e^{2iντ} ζ_i , θ → θ , (5.1) where in general ντ should be replaced by α = ντ + v. Note that after these rotations the ϵ_{ijk} η^i∂_1θ^j X^k terms in (3.15) have large non-vanishing phases and thus average to zero as in [16, 19, 17].^{16} The remaining terms in (3.15) become (U^i ≡ U^∗_i )

L̃_{2F} = iψ̄∂_0ψ + iθ̄∂_0θ + U_iξ^i∂_1θ̄ − U^iξ_i∂_1θ + U_i∂_1ζ^iψ̄ − U^i∂_1ζ_iψ

+ 2ζ_iζ^i + 2U^iU_j ξ_iξ^j + iU^i∂_0U_iψ̄ψ (5.2) + i ν^2 [ ξ^i∂_0ξ_i + ζ^i∂_0ζ_i − (U^i∂_0U_j − U_j ∂_0U^i)ξ_iξ^j − U^i∂_0U_iξ^j ξ_j ] . Dropping the subleading^1_{ν2} term we observe that U^iξ_i and ζ_i become non-dynamical variables that can be easily solved for and then eliminated from the Lagrangian:

U^iξ_i = 1 2 ∂_1θ̄ , ζ_i = − 1 2 ∂_1(U_iψ̄) . (5.3)

16A possible alternative to using the averaging procedure may be to splitting η_i into the transverse and longitudinal part with respect to U^i η_i = η_{⊥i} +U_iq, q = U^iη_i, U^iη_{⊥i} = 0 and to try to decouple q and η_{⊥i}.

Then, to leading order in ν, the quadratic part of the Lagrangian (5.2) is

L̃_{2F} = iψ̄∂_0ψ + iθ̄∂_0θ − 1 2 ∂_1θ̄∂_1θ − 1 2 ∂_1(U_iψ̄)∂_1(U^iψ) + iU^i∂_0U_iψ̄ψ . (5.4)

Solving the conformal gauge constraints (3.9),(3.10) we obtain^{17}

∂_0v = −C_0 − 1 2 |D_1U_i|^2 + . . . , ∂_1v = −C_1 + . . . , C_a = −iU^i∂_aU_i .(5.5)

These relations will be modified by fermionic terms indicated by . . . . To determine the quadratic term in the Lagrangian it is, however, enough to ignore these terms. In order to match the spin-chain action (2.44) for (U_i, ψ_α) we need an extra redefinition of the fermions θ and ψ

(θ, ψ) → 2^{1/4}e^{iv}(ψ_1 , ψ_2 ) . (5.6)

Then the Lagrangian (5.4) takes the form

L̃_{2F} = iψ̄_αD_0ψ_α + 1 2 |D_1U_i|^2ψ̄_αψ_α − 1 2 D^∗_1ψ̄_αD_1ψ_α . (5.7)

Combined with the SU(3) sector bosonic contribution [15] from (2.29) this is almost identical to the quadratic part of the spin chain Lagrangian (2.44) apart from the minus sign in the fermionic D_0 term. This sign can be matched by renaming τ → −τ and U_i → U^∗_i in relating the string action to the spin chain action.

What remains is to show that (i) the ansatz (3.3) for the bosonic we used is consistent, and (ii) quartic fermionic terms also match. To demonstrate (i) one is to show, in particular, that the two equations for x^− implied by the ϕ and x^+ equations of motion following from (3.1) or (3.15) are indeed consistent with each another, and that the two equations for v given in (5.5) are also consistent. Since we have only worked to quadratic order these questions can be justifiably ignored in our treatment, but need to be addressed as part of understanding (ii).

Proving (ii) may involve an additional field redefinition which we did not find. We shall only mention that the structure of the quartic terms in (3.16) (where the ϵ_{ijk} terms should not contribute after time averaging) is, in principle, consistent with that of quartic fermionic terms in (2.44) (which contain spatial derivatives of fermions) after one uses (5.1),(5.3) to eliminate U^iξ_i in terms of ∂_1θ.

Let us now look at subsectors of the superstring action and discuss their relation to the corresponding subsectors of the Landau-Lifshitz action.

17We use the identity U^iD_1U_i = 0. We also drop by “averaging” the same terms that we omitted in getting from eq. (3.15) to eq. (5.2). Equivalently, these terms should be dropped already in the action (3.1).

5.2 SU(1|1) case

Let us specialize to the SU(1|1) sector where U_1 = 1, U_2, U_3 = 0 and there is just one fermionic degree of freedom. The quadratic fermionic part of both the spin chain (2.44) and the string (5.7) Lagrangians reduces to the following leading-order term (here we rescale τ → t and set λ̃ =^λ_{J 2} ) L = −iψ̄∂_tψ − 1 2 λ̃ ∂_1ψ̄∂_1ψ . (5.8)

This may be interpreted as a Lagrangian for a non-relativistic fermion (see also [14]).^{18}

One interesting question is how that action extends to higher orders in λ̃. The answer turns out to be that it is just a natural “relativistic” generalization (up to integration by parts): L = −iψ̄∂_tψ − ψ̄ (√ 1 − λ̃∂^2_1 − 1 ) ψ . (5.9)

This the action that reproduces the equation for the upper component of the 2- d massive 2-component Dirac fermion (upon elimination of the other component) with mass m =^1√_{λ̃} =^{J√}_λ ; it is thus in agreement with the BMN spectrum to all

orders in λ̃. This action is in agreement with recent results on the higher-order generalization of the Bethe ansatz in the SU(1|1) sector: the above expression (or its direct discretization) reproduces the leading “BMN” terms in the corresponding Bethe ansatz expressions in [35, 29].

The bosonic analog of (5.9) appeared already in the discussion of the SU(2) sector in [13]: there the sum of all terms in the string effective Hamiltonian that are of second order in the 3-vector ⃗n parametrising the semiclassical state of a fast string (or coherent state of the spin chain ) was found to be L = ⃗C(n)∂_t ˙⃗n − 1 4 ⃗n (√ 1 − λ̃ ∂^2 − 1 ) ⃗n + O(⃗n^4) . (5.10)

This expression is in agreement with the few leading-order results for the coherentstate action derived from the SU(2) sector dilatation operator and with the exact BMN spectrum [41].^{19}

Let us explain now how the action (5.9) can be derived from the full superstring Lagrangian (we shall consider only the quadratic terms in the latter). One expects to

18The fact that a massive non-relativistic fermion action appears in the coherent state path integral of the XY spin chain in a magnetic field is well-known [40]. For a fine-tuned coefficient of the magnetic field the XY model has [29] hidden SU (1|1) symmetry (a relation of this spin chain to free fermion was pointed out earlier in [35]).

19The coherent state analogs of the BMN states are small fluctuations near the vacuum state ⃗n_0 = (0, 0, 1). On the spin chain side these correspond (in the discrete version) to the microscopic spin wave excitations or magnons. Similar relation appears in the SU (1|1) sector [35, 29].

reproduce the BMN-type massive fermion action for quadratic fermionic fluctuations in the case of the point-like bosonic background X_1 = e^{iα} , X_2, X_3 = 0 . (5.11) Using (5.11) in the action (3.15) we get (here a, b = 2, 3) L̃_F = iη^1∂_0η_1 + iη^a∂_0η_a + iη̄∂_0η + iθ^1∂_0θ_1 + iθ^a∂_0θ_a + iθ̄∂_0θ

+ ϵ_{ab}η^a∂_1θ^be^{−iα} − ϵ^{ab}η_a∂_1θ_be^{iα} + η^1∂_1θ̄e^{iα} − η_1∂_1θe^{−iα} + ∂_1θ^1η̄e^{iα} − ∂_1θ_1ηe^{−iα} −∂_0α(η^1η_1 + η̄η − η^aη_a) + O(η^4) . (5.12) It is clear now that θ_a and η_a decouple from the singlet sector and we can consistently set them to zero. The same conclusion remains after we include the quartic fermionic term (3.16) which reduces simply to^{ν√}_2 η^1η_1η̄η. Then we are left with L̃_F = iη^1∂_0η_1 + iη̄∂_0η + iθ^1∂_0θ_1 + iθ̄∂_0θ + η^1∂_1θ̄e^{iα} − η_1∂_1θe^{−iα} + ∂_1θ^1η̄e^{iα} − ∂_1θ_1ηe^{−iα} −∂_0α(η^1η_1 + η̄η) + ν √ 2 η^1η_1η̄η . (5.13)

Now we can further do one of the two possible truncations (or (4.2),(4.1)) θ_1 = η = 0 or η_1 = θ = 0 .

Both are consistent choices, and in both cases the quartic fermionic term vanishes. In the first case we end up with L̃_F = iη^1∂_0η_1 + iθ̄∂_0θ + η^1∂_1θ̄e^{iα} − η_1∂_1θe^{−iα} − ∂_0αη^1η_1 , (5.14)

while in the second L̃_F = iη̄∂_0η + iθ^1∂_0θ_1 + ∂_1θ^1η̄e^{iα} − ∂_1θ_1ηe^{−iα} − ∂_0αη̄η . (5.15)

What remains then is to integrate out η_1 in the first case or θ_1 in the second.

More precisely, one should ensure that the remaining singlet fields are kept “massless” and eliminate time-dependent exponential factors in the mixing terms. That means that in the first case one should first apply the same redefinition as in (5.1), i.e. η_1 → e^{iα}η_1, θ → θ. Then the mass of η_1 doubles, and integrating it out we get L̃_F = iθ̄∂_0θ − ∂_1θ̄ 1 2ν − i∂_0 ∂_1θ = iθ̄∂_0θ − 1 2ν ∂_1θ̄∂_1θ + ... . (5.16)

In the second case, we should keep η as a “light” field and so should do a redefinition to absorb its mass term η → e^{−iα}η, and then do a compensating redefinition of θ_1 → e^{2iα}θ_1 to eliminate the exponential phase factors in the mixing terms. The resulting redefinition is then the same as in (5.1). as a result, we end up with the same action for redefined (η, θ_1) ≡ (ψ, ζ) as for the redefined (θ, η_1) ≡ (θ, ξ) in the first case, i.e.

L̃ = iψ̄∂_0ψ + iζ̄∂_0ζ − 2νζ̄ζ + ∂_1ζ̄ ψ̄ − ∂_1ζ ψ . (5.17)

Eliminating the massive ζ field, we finish with the same action as in (5.16)

L̃ = iψ̄∂_0ψ − ∂_1ψ̄ 1 2ν − i∂_0 ∂_1ψ . (5.18)

This provides a justification for the redefinition used in (5.1).

The second term in (5.18) should be treated perturbatively in ∂_0/ν (assuming the large ν limit). An equivalent action that leads to the same equations of motion is then L̃ = iψ̄∂_0ψ − νψ̄ (√ 1 − ν^{−2}∂^2_1 − 1 ) ψ . (5.19)

Indeed, the equation of motion for (5.18) written in momentum space implies p_0 =

p^2_1 2ν+p_0 , solved by p0 = −ν + √ ν^2 + p^2_1, which is the same relation that follows from (5.19). The overall factor of ν is finally absorbed by a redefinition of τ → t = ντ , i.e. we finish with (5.9) where J = √ λ ν. The Lagrangian (5.19) is also equivalent to the Dirac Lagrangian for a massive (m = ν =^{J√}_λ ) relativistic 2d fermion with one component integrated out. This is not surprising given that the superstring action in the S^5 geodesic (BMN) background is known to contain free massive 2d fermions [36]. The usual 2d fermionic Lagrangian can be written as

L = iΨ̄ρ^a∂_aΨ + mΨ̄ρ^3Ψ , Ψ̄ = Ψ^†ρ^0 , ρ^0 = iσ_2 , ρ^1 = σ_1 , (5.20)

where ρ^3 = ρ^0ρ^1 = σ_3 and Ψ = (ψ_1, ψ_2). Explicitly,

L = −iψ^∗_1(∂_0 − ∂_1)ψ_1 − iψ^∗_2(∂_0 + ∂_1)ψ_2 + m(ψ^∗_1ψ_2 + ψ^∗_2ψ_1) (5.21)

This leads to the same dispersion relation as the one that follows from (5.19) (with only one solution chosen, as dictated by large mass expansion). That means that there should be a direct field redefinition that relates the two quadratic actions.

As for possible higher order fermionic terms in (5.19) (e.g. ψ̄ψ∂_1ψ̄∂_1ψ, etc.) we expect that there exists a field redefinition that completely eliminates them. As suggested by the form of the exact solution of sect. 4.1, such a field redefinition should involve shifting X_1 by fermionic terms.

Acknowledgments

We are grateful to G. Arutyunov, N. Beisert, S. Frolov, A. Fotopoulos, R. Metsaev, M. Kruczenski, R. Roiban, M. Spardlin, M. Staudacher and A. Volovich for useful discussions, suggestions and comments. We would like also to thank the organizers and participants of the 2004 “QCD and String Theory” KITP workshop for a stimulating atmosphere, and the KITP for the hospitality during part of this work. The work of B.S. was supported by a Marie Curie Fellowship. The work of A.T. was supported by the DOE grant DE-FG02-91ER40690, the INTAS contract 03-51-6346 and RS Wolfson award. While visiting KITP this research was supported in part by the National Science Foundation under Grant No. PHY99-07949.

Appendix A The ρ-matrices

We follow the notation of [27, 28]. The six 4 × 4 matrices ρ^M_{AB} are blocks of the SO(6) Dirac matrices γ^M in the chiral representation, i.e.

γ^M = ( 0 (ρ^M )^{AB} ρ^M_{AB} 0 ) , ρ^M_{AB} = −ρ^M_{AB} , (ρ^M )^{AB} ≡ −(ρ^M_{AB} )^∗ , (A.1)

(ρ^M )^{AC} ρ^N_{CB} + (ρ^N )^{AC} ρ^M_{CB} = 2δ^{M N} δ^A_B . (A.2)

Note that since X_M X^M = 1

X_M ρ^M_{AB} X_N ρ^{N BC} = δ^C_A . (A.3)

In this paper we have chosen the following representation for the ρ^M_{AB} matrices

ρ^1_{AB} =

0 0 0 1 0 0 1 0 0 −1 0 0 −1 0 0 0 , ρ^{2AB} = 0 0 0 i 0 0 −i 0 0 i 0 0 −i 0 0 0 , ρ^{3AB} = 0 0 −1 0 0 0 0 1 1 0 0 0 0 −1 0 0 ,

ρ^4_{AB} =

0 0 i 0 0 0 0 i −i 0 0 0 0 −i 0 0 , ρ^{5AB} = 0 1 0 0 −1 0 0 0 0 0 0 1 0 0 −1 0 , ρ^{6AB} = 0 −i 0 0 i 0 0 0 0 0 0 i 0 0 −i 0 .

With this choice the following relations hold

X_M ρ^M_{ij} = ϵ_{ijk} X^k , X_M ρ^M_{i4} = X_i , X_M ρ^M_{4j} = −X_j , (A.4)

where i, j = 1, 2, 3 are the SU(3) indicies, ϵ_{123} = ϵ^{123} = 1, and we have defined

X_j = X_{2j−1} + iX_{2j} , X^i ≡ X^∗_i , X^iX_i = 1 . (A.5)

Similarly, we have

X_M ρ^{M ij} = −ϵ^{ijk}X_k , X_M ρ^{M i4} = −X^i , X_M ρ^{M 4i} = X^i . (A.6) We also define ρ^{M N A}_B = 1 2 ( ρ^{M AC} ρ^N_{CB} − ρ^{N AC} ρ^M_{CB} ) . (A.7)

With our choice of ρ^M the only diagonal matrices among ρ^{M N} are ρ^{12}, ρ^{34} and ρ^{56}. In the above SU(3) notation we get X_M ∂X_N ρ^{M N A}_B = ( X^i∂X_l − ∂X^iX_l + δ^i_l X_m∂X^m ϵ^{ijk}X_j ∂X_k ϵ_{ljk} ∂X^jX^k X^j ∂X_j ) . (A.8)

Here we have used that X_iX^i = 1 implies X^j∂X_j = −X_j ∂X^j.

Other useful relations are (we always assume the sum over repeated M, N indices) X^M (ρ^{M i})^l_k = 2δ^i_kX^l − δ^l_kX^i , X^M (ρ^{M i})^l_4 = 2ϵ^{lmi}X_m , X^M (ρ^{M i})^4_k = 0 , X^M (ρ^{M i})^4_4 = X^i , (A.9) X^M (ρ^M_i)^l_k = −2δ^i_l X_k + δ^l_kX_i , X^M (ρ^M_i)^l_4 = 0 , X^M (ρ^M_i)^4_k = 2ϵ_{kin}X^n , X^M (ρ^M_i)^4_4 = −X_i . (A.10) Here we defined ρ^{M i} ≡ ρ^{M,2i−1} − iρ^{M,2i} , ρ^M_i ≡ ρ^{M,2i−1} + iρ^{M,2i} . (A.11) We find also that

X^M η_A(ρ^{M i})^A_Bη^B = 2η^iη_j X^j + X^i(η̄η − η^j η_j ) − 2ϵ^{ijk}X_kη_jη̄ , (A.12) X^M η_A(ρ^M_i )^A_Bη^B = 2η_iη^j X_j − X_i(η̄η − η^j η_j ) − 2ϵ_{ijk} X^kη^j η , (A.13) and X^M X^K ρ^{M N i}_j η_C ρ^{N K C}_Dη^D = −2X_j X^i(η_kη^k − η^2) + 2η_j X^iX_k η^k − 2η^iX_j η_kX^k −2ϵ_{kjm}X^iηX^mη^k + 2ϵ^{kmi}X_mX_j η_kη̄ +δ^i_j (η_kη^k − η^2 − 2X^k η_kX_mη^m , (A.14) X^M X^K ρ^{M N i}_4η_C ρ^{N K C}_Dη^D = −2X_k η^kϵ^{kim}X_mη_k − 2ηη^i + 2ηX^iX_kη^k , (A.15) X^M X^K ρ^{M N 4}_j η_C ρ^{N K C}_Dη^D = 2X^k η_k ϵ^{jkm}X^mη_k − 2η_jη̄ + 2X_j X^k η_kη̄ , (A.16) X^M X^K ρ^{M N 4}_4η_C ρ^{N K C}_Dη^D = η^2 − η_kη^k + 2η_k X^k η^lX_l . (A.17) These formulæ in turn give the relation used in simplifying the quartic fermionic terms in the string action in section 3 [X^M η_A(ρ^{M N} )^A_Bη^B][X^K η_C (ρ^{KN} )^C_Dη^D] = 4η̄ηη^iη_i − 8X_iη^iX^j η_jη̄η + 8η_iX^iη^j X_j η_kη^k − η_iη^iη_j η^j + 4ϵ_{ijk} η^iη^j X^kη_lX^lη + 4ϵ^{ijk} η_iη_j X_kη^lX_lη̄ . (A.18)

Appendix B SU(4) charges of the string action

Here we will express the string sigma model SU(4) charges obtained in [27, 28] in SU(3) notation. The SU(4) charges are given by (using our AdS_5 ansatz (3.3))

J^A_B = ∫ dσ J^{0A}_B , (B.1)

J^{0A}_B = i 2 X^M ∂_0X^nρ^{M N A}_B − ν √ 2 ( θ^Aθ_B + η^Aη_B + 1 4 (θ_C θ^C + η_C η^C ) − 1 2 X^M X^K ρ^{M N A}_Bη_C ρ^{N KC}_Dη^D ) . (B.2)

Using the expressions in Appendix A we can re-write J^{0A}_B in the SU(3) notation

J^{0i}_j = i 2 ( X^i∂_0X_j − X_j ∂_0X^i + δ^i_j X_k∂_0X^k )

+ ν √ 2 ( θ^iθ_j + η^iη_j + X_j X^i(η_kη^k + η̄η) − 2η_j X^iX_kη^k + 2η^iX_j X^kη_k

+2ϵ_{kjm}X^iηX^mη^k − 2ϵ^{kmi}X_j η_kX_mη̄ + 1 4 δ^i_j (θ_kθ^k − θ̄θ − η_kη^k − 2η̄η + 2η_k X^kX_mη^m) ) , (B.3)

J^{0i}_4 = i 2 ϵ^{imk}X_m∂_0X_k + ν √ 2 ( θ^iθ + 2η^iη + X^iηX_kη^k − ϵ^{imk}X_kη_mX_lη^l ) , (B.4)

J^{04}_i = i 2 ϵ_{imk}X^m∂_0X^k + ν √ 2 ( θ_iθ̄ + 2η̄η_i + X_iX^kη_kη̄ − ϵ_{imk}X^kη^mX^lη_l ) , (B.5)

J^{04}_4 = i 2 X^k∂_0X_k + ν 4 √ 2 ( 3θ̄θ + 5η̄η + θ_kθ^k + 3η_k η^k − η_kX^kη^mX_m ) , (B.6)

References

[1] D. Berenstein, J. M. Maldacena and H. Nastase, “Strings in flat space and pp waves from N =4 super Yang Mills,” JHEP 0204, 013 (2002) [hep-th/0202021].

[2] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “A semi-classical limit of the gauge/string correspondence,” Nucl. Phys. B 636, 99 (2002) [hep-th/0204051].

[3] S. Frolov and A. A. Tseytlin, “Semiclassical quantization of rotating superstring in AdS_5 × S^5 ,” JHEP 0206, 007 (2002) [hep-th/0204226].

[4] S. Frolov and A. A. Tseytlin, “Multi-spin string solutions in AdS_5 × S^5 ,” Nucl.

Phys. B 668, 77 (2003) [hep-th/0304255]. “Rotating string solutions: AdS/CFT duality in non-supersymmetric sectors,” Phys. Lett. B 570, 96 (2003) [hepth/0306143].

[5] J. A. Minahan and K. Zarembo, “The Bethe-ansatz for N = 4 super Yang-Mills,” JHEP 0303, 013 (2003) [hep-th/0212208].

[6] N. Beisert, C. Kristjansen and M. Staudacher, “The dilatation operator of N = 4 super Yang-Mills theory,” Nucl. Phys. B 664, 131 (2003) [hep-th/0303060].

[7] N. Beisert and M. Staudacher, “The N=4 SYM integrable super spin chain”, Nucl. Phys. B 670, 439 (2003) [hep-th/0307042].

[8] R. R. Metsaev and A. A. Tseytlin, “Type IIB superstring action in AdS_5 × S^5 background,” Nucl. Phys. B 533, 109 (1998) [hep-th/9805028].

[9] A. A. Tseytlin, “Spinning strings and AdS/CFT duality, in: Ian Kogan Memorial Volume, “From Fields to Stings: Circumnavigating Theoretical Physics”, M. Shifman, A. Vainshtein, and J. Wheater, eds. (World Scientific, 2004). hepth/0311139.

[10] A. A. Tseytlin, “Semiclassical strings and AdS/CFT,” in: Proceedings of NATO Advanced Study Institute and EC Summer School on String Theory: From Gauge Interactions to Cosmology, Cargese, France, 7-19 Jun 2004. hepth/0409296.

[11] N. Beisert, “The dilatation operator of N = 4 super Yang-Mills theory and integrability,” Phys. Rept. 405, 1 (2005) [hep-th/0407277].

[12] M. Kruczenski, “Spin chains and string theory,” Phys. Rev. Lett. 93, 161602 (2004) [hep-th/0311203].

[13] M. Kruczenski, A. V. Ryzhov and A. A. Tseytlin, “Large spin limit of AdS(5) x S5 string theory and low energy expansion of ferromagnetic spin chains,” Nucl. Phys. B 692, 3 (2004) [hep-th/0403120].

[14] R. Hernandez and E. Lopez, “The SU(3) spin chain sigma model and string theory,” JHEP 0404, 052 (2004) [hep-th/0403139].

[15] B. Stefański, jr. and A. A. Tseytlin, “Large spin limits of AdS/CFT and generalized Landau-Lifshitz equations,” JHEP 0405, 042 (2004) [hep-th/0404133].

[16] A. Mikhailov, “Speeding strings,” JHEP 0312, 058 (2003) [hep-th/0311019].

“Slow evolution of nearly-degenerate extremal surfaces,” hep-th/0402067. “Notes on fast moving strings,” hep-th/0409040.

[17] M. Kruczenski and A. A. Tseytlin, “Semiclassical relativistic strings in S5 and long coherent operators in N = 4 SYM theory,” JHEP 0409, 038 (2004) [hepth/0406189].

[18] S. Bellucci, P. Y. Casteill, J. F. Morales and C. Sochichiu, “sl(2) spin chain and spinning strings on AdS(5) x S5,” hep-th/0409086.

[19] A. Mikhailov, “Supersymmetric null-surfaces,” JHEP 0409, 068 (2004) [hepth/0404173].

[20] R. Hernandez and E. Lopez, “Spin chain sigma models with fermions,” JHEP 0411, 079 (2004) [hep-th/0410022].

[21] M. Kruczenski, “Spiky strings and single trace operators in gauge theories,” hep-th/0410226.

[22] N. Beisert, “The complete one-loop dilatation operator of N = 4 super Yang-Mills theory,” Nucl. Phys. B 676, 3 (2004) [hep-th/0307015].

[23] N. Beisert, V. A. Kazakov, K. Sakai and K. Zarembo, “The Algebraic Curve of Classical Superstrings on AdS_5 × S^5,” hep-th/0502226.

[24] L. F. Alday, G. Arutyunov and A. A. Tseytlin, “On Integrability of Classical SuperStrings in AdS_5 × S^5,” hep-th/0502240.

[25] N. Beisert, “The su(2|3) dynamic spin chain,” Nucl. Phys. B 682, 487 (2004) [hep-th/0310252].

[26] S. Bellucci, P. Y. Casteill and J. F. Morales, “Superstring sigma models from spin chains: the SU(1,1|1) case,” hep-th/0503159.

[27] R. R. Metsaev and A. A. Tseytlin, “Superstring action in AdS(5) x S(5): kappasymmetry light cone gauge,” Phys. Rev. D 63, 046002 (2001) [hep-th/0007036].

[28] R. R. Metsaev, C. B. Thorn and A. A. Tseytlin, “Light-cone superstring in AdS space-time,” Nucl. Phys. B 596, 151 (2001) [hep-th/0009171].

[29] M. Staudacher, “The factorized S-matrix of CFT/AdS,” hep-th/0412188.

[30] G. Arutyunov, J. Russo and A. A. Tseytlin, “Spinning strings in AdS_5 ×S^5: New integrable system relations,” Phys. Rev. D 69, 086009 (2004) [hep-th/0311004].

[31] N. Read and H. Saleur, “Exact spectra of conformal supersymmetric nonlinear sigma models in two dimensions,” Nucl. Phys. B 613, 409 (2001) [hepth/0106124].

[32] S. Frolov and A. A. Tseytlin, “Quantizing three-spin string solution in AdS(5) x S5,” JHEP 0307, 016 (2003) [hep-th/0306130]. S. Frolov, I. Y. Park and A. A. Tseytlin, “On one-loop correction to energy of spinning strings in S(5),” hep-th/0408187.

[33] I. Y. Park, A. Tirziu and A. A. Tseytlin, “Spinning strings in AdS(5) x S5:

One-loop correction to energy in SL(2) sector,” hep-th/0501203.

[34] N. Beisert, A. A. Tseytlin and K. Zarembo, “Matching quantum strings to quantum spins: One-loop vs. finite-size corrections,” hep-th/0502173.

[35] C. G. Callan, J. Heckman, T. McLoughlin and I. Swanson, “Lattice super Yang- Mills: A virial approach to operator dimensions,” Nucl. Phys. B 701, 180 (2004) [hep-th/0407096].

[36] R. R. Metsaev, “Type IIB Green-Schwarz superstring in plane wave Ramond- Ramond background,” Nucl. Phys. B 625, 70 (2002) [hep-th/0112044]. R. R. Metsaev and A. A. Tseytlin, “Exactly solvable model of superstring in plane wave Ramond-Ramond background,” Phys. Rev. D 65, 126004 (2002) [hep-th/0202109].

[37] B. W. Fatyga, V. A. Kostelecky, M. M. Nieto and D. R. Truax, “Supercoherent States”, Phys. Rev. D 43 (1991) 1403.

[38] A. V. Belitsky, S. E. Derkachov, G. P. Korchemsky and A. N. Manashov, “Superconformal operators in N = 4 super-Yang-Mills theory,” hep-th/0311104. “Quantum integrability in (super) Yang-Mills theory on the light-cone,” hepth/0403085.

[39] E. Ivanov, L. Mezincescu and P. K. Townsend, “Fuzzy CP(n|m) as a quantum superspace”, hep-th/0311159. J. A. De Azcarraga, J. M. Izquierdo and W. J. Zakrzewski, “A Supergroup based supersigma model”, J. Math. Phys. 33, 2357 (1992).

[40] S. Sachdev, “Quantum Phase Transitions”, Cambridge U.P., 1999, Ch. 11.

[41] A. V. Ryzhov and A. A. Tseytlin, “Towards the exact dilatation operator of N = 4 super Yang-Mills theory,” Nucl. Phys. B 698, 132 (2004) [hep-th/0404215].