arXiv:hep-th/0504052 v2 25 May 2005

YITP-05-14

Gauss-Bonnet dark energy

Shin’ichi Nojiri^∗ Department of Applied Physics, National Defence Academy, Hashirimizu Yokosuka 239-8686, Japan

Sergei D. Odintsov^{†‡} Instituciò Catalana de Recerca i Estudis Avançats (ICREA) and Institut d’Estudis Espacials de Catalunya (IEEC/ICE), Edifici Nexus, Gran Capità 2-4, 08034 Barcelona, Spain

Misao Sasaki^§ Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606-8502, Japan

We propose the Gauss-Bonnet dark energy model inspired by string/M-theory where standard gravity with scalar contains additional scalar-dependent coupling with Gauss-Bonnet invariant. It is demonstrated that effective phantom (or quintessence) phase of late universe may occur in the presence of such term when the scalar is phantom or for non-zero potential (for canonical scalar). However, with the increase of the curvature the GB term may become dominant so that phantom phase is transient and w = −1 barrier may be passed. Hence, the current acceleration of the universe may be caused by mixture of scalar phantom and (or) potential/stringy effects. It is remarkable that scalar-Gauss-Bonnet coupling acts against the Big Rip occurence in phantom cosmology.

I. INTRODUCTION

It became clear recently that late-time dynamics of the current accelerated universe is governed by the mysterious dark energy. The interpretation of the astrophysical observations indicates that such dark energy fluid (if it is fluid!) is characterized by the negative pressure and its equation of state parameter w lies very close to −1 (most probably below of it). Quite possible that it may be oscillating around −1. It is extremely difficult to present the completely satisfactory theory of the dark energy (also due to lack of all requiered astrophysical data), especially in the case of (oscillating) w less than −1. (For instance, thermodynamics is quite strange there with possible negative entropy [1]).

The successful dark energy theory may be searched in string/M-theory. Indeed, it is quite possible that some unusual gravity-matter couplings predicted by the fundamental theory may become important at current, low-curvature universe (being not essential in intermediate epoch from strong to low curvature). For instance, in the study of stringinduced gravity near to initial singularity the role of Gauss-Bonnet (GB) coupling with scalar was quite important for ocurrence of non-singular cosmology [2, 3] (for account of dilaton and higher order corrections near to initial singularity, see also [4]). The present paper is devoted to the study of the role of GB coupling with the scalar field to the late-time universe. It is explicitly demonstrated that such term itself can not induce the effective phantom late-time universe if the scalar is canonical in the absence of potential term. It may produce the effective quintessence (or phantom) era, explaining the current acceleration only when the scalar is phantom or when the scalar is canonical with non-zero potential. It is interesting that it may also have the important impact to the Big Rip singularity [5], similarly to quantum effects [6, 7], preventing it in the standard phantom cosmology. Note that we concentrate mainly on the exponential scalar-GB coupling and exponential scalar potential, while the consideration of other types of such functions and their role in late time cosmology will be considered elsewhere.

II. THE ACCELERATED UNIVERSE FROM SCALAR-GB GRAVITY

We consider a model of the scalar field ϕ coupled with gravity. As a stringy correction, the term proportional to the GB invariant G is added: G = R^2 − 4R_{μν}R^{μν} + R_{μνρσ}R^{μνρσ} . (1)

† also at Lab. for Fundamental Studies, Tomsk State Pedagogical University, 634041 Tomsk, RUSSIA ∗Electronic address: snojiri@yukawa.kyoto-u.ac.jp, nojiri@cc.nda.ac.jp ‡Electronic address: odintsov@ieec.fcr.es §Electronic address: misao@yukawa.kyoto-u.ac.jp

The starting action is given by S = ∫ d^4x √ −g { 1 2κ^2 R − γ 2 ∂_μϕ∂^μϕ − V (ϕ) + f(ϕ)G } . (2)

Here γ = ±1. For the canonical scalar, γ = 1 but at least when GB term is not included, the scalar behaves as phantom only when γ = −1 [8] showing in this case the properties similar to quantum field [9]. In analogy with model [10] where also non-trivial coupling of scalar Lagrangian with some power of curvature was considered, one may expect that such GB coupling term may be relevant for the explanation of dark energy dominance.

By the variation over ϕ, we obtain

0 = γ∇^2ϕ − V^′(ϕ) + f^′(ϕ)G . (3)

On the other hand, the variation over the metric g_{μν} gives 0 = 1 κ^2 ( −R^{μν} + 1 2 g^{μν} R ) + γ ( 1 2 ∂^μϕ∂^ν ϕ − 1 4 g^{μν} ∂_ρϕ∂^ρϕ ) + 1 2 g^{μν} (−V (ϕ) + f(ϕ)G) −2f(ϕ)RR^{μν} + 2∇^μ∇^ν (f(ϕ)R) − 2g^{μν}∇^2 (f(ϕ)R) +8f(ϕ)R^μ_ρR^{νρ} − 4∇_ρ∇^μ (f(ϕ)R^{νρ}) − 4∇_ρ∇^ν (f(ϕ)R^{μρ}) +4∇^2 (f(ϕ)R^{μν} ) + 4g^{μν} ∇_ρ∇_σ (f(ϕ)R^{ρσ} ) − 2f(ϕ)R^{μρστ} R^ν_{ρστ} + 4∇_ρ∇_σ (f(ϕ)R^{μρσν} ) . (4)

By using the identities obtained from the Bianchi identity ∇^ρR_{ρτμν} = ∇_μR_{ντ} − ∇_νR_{μτ} , ∇^ρR_{ρμ} = 1 2 ∇_μR , ∇_ρ∇_σR^{μρνσ} = ∇^2R^{μν} − 1 2 ∇^μ∇^νR + R^{μρνσ}R_{ρσ} − R^μ_ρR^{νρ} , ∇_ρ∇^μR^{ρν} + ∇_ρ∇^νR^{ρμ} = 1 2 (∇^μ∇^ν R + ∇^ν∇^μR) − 2R^{μρνσ}R_{ρσ} + 2R^μ_ρR^{νρ} , ∇_ρ∇_σR^{ρσ} = 1 2 □R , (5) one can rewrite (4) as 0 = 1 κ^2 ( −R^{μν} + 1 2 g^{μν} R ) + γ ( 1 2 ∂^μϕ∂^νϕ − 1 4 g^{μν} ∂_ρϕ∂^ρϕ ) + 1 2 g^{μν} (−V (ϕ) + f(ϕ)G) −2f(ϕ)RR^{μν} + 4f(ϕ)R^μ_ρR^{νρ} − 2f(ϕ)R^{μρστ} R^ν_{ρστ} + 4f(ϕ)R^{μρσν} R_{ρσ} +2 (∇^μ∇^ν f(ϕ)) R − 2g^{μν} ( ∇^2f(ϕ) ) R − 4 (∇_ρ∇^μf(ϕ)) R^{νρ} − 4 (∇_ρ∇^νf(ϕ)) R^{μρ} +4 ( ∇^2f(ϕ) ) R^{μν} + 4g^{μν} (∇_ρ∇_σf(ϕ)) R^{ρσ} − 4 (∇_ρ∇_σf(ϕ)) R^{μρνσ} . (6) The above expression is valid in arbitrary spacetime dimensions. In four dimensions, the terms proportional to f(ϕ) without derivatives, are cancelled with each other and vanish since the GB invariant is a total derivative in four dimensions.

The starting Friedmann-Robertson-Walker (FRW) universe metric is:

ds^2 = −dt^2 + a(t)^2 3∑ i=1 ( dx^i )_2

, (7)

where

Γ^t_{ij} = a^2Hδ_{ij} , Γ^i_{jt} = Γ^i_{tj} = Hδ^i_j , R_{itjt} = − ( Ḣ + H^2 ) δ_{ij} , R_{ijkl} = a^4H^2 (δ_{ik}δ_{lj} − δ_{il}δ_{kj}) , R_{tt} = −3 ( Ḣ + H^2 ) , R_{ij} = a^2 ( Ḣ + 3H^2 ) δ_{ij} , R = 6Ḣ + 12H^2 , other components = 0 , (8)

(here the Hubble rate H is defined by H = ȧ/a). Assuming ϕ only depends on time, the (μ, ν) = (t, t)-component in (4) has the following simple form:

0 = − 3 κ^2

H^2 + γ 2 ϕ̇^2 + V (ϕ) − 24ϕ̇f^′(ϕ)H^3 . (9)

On the other hand, Eq.(2) becomes: 0 = −γ ( ϕ̈ + 3Hϕ̇ ) − V^′(ϕ) + 24f^′(ϕ) ( ḢH^2 + H^4 ) . (10)

We now consider the case that V (ϕ) and f(ϕ) are given as exponents with the constant parameters V_0, f_0, and ϕ_0

V = V_0e^{− 2ϕϕ0} , f(ϕ) = f_0e^{2ϕϕ0} . (11)

Assume that the scale factor behaves as a = a_0t^{h0} ( power law). In case that h_0 is negative, this scale factor does not correspond to expanding universe but it corresponds to shrinking one. If one changes the direction of time as t → −t, the expanding universe whose scale factor is given by a = a_0(−t)^{h0} emerges. In this expression, however, since h_0 is not always an integer, t should be negative so that the scale factor should be real. To avoid the apparent difficulty, we may further shift the origin of the time as t → −t → t_s − t. Then the time t can be positive as long as t < t_s. Hence, we can propose H = h_0 t , ϕ = ϕ_0 ln t t_1

, (12)

when h_0 > 0 or H = − h_0 t_s − t , ϕ = ϕ_0 ln t_s − t t_1

, (13)

when h_0 < 0, with an undetermined constant t_1. By the assumption (12) or (13), one obtains

0 = −

3h^2_0 κ^2 + γϕ^2_0 2 + V_0t^2_1 −

48f_0h^3_0

t^2_1

, (14)

from (9) and

0 = γ (1 − 3h_0) ϕ^2_0 + 2V_0t^2_1 +

48f_0h^3_0

t^2_1

(h_0 − 1) , (15)

from (10). Using (14) and (15), it follows

V_0t^2_1 = − 1 κ^2 (1 + h_0) { 3h^2_0 (1 − h_0) + γϕ^2_0κ^2 (1 − 5h_0) 2 } , 48f_0h^2_0 t^2_1 = − 6 κ^2 (1 + h_0) ( h_0 − γϕ^2_0κ^2 2 ) . (16)

The second Eq.(16) shows that if −1 < h_0 < 0 and γ = 1, f_0 should be negative. Without the GB term, that is, f_0 = 0, a well known result follows:

h_0 = γϕ^2_0κ^2 2 . (17)

Since the equation of state parameter w is given by

w = −1 + 2 3h_0

, (18)

if h_0 < 0 (h_0 > 0), w < −1 (w > −1). Eqs.(16) indicate that even if γ = 1, with the proper choice of parameters h_0 can be negative or w < −1. Even if γ > 0, when h_0 < −1, V_0 is positive, which means that the potential V (ϕ) is bounded below. As a special case we consider

ϕ^2_0 = −

6h^2_0 (1 − h_0) γ (1 − 5h_0) κ^2

, (19)

which gives V (ϕ) = 0. In order that ϕ_0 could be real, one has 1 5 < h_0 < 1 , when γ = 1 , or h_0 > 1 5 or h_0 ≥ 1 . (20) h_0 γϕ^2_0

1 5 1

FIG. 1: The qualitative behavior of ϕ^2_0 versus h0 from (19).

In the case (19), the scalar field ϕ is canonical (γ = 1), and there is no potential V (ϕ) = 0, even if we include the term proportional to the GB invariant, we cannot obtain the effective phantom cosmological solution with h_0 < 0 or w < −1. Eq.(16) tells, however, when γ = 1 and V_0 > 0 even if V_0 is arbitrary small, if we choose f_0 properly, we may obtain the effective phantom. The qualitative behavior of γϕ^2_0 versus h_0 when V_0 = 0 is given in Figure 1. There is one positive solution, which may mimic the effective matter with 1/5 < h_0 < 1 when γ = 1. We also find, when γ = −1, there are always three solutions for h_0 from (19), one is given by h_0 < 0 and describes the phantom cosmology, one is h_0 > 1 describing the quintessence cosmology, and another corresponds to the matter with 0 < h_0 < 1/5. Then even if γ = −1, there appear the solutions describing non-phantom cosmology coresponding the quintessence or matter.

As an example, we consider the case that

h_0 = − 80 3 < −1 , (21)

which gives, from (18),

w = −1.025 , (22)

This is consistent with the observational bounds for effective w (for recent discussion and complete list of refs., see[11]). Then from (16), one obtains

V_0t^2_1 = 1 κ^2 ( 531200 231 + 403 154 γϕ_0κ^2 ) , f_0 t^2_1 = − 1 κ^2 ( 9 49280 + 27 7884800 γϕ_0κ^2 ) . (23)

Therefore even starting from the canonical scalar theory with positive potential before introducing the term proportional to the GB invariant, we may obtain a solution which reproduces the observed value of w as in (22).

In case of the model induced from the string theory [2], we have V_0 = 0 (V (ϕ) = 0) and

ϕ^2_0 = 2 κ^2

, (24)

in (11). Then Eq. (19) reduces as

3h^3_0 − 3h^2_0 + 5h_0 − 1 = 0 , (25)

which has only one real solution as

h_0 = 0.223223 . (26)

The solution gives

w = 1.98654 . (27)

There is another solution of (9) and (10) with (11). In the solution, ϕ and H are constants,

ϕ = φ_0 , H = H_0 , (28) what corresponds to deSitter space. Using (9) and (10) with (11), one finds

H^2_0 = − e^{− 2φ0ϕ0} 8f_0κ^2

. (29)

Therefore in order for the solution to exist, we may require f_0 < 0. In (29), φ_0 can be arbitrary. Hence, the Hubble rate H = H_0 might be determined by an initial condition.

In case of the model (11), the term including the GB invariant always gives the contribution in the same order with those from other terms even if the curvature is small. This is due to the factor f(ϕ), which enhances the contribution when the curvature is small.

III. LATE-TIME ASYMPTOTIC COSMOLOGY IN SCALAR-GB GRAVITY AND BIG RIP AVOIDANCE

In the following, another model, which is slightly different from (11), may be considered:

V (ϕ) = V_0e^{− 2ϕϕ}0 , f(ϕ) = f_0e^{2ϕαϕ}0 , (α > 1) , (30)

Different from the model (11), the model (30) will not be solved exactly. We can only find the asymptotic qualitative behavior of the solutions. Nevertheless, the asymptotic behavior suggests the existence of the cosmological solution, where the value of w could vary with time (oscillation) and/or could depend on the curvature.

Assuming the solution behaves as (12) or (13), when the curvature is small, that is t in (12) or t_s − t in (13) is large, the GB term becomes small and could be neglected since it behaves like 1/t^{− 2α +4} or 1/ (t_s − t)^{− 2α +4}. When the curvature is small, the solution could be given by (17), then the effective phantom phase with w < −1 could appear only in case γ = −1 < 0. On the other hand, when the curvature is large, that is t in (12) or t_s − t in (13) is small, the classical potential could be neglected. Without the classical potential, by assuming, instead of (12) H = h_0 t , ϕ = αϕ_0 ln t t_1

, (31)

when h_0 > 0 or H = − h_0 t_s − t , ϕ = αϕ_0 ln t_s − t t_1

, (32)

when h_0 < 0, the following equations replace (14) and (15)

0 = −

3h^2_0 κ^2 + γα^2ϕ^2_0 2 − 48f_0h^3_0 t^2_1 , 0 = γ (1 − 3h_0) α^2ϕ^2_0 +

48f_0h^3_0 t^2_1

(h_0 − 1) . (33)

By deleting f_0 in the above two equations, one gets

ϕ^2_0 = −

6h^2_0 (1 − h_0) γα^2 (1 − 5h_0) κ^2

, (34)

which corresponds to (19). Then when γ = 1, the solutions of (34) are not qualitatively changed from those of (19), and there is only one solution 1/5 < h_0 < 1. On the other hand, when γ = −1, since the sign of the r.h.s. in (19) is changed from γ = 1 case, as clear from FIG.1, there are three solutions, corresponding to the phantom h_0 < 0 or w < −1, the quintessence h_0 > 1 or −1 < w < −1/3, and the matter with 0 < h_0 < 1/5 or w > 7/3. Then if the term proportional to the GB invariant in case γ < 0 (which corresponds to a scalar phantom solution without GB term) is included the effective w can become larger than −1 and the Big Rip singularity might be avoided (see [6] for quantum effects account to escape of Big Rip). That is, in case γ < 0, when the curvature is small as in the current universe, the GB term is negligible and the potential term dominates, which gives the cosmic acceleration with w < −1. Then the curvature increases gradually and the universe seems to tend to the Big Rip singularity [5]. However, when the curvature is large, the GB term becomes dominant and might prevent the singularity. Hence, in case γ < 0, the GB term may work against the Big Rip singularity occurence, like quantum effects [6]. After the GB term dominates when γ < 0, the curvature turns to become smaller. Then the potential term dominates again. This might tell that the behavior of the universe might approach to the deSitter sapce with w = −1 by the dampted oscillation. In fact even in the model (30), if (28) is assumed, there is a deSitter solution corresponding to (28):

H^2_0 = − e^{− 2φ0αϕ0} 8f_0κ^2

, φ_0 = αϕ_0 2 (1 − α) ln ( − 8V_0f_0κ^2 3 ) . (35)

In (30), we have assumed α > 1. If we consider the case that V (ϕ) = V_0e^{− 2ϕϕ}0 and f(ϕ) = f_0e^{2ϕαϕ}0 as in (30) but 0 < α < 1, there appears a solution where the term including GB invariant becomes dominant even if the curvature is small. By assuming (31) or (32), Eq.(33) is obtained again. Hence, when 0 < α < 1, the solution where h_0 can be positive or w > −1 even if γ < 0 (scalar phantom) appears.

On the other hand, if γ > 0 there is no accelerated universe solution with w < −1. The parameter w may change with time but w is larger than −1/3. curvature due to the GB term. effective equation of occur eventually.

IV. DISCUSSION

We considered essentially two models with exponential couplings given by (11) and (30). The model (11) may be considered as the special case corresponding to α = 1. The main results can be summarized as follows:

1. α = 1 case: exactly solvable

(a) V = 0 case: When γ = 1, there is only one solution −1/3 < w < 7/3. On the other hand, when γ = −1, there are three solutions, corresponding to w < −1, −1 < w < −1/3, and w > 7/3.

2. α > 1 case: the potential term dominates for small curvature and the GB term for large one.

(a) γ > 0: The value of w may be time dependent but there is no solution describing acceleration of the universe.

(b) γ < 0: There might appear the Big Rip singularity but there might be a solution asymptotically approaching to the deSitter space.

3. 0 < α < 1 case: the potential term dominates for large curvature and the GB term for small one.

(a) γ > 0: There is no solution describing acceleration of the universe.

(b) γ < 0: There appears the Big Rips singularity.

For the models (11) and (30), in case V_0 = 0 (that is, when the potential vanishes), by replacing αϕ_0 with ϕ_0, it follows the two models are equivalent. Especially γ = −1 case has been well studied and it has been shown that there are always three effective cosmological phases corresponding to the phantom with h_0 < 0 or w < −1, the quintessence with h_0 > 1 or −1 < w < −1/3, and the matter with 0 < h_0 < 1/5 or w > 7/3. Even if V_0 ≠ 0, the model (11) can be solved exactly and the solutions where h_0 and therefore w are constants may be found. On the other hand, if V_0 ≠ 0, in the model (30) there exist the solutions where the values of h_0 and therefore of w are time-dependent. There could emerge a cosmology, which behaves as phantom one with w < −1 when the curvature is small and as a usual matter dominated universe with w > −1 when the curvature is large. Moreover, Big Rip singularity does not occur.

Our study indicates that current acceleration may be significally influenced by stringy/M-theory effects (terms) which somehow became relevant quite recently (in cosmological sense). It remains a challenge to construct the consistent dark energy universe model from string/M-theory.

Note added: After the first version of this paper (with some error) appeared in hep-th, the related study, for instance, of the influence of scalar-GB term to Big Rip has appeared in ref.[12].

Acknowledgments

This research has been supported in part by JSPS Grants-in-Aid for Scientific Research, No. 13135208 (S.N.) and Grants-in-Aid for Scientific Research (S), No. 14102004 (M.S.).

APPENDIX A: STABILITY OF PHANTOM COSMOLOGY

In this appendix, we check the stability of the above solutions. The following quantities are convenient to introduce:

X ≡ ϕ̇ H , Z ≡ H^2f^′(ϕ) , d dN ≡ a d da = 1 H d dt . (A1)

For simplicity, we also put κ^2 to be unity. Then by using (9) and (10) with (11), one finds dX N = γ^2ϕ_0X^3 + 2γX ( 8X^2Z − ϕ_0 (3 + 52XZ) ) + 4 (_{2V0f0} ϕ_0Z +

24V_0f_0X ϕ_0 + 12Z ( ϕ_0 + 16ϕ_0XZ − 8X^2Z )) 2ϕ_0 (γ + 6γXZ + 96Z^2)

, (A2) dZ dN = Z ( −γ^2ϕ_0X^2 − 16Z (_{2V0f0} ϕ_0Z + 12 (ϕ0 − X) Z ) + 2γ (X + 16ϕ_0XZ) ) ϕ_0 (γ + 6γXZ + 96Z^2)

. (A3)

For the solution (12) or (13), it follows

X = X_0 ≡ ϕ_0 h_0

, Z = Z_0 ≡

2f_0h^2_0 ϕ_0t^2_1

. (A4)

In terms of X_0 and Z_0, Eqs.(14) and (15) can be rewritten as

0 = − 3 κ^2 + γX^2_0 2 + 2V_0f_0 ϕ_0Z_0

− 24Z_0X_0 , (A5)

0 = γX^2_0 − 3ϕ_0γX_0 +

4V_0f_0 ϕ_0Z_0

+ 24ϕ_0Z_0 − 24Z_0X_0 . (A6)

For the solution (A4), by using (A5) and (A6), the right hand sides of Eqs.(A2) and (A3) vanish consistently. We now consider the perturbation around the solution (A4):

X = X_0 + δX , Y = Y_0 + δY . (A7)

We now only check the stability for V = 0 (V_0 = 0) case.

Using (A2) and (A3), one obtains d dN ( δX δY ) = M ( δX δY ) , M = (~ A B̃ C̃ D̃ ) (A8)

Here

Ã ≡ 3γ^2ϕ^0X^{20} + 48γX^{20} Z^0 − 6γϕ^0 − 208γϕ^0X^0Z^0 + 768 (ϕ^0 − X^0) Z^{20} 2ϕ_0 (γ + 8γX_0Z_0 + 96Z^2_0 ) , B̃ ≡ 16γX^{30} − 104γϕ^0X^{20} + 48ϕ^0 + 1536ϕ^0X^0Z^0 − 768X^{20} Z^0 2ϕ_0 (γ + 8γX_0Z_0 + 96Z^2_0 ) , C̃ ≡ 2Z^0 ( −γ^2ϕ_0X_0 + 96Z^2_0 + γ + 16γϕ_0Z_0 ) ϕ_0 (γ + 8γX_0Z_0 + 96Z^2_0 ) , D̃ ≡ 32Z^0 (−12 (ϕ^0 − X^0) Z^0 + γϕ^0X^0)

ϕ_0 (γ + 8γX_0Z_0 + 96Z^2_0 )

. (A9)

If the real parts of all the eigenvalues of the matrix M are negative, the perturbation becomes small and the system is stable. Then the condition of the stability is given by Ã + D̃ < 0 , ÃD̃ − B̃C̃ > 0 . (A10)

First, the check of the stability for V = 0 case is in order. By using (A4), (A5), and (A6), we find

X^2_0 = ϕ^2_0 h^2_0 = − 6 (h_0 − 1) γ (5h_0 − 1)

, Z^2_0 = − γ (3h_0 − 1)^2 96 (h_0 − 1) (5h_0 − 1)

, X_0Z_0 = −

3h_0 − 1 4 (5h_0 − 1)

. (A11)

In order that X^2_0 and Z^2_0 are positive, it follows 1 5 < h_0 < 1 , when γ > 0 or h_0 <^1_5 or h_0 > 1 , when γ < 0 . (A12)

By using (A11), Ã, B̃, C̃, and D̃ in (A9) can be expressed in terms of h_0:

Ã = (h^0 − 1) ( 9h^2_0 − 4h_0 + 1 ) h_0 (5h^2_0 − 4h_0 + 1) , B̃ = 24 (h_0 − 1) ( 3h^2_0 − 2h_0 + 1 ) γh_0 (5h^2_0 − 4h_0 + 1) , C̃ = γ (3h^0 − 1) ( 3h^2_0 − 1 ) 12 (h_0 − 1) (5h^2_0 − 4h^2_0 + 1) , D̃ = − 2 (h_0 − 1)^2 (3h_0 − 1) h_0 (5h^2_0 − 4h_0 + 1)

. (A13)

Then we obtain very simple results:

Ã + D̃ = − 3 (h^0 − 1) h_0

, (A14)

ÃD̃ − B̃C̃ = 2 (1 − 3h^0) h^2_0

. (A15)

Therefore Eq.(A10) is satisfied and the system is stable if and only if

h_0 < 0 . (A16)

Then the case corresponding to phantom cosmology with h_0 < 0 is always stable.

[1] I. Brevik, S. Nojiri, S. D. Odintsov and L. Vanzo, Phys. Rev. D 70, 043520 (2004) [arXiv:hep-th/0401073]. [2] I. Antoniadis, J. Rizos, K. Tamvakis, Nucl. Phys. B 415, 497 (1994) [arXiv:hep-th/9305025];

P. Kanti, J. Rizos and K. Tamvakis, Phys. Rev. D 59, 083512 (1999) [arXiv:gr-qc/9806085].

[3] N. E. Mavromatos and J. Rizos, Phys. Rev. D 62, 124004 (2000) [arXiv:hep-th/0008074]; JHEP 0207, 045 (2002) [arXiv:hep-th/0205099]; Int. J. Mod. Phys. A 18, 57 (2003) [arXiv:hep-th/0205299].

[4] M. Gasperini, M. Maggiore and G. Veneziano, Nucl. Phys. B 494, 315 (1997) [arXiv:hep-th/9611039];

R. Brustein and R. Madden, Phys. Rev. D 57, 712 (1998) [arXiv:hep-th/9708046]; D. A. Easson and R. H. Brandenberger, JHEP 9909, 003 (1999) [arXiv:hep-th/9905175]; C. Cartier, E. J. Copeland and R. Madden, JHEP 0001, 035 (2000) [arXiv:hep-th/9910169]; S. Tsujikawa, Phys. Lett. B 526, 179 (2002) [arXiv:gr-qc/0110124]; A. Toporensky and S. Tsujikawa, Phys. Rev. D 65, 123509 (2002) [arXiv:gr-qc/0202067]; S. Tsujikawa, R. Brandenberger and F. Finelli, Phys. Rev. D 66, 083513 (2002) [arXiv:hep-th/0207228].

[5] R. R. Caldwell, M. Kamionkowski and N. N. Weinberg, Phys. Rev. Lett. 91, 071301 (2003) [arXiv:astro-ph/0302506];

B. McInnes, JHEP 0208, 029 (2002) [arXiv:hep-th/0112066]; arXiv:hep-th/0502209; P. Gonzalez-Diaz, Phys. Lett. B 586, 1 (2004) [arXiv:astro-ph/0312579]; M. Sami and A. Toporensky, Mod. Phys. Lett. A 19, 1509 (2004) [arXiv:gr-qc/0312009]; P. Gonzales-Diaz and C. Siguenza, Nucl. Phys. B 697, 363 (2004) [arXiv:astro-ph/0407421]; F. Piazza and S. Tsujikawa, JCAP 0407, 004 (2004) [arXiv:hep-th/0405054]; L. P. Chimento and R. Lazkoz, Mod. Phys. Lett. A 19, 2479 (2004) [arXiv:gr-qc/0405020]; G. Calcagni, Phys. Rev. D 71, 023511 (2005) [arXiv:arXiv:gr-qc/0410027]; J. Barrow, Class. Quant. Grav. 21, L79 (2004) [arXiv:gr-qc/0403084]; A. A. Starobinsky, Gravit. Cosmol. 6, 157 (2000); P. Wu and H. Yu, arXiv:astro-ph/0407424;

S. Nesseris and L. Perivolaropoulos, Phys. Rev. D 70, 123529 (2004) [arXiv:astro-ph/0410309]; P. Scherrer, arXiv:astro-ph/0410508;

Z. Guo,Y. Piao, X. Zhang and Y. Zhang, Phys. Lett. B 608 177 (2005) [arXiv:astro-ph/0410654]; M. C. B. Abdalla, S. Nojiri and S. D. Odintsov, Class. Quant. Grav. 22, L35 (2005) [arXiv:hep-th/0409177]. Y. Wei, arXiv:gr-qc/0410050; arXiv:gr-qc/0502077; H. Stefancic, arXiv:astro-ph/0411630; S. K. Srivastava, arXiv:hep-th/0411221;

M. Dabrowski and T. Stachowiak, arXiv:hep-th/0411199; R. Curbelo, T. Gonzalez and I. Quiroz, arXiv:astro-ph/0502141; V. Sahni, arXiv:astro-ph/0502032;

B. Gumjudpai, T. Naskar, M. Sami and S. Tsujikawa, arXiv:hep-th/0502191.

[6] S. Nojiri and S. D. Odintsov, Phys. Lett. B 595, 1 (2004) [arXiv:hep-th/0405078]; Phys. Rev. D 70, 103522 (2004) [arXiv:hep-th/0408170];

E. Elizalde, S. Nojiri and S. D. Odintsov, Phys. Rev. D 70, 043539 (2004) [arXiv:hep-th/0405034]. [7] S. Nojiri, S. D. Odintsov and S. Tsujikawa, Phys. Rev. D 71, 063004 (2005) arXiv:hep-th/0501025. [8] R. Caldwell, Phys. Lett. B 545, 23 (2002) [arXiv:astro-ph/9908168 ]. [9] S. Nojiri and S. D. Odintsov, Phys. Lett. B 562, 147 (2003) [arXiv:hep-th/0303117]. [10] S. Nojiri and S. D. Odintsov, Phys. Lett. B 599, 137 (2004) [arXiv:astro-ph/0403622]. [11] R. Lazkoz, S. Nesseris and L. Perivolaropoulos, arXiv:astro-ph/0503230. [12] G. Calcagni, S. Tsujikawa, M. Sami, arXiv:hep-th/0505193.