arXiv:hep-th/0503191 v2 10 Oct 2005

Are there ghosts in the self-accelerating brane universe?

Kazuya Koyama^{1,2} 1 Department of Physics, University of Tokyo 7-3-1 Hongo, Bunkyo, Tokyo 113-0033, Japan 2 Institute of Cosmology and Gravitation, Portsmouth University, Portsmouth, PO1 2EG, UK (Dated: October 10, 2005)

We study the spectrum of gravitational perturbations about a vacuum de Sitter brane with the induced 4D Einstein-Hilbert term, in a 5D Minkowski spacetime (DGP model). We consider solutions that include a self-accelerating univese, where the accelerating expansion of the universe is realized without introducing a cosmological constant on the brane. The mass of the discrete mode for the spin-2 graviton is calculated for various Hrc, where H is the Hubble parameter and rc is the cross-over scale determined by the ratio between the 5D Newton constant and the 4D Newton constant. We show that, if we introduce a positive cosmological constant on the brane (Hrc > 1), the spin-2 graviton has mass in the range 0 < m^2 < 2H^2 and there is a normalisable brane fluctuation mode with mass m^2 = 2H^2. Although the brane fluctuation mode is healthy, the spin-2 graviton has a helicity-0 excitation that is a ghost. If we allow a negative cosmological constant on the brane, the brane bending mode becomes a ghost for 1/2 < Hrc < 1. This confirms the results obtained by the boundary effective action that there exists a scalar ghost mode for Hrc > 1/2. In a self-accelerating universe Hrc = 1, the spin-2 graviton has mass m^2 = 2H^2, which is known to be a special case for massive gravitons in de Sitter spacetime where the graviton has no helicity-0 excitation and so no ghost. However, in DGP model, there exists a brane fluctuation mode with the same mass and there arises a mixing between the brane fluctuation mode and the spin-2 graviton. We argue that this mixing presumably gives a ghost in the self-accelerating universe by continuity across Hrc = 1, although a careful calculation of the effective action is required to verify this rigorously.

PACS numbers: 04.50.+h

I. INTRODUCTION

The cosmological constant problem is one of the most difficult and important problems in particle physics and cosmology [1]. The old problem is the smallness of the cosmological constant compared with the fundamental scales of particle physics. A natural solution for this problem has been thought to be an exact cancellation of the cosmological constant. However, recent discoveries of the accelerated expansion of the universe make the problem more complicated [2]. Within the 4D Einstein theory of gravity, we do need a tiny cosmological constant in order to explain the acceleration of the universe. Then we must introduce a tiny cosmological constant by hand and accept a fine-tuning [3].

There have been many attempts to modify the 4D Einstein theory of gravity to explain the acceleration of the universe instead of introducing the cosmological constant [4]. One such attempt was made in the context of the brane world models, where our universe is realized as a 4D hypersurface (brane) in a higher dimensional spacetime (bulk). Dvali, Gabadadze and Porrati (DGP) proposed a model where the 4D Einstein-Hilbert term is assumed to be induced on the brane [5]. In this model, the accelerated expansion of the universe can be realized by a modification of Einstein gravity on large scales and we do not need a cosmological constant (self-accelerating universe) [6].

Recently several authors claimed that there exist ghost-like excitations in the self-accelerating universe [7, 8]. If this is true, it becomes difficult to consider the DGP model as a consistent model to explain the acceleration of the universe. In this paper, we re-examine the existence of the ghost in the DGP model based on a direct claculation of the spectrum of the perturbations.

II. BACKGROUND SPACETIME AND PERTRUBATIONS

The 5D action describing the DGP model is given by S = 1 2κ^2 ∫ d^5x √ −gR + 1 2κ^2_4 ∫ d^4x √ −γ^{(4)}R −σ ∫ d^4x √ −γ + 1 κ^2 ∫ d^4x √ −γK, (1) where σ is the tension of the brane, K_{μν} is the extrinsic curvature and K = K^μ_μ. In this letter, we only consider a vacuum energy contribution from matter fields on the brane for simplicity. We also assume reflection symmetry across the brane. Then the junction condition must be imposed at the brane as

K^μ_ν = κ^2 2 ( − σ 3 δ^μ_ν + 1 κ^2_4

(4)G̃^μ_ν ) , (2)

where^{(4)}G^μ_ν is the Einstein tensor on the brane and (4)G̃μ_ν = (4)Gμ_ν − (1/3)(4)Gδμ_ν. The 4D Einstein tensor comes from the induced Einstein-Hilbert term. The Friedmann equation on the brane is given by

± H = r_cH^2 − κ^2 6 σ, r_c = κ^2 2κ^2_4

. (3)

The 5D solution for the metric with the 4D de Sitter brane can be obtained as [6]

ds^2 = dy^2 + N (y)^2γ_{μν} dx^μdx^ν, N (y) = 1 ± Hy, (4)

where γ_{μν} is the metric for the de Sitter spacetime and the brane is located at y = 0. If we take the + branch solutions, there is a solution for the de Sitter spacetime without σ, H = 1 r_c . (5)

We call this solution the self-accelerating universe.

Let us investigate the perturbations N (y)^2γ_{μν} + h_{μν} about the background de Sitter spacetime. In the following, we assume Hr_c ≠ 1 and treat the case Hr_c = 1 separately. In addition to the gravitational perturbations h_{μν} , we must take into account a perturbation of the position of the brane y = φ(x) [9]. Using the transversetraceless gauge ∇^μh_{μν} = h = 0, the perturbed junction condition is given by k_{μν} − Hh_{μν} − r_c [ X_{μν} (h) − κ^2_4 ( T_{μν} − 1 3 γ_{μν} T )]

= −(1 − 2Hr_c) ( ∇_μ∇_ν + H^2γ_{μν} ) φ, (6) where k_{μν} = (1/2)∂_yh_{μν} , H = ∂_yN/N on the brane and X_{μν} is given by

X_{μν} = δ^{(4)}G_{μν} + 3H^2h_{μν} = − 1 2 ( □_4h_{μν} − ∇_μ∇_αh^α_ν − ∇_ν ∇_αh^α_μ + ∇_μ∇_νh )

− 1 2 γ_{μν} (∇_α∇_βh^{αβ} − □_4h) + H^2 ( h_{μν} + 1 2 γ_{μν} h ) . (7) The equation of motion for φ is obtained from the traceless condition h = 0;

(1 − 2Hr_c)(□_4 + 4H^2)φ = κ^2T 6 . (8)

Let us find solutions for the vacuum brane T_{μν} = 0. Using the separation of variables h_{μν} = ∫ dm e_{μν} (x)F_m(y), the equation of motion in the bulk is written as

F^{′′}_m + 1 N^2

(m^2 − 2H^2)F_m = 0, (9)

where prime denotes a derivative with respect to y. There are two types of solutions. One type of solution is an inhomogeneous solution sourced by the scalar mode φ. We call this solution the spin-0 perturbation [10]. The other solution is a homogeneous solution with φ = 0, which is called the spin-2 perturbation. The spin-2 perturbations χ_{μν} satisfy the junction condition without φ

χ^′_{μν} − 2Hχ_{μν} = −m^2r_cχ_{μν} . (10)

We find a tower of continuous Kaluza-Klein (KK) modes starting from m^2 = (9/4)H^2 as well as a normalizable discrete mode m^2_d = 0 in the − branch and with

m^2_d H^2 = 1 (Hr_c)^2

(3Hr_c − 1), (11)

in the + branch for Hr_c > 2/3 [11]. For Hr_c > 1, the mass is in the range 0 < m^2_d ≤ 2H^2 where m^2_d = 2H^2 for the self-accelerating universe Hr_c = 1 and m^2_d → 0 for Hr_c → ∞ [12].

In the − branch, there are no normalizable solutions for the spin-0 perturbations. In the + branch, there is a normalizable solution given by h_{μν} = 1 − 2Hr_c H(1 − Hr_c) (∇_μ∇_ν + H^2γ_{μν} )φ. (12)

This is a solution with m^2 = 2H^2.

III. BOUNDARY EFFECTIVE ACTION

We can construct the 2nd order action for h_{μν} and φ from the 5D action by extending the result of Ref.[13]. The result is given by

δ_2S = − 1 4κ^2 ∫ d^5x √ −gN^{−4}h^{μν}δ^{(5)}G_{μν}+ 1 κ^2 ∫ d^4x √ −γL_B, (13) where δ^{(5)}G_{μν} is the 5D perturbed Einstein tensor and L_B = k^{μν} h_{μν} − kh + 1 2 H(h^2 − h^{μν} h_{μν} )

+ (1 − 2Hr_c) ( h_{μν}∇^μ∇^νφ − h∇^ρ∇_ρφ − 3H^2hφ ) − 3H ( −(1 − 2Hr_c)φ(□_4 + 4H^2)φ + κ^2 3 T φ )

+ 1 2 κ^2h^{μν} T_{μν} − r_c 2 h^{μν} X_{μν} (h). (14)

This action gives the correct equation of motion and the junction condition for h_{μν} and the equation of motion for φ. We can derive an effective action for the brane fluctuation φ by substituting the 5D solution for h_{μν} given by φ (12) into the 5D action and get the off-shell action for φ by integrating out only with respect to the extra coordinate y [14]. This yields the action for φ in the + branch as

S_φ = 3H 2κ^2 ( 1 − 2Hr_c 1 − Hr_c ) ∫ d^4x √ −γφ(□_4 + 4H^2)φ. (15)

We find that, for Hr_c > 1, the kinetic term is always positive, so the brane fluctuation mode φ is not a ghost.

However, there is a problem for the spin-2 perturbations. We consider only the + branch solutions that include the self-accelerating universe. The 4D effective action for the spin-2 perturbations is also obtained in a similar way. For the discrete mode with m^2_d, we get

S_χ = r_c(3Hr_c − 1) 4κ^2(3Hr_c − 2) ∫ d^4x √ −γχ^{μν} (□_4−2H^2−m^2_d)χ_{μν} , (16) where transverse-traceless gauge fixing conditions ∇^μχ_{μν} = χ^μ_ν = 0 are imposed . This is exactly the same action for the spin-2 perturbations in the 4D massive gravity theory where the Pauli-Fierz (PF) mass term is added to the Einstein-Hilbert action by hand [15]

S_M = −

M^2 8κ^2_4 ∫ d^4x √ −γ(h^{μν} h_{μν} − h^2). (17)

Note that in the 4D PF theory, the mass term breaks the gauge symmetry for the perturbation and the transversetraceless conditions are imposed by the equation of motion as constraints. In the limit Hr_c → ∞, the action approaches the one for massless spin-2 perturbations. However, there is a discontinuity between the massless perturbations and the massive perturbations that is known as the van Dam-Veltman-Zakharov discontinuity [16]. Due to the lack of gauge symmetry, the massive spin-2 perturbations contain a helicity-0 excitation. Moreover, it has been shown that this helicity-0 excitation becomes a ghost if 0 < M^2 < 2H^2 [17, 18]. This is exactly the same mass range for the discrete mode in the + branch for Hr_c > 1. Thus we expect that there appears a ghost when Hr_c > 1, that is, the universe with a positive cosmological constant is unstable.

IV. 4D EFFECTIVE ACTION FOR HELICITY-0 EXCITATIONS

In summary, we expect that the helicity-0 excitation for the spin-2 perturbations is a ghost for Hr_c > 1 in the + branch. In order to confirm this result, we construct the effective action for the helicity-0 excitations in the DGP model. It is convenient to take the metric as

ds^2 = (1 + 2A_{yy})dy^2 + 2N (y)A_y dtdy

+ N (y)^2 ( −(1 + 2A)dt^2 + a^2(1 + 2R)δ_{ij} dx^idx^j ) , where a(t) = exp(Ht). In the absence of bulk matter, perturbations are solved using a “master variable”, Ω [20]. In the special case of a de Sitter brane in a Minkowski bulk, the metric variables are written via the master variable Ω as A = − 1 6a ( 2Ω^{′′} − N^′ N Ω^′ + 1 N^2 Ω̈ ) , A_y = 1 aN ( Ω̇^′ − N^′ N Ω̇ ) , A_{yy} = 1 6a ( Ω^{′′} − 2 N^′ N Ω^′ + 2 N^2 Ω̈ ) , R = 1 6a ( Ω^{′′} + N^′ N Ω^′ − 1 N^2 Ω̈ ) , (18) where dot denotes a derivative with respect to t. In the bulk, the master equation for Ω can be solved by the separation of variables Ω = ∫ dm g_{mk}(t)f_m(y)e^{ikx} and the equation of motion in the bulk is given by f^{′′}_m − 2 N^′ N f^′_m + m^2 N^2 f_m = 0, g̈_{mk} − 3Hg̈_{mk} + k^2 a^2 g_{mk} = −m^2g_{mk}. (19)

The junction conditions for Ω were derived in Ref.[21, 22]. For the vacuum brane, the boundary condition for Ω is given by

Ω^′ − HΩ − r_c 1 − 2Hr_c (2H^2 − m^2)Ω = 0. (20)

We again find a tower of continuous massive modes starting from m^2 = (9/4)H^2, which are the KK modes for the spin-2 perturbations. In addition, there are two discrete modes. One is the mode with m^2 = 2H^2, which is the spin-0 perturbation and the other is the mode with m^2 = m^2_d, which is the helicity-0 excitation of the spin-2 perturbations. The 2nd order action for the master variable can be calculated by extending the result of Ref.[23]. Then we can construct the 4D effective action for the discrete modes with mass m^2_i by integrating out with respect to y as

S_i = k^4N_m2_i 6Hκ^2 ∫ d^4xa^3ψ_{mk} ( □_4 − m^2_i ) ψ_{mk}, (21)

where

N_m2_i = Hr_c 1 − 2Hr_c + 1 2 √_9

4 −^{m2i}_{H2}

, (22)

and ψ_{mk} = a^{−3}g_{mk}. We should note that there is no mixing between two discrete modes for Hr_c ≠ 1. For the spin-0 perturbation with m^2 = 2H^2, N_m2_i becomes

N_{2H}2 = 1 − Hr_c 1 − 2Hr_c . (23)

N_{2H}2 is positive for H > 1/r_c, so it is not a ghost. For the spin-2 perturbation with m^2 = m^2_d, N_m2_d becomes

N_m2_d = − ( 1 − Hr_c 1 − 2Hr_c ) ( Hr_c 3Hr_c − 2 ) . (24)

N_m2_d is negative for H > 1/r_c, which confirms that the spin-2 perturbations contain a ghost.

V. SELF-ACCELERATING UNIVERSE

In a self-accelerating universe Hr_c = 1, the spin-2 graviton has a mass m^2 = 2H^2. In the PF massive gravity theory with M^2 = 2H^2, the action is invariant under the transformation [17, 18]

h_{μν} → h_{μν} + (∇_μ∇_ν + H^2γ_{μν} )ω(x). (25)

FIG. 1: Summary of the existence of the scalar ghost for various Hrc

Due to this symmetry, there are no physical helicity-0 excitations and no ghost. However, in the DGP model, the situation is different due to the existence of the brane fluctuation mode φ. For Hr_c = 1, there is no longer a solution of the form Eq. (12) for the spin-0 mode due to the symmetry Eq. (25), but there is a solution of the form h_{μν} = A_{μν} (x) + B_{μν} (x) log N (y) where A_{μν} and B_{μν} are determined by φ [24]. Then there is a mixing between the spin-0 mode and the helicity-0 excitation of the spin-2 graviton, which can give a ghost [24],[25]. The derivation of the effective action is more subtle in this case and a careful calculation of the effective action is required.

However, we can argue the existence of the ghost in the following way [25]. From the effective action for the brane bending mode, it is clear that the brane bending mode becomes a ghost for 1/2 < Hr_c < 1 Eq. (23). On the other hand, for Hr_c > 1, the spin-2 graviton becomes a ghost (see FIG. 1). Thus, by continuity, it is likely to have a ghost for Hr_c = 1, in this case, from a mixing between the brane bending mode and the spin-2 graviton. It should be mentioned that this is consistent with the result obtained by the boundary effective action in Refs.[7, 8], where a scalar mode is found to be a ghost if Hr_c > 1/2.

VI. SUMMARY

In this paper, we studied the spectrum of gravitational perturbations in the DGP model. In the self-accelerating branch, we showed that the spin-2 graviton has a discrete mode with mass in the range 0 < m^2 ≤ 2H^2 for Hr_c > 1 where m^2 = 2H^2 for the self-accelerating universe Hr_c = 1 and m^2 → 0 for Hr_c → ∞. Then the spin-2 graviton acquires a helicity-0 excitation that is a ghost for Hr_c > 1, which confirms earlier results [7, 8]. In addition, there is a normalisable brane fluctuation mode with mass m^2 = 2H^2 that is not a ghost.

The self-accelerating universe is special in the sense that the spin-2 graviton has a mass m^2 = 2H^2, which is known to be a special case in 4D PF massive gravity [17, 19]. In the DGP model, there is a brane fluctuation mode with the same mass, which can have a mixing with the spin-2 graviton. We argued that this mixing presumably gives a ghost in the self-accelerating universe. Recently, a new instability is found in the limit of vanishing cosmological constant in the analysis of the gravitational shock wave fields generated by a source on the brane [26]. This may be a signal of the appearance of the physical ghost in this limit. In order to verify the existence of the ghost in this special case rigorously, a more careful calculation of the effective action is required and this will be presented in a future publication [27].

We would like to thank C. Deffayet, N. Kaloper, K. Koyama, D. Langlois, R. Maartens and M. Sasaki for discussions. We would also like to thank D.S. Gorbunov and S.M. Sibiryakov for pointing out the existence of a solution for the spin-0 mode in the self-accelerating universe and R. Rattazzi for pointing out the possibility of having a ghost from a mixing between the brane fluctuation mode and the spin-2 graviton in a self-accelerating universe. The author benefitted from discussions during the conference ”The Next Chapter in Einstein’s Legacy” at the Yukawa institute, Kyoto and the subsequent workshop. This work was supported by JSPS and PPARC.

[1] S. Weinberg, Rev. Mod. Phys. 61 (1989) 1. [2] S. Perlmutter et. al., Astrophys. J. 517 (1999) 565. [3] N. Arkani-Hamed and S. Dimopoulos, hep-th/040519. [4] see for example S. M. Carroll, V. Duvvuri, M. Trodden and M. S. Turner, Phys. Rev. D70 (2004) 043528.

[5] G. R. Dvali, G. Gabadadze and M. Porrati, Phys. Lett.

B485 (2000) 208.

[6] C. Deffayet, Phys. Lett. B502 (2001) 199. [7] M. A. Luty, M. Porrati and R. Rattazzi, JHEP 0309 (2003) 029.

[8] A. Nicolis and R. Rattazzi, JHEP 0406 (2004) 059. [9] J. Garriga and T. Tanaka, Phys. Rev. Lett. 84 (2000) 2778; T. Tanaka, Phys. Rev. D69 (2004) 024001.

[10] A precise definition of spin-0 and spin-2 requires the analysis of the tensor structure in de Sitter spacetime.

[11] K. Koyama and K. Koyama, Phys. Rev. D72 (2005), 043511.

[12] For 2/3 < Hrc < 1, the mass is in the range 2H^2 < m^2 < 9H^2/4 and for Hrc ≤ 2/3, there is no normalisable discrete mode.

[13] U. Gen and M. Sasaki, Prog. Theor. Phys. 105 (2001) 591.

[14] A. Padilla, Class. Quant. Grav. 21 (2004) 2899. [15] M. Fierz and W. Pauli, Proc. Roy. Soc. 173 (1939) 211. [16] H. van Dam and M. Veltman, Nucl. Phys. B22 (1970) 397; V. I. Zakharov, JETP Lett. 12 (1970) 312.

[17] A. Higuchi, Nucl. Phys. B282 (1987) 397. [18] S. Deser and A Waldron, Phys. Lett. B508 (2001) 347. [19] S. Deser and R. I. Nepomechie, Ann. Phys. 154 (1984) 396.

[20] S. Mukohyama, Phys. Rev. D62 (2000) 084015. [21] C. Deffayet, Phys. Rev. D66 (2002) 103504. [22] C. Deffayet, Phys. Rev. D71 (2005) 103501. [23] H. Yoshiguchi and K. Koyama, Phys. Rev. D71 (2005) 043519 [24] D.S. Gorbunov and S.M. Sibiryakov, private communication.

[25] R. Rattazzi, private communication.

[26] N. Kaloper, Phys. Rev. Lett. 94 (2005) 181601;

N. Kaloper, Phys. Rev. D 71 (2005) 086003.

[27] D. S. Gorbunov, K. Koyama, R. Rattazzi, S. M.

Sibiryakov, in preparation