arXiv:hep-th/0504097 v1 11 Apr 2005

hep-th/0504097 CSULB–PA–05–1

ℵ0 -Hypergravity in Three-Dimensions

Hitoshi NISHINO^{⋆1)} and Subhash RAJPOOT^{⋆2)}

Department of Physics & Astronomy California State University 1250 Bellflower Boulevard Long Beach, CA 90840

Abstract

We construct hypergravity theory in three-dimensions with the gravitino ψ_{μm1 ···mn}^A with an arbitrary half-integral spin n + 3/2, carrying also the index A for certain real representations of any gauge group G. The possible real representations are restricted by the condition that the matrix representation of all the generators are antisymmetric: (T^I )^{AB} = −(T^I )^{BA}. Since such a real representation can be arbitrarily large, this implies ℵ_0 -hypergravity with infinitely many (ℵ_0) extended local hypersymmetries.

PACS: 04.65.+e, 11.30.Pb, 02.40.Pc, 11.15.-q Key Words: Supergravity, Hypergravity, Hypersymmetry, Topological Field Theory, Chern-Simons, BF-Theory, Three-Dimensions

⋆1) E-Mail: hnishino@csulb.edu

⋆2) E-Mail: rajpoot@csulb.edu

1. Introduction

It is well-known that a graviton in three-dimensions (3D) has zero physical degree of freedom. This is because the conventional counting for a symmetric traceless tensor for transverse components in 3D gives zero: (3 − 2)(4 − 2)/2 − 1 = 0. Similarly, the gravitino has also no physical degree of freedom: (3 − 3) × 2 = 0. Therefore, the multiplet of supergravity has 0 + 0 physical degrees of freedom.

This fact leads to the interesting concept of ‘hypergravity’ [1] in 3D with a gravitino with spin 5/2 or higher [2]. In 4D, on the other hand, it is difficult to formulate consistent hypergravity, due to the problem with the free indices of a gravitino field equation whose divergences do not vanish on non-trivial backgrounds (Velo-Zwanziger disease) [3]. In contrast, this situation is drastically improved in 3D due to the zero physical degree of freedom of the gravitino. The first hypergravity theory in 3D was given in [2], where it was shown that consistent hypergravity indeed exists with the gravitino ψ_{μm1 ···mn} carrying spin n+3/2, where the indices m1···mn are totally symmetric γ -traceless Lorentz indices. Interacting models of higher spin gauge fields with extended hypersymmetry in anti-De Sitter 3D have been also developed [4].

Independent of this, there has been a different development about 3D physics related to Chern-Simons theories [5][6][7][8]. It had been known for some time that arbitrarily many (ℵ_0) supersymmetries [9][10][11][12] can be accommodated in supersymmetric Chern- Simons theory. Typical examples are OSp(p|2; IR) × OSp(q|2; IR) [9] or SO(N) [10] which can be arbitrarily large. In our recent paper [13], we have shown that the gravitino, coupling to locally supersymmetric Chern-Simons theory in 3D, can be in the adjoint representation of any gauge group G, with the relationship N = dim G, instead of limited groups, such as OSp or SO -type gauge groups [9][10].

In this paper, we combine these two developments in 3D. Namely, we generalize massless hypergravity [2] further to a system, where the gravitino ψ_{mm1 ···mn}^A carries the real representation index A of an arbitrary gauge group G, such that the matrix representations of all the generators are antisymmetric. Since such a representation can be arbitrarily large, this means that we have ‘ℵ_0 -hypergravity’ with infinitely many extended hypersymmetries.

In the next section, we will first give the action I_0 which is a generalization of our previous system [13] to the new system where the gravitino has the index structures ψ_{m1 m2 ···mn}^A. We next consider additional Chern-Simons actions I_{Rω} and I_{GB}, where I_{Rω} is a Lorentz Chern-Simons term, while I_{GB} is a GB -type Chern-Simons term. Fortunately, the invariance of the total action I_{tot} ≡ I_0 +I_{Rω} +I_{GB} under hypersymmetry is confirmed under a slight modification of the hypersymmetry transformation rule.

2. Total Lagrangian and ℵ_0 -Hypersymmetries

Our field content of the system is (e_μ^m, ψ_{m1 ···mn}^A, A_μ^I , B_μ^I , C_μ^I , λ_{m1 ···mn}^A) which is similar to [14][13]. Our most important ingredient here, however, is the representation of the gravitino ψ and the gaugino λ. The indices_{m1 ···mn} are totally symmetric Lorentz indices carrying spin n + 3/2 as in [2], and the gravitino has the additional constraint of γ -tracelessness as in [2]: γ^{m1} ψ_{μm1 m2 ···mn}^A = 0 . (2.1) The superscript A is a ‘collective’ index for any real representation of an arbitrary gauge group G, satisfying the condition (T^I )^{AB} = −(T^I )^{BA} (I = 1, 2, ···, dim G) (2.2) for the generators T^I of G. Typical examples of representations satisfying (2.2) are (i) Vectorial Representation of SO(M) : A ≡ a, B ≡ b, (T^I )^{AB} = (T^I )^{ab} = −(T^I )^{ba}. (ii) Adjoint Representation of^∀G : A ≡ J, B ≡ K, (T^I )^{AB} = −f^{IJK} . (iii) Totally Symmetric m Vectorial Indices of SO(M) : A ≡ (a1···am), B ≡ (b1···bm), (T^I )^{a1···am,b1···bm} = +m(T^I )^{(a1|}_{(b1|}δ_{|b2|}^{|a2|} · · · δ_{|bm)}^{|am)} = −(T^I )^{b1···bm,a1···am} . (2.3) Note that the indices A, B are ‘collective’ indices in the case (iii). This case is analogous to the totally symmetric Lorentz indices m1···mn on the gravitino [2].

We propose an action I_0 ≡ ∫ d^3x L_0 with the lagrangian L_0 = −^1_4 eR(ω) +^1_2 ϵ^{μνρ} ( ψ_{μ(n)}^AD_ν (ω, B)ψ_ρ^{(n)A} ) +^1_2 gϵ^{μνρ}C_μ^IG_{νρ}^I +^1_2 ghϵ^{μνρ} ( F_{μν}^I A_ρ^I −^1_3 gf^{IJK} A_μ^I A_ν^J A_ρ^K ) +^1_2 ghe ( λ_{(n)}^Aλ^{(n)A} ) , (2.4) where the suffix (n) stands for the totally symmetric n Lorentz indices m1 ···mn in order to save space. The g and h are real coupling constants, but are related to each other for certain gauge groups, as will be seen shortly in (2.23). The third CG -term is a kind of BF -terms used in topological field theory [15], while the last line is a hypersymmetric Chern-Simons term with the gaugino mass term [10]. In the case when the suffix A needs a non-trivial metric, we have to distinguish the superscript and subscript.^{⋆3)} The covariant derivative on the gravitino has also a minimal coupling to the B -field: R_{μνr1 ···rn}^A ≡ D_μ(ω, B)ψ_{νr1 ···rn}^A − D_ν (ω, B)ψ_{μr1 ···rn}^A ≡ [ + ∂_μψ_{νr1 ···rn}^A +^1_4 ω_μ^{tu}γ_{tu}ψ_{νr1 ···rn}^A + nω_{μ(r1 |}^sψ_{s|r2 ···rn )}^A + gB_μ^I (T^I )^{AB}ψ_{νr1 ···rn}^B ] − (μ↔ν) , (2.5) in addition to the non-trivial Lorentz connection term as in [2]. The field strengths F, G and H are defined by F_{μν}^I ≡ ∂_μA_ν^I − ∂_ν A_μ^I + gf^{IJK} A_μ^J A_ν^K , G_{μν}^I ≡ ∂_μB_ν^I − ∂_ν B_μ^I + gf^{IJK} B_μ^J B_ν^K , H_{μν}^I ≡ ∂_μC_ν^I − ∂_ν C_μ^I + 2gf^{IJK} B_{⌊⌈μ}^J C_{ν⌋⌉}^K ≡ D_μC_ν^I − D_ν C_μ^I . (2.6) We adopt the 1.5-order formalism, so that the Lorentz connection ω in the lagrangian is regarded as an independent variable, yielding its field equation^{⋆4)} ω_{mrs} .= ^ω_{mrs} ≡^1_2 ( ^C_{mrs} − ^C_{msr} + ^C_{srm}) , ^C_{μν}^m ≡ ∂_μe_ν^m − ∂_ν e_μ^m − (2n + 1)(ψ_{μ(n)}^Aγ^mψ_ν^{(n)A}) . (2.7)

⋆3) Even though we consider first compact groups for G, we can generalize it to non-compact groups. This is because the gravitino is non-physical with no kinetic energy, so that we do not need the definite signature for the kinetic term.

⋆4) We use the symbol .= for a field equation distinguished from an algebraic identity.

Or equivalently, the torsion tensor is

T_{μν}^m .= + (2n + 1)(ψ_{μ(n)}^Aγ^mψ_ν^{(n)A}) , (2.8)

with the dependence on n, in agreement with [2].

Our action I_0 is invariant under hypersymmetry

δ_Qe_μ^m = +(2n + 1) ( ϵ_{(n)}^Aγ^mψ^{(n)A} ) , δ_Qψ_{μm1 ···mn}^A = +∂_μϵ_{m1 ···mn}^A +^1_4 ^ω_μ^{rs}γ_{rs}ϵ_{m1 ···mn}^A + n^ω_{μ(m1|}^tϵ_{t|m2 ···mn)}^A + g(T^I)^{AB} B_μ^Iϵ_{m1 ···mn}^B − g(T^I )^{AB} γ^νϵ_{m1 ···mn}^B ^H_{μν}^I ≡ +D_μ(^ω, B)ϵ_{m1 ···mn}^A − g(T^I )^{AB}γ^ν ϵ_{m1 ···mn}^B ^H_{μν}^I , δ_QA_μ^I = −(T^I )^{AB} ( ϵ_{(n)}^Aγ_μλ^{(n)B} ) , δ_QB_μ^I = −(T^I )^{AB} ( ϵ_{(n)}^Aγ^νR_{μν}^{(n)B} ) − h(T^I )^{AB} ( ϵ_{(n)}^Aγ_μλ^{(n)B} ) , δ_QC_μ^I = +(T^I )^{AB} ( ϵ_{(n)}^Aψ_μ^{(n)B} ) − h(T^I )^{AB} ( ϵ_{(n)}^Aγ_μλ^{(n)B} ) , δ_Qλ_{(n)}^A = +^1_2 (T^I )^{AB}γ^{μν} ϵ_{(n)}^B ( 2F_{μν}^I + G_{μν}^I + ^H_{μν}^I ) −^1_2 (2n + 1) ( ϵ_{(n)}′^Bγ^μψ_μ^{(n)′B} ) λ_{(n)}^A + 2(T^I )^{AB}(T^I )^{CD} ( γ_{⌊⌈μ}ψ_{ν⌋⌉(n)}^B )( ϵ_{(n)}′^C γ^μ ~R^{ν(n)′D} ) , (2.9)

where ^H_{μν}^I is the ‘hypercovariantization’ of H_{μν}^I :

^H_{μν}^I ≡ H_{μν}^I − (T^I )^{AB} (ψ_{μ(n)}^Aψ_ν^{(n)B}) + 2h(T^I )^{AB} (ψ_{⌊⌈μ|(n)}^Aγ_{|ν⌋⌉}λ^{(n)B}) , (2.10)

similar to supercovariantization [16][17][18]. The ~R is the Hodge dual of the gravitino

field strength (2.5):

~R_{μ(n)}^A ≡ +^1_2 e^{−1}ϵ_μ^{ρσ}R_{ρσ(n)}^A . (2.11)

In accordance with (2.1), the parameter of hypersymmetry ϵ should have an extra con-

straint:

γ^{m1} ϵ_{m1 m2 ···mn}^A = 0 . (2.12)

The confirmation of action invariance under hypersymmetry is very similar to usual supergravity [16][17][18] or the case for n = 0 in [13]. There are in total ten different categories of g or h -dependent terms (sectors): (i) gψG, (ii) gRH, (iii) gψ^eR, (iv) ghF λ, (v) ghGλ, (vi) ghHλ, (vii) ghψλ^2, (viii) ghψ^2λ , (ix) hψ^2R, (x) gψRλ. Among these, the antisymmetry of T^I is frequently used in the sectors (ii), (iii), (iv), (v), (vi), (viii) and (ix). Other cancellation patters are more or less parallel to [13].

The closure of gauge algebra is similar to [13], as ⌊⌈δ_Q(ϵ_1), δ_Q(ϵ_2)⌋⌉ = δ_P (ξ) + δ_G(ξ) + δ_Q(ϵ_3) + δ_L(λ^{rs}) + δ_Λ + δ~_Λ + δ≈_Λ , ξ^m ≡ +(2n + 1)(ϵ_{2(n)}^Aγ^mϵ_1^{(n)A}) , ϵ_{3(n)}^A ≡ −ξ^μψ_{μ(n)}^A , λ^{rs} ≡ +ξ^μ ^ω_μ^{rs} − 2(2n + 1)g(T^I )^{AB} (ϵ_{1(n)}^Aϵ_2^{(n)B}) ^H^{rsI} , Λ^I ≡ −ξ^μA_μ^I , ~Λ^I ≡ −ξ^μB_μ^I ,^≈Λ^I ≡ −ξ^μC_μ^I − (T^I )^{AB}(ϵ_{1(n)}^Aϵ_2^{(n)B}) , (2.13) where δ_P , δ_G, δ_Q, δ_L are the translation, general coordinate, hypersymmetry and local Lorentz transformations, while δ_Λ, δ~_Λ and δ≈_Λ are the G -gauge transformations δ_ΛA_μ^I ≡ ∂_μΛ^I + gf^{IJK} A_μ^J Λ^K , δ~_Λ B_μ^I ≡ ∂_μ ~Λ^I + gf^{IJK} B_μ^J ~Λ^K , δ≈_ΛC_μ^I ≡ ∂_μ^≈Λ^I + gf^{IJK} B_μ^{J ≈}Λ^K , (2.14) As usual, the closure of on-shell hypersymmetry can be confirmed by the use of the field equations:

F_{μν}^I .= 0 , G_{μν}^I .= 0 , ^H_{μν}^I .= 0 , (2.15a) R_{μν}^A .= 0 . (2.15b) The special case when the gravitino carries no group index recovers the result by Aragone-Deser [2]. Also, the case n = 0 with the adjoint group index maintained is the ℵ_0 -supergravity with the spin 3/2 gravitino with the adjoint index A = I [13].

There is a technical subtlety associated with the field equation of ω and the torsion (2.8), which was not stressed well in [2]. The ω -field equation from our lagrangian is δI_0 δω_μ^{rs} = −^1_4 eT_{rs}^μ −^1_2 ee_{⌊⌈r}^μT_{s⌋⌉} −^1_8 ϵ^{μρσ}(ψ_{ρ(n)}^Aγ_{rs}ψ_σ^{(n)A})

−^1_2 nϵ^{μρσ}(ψ_{ρr(n−1)}^Aψ_{σs}^{(n−1)A}) .= 0 , (2.16)

where T_μ ≡ T_{μν}^ν. By multiplying this by e_s^μ, we get the expression for T_μ which in turn is substituted into (2.16) to eliminate the T_μ -term, as

T_{ρσ}^m = +(ψ_{ρ(n)}^Aγ_mψ_σ^{(n)A} ) − 6ne^{−1}ϵ^{τλω}e_{⌊⌈ρ|}^m ( ψ_{τ|σ|}^{(n−1)A}ψ_{λ|ω⌋⌉}^{(n−1)A} ) . (2.17)

Interestingly enough, the last term antisymmetric in ⌊⌈ρσω⌋⌉ can be shown to be proportional to the first term in (2.17) by the peculiar algebra 3e^{−1}ϵ^{τλω}e_{⌊⌈ρ|}^m ( ψ_{τ|σ|(n−1)}^Aψ_{λ|ω⌋⌉}^{(n−1)A} ) = −^1_2 e^{−3}ϵ^{τλω}ϵ_{ρσω}ϵ^{μνψ} e_μ^m ( ψ_{τν(n−1)}^Aψ_{λψ}^{(n−1)A} )

= +e^{−1}ϵ^{mτλ} ( ψ_{ρτ(n−1)}^Aψ_{σλ}^{(n−1)A} ) = + ( ψ_{ρτ(n−1)}^Aγ^{mτλ}ψ_{σλ}^{(n−1)A} )

= + ( ψ_{ρτ(n−1)}^Aγ^{mτ} γ^λψ_{σλ}^{(n−1)A} ) − ( ψ_{ρτ(n−1)}^Aγ^mψ_σ^{τ(n−1)A} ) + ( ψ_{ρτ(n−1)}^Aγ^τ ψ_σ^{m(n−1)A} ) = − ( ψ_{ρ(n)}^Aγ^mψ_σ^{(n)A} ) . (2.18)

Here use is made of the important constraint (2.1) for dropping the first and last terms in the penultimate line in (2.18). This combines the last term in (2.17) with its first term, with its coefficient changed from unity to (2n + 1).

It is sometimes convenient to note the difference in the transformation of the Lorentz connection between the first and second-order formalisms:

(i) First-Order: δ_Qω_{μrs} = 0 , (2.19a)

(ii) Second-Order: δ_Q ^ω_{μrs} =^1_2 (n + 1) [ 2(ϵ^{(n)A}γ_{⌊⌈r} R_{s⌋⌉μ(n)}^A) − (ϵ^{(n)A}γ_μR_{rs(n)}^A) ] . (2.19b)

These two are equivalent to each other on-shell under (2.15b), as in the 4D case [16][17][18].

We mention the consistency of gravitino field equation [19] in our system, associated with so-called ‘Velo-Zwanziger disease’ [3]. This is about the problem with the divergence of the gravitino field equation on curved backgrounds or non-trivial field strengths frequently encountered in 4D or higher. Fortunately in 3D, the covariant divergence of gravitino field equation (2.15b) vanishes, as desired: 0^?= D_μ

(_1 2 ϵ^{μρσ}R_{ρσm1 ···mn}^A ) = +^1_8 ϵ^{μνρ}(γ_{rs}ψ_{ρm1 ···mn}^A)R_{μν}^{rs}(ω) +^1_2 nϵ^{μνρ}ψ_{ρt(m2 ···mn |}^AR_{μν|m1 )}^t(ω) +^1_2 gϵ^{μνρ}(T^I )^{AB} ψ_{ρm1 ···mn}^B G_{μν}^I .= 0 . (2.20) In particular, G_{μν}^I .= 0 (2.15a) and the dreibein field equation R_{μν} (ω) .= 0 ⇐⇒ R_{μν}^{rs}(ω) .= 0 (2.21) are used. The latter is associated with the peculiar identity in 3D: R_{μν}^{ρσ}(ω) ≡ +4δ_{⌊⌈μ}^{⌊⌈ρ}R_{ν⌋⌉}^{σ⌋⌉}(ω) − δ_{⌊⌈μ}^{⌊⌈ρ}δ_{ν⌋⌉}^{σ⌋⌉}R(ω) , (2.22) due to the vanishing of the conformally invariant Weyl tensor C_{μνρ}^σ ≡ 0 [5].

As usual in 3D, the coefficient of the Chern-Simons term should be quantized [5] for a compact gauge group whose π_3 -homotopy mapping is non-trivial, e.g., π_3(G) =

ZZ (for G = A_n, B_n, C_n, D_n (n ≥ 2, G ≠ D_2), G_2, F_4, E_6, E_7, E_8) , ZZ ⊕ ZZ (for G = SO(4)) , 0 (for G = U(1)) . (2.23) Especially for a compact gauge group with π_3(G) = ZZ, the quantization condition is [5]^{⋆5)} gk = 8πh (k = 0, ±1, ±2, · · ·) . (2.24) Under this condition, the two initially independent constant g and h are now proportional to each other.

3. Additional Chern-Simons Terms

Due to the peculiar property of 3D, we can further add some Chern-Simons terms to our initial lagrangian L_0. The first example is the Lorentz Chern-Simons term I_{Rω} ≡ ∫ d^3x L_{Rω} [5], where L_{Rω} ≡ +^1_2 αϵ^{μνρ} [ R_{μν}^{rs}(ω)ω_{ρrs} +^1_3 ω_{μr}^sω_{νs}^tω_{ρt}^r ] . (3.1)

⋆5) The wrong power of g in (2.12) of [13] is corrected in (2.24).

Here α is a real constant. This lagrangian was also presented in the context of topological massive gravity [5].

The ω -field equation is now modified by L_{Rω} with α, as

δI_{tot} δω_μ^{rs} = −^1_4 eT_{rs}^μ −^1_2 ee_{⌊⌈r}^μT_{s⌋⌉} −^1_8 ϵ^{μρσ}(ψ_{ρ(n)}^Aγ_{rs}ψ_σ^{(n)A}) −^1_2 nϵ^{μρσ}(ψ_{ρr(n−1)}^Aψ_{σs}^{(n−1)A}) + αϵ^{μρσ}R_{ρσrs}(ω) .= 0 . (3.2) However, the new term is proportional to the Riemann tensor R_{μν}^{rs}(ω), and it vanishes because of (2.21) and the dreibein field equation (2.21) which is not modified. In other words, the last α -dependent term in (3.2) vanishes, leaving the original algebraic field equation for ω. Accordingly, the torsion (2.8) stays intact, and we can still use the first or 1.5-order formalism for ω. Consequently, the invariance of the total action I_{tot} ≡ I_0 + I_{Rω} is still valid despite the presence of I_{Rω}.

This is based on the 1.5-order formalism, but the invariance δ_QI_{tot} = 0 is much more transparent in the first-order formalism. This is because in the first-order formalism, the Lorentz connection is invariant under hypersymmetry as in (2.19a), and therefore the invariance δ_QI_{Rω} = 0 is manifest.

Note that the fact R_{μν}^{rs}(ω) .= 0 does not make the Lorentz-Chern-Simons term (3.1) trivial, because of its last term ω ∧ ω ∧ ω, as in the usual Chern-Simons term in 3D [5]. Additionally, since the Lorentz group SO(2, 1) in 3D is noncompact, there is no quantization for the coefficient α [5].

Another interesting Chern-Simons term is of the GB -type I_{GB} ≡ ∫ d^3x L_{GB} , where L_{GB} ≡^1_2 βϵ^{μνρ} ( G_{μν}^I B_ρ^I −^1_3 gf^{IJK} B_μ^I B_ν^J B_ρ^K ) . (3.3)

In order to maintain the invariance of the total action I_{tot} ≡ I_0 + I_{Rω} + I_{GB} under hypersymmetry, we need to shift the C -field transformation rule by δ_QB, as

δ_QC_μ^I = + (T^I )^{AB} ( ϵ_{(n)}^Aψ_μ^{(n)B} ) − h(T^I )^{AB} ( ϵ_{(n)}^Aγ_μλ^{(n)B} ) − g^{−1}β(δ_QB_μ^I ) . (3.4)

Since the C -field appears nowhere in L_{tot} other than the CG -term, and the variation of I_{GB} has only δ_QB, the modification above is sufficient for the invariance of I_{tot}. The

B -field equation seems to get modified by the β -term, but actually not, because of the C -field equation G_{μν}^I .= 0.

The quantization of the β -coefficient for any gauge group with π_3(G) = ZZ is g^2ℓ = 8πβ (ℓ = 0, ±1, ±2, · · ·) . (3.5) This restricts the originally independent constant β to be proportional to g.

4. Concluding Remarks

In this paper, we have presented^∀N -extended hypergravity with the gravitino of spin n + 3/2 in an arbitrary real representation satisfying the condition (T^I )^{AB} = −(T^I )^{BA} of any gauge group G. Since such representation can be limitlessly large, we have arbitrarily large extended local hypersymmetries, which we call ‘ℵ_0 -hypergravity’. The number N of hypersymmetries is specified by the dimensionality of the representation of the index A. For example, the adjoint representation A = I yields N = dim G, or the vectorial representation A = a of G = SO(M) yields N = M.

Our result is a generalization of the work by Aragone-Deser for gravitino with arbitrarily large half-integral spins [2] to the system where the gravitino is in an arbitrary real representation such that the generators are antisymmetric. Compared with [2], our system has also additional structures, such as the topological CG -term and the hypersymmetric Chern-Simons term. When the gauge group is trivial as G = I, our graviton-gravitino sector is reduced to [2], while the CG and the Chern-Simons term still remains as an Abelian case. On the other hand, if we keep G to be non-trivial, while putting n = 0 with the spin 3/2 gravitino, we get the generalization of ℵ_0 -supergravity [13] for more general representations than the adjoint representation.

We have further generalized our system, by adding two more Chern-Simons term I_{Rω} and I_{GB} . We have seen that the hypersymmetric invariance of the total action I_{tot} ≡ I_0 + I_{Rω} + I_{GB} is restored, by a slight modification of the C -field transformation rule. Even though the field equations imply that R_{μν}^{mn}(ω) .= 0 and G_{μν}^I .= 0 on-shell, the ω ∧ω ∧ω for the former or B ∧B ∧B for the latter has non-trivial contribution as the surface term, as usual in Chern-Simons theory. We have also seen interesting relationships among the coupling constants g and h by the quantization of the coefficients of the relevant Chern-Simons terms for any gauge group with π_3(G) = ZZ.

In this paper, we have given Chern-Simons formulations with no more fundamental bases. However, it may well be the case that our theory has foundations, such as superparticle, superstring or supermembrane theory. As a matter of fact, it has been known for some time that a Chern-Simons theory in 10D can be derived from the second quantization of superparticle theory [20]. Therefore, it is not too far-fetched to expect that our ℵ_0 -hypergravity has also such extended objects as its foundation.

Even though the field strengths in our system vanish upon their field equations, they might have more significance than expected. In fact, a similar situation is found in socalled loop quantum gravity theory [21], or more generally, in topological field theories [15], where vanishing field strengths play non-trivial roles due to topological effects on the boundary. In our system, it is very peculiar that the local gauge symmetry can be arbitrarily large, and accordingly local hypersymmetry can be also arbitrarily large (ℵ_0) as well.

We are grateful to S. Deser for important discussions. This work is supported in part by NSF Grant # 0308246.

References

[1] C. Aragone and S. Deser, Phys. Lett. 86B (1979) 161. [2] C. Aragone and S. Deser, Class. and Quant. Gr. 1 (1984) L9. [3] G. Velo and D. Zwanziger, Phys. Rev. D186 (1969) 1337.

[4] S.F. Prokushkin and M.A. Vasiliev, Nucl. Phys. B545 (1999) 385, hep-th/9806236. [5] S. Deser, R. Jackiw and S. Templeton, Phys. Rev. Lett. 48 (1982) 975; Ann. of Phys. 140 (1982) 372, Erratum-ibid. 185 (1988) 406.

[6] C.R. Hagen, Ann. of Phys. 157 (1984) 342; Phys. Rev. D31 (1985) 331. [7] E. Witten, Comm. Math. Phys. 121 (1989) 351; K. Koehler, F. Mansouri, C. Vaz and L. Witten, Mod. Phys. Lett. A5 (1990) 935; Jour. Math. Phys. 32 (1991) 239.

[8] S. Carlip, J. Korean Phys. Soc. 28 (1995) S447, gr-qc/9503024, and references therein;

‘Quantum Gravity in 2+1 Dimensions’, Cambridge University Press (1998). [9] A. Achucarro and P.K. Townsend, Phys. Lett. 180B (1986) 89; Phys. Lett. 229B (1989) 383.

[10] H. Nishino and S.J. Gates, Jr., Int. Jour. Mod. Phys. A8 (1993) 3371. [11] H. Nishino and S.J. Gates, Jr., hep-th/9606090, Nucl. Phys. B480 (1996) 573;

H. Nishino and S. Rajpoot, Phys. Rev. D67 (2003) 025009, hep-th/0209106. [12] W.G. Ney, O. Piguet and W. Spalenza, Eur. Phys. Jour. C36 (2004) 245, hepth/0312193.

[13] H. Nishino and S. Rajpoot, Phys. Rev. D70 (2004) 027701, hep-th/0402111. [14] H. Nishino and S.J. Gates, Nucl. Phys. B480 (1996) 573, hep-th/9606090. [15] See, e.g., D. Birmingham, M. Blau, M. Rakowski and G. Thompson, Phys. Rep. 209C (1991) 129.

[16] See, e.g., P. van Nieuwenhuizen, Phys. Rep. 68C (1981) 189.

[17] S.J. Gates, Jr., M.T. Grisaru, M. Roček and W. Siegel, ‘Superspace’ (Benjamin/Cummings, Reading, MA 1983).

[18] J. Wess and J. Bagger, ‘Superspace and Supergravity’ (Princeton University Press, 1992).

[19] S. Deser and B. Zumino, Phys. Lett. 62B (1976) 335.

[20] R. Kallosh, ‘D = 10 Supersymmetric Chern-Simons Gauge Theory’, Talk given at ‘Strings and Symmetries’, in ‘Strings: Stony Brook 1991’, pp. 341-354, hepth/9111010.

[21] A. Ashtekar, V. Husain, C. Rovelli, J. Samuel and L. Smolin, Class. and Quant. Gr. 6 (1989) L185; L. Smolin, ‘Loop Representation for Quantum Gravity in 2+1 Dimensions’, in ‘John’s Hopkins Conference on Knots, Tolopoly and Quantum Field Theory’ (World Scientific, 1989); C. Rovelli and L. Smolin, Nucl. Phys. B331 (1990) 80; L. Smolin, ‘An Invitation to Loop Quantum Gravity’, hep-th/0408048.