arXiv:hep-th/0503218 v1 28 Mar 2005

Symmetries and physical functions in general gauge theory

D.M. Gitman^∗ and I.V. Tyutin^†

March 28, 2005

Abstract

The aim of the present article is to describe the symmetry structure of a general gauge (singular) theory, and, in particular, to relate the structure of gauge transformations with the constraint structure of a theory in the Hamiltonian formulation. We demonstrate that the symmetry structure of a theory action can be completely revealed by solving the so-called symmetry equation. We develop a corresponding constructive procedure of solving the symmetry equation with the help of a special orthogonal basis for the constraints. Thus, we succeed in describing all the gauge transformations of a given action. We find the gauge charge as a decomposition in the orthogonal constraint basis. Thus, we establish a relation between the constraint structure of a theory and the structure of its gauge transformations. In particular, we demonstrate that, in the general case, the gauge charge cannot be constructed with the help of some complete set of first-class constraints alone, because the charge decomposition also contains second-class constraints. The above-mentioned procedure of solving the symmetry equation allows us to describe the structure of an arbitrary symmetry for a general singular action. Finally, using the revealed structure of an arbitrary gauge symmetry, we give a rigorous proof of the equivalence of two definitions of physicality condition in gauge theories: one of them states that physical functions are gauge-invariant on the extremals, and the other requires that physical functions commute with FCC (the Dirac conjecture).

1 Introduction

Most of the contemporary particle-physics theories are formulated as gauge theories. It is wellknown that within the Hamiltonian formulation gauge theories are theories with constraints, in particular, first-class constraints (FCC). This fact is the main reason for a long and intensive study of the formal theory of constrained systems. The theory of constrained systems, initiated by the pioneering works of Bergmann and Dirac [1, 2] and then developed and presented in various review books [3, 4, 5, 6, 7], still attracts a great attention of researchers. Relatively simple were the first steps of the theory in formulating the dynamics of constrained systems in the phase space, thus elaborating the procedure of finding all the constraints (Dirac’s procedure) and reorganizing the constraints to FCC and second-class constraints (SCC). From the very beginning, it became clear that the presence of FCC among the complete set of constraints in the Hamiltonian formulation is a direct indication that the theory is a gauge one, i.e., its Lagrangian action is invariant under gauge transformations, which, in the general case, are continuos transformations parameterized by arbitrary functions of time (of the space-time coordinates, in the case of field theory). It was demonstrated that the number of independent gauge parameters is equal to the number μ_1 of primary FCC, and the total number of nonphysical variables is equal to the number μ of all FCC, despite the fact that the equations of motion contain only μ_1 arbitrary functions of time (undetermined Lagrange multipliers to the primary FCC); see [6] and references therein. At the same time, we proved that for a class of theories for which the constraint structures of the complete theory and of its quadratic approximation are the same, and for which the constraint structure does not change from point to point in the phase-space (we call such theories perturbative ones), physical functions in the Hamiltonian formulation must commute with FCC. In a sense, this statement can be identified with the so-called Dirac conjecture. All models known until now in

∗Institute of Physics, University of São Paulo, Brazil; e-mail: gitman@dfn.if.usp.br † Lebedev Physics Institute, Moscow, Russia; e-mail: tyutin@lpi.ru

which the Dirac conjecture does not hold are nonperturbative in the above sense. After this preliminary progress in the theory of constrained systems, it became clear that a natural and very important continuation of studies is the attempt to relate the constraint structure and constraint dynamics of a gauge theory in the Hamiltonian formulation to specific features of a theory in the Lagrangian formulation, especially to relate the constraint structure to the structure of gauge transformations for a Lagrangian action. One of the key problems here is the following: how to construct a general expression for the gauge charge if the constraint structure in the Hamiltonian formulation is known? Another principle question closely related to the latter is: can one identify the physical functions defined as those commuting with FCC in the Hamiltonian formulation (the so-called physicality condition in the Hamiltonian sense, well-known as the Dirac conjecture) with the physical functions defined as gauge-invariant functions? (In what follows, we refer to the latter definition of physical functions as the physicality condition in the gauge sense.) Many efforts have been made in attempting to answer these questions: see, for example, [8]. All previous considerations contain some restricting assumptions about the structure of a theory (in particular, about the constraint structure), so that rigorous answers to all of the above questions are still unknown for a general gauge theory (even one belonging to the above-mentioned perturbative class). The aim of the present work is to answer the above questions for perturbative gauge theories in terms of rigorous statements.

In this connection, it should be noted that there exists an isomorphism between the symmetry classes of the Hamiltonian and Lagrangian actions of the same theory, since they are dynamically equivalent^1 (see [9]). It is then convenient to study the symmetry structure by considering the simpler Hamiltonian action (this is what we do in the present article), since it is a first-order action. The symmetries of the Lagrangian action can be obtained as a reduction of the Hamiltonian action symmetries by substituting all the Lagrange multipliers and momenta for coordinates and velocities. We demonstrate that the symmetry structure of the Hamiltonian action (and, hence, that of the Lagrangian action) can be completely revealed by solving the so-called symmetry equation. Choosing a special orthogonal basis for the constraints (introduced in [10] and described in sec. 3), one can analyze the symmetry equation algebraically. We develop the corresponding constructive procedure of solving the symmetry equation. Thus, we succeed in describing all the gauge transformations of a given action (sec. 4). We find the gauge charge as a decomposition in the orthogonal constraint basis. Thus, we establish the relation between the constraint structure of a theory and the structure of its gauge transformations. In particular, we demonstrate that, in the general case, the gauge charge cannot be constructed with the help of some complete set of FCC alone, since the decomposition also contains SCC. The above-mentioned procedure of solving the symmetry equation allows one to analyze the structure of any infinitesimal Noether symmetry. In doing this, we constructively demonstrate that any infinitesimal Noether symmetry can be represented as a sum of three kinds of symmetries: global, gauge, and trivial (sec. 5). In particular, we can see that the global part of a symmetry is a canonical transformation, which does not vanish on the extremals, and the corresponding conserved charge (the generator of this transformation) does not vanish on the extremals either. The gauge part of a symmetry does not vanish on the extremals, but the gauge charge does vanish on them. The trivial part of any symmetry vanishes on the extremals, and the corresponding charge vanishes quadratically on the extremals. In our procedure of solving the symmetry equation, the generators of canonical global and gauge symmetries may depend on Lagrange multipliers and their time derivatives. This happens in the case when the number of stages in the Dirac procedure is more than two. In addition, we prove that any infinitesimal Noether symmetry that vanishes on the extremals is a trivial symmetry (sec. 6). Finally, using the established structure of an arbitrary gauge symmetry, we strictly prove an equivalence of the two definitions of physicality condition in gauge theories: one of them states that physical functions are gauge-invariant on the extremals, and the other requires that physical functions commute with FCC (the Dirac conjecture) (sec. 7). In sec. 2, we present the basic notation and definitions.

1 Suppose that an action S[q, y] contains two groups of coordinates q and y, such that the coordinates y can be expressed as local functions y = ȳ ( q^{[l]}, l < ∞ ) of q and their time derivatives with the help of the equations δS/δy = 0. We call y auxiliary coordinates. The action S[q, y] and the reduced action S [q] = S[q, ȳ] lead to the same equations for the coordinates q, see [14, ?]. The actions S[q, y] and S [q] are called dynamically equivalent actions.

2 Basic notation and definitions

We consider finite-dimensional systems described by a set of generalized coordinates q ≡ {q^a; a = 1, 2, ..., n}. The following notation is used:

q^{a[l]} = (d_t)^l q^a , l = 0, 1, ..., ( q^{a[0]} = q^a ) , d_t = d dt . (1)

We recall that the space of q^{a[l]}, a = 1, ..., n, l = 0, 1, ..., N_a , regarded as independent variables, is called the jet space [11]. The majority of physical quantities in classical mechanics are described by so-called local functions (LF) which are defined on the jet space. LF depend on q^{a[l]}, l ≤ N_a, where N_a < ∞ . We often denote LF as^2 F ( q^{a[0]}, q^{a[1]}, q^{a[2]}, ... ) = F ( q^{[]} ) . (2)

In our considerations, we use so-called local operators (LO). An LO Û_{Aa} is a matrix operator which acts on columns of LF f^a producing columns F_A of LF, F_A = Û_{Aa}f^a . Such LO have the form

Û_{Aa} = K<∞∑ k=0 u^k_{Aa} (d_t)^k , (3)

where u^k_{Aa} = u^k_{Aa} ( q^{[]} ) are LF. The operator ( Û^T ) aA = K<∞∑ k=0 (−d_t)^k u^k_{Aa} (4)

is called the operator transposed to Û_{Aa}. The relation

F^AÛ_{Aa}f^a = [( Û^T ) aA F^A ] f^a + d_tQ , (5)

where Q is an LF, holds for any LF F^A and f^a. The LO Û_{ab} is symmetric (+) or antisymmetric (−), respectively, if ( Û^T ) ab = ±Û_{ab} . Thus, for any antisymmetric LO Û_{ab}, relation (5) implies f^aÛ_{ab}f^b = dQ/dt . We say that F_A ( q^{[]} ) = 0 and χ_α ( q^{[]} ) = 0 are equivalent sets of equations (and denote this fact as F = 0 ⇐⇒ χ = 0) whenever they have the same sets of solutions. By O (F ) we denote any LF that vanishes on the equations F_a ( q^{[]} ) = 0. More exactly, we define O (F ) = V̂^aF_a , where V̂^b are LO. Besides, we denote via Û = Ô (F ) any LO that vanishes on the equations F_a ( q^{[]} ) = 0.

That means that LF u that enter into the representation (3) for such an operator vanish on these equations, u = O (F ), or, equivalently Û f = O (F ) for any LF f.

We consider Lagrangian theories given by an Lagrangian action S [q] ,

S [q] = ∫_{t2} t_1 Ldt , L = L ( q^{[]} ) , (6)

where the Lagrange function L is defined as an LF on the jet space. The Euler–Lagrange equations are δS δq^a = ∑ l=0 (−d_t)^l ∂L ∂q^{a[l]} = 0 . (7)

Any LF of the form O (δS/δq) is called an extremal. An infinitesimal transformation q → q^′ = q + δq, with δq = δq ( q^{[]} ) , being an LF, is a symmetry of S in case δL = d_tF , (8) where F ( q^{[]} ) is an LF (such transformations are called Noether symmetries).

2 Functions F may depend on time explicitly; however, we do not include t in the arguments.

Any infinitesimal symmetry implies a conservation law (Noether theorem): δq^a δS δq^a + d_tG = 0 , G = P − F . (9)

Here, the LF F and P are δL = d_tF , P = ∑ a N_a∑

m=1 p^m_a δq^{a[m−1]} , p^m_a = N_a∑

s=l (−d_t)^{s−m} ∂L ∂q^{a[s]} , (10)

and the local function G (which is constant on the extremals) is referred to as a conserved charge related to the symmetry δq. In what follows, we call (9) the symmetry equation. The quantities δq, S, and G are related by the symmetry equation. Here and elsewhere, we often call the set δq, G a symmetry of the action S.

Noether infinitesimal symmetries can be global, gauge and trivial. Global symmetries have nonzero (on the extremals) conserved charges; they are parameterized by a set of time-independent parameters ν^α, α = 1, ..., r, and have the form δq^a(t) = ρ^a_α(t)ν^α, where ρ^a_α(t) are generators of the global symmetry transformations. Gauge symmetries have zero (on the extremals) conserved charges; they are parameterized by time-dependent gauge parameters ν^α (t), α = 1, ..., r, which are arbitrary functions of time (in the case of field theory, the gauge parameters depend on all space-time variables). Infinitesimal gauge transformations have the form

δq^a(t) = ℜ̂^a_α (t) ν^α(t), (11)

where the operators ℜ̂^a_α (t) are called generators of gauge transformations.

For any action, there exist trivial symmetry transformations δ_{tr}q,

δ_{tr}q^a = Û^{ab} δS δq^b , (12)

where Û is an antisymmetric LO, ( Û^T )_{ab} = −Û^{ab}.

Trivial symmetries have zero (on the extremals) conserved charges; see below. Trivial symmetry transformations do not affect genuine trajectories. Two symmetry transformations δ_1q and δ_2q are called equivalent (δ_1q ∼ δ_2q) whenever they differ by a trivial symmetry transformation: δ_1q ∼ δ_2q ⇐⇒ δ_1q − δ_2q = δ_{tr}q . Thus, all the symmetry transformations of an action S can be divided into equivalence classes.

3 Symmetry equation and orthogonal constraint basis

We consider here the Hamiltonian formulation of a singular theory [6, 12]. The corresponding Hamiltonian action is denoted by S_H. We denote all irreducible constraints of the theory via Φ = (Φ_l (η)), where η = (x, p) are all phase-space variables^3, η^A = (x^a, p_a) , A = (α, a) , α = 1, 2, a = 1, ..., n , such that : η^{1a} = x^a , η^{2a} = p_a . (13)

We suppose that the constraints of the theory are reorganized so that they can be divided into FCC, χ (η), and SCC, φ (η) . Thus, Φ = (χ, φ) . The Hamiltonian action and the corresponding equations of motion are

S_H [η] = ∫ [ pẋ − H^{(1)} (η) ] dt , η = (η, λ) , H^{(1)} (η) = H (η) + λΦ^{(1)} (η) ; δS_H δη = 0 =⇒ { η̇ = {η, H^{(1)}} Φ^{(1)} (η) = 0

, (14)

3 In the general case of theories with higher derivatives, the space of x is larger than the space of generalized coordinates q, see, e.g. [12].

where H^{(1)} is the total Hamiltonian, Φ^{(1)} are primary constraints, and λ are Lagrange multipliers to the primary constraints.

In the general case, the Hamiltonian H and the constraints Φ can depend on time t explicitly. We take such a possibility into account. However, the argument t will not be written explicitly in what follows. Using Eq. (14), we can write the total time derivative of a function f (η) as

d_tf = ∂_tf + η̇∂_η f = { f , H^{(1)} + ϵ } + (η̇ − {η, H^{(1)}})∂_ηf . Here, ϵ is the (formal) momentum conjugate to time t, and the Poisson brackets are defined in the extended phase space of the variables η; t, ϵ; for details, see [6].

If δη = (δx, δp, δλ) is a symmetry of the Hamiltonian action S_H, then the symmetry equation is δη δS_H δη + d_tG = 0 , (15)

where G is the corresponding conserved charge. One can study the symmetry of the action S_H by solving this symmetry equation. If δη is a symmetry of the Hamiltonian action S_H, then symmetries δq_L ( q^{[]} ) of the Lagrangian action S can be obtained by writing the Hamiltonian symmetries δq ( η^{[]} ) , δq ∈ δx, as functions on the jet space q^{[]}, see [9].

For further consideration, especially for solving the symmetry equation, it is convenient to accept that the set of all the constraints Φ is already reorganized to the special form consistent with the Dirac procedure; see [10]. We call such a reorganized set of constraints an orthogonal constraint basis. In this case, Φ = ( Φ^{(i)} ) , Φ^{(i)} = (φ^{(i)}; χ^{(i)}) , i = 1, ..., ℵ . (16)

Such χ^{(i)} and φ^{(i)} are, respectively, the FCC and SCC of the i-th stage of the Dirac procedure, while ℵ is the number of the final stage. The total Hamiltonian is

H^{(1)} = H + λΦ^{(1)} = H + λ_φφ^{(1)} + λ_χχ^{(1)} , (17)

where χ^{(1)} are the primary FCC, and φ^{(1)} are the primary SCC; λ = (λ_φ, λ_χ), while λ_φ and λ_χ are the corresponding Lagrange multipliers to the primary SCC and FCC, respectively. At each stage of the Dirac procedure, the constraints are divided into groups:

φ^{(i)} = ( φ^{(i|s)} ) , s = i, ..., ℵ_φ ; χ^{(i)} = ( χ^{(i|a)} ) , a = i, ..., ℵ_χ , (18) where ℵ_φ and ℵ_χ stand for the numbers of the final stages at which SCC and new FCC, respectively, still appear. We can write^4:

[φ^{(i)}] = 0, i > ℵ_φ ; [χ^{(i)}] = 0 , i > ℵ_χ , ℵ = max (ℵ_φ, ℵ_χ) .

In what follows, we often use the notation

λ_φ(1|s) = λ_s , λ_χ(1|a) = λ^a ,

so that H^{(1)} = H + λ_sφ^{(1|s|)} + λ^aχ^{(1|a|)} . (19)

The division (18) produces chains of constraints. All constraints in a chain are of the same class. One ought to say that the numbers of constraints at each stage in the same chain are equal. At the same time, each chain may either be empty or contain several functions. Therefore, whenever there exist FCC (SCC), the corresponding primary FCC (SCC) exist as well.

4 The following notation is used: suppose that F_a (η) , a = 1, ..., n, are some functions, then [F ] is the number of these functions, [F ] = n. Note that the brackets [] are also used to denote time derivatives (q^{[l]} = (d_t)^l q ) and the arguments of an action functional (e.g. S [q]).

There exist ℵ_φ chains of SCC, φ^{(...|s)} = ( φ^{(i|s)} , i = 1, ..., s ) , s = 1, ..., ℵ_φ , labeled by the index s, and ℵ_χ chains of FCC, χ^{(...|a)} = ( χ^{(i|a)}, i = 1, ..., a ) , a = 1, ..., ℵ_χ , labeled by the index a. The length of the longest chain of SCC is ℵ_φ, and the length of the longest chain of FCC is ℵ_χ. The orthogonal constraint basis has the following properties: { φ^{(i|s)}, H̄ + ϵ } = φ^{(i+1|s)} + O ( Φ^{(...i)} ) { φ^{(i|s)}, Φ^{(1)} } = O ( Φ^{(...i)} ) } , i = 1, ..., ℵ_φ − 1, s = i + 1, ..., ℵ_φ , { χ^{(i|a)}, H̄ + ϵ } = χ^{(i+1|a)} + O ( Φ^{(...i)} ) , i = 1, ..., ℵ_χ − 1 , a = i + 1, ..., ℵ_χ , { χ^{(i|i)}, H̄ + ϵ } = O ( Φ^{(...i)} ) , i = 1, ..., ℵ_χ , { χ^{(i|a)}, Φ^{(1)} } = O ( Φ^{(...i)} ) , i = 1, ..., ℵ_χ , a = 1, ..., ℵ_χ , { φ^{(i|s)}, φ^{(j|v)} } = δ_{s,v}δ_{i,s+1−j}θ^{(s)} + O (Φ) , i ≤ s , j ≤ v , s, v = 1, ..., ℵ_φ . (20) Here, Φ^{(...i)} = ( Φ^{(1)}, ..., Φ^{(i)} ) , H̄ = H + λ̄_sφ^{(1|s|)} , (21)

where λ̄_s = λ̄_s (η) are expressions for the Lagrange multipliers to the primary SCC that are determined by the Dirac procedure, and θ^{(s)} is a nonsingular matrix. It should be noted that the Hamiltonian H̄ differs from the total Hamiltonian H^{(1)} by terms quadratic in the extremals and by FCC:

H^{(1)} = H̄ + Λ_sφ^{(1|s|)} + λ^aχ^{(1|a|)} , Λ_s = λ_s − λ̄_s = O ( δS_H δη ) . (22)

From the properties of the orthogonal constraint basis, one can see that the Poisson brackets of SCC from different chains vanish on the constraint surface. Within the Dirac procedure, the group φ^{(1|s)} of primary SCC produces SCC of the second stage, third stage, and so on, which belong to the same chain, φ^{(1|s)} → φ^{(2|s)} → φ^{(3|s)} → · · · → φ^{(s|s)}. The chain of SCC labeled by the number s ends with the group of the s-th-stage constraints. The consistency conditions for the SCC φ^{(i|i)} of the i-th stage determine the Lagrange multipliers λ_i to be λ̄_i . We stress that the consistency conditions for the SCC φ^{(i|s)}, s > i, of the i-th stage produce SCC φ^{(i+1|s)} of the i + 1-th stage.

At the same time, the group χ^{(1|a)} of primary FCC produces FCC of the second stage, third stage, and so on, which belong to the same chain, χ^{(1|a)} → χ^{(2|a)} → χ^{(3|a)} → · · · → χ^{(a|a)}. The consistency conditions for the FCC χ^{(i|s)}, s > i, of the i-th stage produce the FCC χ^{(i+1|s)} of the i + 1-th stage. The chain of FCC labeled by the number a ends with the group of the a-th-stage constraints. The consistency conditions for the FCC χ^{(i|i)} of the i-th stage do not produce any new constraints and do not determine any Lagrange multipliers. Thus, the Lagrange multipliers λ_χ are not determined by the Dirac procedure (or by the complete set of equations of motion).

The described hierarchy of constraints in the orthogonal basis (within the Dirac procedure) looks schematically as follows:

φ^{(1|1)} → λ̄_1 φ^{(1|2)} → φ^{(2|2)} → λ̄_2 . . → . . → . . . . . . φ^{(1|ℵ−1)} → φ^{(2|ℵ−1)} → φ^{(3|ℵ−1)} · · · φ^{(ℵ−1|ℵ−1)} → λ̄_{ℵ−1} φ^{(1|ℵ)} → φ^{(2|ℵ)} → φ^{(3|ℵ)} · · · φ^{(ℵ−1|ℵ)} → φ^{(ℵ|ℵ)} → λ̄_ℵ χ^{(1|ℵ)} → χ^{(2|ℵ)} → χ^{(3|ℵ)} · · · χ^{(ℵ−1|ℵ)} → χ^{(ℵ|ℵ)} → O(Φ) χ^{(1|ℵ−1)} → χ^{(2|ℵ−1)} → χ^{(3|ℵ−1)} · · · χ^{(ℵ−1|ℵ−1)} → O(Φ^{(...ℵ−1)}) . . → . . → . . . . . . χ^{(1|2)} → χ^{(2|2)} → O(Φ^{(...2)}) χ^{(1|1)} → O(Φ^{(1)})

.

We note that the properties of the orthogonal constraint basis are extremely helpful in analyzing the symmetry equation; in particular, this equation in the orthogonal basis can be solved algebraically (see below). The properties of the basis allow one to conjecture (and then strictly prove) the form of the conserved charges as decompositions in the orthogonal constraint basis. For example, these properties imply that the SCC φ^{(i|i)} cannot enter linearly into the conserved charges. At the same time, one can see that only the FCC χ^{(i|i)} enter the gauge charges multiplied by independent gauge parameters; other FCC χ^{(i|a)}, a > i, are multiplied by factors that must contain derivatives of the same gauge parameters.

It is also important to recall that there exists a canonical transformation from the initial phasespace variables η to the special phase-space variables ϑ = (ω, Q, Ω); see [6]. The variables ω are physical, and the variables Ω define the constraint surface by the equations Ω = 0. The dynamics of the physical variables ω is governed by the physical action S_{Ph} [ω] ,

S_{Ph} [ω] = S_H|_{Ω=0} . (23)

The variables Q are nonphysical. In theories with FCC, the actions S and S_H are dynamically equivalent, while are both dynamically nonequivalent to the physical action S_{Ph}.

In what follows, we use a set of LF, Γ,

Γ = (Φ, J) = O ( δS_H δη ) , J = (I, Λ), I = η̇ − { η, H̄ } − { η, χ^{(1|a|)} } λ^a , (24)

for the complete set of extremals. Taking (14) into account, one can easily verify that the set Γ is equivalent to the complete set of extremals δS_H/δη. We also note that the set of variables η^{[]}, λ^{[]}_s , λ^{a[]} is equivalent to the set η, J^{[]}, λ^{a[]} . Further, we often use the latter variables to analyze the symmetry equation.

4 Gauge symmetries

Analyzing the symmetry equation, we prove below the following assertion.

In theories with FCC, there exist nontrivial symmetries δ_ν η, G_ν of the Hamiltonian action S_H that are gauge transformations. These symmetries are parameterized by gauge parameters ν. These parameters are arbitrary functions of time^5 and arbitrary LF of η^{[]}, ν = ν_{(a)σa} ( t, η^{[]} ) , a = 1, ..., ℵ_χ . The gauge parameters are labeled by an index a (the number of the corresponding FCC chain) and by a fine index^6 σ_a that labels FCC in the chain a. The complete number of all gauge parameters is equal to the number of all primary FCC:

[ν] = [ χ^{(1)} ] . (25)

The corresponding conserved charge (gauge charge) is an LF, G_ν = G_ν ( η, λ^{[]}, ν^{[]} ) , which vanishes on the extremals. The gauge charge has the following representation in terms of the orthogonal constraint basis:

G_ν = ℵ_χ∑

a=1 ν_{(a)}χ^{(a|a)} + ℵ_χ−1∑

i=1

ℵ_χ∑

a=i+1 C^χ_{i|a}χ^{(i|a)} + ℵ_χ−1∑

i=1 ℵ∑ s=i+1 C^φ_{i|s}φ^{(i|s)} . (26) Here, C^φ_{i|s} = C^φ_{i|s} ( η, λ^{[]}, ν^{[]} ) and C^χ_{i|a} = C^χ_{i|a} ( η, λ^{[]}, ν^{[]} ) are some LF, which can be determined from the symmetry equation in an algebraic way. The gauge charge depends both on the gauge parameters and on their time derivatives up to the order ℵ_χ − 1,

G_ν = ℵ_χ∑

a=1 a−1∑ m=0 G^a_m(η, λ^{[]})ν^{[m]}_{(a)} . (27)

5 We have included t in the arguments of the functions ν explicitly, in contrast to other cases, to emphasize this dependence.

6 Sometimes, the fine index σ_i is omitted, but summation over the index i always assumes the summation over σ_i as well.

Here, G^a_m(η, λ^{[]}) are some LF. The total number of independent gauge parameters, together with their time derivatives that essentially enter in the gauge charge, is equal to the number of all FCC: ∑ m=0 [ν^{[m]}] = [χ] . (28)

The gauge charge is the generating function for the variations δη of the phase-space variables: δ_ν η = {η, G_ν} = { η, η^A } ∂G_ν ∂η^A . (29)

(Note that the Poisson bracket in (29) acts only on the explicit dependence of the gauge charge of η .) Therefore, the total number of independent gauge parameters, together with their time derivatives that essentially enter in the variations δ_ν η, is also equal to the number of all FCC. The variations δ_ν λ contain an additional time derivative of the gauge parameters, namely, they have the form

δ_ν λ = ℵ_χ∑

a=1 a∑ m=0 Υ^a_m ν^{[m]}_{(a)} , (30)

where Υ^a_m = Υ^a_m(η, λ^{[]}) are some LF.

The above assertion is proved below. At the same time, we present a constructive procedure of finding the gauge transformations, based on solving the symmetry equation in terms of the orthogonal constraint basis.

Consider the symmetry equation (15). Taking into account the action structure (14) and the anticipated form (29) of the variations δη, we rewrite this equation as follows: ĤG − λ^a { χ^{(1|a|)}, G } − Λ_s{φ^{(1|s|)}, G} = φ^{(1|s|)}δ̂Λ_s + χ^{(1|a|)}δλ^a , δ̂Λ_s = δλ_s − {λ̄_s, G} , (31) where the operator Ĥ is defined on any LF F (η, λ^{[]}, ν^{[]}) as ĤF = {F, H̄ + ϵ} + ∂F ∂λ^{[m]} λ^{[m+1]} + ∂F ∂ν^{[m]} ν^{[m+1]} . (32)

Let us try to solve equation (31) with the gauge charge G_ν of the form (26). Thus, we obtain the following equation for the LF C_i = ( C^φ_{i|s} , C^χ_{i|a} ) : ℵ_χ−1∑

i=1 ( C_i [ Φ^{(i+1)} + O ( Φ^{(...i)} )] + Φ^{(i)} [ ĤC_i − λ^a { χ^{(1|a|)}, C_i } − Λ_s{φ^{(1|s|)}, C_i} ])

+ Π_{ℵχ} = φ^{(1|s|)}δ̂Λ_s + χ^{(1|a|)}δλ^a , (33)

where

Π_{ℵχ} = ℵ_χ∑

a=1 [ Z^a + χ^{(a|a)}d_t ] ν_{(a)} , Z^a = Ĥχ^{(a|a)}−λ^b { χ^{(1|b|)}, χ^{(a|a)} } −Λ_s{φ^{(1|s|)}, χ^{(a|a)}} = O ( Φ^{(...a)} ) . Considering equation (33) on the constraint surface Φ^{(...ℵχ−1)} = 0, we obtain

C_{ℵχ−1}Φ^{(ℵχ)} + ν_{(ℵχ)}κΦ^{(ℵχ)} + ν^{[1]}_{(ℵχ)}χ^{(ℵχ|ℵχ)} = 0

with allowance made for the relation Z^{ℵχ} | |_{Φ(...ℵχ−1)=0} = O ( Φ^{(ℵχ)} ) = κΦ^{(ℵχ)} . (34)

where κ is a matrix with elements that are LF. Therefore, we can determine C_{ℵχ−1} as linear combinations of ν_{(ℵχ)} and ν^{[1]}_{(ℵχ)} to obey the latter equation. Substituting thus determined C_{ℵχ−1} into (33), we arrive at the equation ℵ_χ−2∑

i=1 [ C_i[Φ^{(i+1)} + O ( Φ^{(...i)} ) ] + Φ^{(i)}[ĤC_i − λ^a { χ^{(1|a|)}, C_i } − Λ_s{φ^{(1|s|)}, C_i}] ]

+ Π_{ℵχ−1} = φ^{(1|s|)}δ̂Λ_s + χ^{(1|a|)}δλ^a , (35) where

Π_{ℵχ−1} = ℵ_χ−1∑

a=1 [ Z^a + χ^{(a|a)}d_t ] ν_{(a)} + 2∑ k=0 ϕ_kν^{[k]}_{(ℵχ)} , ϕ_k = O ( Φ^{(...ℵχ−1)} ) . Considering equation (35) on the constraint surface Φ^{(...ℵχ−2)} = 0, we obtain C_{ℵχ−2}Φ^{(ℵχ−1)} + ν^{[1]}_{(ℵχ−1)}χ^{(ℵχ−1|ℵχ−1)} + ( ν_{(ℵχ−1)}Z^{ℵχ−1} + 2∑ k=0 ϕ_kν^{[k]}_{(ℵχ)} )| | | |_{Φ(...ℵχ−2)=0} = 0 . (36)

By analogy with (34), we find that all matrix LF Z^{ℵχ−1} and ϕ_k are proportional to the constraints Φ^{(ℵχ−1)}. Therefore, we can determine C_{ℵχ−2} as linear combinations of ν_{(ℵχ−1)}, ν^{[1]}_{(ℵχ−1)}, and

ν_{(ℵχ)}, ν^{[1]}_{(ℵχ)}, ν^{[2]}_{(ℵχ)} to obey Eq. (36). Proceeding in the same manner, we determine any C_i as the following linear combinations of the gauge parameters and their time derivatives:

C_i = ℵ_χ∑

a=i+1 a−i∑ m=0 S^a_{im}ν^{[m]}_{(a)} . (37)

Here, S^a_{im} = S^a_{im} ( η, λ^{[]} ) are some LF.

In addition, we can see that C^φ = O(Γ) . (38)

Indeed, Eq. (38) follows from the relations (we recall that symmetry variations of extremals are proportional to extremals)

δ̂φ^{(s+1−i|s)} = O(Γ) = { φ^{(s+1−i|s)}, G_ν } = C^φ_{i|s} { φ^{(s+1−i|s)}, φ^{(i|s)} } + O(Φ) ,

with allowance made for (20).

Finally, we conclude that the gauge charge G_ν has the following representation:

G_ν = ℵ_χ∑

m=1

ℵ_χ∑

a=m G^{ma}ν^{[m−1]}_{(a)} . (39)

Here, G^{ma} = G^{ma}(η, λ^{[]}) are LF of the form

G^{ma} = ℵ_χ∑

k=1

ℵ_χ∑

b=k χ^{(k|b)}C^{ma}_{kb} + O ( Γ^2 ) = O (χ) + O ( Γ^2 ) , (40)

where C^{ma}_{kb} = C^{ma}_{kb} (η, λ^{[]}) are some LF. Then the form of the variations δ_ν η follows from (29),

δ_ν η = ℵ_χ∑

k=1

ℵ_χ∑

b=k

ℵ_χ∑

m=1

ℵ_χ∑

a=m { η, χ^{(k|b)} } C^{ma}_{kb} ν^{[m−1]}_{(a)} + O (Γ) . (41)

After substituting the obtained functions C_i back into equation (33), its left-hand side turns out to be proportional to primary constraints. Since these constraints are linearly independent by construction, we can find all the variations δ_ν λ from this equation. Their general structure is given by Eq. (30). In particular, one can see that

δ_ν λ^a = ℵ_χ∑

b=1 D^{ab}ν^{[b]}_{(b)} + O(ν^{[l]}_{(j)} , l < j) , (42)

where D^{ab} = D^{ab}(η, λ^{[]}) are some LF. Note that the LF G^{ma} and Υ^a_m (as well as C^{ma}_{kb} and D^{ab}) do not depend on the gauge parameters and are, in this sense, universal.

The matrices C and D are nonsingular. Indeed, as was demonstrated in [13], they are constant matrices of the form C^{mb}_{ka} = δ_{b,a}δ_{m,b−k+1} , D^{ab} = δ_{a,b} in the quadratic approximation. Since these matrices are nonsingular in the quadratic approximation, they are nonsingular in the exact perturbative theory at least in a vicinity of the consideration point, which can be chosen as the zero point of the jet space of η^{[]}.

The gauge charge and the variations δ_ν η essentially depend on all gauge parameters and their time derivatives ν^{[m]}_{(a)} , m = 0, ..., a − 1, a = 1, ..., ℵ_χ , while the variations δ_ν λ^a essentially depend

on all derivatives ν^{[a]}_{(a)}. Indeed, ∂G_ν ∂ν^{[m]}_{(a)} = P^{(a−m|a)} + O ( η^2 ) , m = 0, ..., a − 1 , ∂ (δ_ν λ^a) ∂ν^{[b]}_{(b)} = δ_{a,b} + O (η) , a, b = 1, ..., ℵ_χ .

As one can see from the structure of the gauge charge (in the special phase space variables ϑ = (ω, Q, Ω); see [6]), the gauge transformations, taken on the extremals, transform only the nonphysical variables Q and λ^a .

Below, we are going to study the structure of arbitrary symmetry of the general Hamiltonian action S_H. In particular, we prove that, with accuracy up to a trivial transformation, any gauge transformation can be represented in the form (29), (30), with the gauge charge (26).

5 Structure of arbitrary symmetry

We prove below the following assertion.

Any symmetry δη, G of the Hamiltonian action S_H can be represented as the sum of three types of symmetries, ( δη G ) = ( δ_cη G_c ) + ( δ_{ν̄} η G_{ν̄} ) + ( δ_{tr}η G_{tr} ) , (43)

such that:

The set δ_cη, G_c is a global symmetry, canonical for the phase-space variables η. The corresponding conserved charge G_c does not vanish on the extremals.

The set δ_{ν̄} η, G_{ν̄} is a gauge transformation presented in the previous section, with fixed gauge parameters (i.e., with a specific form of the functions ν = ν̄ ( t, η^{[]} ) ) that do not vanish on the extremals (in what follows, we call such a symmetry a particular gauge transformation). The corresponding conserved charge G_{ν̄} vanishes on the extremals, whereas the variations δ_{ν̄} η do not.

The set δ_{tr}η, G_{tr} is a trivial symmetry. All the variations δ_{tr}η and the corresponding conserved charge G_{tr} vanish on the extremals. The gauge charge G_{tr} depends on the extremals as G_{tr} = O ( Γ^2 ) . Below, we prove the above assertions and present a constructive way of finding the components of the decomposition (43). The procedure can be divided into the four steps:

5.1 Constructing the function G_J (η)

Supposing that δη, G is a symmetry, and taking into account the structure of the total Hamiltonian (22), we can write the symmetry equation (15) as δηE^{−1}I − φ^{(1|s|)}δ̂Λ_s − Λ_sδ̂φ^{(1|s|)} − χ^{(1|a|)}δλ^a + d_tG = 0 , δ̂Λ_s = δλ_s − ∂λ̄_s ∂η δη . (44) In our consideration, we use the set of variables η, J^{[]}, λ^{a[]}, see sec. 3. We denote via δ_J η, G^′_J the corresponding zero-order terms in the decomposition of the quantities δη, G with respect to the extremals J^{[]}, ( δη G ) = ( δ_J η + O(J) G^′_J + B_mJ^{[m]} + O(J^2) ) , (45) where δ_J η =δ_J η(η, λ^{a[]}), G^′_J = G^′_J (η, λ^{a[]}), and B_m = B_m(η, λ^{a[]}). We then rewrite equation (44), retaining only the terms of zero and first order with respect to the extremals J^{[]}. Such an equation has the form δ_J ηE^{−1}I − χ^{(1|a|)}δ_J λ^a = −ĤG^′_J + { χ^{(1|a|)}, G^′_J } λ^a + Λ_s{φ^{(1|s|)}, G^′_J } + {η, G^′_J } E^{−1}I − J^{[m]}ĤB_m + λ^a { χ^{(1|a|)}, B_m } J^{[m]} − B_m J^{[m+1]} + O(ΦΓ) . (46)

Contributions from the terms φ^{(1|s|)}δ̂Λ_s and Λ_sδ̂φ^{(1|s|)} are accumulated in O(ΦΓ), and the operator Ĥ is defined by (32).

Analyzing the terms with the extremals J^{[]} (starting from the highest derivative) in Eq. (46), we can see that B_m = O(Φ) for every m. Considering then the terms proportional to I in Eq. (46), we get the following expression: δ_J η = {η, G^′_J } + O(Φ) for the variations δ_J η. We then see that

{Φ, G^′_J } = O(Φ) (47)

with allowance made for the relations δ̂Φ = O(Γ) =⇒ δ̂_J Φ = O(Φ) = {Φ, G^′_J } + O(Φ) .

We can check that {χ, G^′_J } are first-class functions, which implies that

{χ, G^′_J } = O(χ) + O(Φ^2) . (48)

Considering the remaining terms in Eq. (46), we get the equation

χ^{(1|a|)}δ_J λ^a = ĤG^′_J + λ^a { χ^{(1|a|)}, G^′_J } + O(Φ^2) , (49)

which relates δ_J λ^a and G^′_J . This equation allows us to study the function G^′_J in more detail. To this and, we rewrite the equation as { G^′_J , H̄ + ϵ } + ∂G^′_J ∂λ^{a[m]} λ^{a[m+1]} = O(χ) + O(Φ^2) ,

taking into account (32) and (48). Analyzing terms with the Lagrange multipliers λ^{[]}_χ (starting from the highest derivatives) in this equation, we can see that these multipliers can enter only the terms that vanish on the constraint surface. For example, considering the terms with the highest derivative λ^{[M+1]}_χ in the latter equation, we obtain ∂G^′_J ∂λ^{a[M]} = O(χ) + O(Φ^2) =⇒ G^′_J = G^′_J (· · · λ^{a[M−1]}) + O(χ) + O(Φ^2) .

Similarly, we finally conclude that G^′_J has the structure

G^′_J = G_J (η) + O(χ) + O(Φ^2) = G_J (η) + B_χχ + O(Φ^2) , (50)

where B_χ = B_χ(η, λ^{a[]}). For the function G_J , we obtain

{φ, G_J } = O(Φ) , {χ, G_J } = O(χ) + O(Φ^2) (51)

with allowance made for (47) and (48).

The relation δΛ = O(Γ) =⇒ δ_J λ_s − {¯ λ_s, G_J + B_χχ } = O(Γ) = O(Φ) , defines the variations δ_J λ_s, taken in the lowest order with respect to the extremals.

In addition to relations (51), the function G_J (η) also obeys { G_J , H̄ + ϵ } = O(χ) + O(Φ^2) (52)

Thus, the above consideration allows one to represent a refined version of the representation (45) δη δλ_s δλ^a G = {η, G_J + B_χχ} + O(Γ) {¯ λ_s, G_J + B_χχ } + O(Γ) δ_J λ^a + O(J) G_J + B_χχ + O(Γ^2) , (53)

where δ_J λ^a = δ_J λ^a(η, λ^{b[]}).

5.2 Constructing the function G_Γ (η)

We now select from the function G_J a part G_Γ that does not vanish on the constraint surface:

G_J (η) = G_Γ (η) + G_1 (η) , G_Γ = G_J |_{Φ=0} . (54)

The function G_1 vanishes on this surface. Certainly, this decomposition is not unique. We fix the procedure of such a decomposition in the special variables ϑ = (ω, Q, Ω). To this end, we write

G_J (η) = G̃_J (ϑ) = g (ω) + g_1 (ω, Q) Q + O (Ω) . (55)

Considering the second relation of (51) in the special variables, we can see that the function g_1 (ω, Q) must be zero. Moreover, the last term O (Ω) in (55) can be specified to have the form O (Ω) = O (P) + O ( Ω^2 ) . We define G_Γ (η) as

G_Γ (η) = g (ω) . (56)

Then, G_J (η) = G_Γ(η) + G_1(η), G_1(η) = O(χ) + O(Φ^2) ,

and, therefore,

G = G_Γ(η) + O(χ) + O(Γ^2) , ĤG_Γ = O(Φ), {φ, G_Γ} = O(Φ), {χ, G_Γ} = O(χ) + O(Φ^2) , (57)

in virtue of (51).

We now define the variations δ_Γη as

δ_Γη = {η, G_Γ} , δ_Γλ_s = {¯ λ_s, G_Γ } , δ_Γλ^a = 0 . (58)

5.3 Constructing the global canonical part of a symmetry

The set δ_Γη, G_Γ is an approximate symmetry of the action S_H. Indeed, it obeys the equation

δ_Γη δS_H δη + d_tG_Γ = O(χ) + O(Γ^2) .

However, this approximate symmetry can be modified to become an exact symmetry δ_cη, G_c, such that δ_cη = {η, G_c} , G_c = G_Γ + O (χ) + O (ΦΓ) . (59)

To justify this assertion, we are going, first of all, to demonstrate that the symmetry equation has a solution with G_c of the form

G_c = G_Γ + ℵ−1∑ i=1 ℵ∑ s=i+1 C^φ_{i|s}φ^{(i|s)} + ℵ−1∑ i=1 ℵ∑ a=i+1 C^χ_{i|a}χ^{(i|a)} ≡ G_Γ + ℵ−1∑ i=1 C_iΦ^{(i)} ,

C_i = ( C^φ_{i|s} , C^χ_{i|a} ) = C_i ( η, λ^{[]} ) . In the case under consideration, the symmetry equation (44) can be rewritten as

ĤG_c − λ^a { χ^{(1|a|)}, G_c } − Λ_s{φ^{(1|s|)}, G_c} = φ^{(1|s|)}δ̂_cΛ_s + χ^{(1|a|)}δ̂_cλ^a , δ̂_cΛ_s = δ_cλ_s − {λ̄_s, G_c} ,

and then transformed to the form ℵ−1∑ i=1 ( C_i [ Φ^{(i+1)} + O ( Φ^{(...i)} )]) + Φ^{(i)}ĤC_i + A = φ^{(1|s|)}δ̂_cΛ_s + χ^{(1|a|)}δ_cλ^a , A = ĤG_Γ − λ^a { χ^{(1|a|)}, G_Γ } − Λ_s{φ^{(1|s|)}, G_Γ} = O (χ) + O ( Φ^2 ) , (60)

by using (57). Equation (60) can be analyzed by analogy with equations (33). For example, on the constraint surface Φ^{(...ℵ−1)} = 0, we obtain

C_{ℵ−1}Φ^{(ℵ)} + a^{(ℵ)}Φ^{(ℵ)} = 0, a^{(ℵ)}Φ^{(ℵ)} = A|_Φ(...ℵ−1) .

We can choose C_{ℵ−1} = −a^{(ℵ)}. In the same manner, we can find all the coefficients C. After substituting these coefficients back into equation (60), we can see that its LHS is proportional to Φ^{(1)}, and, thus, the variations δ_cλ can be found. The coefficients C and the variations δ_cη have the properties C_i|_{GΓ=0} = δ_cη|_{GΓ=0} = 0 .

In addition, the relation δ̂_cφ = O(Γ) = {φ, G_c} implies C^φ = O(Γ). Therefore, the charge G_c has the structure

G_c = G_Γ + O (χ) + O (ΦΓ) . (61)

Note that, in general, the charge G_c depends on λ^{[]} if the Dirac procedure has more than two stages, i.e., ℵ > 2; see examples in the Discussion.

5.4 Constructing the gauge and trivial parts of a symmetry

At this stage, we represent the symmetry δη, G as

δη = δ_cη + δ_rη , G = G_c + G_r . (62)

Since δ_cη, G_c is a symmetry, it is obvious that δ_r η, G_r is a symmetry as well. With the help of Eqs. (51) and (61), we can prove the following relations:

G_r = ℵ_χ∑

i=1

ℵ_χ∑

a=i K_{i|a}χ^{(i|a)} + O ( Γ^2 ) ,

δ_r η = ℵ_χ∑

i=1

ℵ_χ∑

a=i { η, χ^{(i|a)} } K_{i|a} + O (Γ) , (63)

where K_{i|a} = K_{i|a} ( η, λ^{[]}_χ ) are some LF that do not vanish on the constraint surface.

In turn, we represent the symmetry δ_r η, G_r in the form

δ_r η = δ_{ν̄} η + δ_{tr}η , G_r = G_{ν̄} + G_{tr} , (64)

where the set δ_{ν̄} η, G_{ν̄} is a particular gauge transformation with specific gauge parameters,

ν_{(a)} = ν̄_{(a)} = K_{a|a} , (65)

which do not vanish on the constraint surface. This implies

G_{ν̄} = O (χ) + O ( Γ^2 ) , δ_{ν̄} η = {η, G_{ν̄}} . (66)

From Eqs. (63) it follows that δ_{tr}η, G_{tr} is a symmetry with the conserved charge of the form

G_{tr} = G^′_{tr} + O(Γ^2) , G^′_{tr} = ℵ_χ−1∑

i=1

ℵ_χ∑

a=i+1 K_{i|a}χ^{(i|a)} . We can show that δ_{tr}η, G_{tr} is a trivial symmetry. To this end, we can write for the symmetry δ_{tr}η, G_{tr} the decomposition of the form (45), taking into account that B_m = O(Φ), ( δη_{tr} G_{tr} ) = ( δ_{trJ} η + O(J) G^′_{trJ} + O(J^2) , G^′_{trJ} = G^′_{tr} + O(Φ^2) ) . (67)

Here, δ_{trJ} η =δ_{trJ} η(η, λ^{[]}_χ) and G^′_{trJ} = G^′_{trJ} (η, λ^{[]}_χ). All the relations that take place for the quantities δ_J η, G_J hold for the quantities δ_{trJ} η, G^′_{trJ} as well. In particular, the charge G^′_{tr} obeys the equation

χ^{(1|a|)}δ^′_{tr}λ^a = ĤG^′_{tr} + λ^a { χ^{(1|a|)}, G^′_{tr} } + O(Φ^2) ,

δ^′_{tr}λ^a = δ_{tr}λ^a|_{Γ=0} = δ_{trJ} λ^a + O(Φ) , (68)

which is similar to (49). Equation (68) implies ℵ_χ−1∑

i=1

ℵ_χ∑

a=i+1 ( χ^{(i|a)}ĤK_{i|a} + K_{i|a}[χ^{(i+1|a)} + O(Φ^{(...i)})] ) = χ^{(1|s|)}δ^′_{tr}λ_s + O(Φ^2)

for the LF K_{i|a} , a = i + 1, ..., ℵ_χ. Considering the latter equation on the constraint surface Φ^{(...ℵχ−1)} = 0, we obtain K_{ℵχ−1|ℵχ} χ^{(ℵχ|ℵχ)} = O(Φ^2) =⇒ K_{ℵχ−1|ℵχ} = O(Φ) . Substituting the above expression for K_{ℵχ−1|ℵχ} into (68) and considering the resulting equation on the constraint surface Φ^{(...ℵχ−2)} = 0, we obtain K_{ℵχ−2|ℵχ} = O(Φ), and so on. Thus, we can see that K_{i|a} = O(Φ), a = i + 1, ..., ℵ_χ, and therefore

G_{tr} = O(Γ^2) . (69)

It follows from (68) that

χ^{(1|a|)}δ^′_{tr}λ^a = O(Φ^2) =⇒ δ^′_{tr}λ^a = O(Φ) =⇒ δ_{tr}λ^a = O(Γ) . (70)

By construction, the transformation δ_{trJ} is completely similar to δ_J . Therefore, relation (51) holds for this transformation and implies

δ_{trJ} η = {η, G^′_{tr}} + O (Φ) = O(Φ) , δ_{trJ} λ_s = {λ̄_s, G^′_{tr}} + O (Φ) = O(Φ) .

Therefore, δ_{tr}η = O(Γ) , δ_{tr}λ_s = O(Γ) . (71)

In the following section, we show that any symmetry of a Hamiltonian action that vanishes on extremals is a trivial symmetry. Therefore, relations (69)–(71) prove that the symmetry δ_{tr}η, G_{tr} is trivial.

We can also prove that the reduction of symmetry variations δω to the extremals yields global canonical symmetries δ_{ph} ω of the physical action with the conserved charge g(ω) that is a reduction of the complete conserved charge to the extremals. In addition, any global canonical symmetry δ_{ph}ω, g(ω) of the physical action can be extended to a nontrivial global symmetry δ_cη, G_c of the Hamiltonian action S_H. Therefore, classes of nontrivial global symmetries of a singular action are isomorphic to classes of nontrivial global canonical symmetries of the corresponding Hamiltonian action. At the same time, these classes are isomorphic to classes of nontrivial global canonical symmetries of the corresponding physical action.

6 Trivial symmetries

In this section, we are going to prove that any symmetry of the Hamiltonian action that vanishes on the extremals is a trivial symmetry. First, we prove this assertion for a nonsingular Hamiltonian action, and then for the general singular case.

6.1 Nonsingular case

We recall that the Hamiltonian action S_H of any nonsingular theory has the canonical Hamiltonian form S_H [η] = ∫ [pẋ − H (η)] dt , δS_H δη = 0 =⇒ η̇ = {η, H} . (72) Eqs. (72) follow from (14) in the absence of constraints. Below, we are going to prove that:

Symmetries of the canonical Hamiltonian action that vanish on the extremals are trivial symmetries.

To prove this statement, we note that any symmetry δη, G of the Hamiltonian action S_H has to obey the symmetry equation δS_H δη δη + d_tG = 0 . (73)

To analyze the symmetry equation (73), we are going to use, instead of the variables η^{[]}, the equivalent set of variables η, Γ^{[]}; see the comments in the end of sec. 3. Here,

Γ_A = δS_H δη^A = E^{−1}_{AB}η̇^B − ∂H ∂η^A , E^{AB} = { η^A, η^B } , E^{−1}_{AB}E^{BC} = δ^C_A . (74)

In terms of the new variables, the total time derivative of any LF F ( η, Γ^{[]} ) reads dF dt = ∂_tF + E^{AB} ( Γ_B + ∂H ∂η^B ) ∂F ∂η^A + ∑ k=0 Γ^{[k+1]}_A ∂F ∂Γ^{[k]}_A

, (75)

and the symmetry equation takes the form {G, H + ϵ} + ( δη^A + ∂G ∂η^B E^{BA} ) Γ_A + ∑ k=0 Γ^{[k+1]}_A ∂G ∂Γ^{[k]}_A

= 0 . (76)

Let us now suppose that a symmetry δη vanishes on the extremals, i.e., δη = O (Γ) . Representing the charge G as

G = G_0 + G_1 , G_0 = G|_{Γ=0} = G_0 (η) , G_1 = ∑ m=0 B^A_m (η) Γ^{[m]}_A + O ( Γ^2 ) , and considering the terms of zero and first order with respect to the extremals only, we obtain from (76) {G_0, H + ϵ} = 0 , ∂G_0 ∂η^B E^{BA}Γ_A + ∑ m=0 [{ B^A_m , H + ϵ } − B^A_md_t ] Γ^{[m]}_A = 0 . (77)

Analyzing the terms with the extremals Γ^{[]} (starting from the highest time derivative) in the second equation (77), we can verify that all functions B^A_m are zero. This fact implies that ∂_tG_0 = 0. Indeed,

B^A_m = 0 =⇒ ∂G_0 ∂η^B = 0 =⇒ {G_0, H + ϵ} = {G_0, ϵ} = ∂_tG_0 = 0 .

Taking into account that, in fact, the charge G is defined up to a constant, we can assume G_0 ≡ 0. Thus, for any symmetry δη that vanishes on the extremals, the corresponding conserved charge also vanishes on the extremals and has the form G = G_1 = O ( Γ^2 ) . Let us represent this charge as follows: G = N<∞∑ m=0 g^A_mΓ^{[m]}_A , (78) where g^A_m = g^A_m ( η, Γ^{[]} ) are some LF. Substituting the representation (78) into (76), we obtain the equation_{N+1} ∑ m=0 f^A_mΓ^{[m]}_A = 0 , (79)

where f^A_0 = δη^A + d_tg^A_0 ; f^A_m = g^A_{m−1} + d_tg^A_m , m = 1, ..., N ; f^A_{N+1} = g^A_N . (80)

The general solution of equation (79) reads

f^A_k = N+1∑ m=0 V^{AB}_{k,m} Γ^{[m]}_B , (81) where LF V^{AB}_{k,m} = V^{AB}_{k,m} ( η, Γ^{[]} ) are antisymmetric, V^{BA}_{m,k} = −V^{AB}_{k,m} . Relation (81) implies for the functions g^A_k the following expressions:

g^A_k = − N−k∑ s=0 (−d_t)^s N+1∑ m=0 V^{AB}_{k+s+1,m}Γ^{[m]}_B . (82)

Then Eqs. (80)-(82) determine δη to be

δη^A = Û^{AB}Γ_B = Û^{AB} δS_H δη^B , Û^{AB} =^{N+1} ∑ m,k=0 (−d_t)^m V^{AB}_{m,k} (d_t)^k , ( Û^T )_{AB} = −Û^{AB} , (83)

where Û^{AB} is an antisymmetric LO. Expression (83) implies that δη is a trivial symmetry of the action S_H .

6.2 Singular case

We consider here the general case of a singular theory. We are going to prove that the symmetries of the corresponding Hamiltonian action that vanish on the extremals are trivial symmetries.

First of all, we recall that:

a) The Hamiltonian action S_H [ϑ] of a singular theory (in the special phase-space variables ϑ = (ω, Q, Ω)) has the following structure:

S_H [ϑ] = S_{ph} [ω] + S_{non−ph} [ϑ] , ϑ = (ϑ, λ) ,

S_{ph} [ω] = ∫ [ω_pω̇_x − H_{ph} (ω)] dt ,

S_{non−ph} [ϑ] = ∫ [ PQ̇ + U_pU̇_x − H_{non−ph} (ϑ) ] dt , (84) where

H_{non−ph} (ϑ) = λ_P P^{(1)} + λ_U U^{(1)} + (Q^{(1)}A + Q^{(2...)}B + ωC)P^{(2...)} + P^{(2...)}DP^{(2...)} + P^{(2...)}EU^{(2...)} + U^{(2...)}GU^{(2...)} + O ( ϑ^3 ) . (85)

and A, B, C, E and G are some matrices (see [6]). We recall that the variables ω are canonical pairs, ω = (ω_x, ω_p), of physical variables; the variables Q are nonphysical coordinates; and the variables Ω define the constraint surface by the equations Ω = 0. At the same time, the variables Ω are divided into two groups: Ω = (P, U ), where U stands for the complete set of SCC (they consist of canonical pairs U = (U_x, U_p)) and P denotes the complete set of FCC. The momenta P are conjugate to the coordinates Q. The special variables can be chosen so that Ω = ( Ω^{(1)}, Ω^{(2...)} ) , where Ω^{(1)} are primary and Ω^{(2...)} are secondary constraints. Respectively, Ω^{(1)} = (P^{(1)}, U^{(1)}), Ω^{(2...)} = (P^{(2...)}, U^{(2...)}); P =(P^{(1)}, P^{(2...)}), U = (U^{(1)}, U^{(2...)}); P^{(1)} are primary FCC; P^{(2...)} are secondary FCC; U^{(1)} are primary SCC; U^{(2)} are secondary SCC.

b) One can prove that the special phase-space variables can be chosen so that the quadratic part of the non-physical part of the total Hamiltonian takes a simple (canonical) form (see [13]):

H_{non−ph} = ℵ_χ∑

a=1 (_{a−1} ∑ i=1 Q^{(i|a)}P^{(i+1|a)} + λ^a_P P^{(1|a)} )

+ λ_U U^{(1)} + U^{(2...)}F U^{(2...)} + O ( ϑ^3 ) . (86)

Here, (Q, P) = ( Q^{(i|a)}, P^{(i|a)} ) , λ_P = (λ^a_P ) , a = 1, ..., ℵ_χ , i = 1, ..., a , and F is a matrix.

We recall that ℵ_χ is the number of stages of the refined Dirac procedure (see [10] and sec. 3) that is necessary to determine all independent FCC from the orthogonal constraint basis. We call such special phase-space variables the superspecial phase-space variables. In the superspecial phase-space variables, the non-physical part of the Hamiltonian action can be written as

S_{non−ph} = S^0_{non−ph} + S^{int}_{non−ph} ,

S^0_{non−ph} = ∫ PΛ̂Q + ℵ_χ∑

i=1 P^{(i|i)}Q̇^{(i|i)} + UB̂U dt , S^{int}_{non−ph} = O ( ϑ^3 ) , (87)

where Λ̂ and B̂ are first-order LO with constant coefficients, and Q = (λ^a_P , Q^{(i|a)} , i = 1, ..., a − 1 , a = 1, ..., ℵ_χ) , U = (λ_U , U ) . It is important to stress that [Q] = [P] , due to the fact that [λ_P ] = [ P^{(1)} ] . One can see that there exist LO Λ̂^{−1} and B̂^{−1} such that

Λ̂Λ̂^{−1} = Λ̂^{−1}Λ̂ = 1, B̂B̂^{−1} = B̂^{−1}B̂ = 1 .

Proceeding to the proof of the statement, we consider the Hamiltonian action S̃_H (87) in the superspecial phase-space variables. The equations of motion that follow from this action have the form δS̃_H δU = 0 =⇒ U = −B̂^{−1} δS^{int}_{non−ph} δU , S^{int}_{non−ph} = O ( ϑ^3 ) , δS̃_H δQ = 0 =⇒ P = − ( Λ̂^T )_{−1} δSint_{non−ph} δQ , δS̃_H δP = 0 =⇒ Q = −Λ̂^{−1} ( δS^{int}_{non−ph} δP + T ) , T = ( T^{(i|u)} = δ_{iu}Q̇^{(u|u)} ) . (88)

These equations allow one to express all the variables U, P, and Q as some LF of ω and Q^{(i|i)}, at least perturbatively. Note that, in any case, the exact solution of equations (88) has the form U = P = 0, Q = ψ ( ω, Q^{(i|i)} ) , where ψ is an LF of the indicated arguments. Therefore, the variables U, P, and Q are auxiliary ones; see [14, 12]. Excluding these variables from the action S̃_H, we obtain a dynamically equivalent action S̄_H [ω, Q(i|i)]. Taking into account the fact that U = P = 0 =⇒ Ω = 0, and relation (23), we obtain

S̄_H [ ω, Q^{(i|i)} ] = S̃_H | |_{U=P=0,Q=ψ} = Sph [ω] . (89)

One ought to keep in mind that equality (89) does not imply the dynamical equivalence of the actions S̄_H and S_{ph} (and, therefore, equivalence of S̃_H and S_{ph}); see [9].

Let a transformation δϑ, δλ, vanishing on the extremals of S̃_H, be a symmetry of the action S̃_H . Consider the reduced transformation δ̄ω, δ̄Q^{(i|i)}, (δ̄ω, δ̄Q^{(i|i)}) = (δϑ, δλ)|_{U=P=0,Q=ψ} . Obviously, the reduced transformation vanishes on the extremals of the reduced action S̄_H and is a symmetry transformation of the action S̄_H. This implies δ̄ω = m̂ δS^{ph} δω , δ̄Q^{(i|i)} = ( n̂ δS_{ph} δω )_{(i|i)} , where m̂ and n̂ are some LO. The transformation δ̄ω is obviously a symmetry transformation of the nonsingular action S_{ph} that vanishes on its extremals. Therefore, according to the assertion that was proved in the previous subsection, m̂ is an antisymmetric LO. Thus, the complete transformation δ̄ω, δ̄Q^{(i|i)} can be represented in the form (¯ δω δ̄Q^{(|)} ) = M̂ (_{δS̄H} δω δS̄_H δQ^{(|)} ) , M̂ = ( m̂ −n̂^T n̂ 0 ) .

Here, obviously, M̂ is an antisymmetric matrix.

Finally, the transformation δ̄ω, δ̄Q^{(i|i)} is a trivial symmetry of the action S̄_H. This implies that the extended transformation δϑ is a trivial symmetry of the extended action S̃_H, according to the general statement presented in [9].

7 Physical functions in gauge theories

Despite a functional arbitrariness in solutions of the equations of motion for gauge theories, such theories can be used to describe physics. To ensure the independence of physical quantities from the arbitrariness inherent in solutions of a gauge theory, one imposes restrictions on a possible form of physical functions that describe physical quantities.

It was demonstrated (see [6]) that physical LF A_{ph} ( η^{[]} ) in the Hamiltonian formulation (we recall that η = (η, λ) , η = (q, p)) have the following structure:

A_{ph} ( η^{[]} ) = a (η) + O ( δS_H δη ) , (90)

where χ stands for the complete set of FCC in the theory, and a (η) is a function of the phase-space variables that obeys the following condition: {a, χ} = O (Φ) . (91) We are going to call conditions (90) the physicality conditions in the Hamiltonian sense. It is precisely in this sense that one must understand the usual statement that physical functions must commute with FCC on extremals. In fact, these conditions of physicality are those which are usually called the Dirac conjecture.

On the other hand, it is known that physical functions must be gauge-invariant on the extremals; see, e.g., [6]. Let δ_ν η be a gauge symmetry of the Hamiltonian action. Then, the gauge variations of the LF A_{ph} ( η^{[]} ) must be proportional to the extremals:

δ_ν A_{ph} ( η^{[]} ) = O ( δS_H δη ) . (92)

Such a condition will be called the physicality condition in a gauge sense. Until now, it has not been strictly proved whether the two definitions (90), (91) and (92) are equivalent. Using the structure of arbitrary gauge transformation established in Section 4, we are going to prove below an equivalence of these two definitions.

Let an LF A_{ph} ( η^{[]} ) be physical in the Hamiltonian sense, i.e., it obeys (90) and (91). Consider its gauge variation δ_ν A_{ph}. Such a variation has the form

δ_ν A_{ph} = δ_ν a (η) + O ( δS_H δη ) . (93)

Here, we have used the fact that gauge variations of extremals are proportional to extremals. Taking into account (29) and (39), we can see that the variation δ_ν a_{ph} is proportional to extremals: δa = {a, G_ν} = O ({a, χ}) + O ( δS_H δη ) . Then condition (91) implies (92).

Let an LF A_{ph} ( η^{[]} ) be now physical in the gauge sense, i.e., it obeys (92). We can always represent any LF of η^{[]} in terms of a function of the variables η and λ^{[]}_χ = ( λ^{a[]} ) and a function proportional to extremals of the type J (see (24)). Thus, one can always write

A_{ph} ( η^{[]} ) = f(η, λ^{[]}_χ) + O(J) . (94)

The condition (92), with allowance made for (29) and (39), implies the equation {f, G_ν} + m_{max}∑

m=0 ∂f ∂λ^{a[m]} δ_ν λ^{a[m]} = O ( δS_H δη ) (95)

for the function f. We recall that the variations δ_ν λ^a are given by expression (42). Let us consider such terms in the LHS of (95) that contain (proportional to) the highest time derivatives ν^{[a+mmax]}_{(a)} of the gauge parameters ν_{(a)}. Since the gauge charge does not contain such derivatives (see (39)), these terms have the form ℵ_χ∑

a,b=1 ∂f ∂λ^{a[mmax]} D^{ab}ν^{[b+mmax]} (b) = O ( δS_H δη ) , (96)

and are proportional to extremals due to (95). In turn, (96) implies the relation ∂f ∂λ^{a[mmax ]} = O ( δS_H δη )

due to the nonsingularity of the matrix D. Similarly, we can verify that on extremals, the function f does not depend on the variables λ^{[]}_χ, i.e.,

f(η, λ^{[]}_χ) = a (η) + O ( δS_H δη ) . (97)

Therefore, a physical (in a gauge sense) LF A_{ph} ( η^{[]} ) must have the form (90). Considering equation (92) for such a function, and taking into account (42), we obtain {a, G_ν} = O ( δS_H δη ) , (98)

which implies ℵ_χ∑

k=1

ℵ_χ∑

a=k

ℵ_χ∑

m=1

ℵ_χ∑

b=m { a, χ^{(k|a)} } C^{mb}_{ka} ν^{[m−1]}_{(b)} = O ( δS_H δη ) . (99)

Taking into account the facts that the matrix C is invertible, the gauge parameters ν are arbitrary functions of time, and thus all ν^{[]} are independent, one can derive from relation (98) {a, χ} = O ( δS_H δη ) =⇒ {a, χ} = O(Φ) . (100) Relations (94), (97) and (100) imply that an LF A_{ph} ( η^{[]} ) which is physical in the gauge sense is physical in the Hamiltonian sense as well. Thus, the equivalence of the two definitions of physicality condition is proved.

8 Examples

I. As an example of how gauge symmetries can be recovered from the constraint structure in the Hamiltonian formulation, we consider a field model which includes a set of Yang–Mills vector fields A^a_μ , a = 1, ..., r, and a set of spinor fields ψ^α = (ψ^α_i , i = 1, ..., 4), S = ∫ Ldx , L = − 1 4 G^a_{μν} G^{μνa} + iψ̄^αγ^μ∇^α_{μβ}ψ^β − V (ψ, ψ̄) , G^a_{μν} = ∂_μA^a_ν − ∂_νA^a_μ + f^a_{bc}A^b_μA^c_ν , ∇^α_{μβ} = ∂_μδ^α_β − iT^α_{aβ} A^a_μ , (101) where V is a local polynomial in the field, which contains no derivatives. The model is based on a certain global Lie group G, ψ (x)^g→ exp (iν^αT_a) ψ (x) , g ∈ G , ν^a, a = 1, ..., r, T_a = T^+_a , [T_α, T_b] = if^c_{ab}T_c , f^k_{ab}f^n_{kc} + f^k_{bc}f^n_{ka} + f^k_{ca}f^n_{kb} = 0 .

For V = 0, the action is invariant under the gauge transformations (ν^a = ν^a (x))

δA^a_μ = D^a_{μb}ν^b , δψ = iT_aψν^a , D^a_{μb} = ∂_μδ^a_b + f^a_{cb}A^c_μ . (102)

We assume the polynomial V to be such that the entire action (101) is invariant also under the transformations (102). Below, we relate the symmetry structure of the model to its constraint structure. To this end, we first reveal the constraint structure.

Proceeding to the Hamiltonian formulation, we introduce the momenta

p_{0a} = ∂L ∂Ȧ^{0a} = 0 , p_{ia} = ∂L ∂Ȧ^{ia} = G^a_{i0} , p_ψ = ∂_r L ∂ψ̇ = iψ̄γ^0 , p¯_ψ = ∂_rL ∂ · ψ̄ = 0 .

Hence, there exists a set of primary constraints Φ^{(1)} = ( χ^{(1)}_a , φ^{(1)}_σ , σ = 1, 2 ) = 0, where

χ^{(1)}_a = p_{0a} , φ^{(1)}_1 = p_ψ − iψ̄γ^0 , φ^{(1)}_2 = p¯_ψ .

The total Hamiltonian reads H^{(1)} = ∫ H^{(1)}dx,

H^{(1)} = 1 2 p^2_{ia} + 1 4 G^{a2}_{ik} − p_ψγ^0γ^k∇_kψ + A^{0a}(D^a_{ib}p_{ib} − ψ̄γ^0T_aψ) + V + λ^a_χχ^{(1)}_a + λ^σ_φφ^{(1)}_σ .

By performing the Dirac procedure, one can verify that there appear only secondary constraints χ^{(2)}_a = 0, { φ^{(1)}_σ , H^{(1)} } = 0 =⇒ λ^σ_φ = λ̄^σ_φ ( A, ψ, ψ̄ ) , { χ^{(1)}_a , H^{(1)} } = 0 =⇒ χ^{(2)}_a = D^a_{ib}p_{ib} + i ( p_ψT_aψ + p¯_ψT̄_aψ̄ ) , (¯ T_a )_α β = −γ^0 (T^∗_a )^α_β γ^0 .

All constraints φ are of second-class, and all constraints χ are of first-class. It turns out that the complete set of constraints already forms an orthogonal constraint basis, namely,

φ^{(1|1)} ≡ φ^{(1)}, χ^{(1|2)} ≡ χ^{(1)} , χ^{(2|2)} ≡ χ^{(2)},

and there are no constraints χ^{(1|1)},

φ^{(1|1)} → λ̄ χ^{(1|2)} → χ^{(2|2)} → O (Φ) . According to the general considerations, we chose the gauge charge in the form G = ∫ [ ν^aχ^{(2|2)}_a + C^aχ^{(1|2)}_a ] dx , C^a = ( c^a_b ν^b + d^a_b ν̇^b ) . Solving the symmetry equation, we obtain C^a = ν̇^a − ν^cA^{0b}f^a_{cb} = D^a_{0b}ν^b . Thus, G = ∫ [ p_{μa}D^{μa}_b ν^b + i ( p_ψT_aψ + p¯_ψT̄_aψ̄ ) ν^a ] dx , δA^a_μ = { A^a_μ, G } = D^a_{μb}ν^b , δψ = {ψ, G} = iT_aψν^a . II. Below, we represent a gauge model in which the gauge charge must be constructed with the help of both FCC and SCC.

Consider a Hamiltonian action S_H that depends on phase-space variables q_i, p_i, i = 1, 2, and x_a, π_a, α = 1, 2, and on two Lagrange multipliers λ_π and λ_p ,

S_H = ∫ [ p_iq̇_i + π_αẋ_α − H^{(1)} ] dt , H^{(1)} = H^{(1)}_0 + V ,

H^{(1)}_0 = 1 2 π^2 + x_1π_2 + 1 2 p^2 + 1 2 q^2 + q_1p_2 + λ_ππ_1 + λ_pp_1 , V = x_1q^2 . (103)

In what follows, we denote all the variables by η = (x, π, q, p, λ) . The model has two primary constraints π_1 and p_1. One can consider V as the interaction Hamiltonian. It is easy to verify that a complete set of constraints can be chosen as χ = (π_1, π_2) and φ = (q_1, q_2, p_1, p_2) . Here, χ are FCC and φ are SCC. As was already mentioned, gauge symmetries of the action S_H have gauge charges that must be constructed with the help of both FCC and SCC. To demonstrate this fact, let us try to solve the symmetry equation with the gauge charge that is proportional only to FCC. The general form of such a charge can be written as

G = A^aχ̃_a . (104)

Here, χ̃_a , a = 1, 2, are FCC,

χ̃_a = π_a + ψ_a + O(η^3) , ψ_a = ψ_a(q, p) = O(q^2, qp, p^2) , (105)

and A^a are some functions of the form

A^a = A^a_0 + A^a_1(η^{[]}) + O(η^2) , (106)

where A^a_0 are some functions of time only,^7 and A^a_1 are certain linear LF of the indicated arguments. Thus, G = G_0 + G_1 + O(η^3) , G_0 = A^a_0π_a , G_1 = A^a_0ψ_a + A^a_1 π_a .

The symmetry equation in the case under consideration reads

^∂_tG + {G, H^{(1)}} = O ( Φ^{(1)} ) , ^∂_t = ∂_t + λ^{[m+1]} ∂ ∂λ^{[m]} . (107)

Considering this equation in the zero and first order with respect to the interaction V , we obtain

^∂_tG_0 + {G_0, H^{(1)}_0 } = O ( Φ^{(1)} ) , (108)

^∂_tG_1+{G_0, V } + {G_1, H^{(1)}_0 } = O ( Φ^{(1)} ) . (109)

Equation (108) implies

π_1 ^∂_tA^1_0 + π_2 ^∂_tA^2_0 − π_2A^1_0 = O(π_1) =⇒ A^1_0 = ^∂_tA^2_0 . (110)

We can see that A^2_0 enter in the solution of the symmetry equation as an arbitrary function of time. In fact, we can identify this function with a time dependent gauge parameter. Taken on the constraint surface π_a = 0, equation (109) reads

ψ_1 ^∂^2_t A^2_0 + ( ^∂_tψ_1 + ψ_2 − q^2 + {ψ_1, H^{(1)}_0 } ) ^∂_tA^2_0 + ( ^∂_tψ_2 + {ψ_2, H^{(1)}_0 } ) A^2_0 = O(p_1) . (111)

Since the constraints ψ and the Hamiltonian H^{(1)}_0 do not depend on the gauge parameter, we obtain from (111) and (105)

ψ_1 = O(p_1) = (α_1q_1 + α_2q_2 + α_3p_1 + α_4p_2)p_1 ,

where α are some functions of time. With allowance for this result, we obtain from (111) and (105)

ψ_2 = q^2 + (α_1q_1 + α_2q_2 + α_4p_2)p_2 + (β_1q_1 + β_2q_2 + β_3p_1 + β_4p_2)p_1 , (112)

7 We recall that all LF under consideration may depend on time explicitly; however, we do not include t in the arguments.

where β are some functions of time. Similarly, we have

^∂_tψ_2 + {ψ_2, H^{(1)}_0 } = (2 − α_1)q_1q_2 + α_1λ_pp_2 + Δ = O(p_1) , (113)

where Δ does not contain terms of the form q_1q_2 and λ_pp_2. Therefore, relation (113) is contradictory.

Thus, we have demonstrated that the symmetry equation has no solutions for the gauge charge of the form (104). The gauge charge must depend on all constraints, both FCC and SCC. An example of such a charge (solution of the symmetry equation (107)) is

G = (π_2 + q^2 + 2q_1p_2 + 2q_2p_1 + 2λ_pp_1)ν (t) + (π_1 + 2q_1p_1)ν̇ (t) + O(η^3) , (114)

where ν (t) is the gauge parameter.

III. As another example, we present below a model with FCC. Here, any nontrivial gauge symmetry of the Hamiltonian action S_H has a gauge charge which depends on Lagrange multipliers. The Hamiltonian S_H and Lagrangian action S of the model have the form

S_H = ∫ dt ( p_xiẋ^i + p_yiẏ^i + p_ziż^i − H^{(1)} ) , S = 1 2 ∫ dt [ (ẏ^i + x^i)^2 + (ż^i + y^i + gϵ^i_{jk}x^j y^k)^2 ] , (115)

where

H^{(1)} = H + λ^iΦ^{(1)}_i , H = 1 2 ( p^2_yi + p^2_zi ) − x^ip_yi − y^ip_zi − gϵ^i_{jk}x^jy^kp_zi , Φ^{(1)}_i = p_xi , ϵ^i_{jk} = −ϵ^i_{kj} , ϵ^i_{12} = 1, ∀i ; i, j, k = 1, 2 ,

and g is a constant.

Considering the consistency conditions for the primary constraints Φ^{(1)}_i , we find second-stage constraints Φ^{(2)}_i ,

{Φ^{(1)}_i , H} = p_yi + gϵ^j_{il}y^l p_zj = 0 =⇒ Φ^{(2)}_i = p_yi + gϵ^j_{il}y^lp_zj .

Similarly, we find third-stage constraints Φ^{(3)}_i ,

Φ^{(3)}_i = {Φ^{(2)}, H} = ( δ^j_i + 2gϵ^j_{li}x^l + gϵ^j_{il}p_yl ) p_zj . No more constraints appear from the consistency conditions. All the constraints are FCC. We can replace the constraints Φ^{(1)}_i , Φ^{(2)}_i , and Φ^{(3)}_i by an equivalent set of FCC, T^{(1)}_i , T^{(2)}_i , and T^{(3)}_i , which is T^{(1)}_i = p_xi , T^{(2)}_i = p_yi , T^{(3)}_i = p_zi .

Let us suppose that a δη = {η, G} and δλ is a gauge transformation of the action S_H, with the gauge charge G that does not depend on λ. We can present such a charge as G = N∑ l=0 u^{[l]}(t)G_l(η) . (116)

where u (t) is a function of time. The symmetry equation, in the case under consideration, has the form ∂_tG + {G, H} + {G, p_xi }λ = O(p_x) . Since the gauge charge does not depend on λ, for λ = 0, we obtain from this equation {G, H} + ∂_tG = O(p_x) . (117) Then {G, p_xi }λ = O(p_x) =⇒ {G, p_xi } = O(p_x) . (118)

It follows from (117) that the function G_N (η) can be represented in the form

G_N = A^ip_xi + O(Φ^2) ,

where A^i are functions of the coordinates only. Then, considering the terms proportional to u^{[N]} in the symmetry equation, we can see that the function G_{N−1}(η) can be presented in the form

G_{N−1} = −A^iΦ^{(2)}_i + B^ip_xi + O(Φ^2) ,

where B^i are functions of the coordinates only. Relation (118) implies ∂_xj A^i = 0. Considering the terms proportional to u^{[N−1]} in the symmetry equation, we can see that the function G_{N−2}(η) can be presented in the form

G_{N−2} = −D^iΦ^{(2)}_i + A^i(δ^j_i + 2gϵ^j_{li}x^l)p_zj + C^ip_xi + O(Φ^2) ,

where D^i ≡ B^i − ∂_tA^i − (x^l∂_yl + y^l∂_zl + gϵ^l_{mn}x^my^n∂_zl )A^i , and C^i are functions of the coordinates only. Considering the terms proportional to u^{[N−2]} in the symmetry equation, we obtain

ϵ^l_{ij} A^i = 0 =⇒ A^i = 0 =⇒ D^i = B^i ; ∂_xj D^i = 0 =⇒ ∂_xj B^i = 0 .

Therefore, G_{N−2} = −B^iΦ^{(2)}_i + C^ip_xi + O(Φ^2) .

Proceeding in the same manner, we obtain, at the final stage of the procedure,

G_0 = −M^iΦ^{(2)}_i + K^ip_xi + O(Φ^2),

where M^i and K^i are functions of the coordinates only. Substituting the functions G_0, ..., G_{N−1}, and G_N in the above form back to the symmetry equation, we obtain u(t) [ M^iΦ^{(3)}_i + (K^i + O(M ))Φ^{(2)}_i ] + O(Φ^2) = O(p_x).

Since the constraints Φ^{(2)} and Φ^{(3)} are independent, we conclude that M = K = 0, which means, in turn, that the charge (116) vanishes quadratically on the extremals, i.e., G = O(Φ^2). Therefore, the symmetry under consideration is trivial, and a real gauge charge must contain Lagrange multipliers.

IV. Finally, we present below a model with SCC, in which the canonical charge depends on Lagrange multipliers. This model is described by a Hamiltonian action S_H that depends on phasespace variables q_a, p_a, a = 1, 2, and x_a, π_a, α = 1, 2, 3, as well as on a Lagrange multiplier λ ,

S_H = ∫ [ p_aq̇_a + π_αẋ_α − H^{(1)} ] dt , H^{(1)} = H^{(1)}_0 + V , V = fq_1x_1x^2_3 ,

H^{(1)}_0 = 1 2 ( q^2_a + p^2_a ) + x_1π_2 + x_2π_3 + 1 2 x^2_3 + 1 2 π^2 + 1 2 π^2_3 + λπ_1 , (119)

The model has one primary constraint, φ^{(1)} = π_1. One can consider V as the interaction Hamiltonian with a coupling constant f. To demonstrate that the symmetries of the action S_H have charges that must depend on Lagrange multipliers, one has to find all the constraints of the model and then to analyze the symmetry equation. We leave this problem to the reader’s consideration.

9 Summary

Below, we summarize the main results of the present article:

A constructive procedure of solving the symmetry equation with the help of a so-called orthogonal constraint basis is proposed.

Using such a procedure, we can determine all the gauge transformations of a given action. In particular, we represent the gauge charge as a decomposition in constraints of the theory; see (26).

Thus, we establish a relation between the constraint structure of the theory and the structure of its gauge transformations. We stress that, in the general case, the gauge charge cannot be constructed with the help of some complete set of FCC alone, since its decomposition contains SCC as well. The gauge charge necessarily contains a part that vanishes linearly in the FCC, and the remaining part of the gauge charge vanishes quadratically on the extremals. With accuracy up to a trivial transformation, any gauge transformation can be represented in the form (29), (30), with the gauge charge (26). The gauge charge contains time derivatives of the gauge parameters whenever there exist secondary FCC. Namely, the order of the highest time derivative that enters the gauge charge is equal to ℵ_χ − 1, where ℵ_χ is the number of the last stage when new FCC still appear.

The above-mentioned procedure of solving the symmetry equation allows one to analyze the structure of any infinitesimal Noether symmetry. Thus, one can see that any infinitesimal Noether symmetry can be represented as a sum of three kinds of symmetries: global, gauge, and trivial symmetries. The global part of a symmetry does not vanish on the extremals, and the corresponding charge does not vanish on the extremals either. The gauge part of a symmetry does not vanish on the extremals, but the gauge charge vanishes on them. The trivial part of any symmetry vanishes on the extremals, and the corresponding charge vanishes quadratically on the extremals. The above division is not unique. In particular, the determination of the global charge from the corresponding symmetry equation, and thus the determination of the global part of a symmetry, is ambiguous. However, the ambiguity in the global part of a symmetry transformation is always the sum of a gauge transformation and a trivial transformation. The reduction of symmetry variations to extremals are global canonical symmetries of the physical action, whose conserved charge is the reduction of the complete conserved charge to the extremals. Any global canonical symmetry of the physical action can be extended to a nontrivial global symmetry of the complete Hamiltonian action.

We note that in our procedure of solving the symmetry equation, the generators of canonical global and gauge symmetries may depend on Lagrange multipliers and their time derivatives. This happens in the case when the number of stages in the Dirac procedure is more than two. We have presented examples of models where generators of canonical and gauge symmetries necessarily depend on Lagrange multipliers.

We have proved that any infinitesimal Noether symmetry that vanishes on the extremals is a trivial symmetry.

Finally, using the revealed structure of arbitrary gauge transformation, we have strictly proved an equivalence of two definitions of physicality condition in gauge theories. One of them states that physical functions are gauge-invariant on the extremals, and the other requires that physical functions commute with FCC (the Dirac conjecture).

Acknowledgement 1 Gitman is grateful to the Brazilian foundations FAPESP and CNPq for permanent support; Tyutin thanks RFBR 05-02-17217, and LSS-1578.2003.2 for partial support.

References

[1] P.G. Bergmann, Phys. Rev. 75 (1949) 680

[2] P.M. Dirac, Can. J. Math. 2 (1950) 129; Lectures on Quantum Mechanics (Yeshiva University, New York 1964)

[3] E.C.G. Sudarshan, N. Mukunda, Classical Dynamics: A Modern Perspective (Wiley, New York 1974)

[4] A.J. Hanson, T. Regge, C. Teitelboim, Constrained Hamiltonian Systems (Accademia Nasionale dei Lincei, Roma 1976)

[5] K.Sundermeyer, Constrained Dynamics with Applications to Yang-Mills Theory, General Relativity, Classical Spin, Dual String Model, in Springer Lect. Notes Phys. Vol. 169 (Springer, Berlin 1982)

[6] D.M. Gitman and I.V. Tyutin, Quantization of Fields with Constraints (Springer-Verlag, Berlin 1990)

[7] M. Henneaux and C. Teitelboim, Quantization of Gauge Systems (Princeton University Press, Princeton 1992)

[8] L. Castellani, Ann. Phys. 143 (1982) 357;G. Marmo, N. Mukunda, Riv. Nuovo Cimento 6 (1983) 1; A. Cabo, J. Phys. A19 (1986) 629; C. Battle, J. Gomis, J.M. Pons, N. Roman-Roy, J. Math. Phys. 27 (1986) 12; A. Cabo, P. Louis-Martinez, Phys. Rev. D42 (1990) 2726; J. Lee and R.M. Wald, J. Math. Phys. 31 (1990) 725; J. Gomis, M. Henneaux, and J.M. Pons, Class. Quant. Grav. 7 (1990) 1089; R. Sugano, T. Kimura, J. Math. Phys. 31 (1990) 2337; Phys. Rev. D41 (1990) 1247; L. Lusanna, Riv. Nuovo. Cimento. 14 (1991) 1; G. Barnich, F. Brandt, M. Henneaux, Comm. Math. Phys. 174 (1995) 57; V.A. Borochov and I.V. Tyutin, Physics of Atomic Nuclei, 61 (1998) 1603; ibid 62 (1999) 1070; J. Earman, Tracking down gauge: An ode to the constrained Hamiltonian formalism, in ”Symmetries in Physics: Philosophical Reflections” Eds. K. Brading and E. Castellani (Cambridge Univ. Press 2003)

[9] D.M. Gitman, I.V. Tyutin, Symmetries of dynamicaly equivalent theories, hep-th/0502017; to be published in Brasil. Phys. Journ. (2005)

[10] D. M. Gitman, and I.V. Tyutin, Gravitation & Cosmology, 8, No.1-2 (2002) 138; Constraint reorganization consistent with Dirac procedure, Michael Marinov Memorial Volume: Multiple Facets of Quantization and Supersymmetry, ed. M. Olshanetsky and A. Vainstein (World Publishing, Singapore 2002) pp.184-204

[11] P. Olver, Applications of Lie groups to differential equations, Graduated Texts in Mathematics, 107 (Springer-Verlag, Berlin 1986); B.A. Kupershmidt, Geometry of jet bundles and structure of Lagrangian and Hamiltonian formalism, 162-218, Lecture Notes in Mathematics 775 (Springer-Verlag, Berlin 1980); I.S. Krasilshchik, V.V. Lychagin, and A.M. Vinogradov, Geometry of jet spaces and nonlinear partial differential equations, Adv. Studies Contemp. Math., (Gordon and Breach, New York 1986)

[12] D. M. Gitman, and I.V. Tyutin, Nucl. Phys. B630 (3) (2002) 509

[13] D.M. Gitman, I.V. Tyutin, General quadratic gauge theory. Constraint structure, symmetries, and physical functions, hep-th/0409206

[14] M. Henneaux, Phys. Lett., B238 (1990) 299; I.A. Batalin and I.V. Tyutin, Int. J. Mod. Phys.

A11 (1996) 1352