arXiv:hep-th/0504106 v3 12 May 2005

Singularities in and Stability of Ooguri-Vafa-Verlinde Cosmologies

Brett McInnes

Abdus Salam ICTP and National University of Singapore^1 email: matmcinn@nus.edu.sg

ABSTRACT

Ooguri, Vafa, and Verlinde have recently proposed an approach to string cosmology which is based on the idea that cosmological string moduli should be selected by a Hartle- Hawking wave function. They are led to consider a certain Euclidean space which has two different Lorentzian interpretations, one of which is a model of an accelerating cosmology. We describe in detail how to implement this idea without resorting to a “complex metric”. We show that the four-dimensional version of the OVV cosmology is null geodesically incomplete but has no curvature singularity; also that it is [barely] stable against the Seiberg-Witten process [nucleation of brane pairs]. The introduction of matter satisfying the Null Energy Condition has the paradoxical effect of both stabilizing the spacetime and rendering it genuinely singular. We show however that it is possible to arrange for an effective violation of the NEC in such a way that the singularity is avoided and yet the spacetime remains stable. The possible implications for the early history of these cosmologies are discussed.

1Permanent address

1. The Perils of Ooguri-Vafa-Verlinde Cosmologies

Ooguri, Vafa, and Verlinde have put forward [1] an approach to string cosmology which implements the “wave function of the Universe” programme of Hartle and Hawking [2]. They do not propose a specific four-dimensional cosmological model, but here we shall see that much can be said about “OVV cosmology” [see also [3]] even at this early stage.

Ooguri et al begin by emphasising that it is natural, in the context of quantum gravity, to assume that the spatial sections of our universe are compact, a point also recently stressed by Linde [4][5] from a different point of view. This assumption plays a crucial role in the Ooguri et al proposal, since it means that various string moduli are not fixed — they must be selected by a wave function with amplitudes peaked at the appropriate moduli values.

Ooguri et al work with a compactification to Euclidean two-dimensional anti-de Sitter space, the hyperbolic space H^2; they use the foliation of H^n, familiar from studies of the AdS/CFT correspondence, by flat slices [6]. In the case of H^2, they use this foliation to perform a further compactification of H^2 to a space with topology IR × S^1, where S^1 is a circle — or, rather, a one-dimensional torus. The discussion in [1] is based entirely on this two-dimensional space and the two different Lorentzian spacetimes which Ooguri et al derive from it.

Ultimately, of course, Ooguri et al hope to obtain a quasi-realistic four-dimensional cosmology in this way. We argue that, whatever the precise form of this spacetime ultimately proves to be, one should expect the topology of its spatial sections to be that of a torus [or a quotient of a torus]. There are several reasons for this. First, it would allow us to make contact with the work of Linde [4][5] mentioned above; second, it is compatible with the well-known Brandenberger-Vafa string gas cosmologies [7]; third, granted compactness, the observed [8] near-flatness of our Universe also points to toral spatial sections. Finally, toral spatial sections, if they are of the right size, allow us to answer many of the objections which have been raised against the existence of horizons in accelerating cosmologies. Note that the size of the tori is not determined by the spacetime curvature, so it must be fixed in some other way^2; one can hope that it is determined by the wave function of the Universe. The fundamental importance of this spatial size “modulus” will appear at several points in our work. [See [9] for an extended discussion of various aspects of spacetimes with flat, compact spatial sections.]

The simplest way to proceed towards four dimensions is as follows. The standard foliation of H^4 by flat sections can be used to define a partial compactification of H^4 to a space with topology IR × T^3, where T^3 is the three-torus. This is exactly analogous to the OVV procedure, and so we shall assume that four-dimensional space and spacetime have this structure. This simple assumption has far-reaching consequences, however.

A recent development in string theory has been the realization that as one moves away from exact Euclidean AdS [that is, hyperbolic, H^n] geometry — as of course one ultimately must [10] — various novel effects arise, and eventually one reaches geometries where specifically stringy effects [11] destabilize a spacetime which may appear perfectly acceptable from a classical point of view.

2By contrast, the radius of the smallest spherical spatial slice of the simply connected global de Sitter spacetime is completely fixed by the cosmological constant.

For a concrete example, parametrise the three-torus by angles [taking a common minimal radius of 2K for the circles] and endow IR × T^3 with the Euclidean metric

g_c(2, 2K, L)_{++++} = + dt^2 + 4K^2 cosh^2( t L )[dθ^2_1 + dθ^2 + dθ^2_3], (1)

where L is a constant; here, apart from the indication of the signature and the subscript c, which reminds us of the cosh function, the notation is as in [12]^3. Notice that, ignoring the signature, the “scale factor” is precisely that of de Sitter spacetime — only the geometry and topology of the spatial sections is different. The geometry has no obvious pathology; the manifold is non-singular and inextensible. For large t, we have

g_c(2, 2K, L)_{++++} ≈ + dt^2 + K^2 e^{2 t/L} [dθ^2_1 + dθ^2 + dθ^2_3]. (2)

The right side of this relation is the metric of constant curvature − 1/L^2 on a partial compactification of H^4; it is precisely a four-dimensional version of the metric on the partially compactified two-dimensional hyperbolic space discussed by Ooguri et al [1]. Thus we can think of the geometry corresponding to g_c(2, 2K, L)_{++++} as being obtained by deforming a certain quotient of ordinary Euclidean AdS space. Near infinity, the two spaces are almost indistinguishable geometrically. Physically, however, they are very different, as we shall see.

The difference is revealed by the behaviour of branes on these spaces. Let us introduce a 4-form field on these backgrounds, and consider the nucleation of Euclidean BPS 2- branes [13]. The stability of this system is determined by a purely geometric question: can the area of a brane always grow quickly enough to keep the action positive? In ordinary [non-compactified] Euclidean AdS it does, but in certain distorted versions of AdS it does not; thus we obtain a criterion for the stringy stability of the Euclidean version of a given spacetime. This Seiberg-Witten [13] mechanism has been applied to topologically non-trivial black hole spacetimes in [14]. It has recently been applied to cosmology by Maldacena and Maoz [15], and their work has been extended in various ways in [16][17][18][19][11][9]. [Other uses of instability to remove candidate backgrounds may be found in, for example, [20].]

For spaces [like those represented by the metrics in (1) and (2) above] which are flat at infinity this question of stability is particularly subtle [11]; the system can be stable or unstable, depending in a delicate way on the precise details of the geometry. A direct computation [12] shows that the brane action on the background given by (1) is in fact unbounded below, while it is always positive for the metric on the right side of (2): the volume term “wins” in the former case but not in the latter, despite the close similarity of (1) and (2) when t is large^4. Thus the innocent appearance of (1) is very misleading. This is not a consistent background for string theory. On the other hand, the four-dimensional OVV space with metric (2) is consistent in this sense, despite the fact that its difference from g_c(2, 2K, L)_{++++} decays rapidly towards infinity. Nevertheless, the OVV space is “close” to being unstable: although it is locally the same as Euclidean AdS_4, its global structure is different, and this affects the rate at which the area and volume of a brane can grow.

3If this is a metric for a string gas cosmology, or if one wants to use it in the Hartle-Hawking manner, one should restrict t to t ≥ 0 in this formula.

4That is, the approximation in (2) is not good enough in this context.

This conclusion is somewhat disturbing, for it might well apply to the kind of cosmological models one hopes to derive from string theory. One does not expect de Sitter spacetime itself to suffer from such instabilities — but we do not live in de Sitter spacetime: we live in a version of it that has been distorted by the presence of matter and radiation. The danger is that this distortion might have the same destabilizing effects as the one which turns the stable OVV space into the unstable space with metric (1). Notice, in particular, that our spacetime has been distorted away from de Sitter spacetime to this extent: it appears to be spatially flat, while de Sitter spacetime has spherical sections. Our Universe may well, therefore, have a conformal infinity which, as in the space with metric (1), is flat and compact. In view of the fact that the flat-boundary case is so delicate, an apparently realistic string cosmology could be perilously close to being non-perturbatively unstable. Clarifying this question is one of our major objectives.

We shall proceed as follows: first we discuss the unfamiliar way in which the space considered by Ooguri et al [1], and its four-dimensional generalization, must be continued to Lorentzian signature. We explain in detail the claim of Ooguri et al that their single Euclidean space can continue to two distinct Lorentzian spacetimes: this is possible with the aid of a slight extension of Witten’s [21] technique of “multiple analytic continuation”. The continuation can be performed in such a way that one obtains an accelerating cosmological spacetime [“OVV spacetime”] while avoiding the problem of a complex metric, mentioned in [1]. We then discuss the global structure of the OVV spacetime, stressing that it is null geodesically incomplete, though without curvature singularities.

Next, we show that a scalar field with a certain very simple potential can mimic the behaviour of “conventional” matter introduced into an initially OVV spacetime; here “conventional” means that the Null Energy Condition [NEC] is satisfied. The Einstein equations can be solved exactly when the matter equation-of-state parameter is constant, and so we can check directly that the brane action discussed above remains positive throughout the corresponding Euclidean space. However, this raises another problem, for, precisely when the NEC is satisfied, this spacetime has to have a curvature singularity if the Einstein equations hold, even if the usual Strong Energy Condition is violated. Thus we are in a paradoxical situation: the introduction of conventional matter stabilizes the spacetime and yet renders it singular. The only way out is to modify the geometry of the very early Universe in some way that does not induce Seiberg-Witten instability. This is a delicate matter, since such modifications, if they last too long, certainly do cause instability: indeed, this is why the space with metric g_c(2, 2K, L)_{++++} is unstable.

The use of a scalar field to mimic the effects of matter and radiation has the further benefit that it permits a simple check of stability from a holographic point of view. Scalar fields on asymptotically de Sitter spacetimes induce a conformal field theory at infinity [22][23]; this is independent of the hypothetical existence of a complete “dS/CFT correspondence”. This CFT frequently has complex conformal weights, which may possibly signal yet another instability or other pathology. We show that this does not happen in our model.

Finally, again guided by [1], we shall discuss how the singularities mentioned above can be resolved. This necessarily involves a brief violation of the Null Ricci Condition [NRC]. The resulting overall structure emphasises the link with string gas cosmology [7][12].

2. Euclid to Lorentz According to Ooguri et al

Ooguri et al work with a compactification of IIB string theory on a Euclidean manifold of the form IR × S^1 × S^2 × CY, where CY is a Calabi-Yau manifold, where S^2 has its usual metric of curvature 1/L^2, and where IR × S^1 is a partial compactification of the hyperbolic surface of curvature − 1/L^2. Recall that one form of the metric on the simply connected hyperbolic surface H^2 [topology IR^2] is

g(H^2)_{++} = e^{(2 ζ/L)} dϱ^2 + dζ^2, (3)

where both ϱ and ζ range in (− ∞, + ∞). Ooguri et al work with the space [of topology IR × S^1 and geometry H^2/ZZ] obtained by compactifying ϱ but not ζ.

Leaving aside the CY × S^2 factor for the moment, we have here a two-dimensional Euclidean space which Ooguri et al interpret in two different ways. In one, the circular version of ϱ is “time”, leading to a Witten index which counts ground states of a certain black hole configuration. In the other, the circular coordinate is “space”, and we have a cosmological model, which Ooguri et al regard as evolving in Euclidean “time”, ζ, from an “initial” S^1. As ζ increases, the size of the “spatial” circle increases exponentially, so, physically, what we should obtain in this way is an accelerating cosmology. Of course, in speaking of “time” and “space”, we are really referring to some Lorentzian version of this Euclidean space, so what Ooguri et al are proposing is that one has a single Euclidean space with two different Lorentzian versions, one of which is a two-dimensional accelerating cosmology. One of our objectives will be to clarify how it is possible for a single Euclidean space to have more than one Lorentzian version.

Meanwhile, however, let us note that Ooguri et al are really proposing a kind of duality between supersymmetric black holes and accelerating cosmologies. If this can be made to work, then we will have a new tool for studying accelerating cosmologies from a stringtheoretic point of view, assuming that such cosmologies can be obtained in string theory in some other way [24]. The procedure would be to extend from two to four dimensions by replacing H^2/ZZ with its natural higher-dimensional version, the partial compactification H^4/ZZ^3 [obtained by compactifying the sections in the foliation of H^4 by flat slices]; the most obvious replacement for IR × S^1 × S^2 × CY would then be IR × T^3 × FR, where IR × T^3 is the topology of H^4/ZZ^3, and where FR denotes a [singular] Freund-Rubin space of the kind studied in [25][26][27].

This approach differs from that of Maldacena and Maoz [15], who have constructed string-motivated cosmological models by introducing matter into locally anti-de Sitter spacetimes. These cosmologies can be made to accelerate [temporarily], but only by introducing a quintessence field [17]^5.

However, this is not what Ooguri et al have in mind. They hope to obtain a direct interpretation of the H^2/ZZ metric itself in terms of a cosmology which accelerates without the aid of any quintessence field. Clearly this will only be possible by means of some unusual mathematical approach, because one normally associates hyperbolic metrics [constant negative curvature] with anti-de Sitter spacetime rather than de Sitter spacetime. Furthermore, as Ooguri et al themselves observe, it is far from clear how to interpret ζ

5See [28][18][9][29] for other studies of anti-de Sitter cosmology.

in (3) as Lorentzian time, because complexifying it in the traditional way will complexify the metric. These two problems will in fact prove to be two sides of the same coin.

The key idea here is that of multiple analytic continuation, as used in studies of “bubble of nothing” spacetimes. The idea [originally suggested in [21]] is that it can be useful and physically meaningful to complexify spacelike as well as timelike dimensions of a Lorentzian spacetime, provided that in the end one obtains a real metric with physically reasonable signature. Thus, for example, it is acceptable to complexify both a time and a space coordinate in certain black hole and other solutions [30][31][32] to obtain other interesting spacetimes [“bubbles of nothing”]. Applied to the Euclidean case, this clearly opens the way to obtaining two [or more] different Lorentzian spacetimes from a single Euclidean space, just as Ooguri et al require. To understand how this works for asymptotically de Sitter and anti-de Sitter spacetimes, let us first explain how it applies to dS and AdS themselves. After doing so, we shall return to the specific case of the OVV spacetime at the end of this section.

It is a basic fact that if one takes the standard metric on the four-sphere of radius L,

g(S^4)_{++++} = L^2 { dξ^2 + cos^2(ξ) [dχ^2 + sin^2(χ){dθ^2 + sin^2(θ) dϕ^2}] } , (4)

where all of the coordinates are angular, and continues ξ → iT/L, then the result is de Sitter spacetime,

g(dS_4)_{− +++} = − dT^2 + L^2 cosh^2(T/L) [dχ^2 + sin^2(χ){dθ^2 + sin^2(θ) dϕ^2}], (5)

with the indicated signature.

Now let us begin again, applying the ideas of “multiple analytic continuation” [21]. Let us complexify χ in equation (4) instead of ξ, replacing χ → ±is/L, and for convenience relabelling ξ as u/L [without complexifying it]. This is a multiple analytic continuation in Witten’s [21] sense, that is, it changes the sign of more than one term in the metric. We obtain

g(AdS_4)_{+−−−} = du^2 − cos^2(u/L) [ds^2 + L^2 sinh^2(s/L){dθ^2 + sin^2(θ) dϕ^2}]. (6)

But this is the anti-de Sitter metric, in (+ − − −) signature, and expressed in terms of coordinates [33][34][35] based on the timelike geodesics which are perpendicular to the spatial sections; the coordinate u is proper time along these geodesics. These coordinates do not cover the entire spacetime, of course, because these timelike geodesics intersect, being drawn together by the attractive nature of gravity in anti-de Sitter spacetime [which satisfies the Strong Energy Condition]. This is why these coordinates give the false impression that there is no timelike Killing vector in this geometry. In fact, these coordinates cover the Cauchy development of a single spacelike slice. Thus we have only continued S^4 to a small part of AdS_4, so the procedure is unsatisfactory in this sense; in particular, in the opposite direction, this way of Euclideanizing AdS_4 would obviously not be suitable for describing its asymptotic regions. Nevertheless it is now clear that it is not correct to claim that de Sitter spacetime is the only Lorentzian continuation of the four-sphere: one can even obtain a piece of anti-de Sitter spacetime in this way. In fact, it is clear more generally that Euclidean spaces will often have more than one Lorentzian version if we accept both (+ − − −) and (− + + +) signatures — as we must, since the difference is a mere matter of convention^6.

For many purposes, the more familiar ξ → iT/L complexification of S^4 is the most satisfactory way of thinking about Euclidean de Sitter spacetime; one might well prefer it when considering the earliest history of the Universe. However, there is one very crucial aspect of de Sitter spacetime that is not well described in this way: its asymptotic region. Just as complexifying AdS_4 to S^4 is not a good way to study the boundary physics of anti-de Sitter spacetime, so also we cannot expect to understand the late-time, near-boundary physics of dS_4 by continuing it to S^4, which of course has no boundary whatever. This argument suggests strongly that a full understanding of asymptotically de Sitter spacetimes can only be obtained by complementing the standard Euclidean version of de Sitter spacetime with a continuation to a Euclidean manifold which, unlike S^4, can be regarded as the interior of a manifold-with-boundary. One picture would be suitable for very early times, the other for very late times.

The solution of this problem is to regard de Sitter spacetime as the continuation not only of S^4, but also of the hyperbolic manifold H^4. This was proposed [in this context] in [37]; explicit implementations were investigated in [38] and [39] [see also [40]]; it has been used in the very interesting theory of Lasenby and Doran [41][42]; it has been put on a rigorous mathematical basis [though mainly in the case of Einstein bulks, which are of limited cosmological interest] by Anderson [43]; closely related ideas appear in the theory of S-brane and “bubble” spacetimes [32]; it is relevant to any theory which makes use of the fact that the de Sitter and anti-de Sitter spacetimes are mutually locally conformal [44]; and, as we shall see, it plays a basic role in the recent work of Ooguri, Vafa, and Verlinde [1]. Let us explain why this suggestion is not as radical as it may seem.

First, one is [now] accustomed to think of dS_4 as a space of constant positive curvature, and hence it seems “natural” to associate it with S^4. However, this is merely due to the [current] preference for signature (− + + +): if we use (+ − − −) signature, then the curvature of dS_4 is negative. Similarly the curvature of the AdS_4 metric in (+ − − −) signature, given in (6) above, is positive, as it should be since (6) was obtained from the metric of the Euclidean four-sphere. Again, the overall sign is a matter of convention, so there is no basis for the assertion that de Sitter spacetime is “naturally” associated with S^4. Indeed, in some works [for example [41][42]] the opposite is assumed to be natural.

A more serious objection is that AdS_4 can of course also be obtained by analytic continuation from H^4. Now AdS_4 differs from dS_4 not just in its local geometry but also in its global structure. How can these different global structures arise from different complexifications of a single Euclidean space?

First let us obtain the formal derivation. One global foliation of H^4, shown in Figure 1, is in terms of cylinders with topology IR × S^2. This works as follows. H^4 can be defined as a connected component of the locus

− A^2 + B^2 + x^2 + y^2 + z^2 = − L^2, (7)

defined in a five-dimensional Minkowski space. It is clear that all of the coordinates except A can range in (− ∞, + ∞), while A has to satisfy A^2 ≥ L^2. Choosing the connected

6It is in fact possible to dispute this statement in the case of non-orientable spacetimes [36], but we shall not consider this case here.

Figure 1: Cylindrical foliation of H^4.

component on which A is positive, we can pick coordinates Ψ,Σ,θ,ϕ such that

A = L cosh(Ψ) cosh(Σ) B = L sinh(Ψ) cosh(Σ) z = L sinh(Σ) cos(θ) y = L sinh(Σ) sin(θ) cos(ϕ) x = L sinh(Σ) sin(θ) sin(ϕ), (8)

and these coordinates cover H^4 globally if we let Ψ run from − ∞ to + ∞ while Σ runs from 0 to + ∞. [Both θ and ϕ are suppressed in Figure 1.] The surfaces Ψ = constant are copies of three-dimensional hyperbolic space, all of the same curvature, −1/L^2, as can be seen by noting that the first two equations of (8) imply that − A^2 + B^2 is independent of Ψ. These slices intersect the conformal boundary at right angles. A typical surface Ψ = β = constant is shown in Figure 1.

The surfaces Σ = constant are topological cylinders. If we think of H^4 as the interior of a four-dimensional ball, then these cylinders are “pinched” as they approach the boundary at the points Ψ = ±∞. A typical “pinched cylinder” inside the boundary is shown as Σ = α = constant in Figure 1. It is clear that H^4 is completely foliated by these cylinders, and the conformal boundary is a cylinder with two additional points [corresponding to Ψ = ±∞] added: with these additions, the boundary becomes the familiar three-sphere. Notice that this structure is very similar to that of Lorentzian anti-de Sitter spacetime. The metric with respect to this foliation is

g(H^4)_{++++} = L^2 { cosh^2(Σ) dΨ^2 + dΣ^2 + sinh^2(Σ)[dθ^2 + sin^2(θ)dϕ^2] } . (9)

Now we shall consider a second, completely different, but also entirely global foliation of H^4, shown in Figure 2. Choose coordinates Θ,ρ,θ,ϕ, where Θ runs from − ∞ to + ∞

Figure 2: H^3 foliation of H^4.

while ρ runs from 0 to + ∞, and set

A = L cosh(Θ) cosh(ρ) B = L sinh(Θ) z = L cosh(Θ) sinh(ρ) cos(θ) y = L cosh(Θ) sinh(ρ) sin(θ) cos(ϕ) x = L cosh(Θ) sinh(ρ) sin(θ) sin(ϕ). (10)

Because we are suppressing two angles, Figure 2 seems to resemble Figure 1, but this is misleading [except in two dimensions, see below]. Here the surfaces Θ = constant are, from the second member of equations (10), just the submanifolds B = constant; they are copies of the three-dimensional hyperbolic space H^3, as can be seen at once from equation (7). This foliation differs from the previous one in a crucial way, however: whereas previously the slices all had the same curvature, −1/L^2, as the ambient space, here the surface Θ = α = constant can be written as

− A^2 + x^2 + y^2 + z^2 = − L^2 cosh^2(α), (11)

so the magnitude of the curvature of a slice is reduced by a factor of sech^2(α). The slices become flatter as they are expanded towards the boundary. In this case, the copies of H^3 are all “pinched together” as we move towards their boundaries, that is, as ρ → ∞. A typical H^3 slice, Θ = α = constant is shown in Figure 2.

Notice that the slices themselves do not intersect: only their conformal completions do so. At any point on a given copy of H^3, one can send a geodesic [shown in Figure 2] of the form θ = ϕ = constant, ρ = constant = β, towards infinity, and this will uniquely define two points on the boundary, one each at Θ = ±∞. In this sense, one can say that conformal infinity is “disconnected”: the usual three-sphere is divided into two hemispheres corresponding to the forward or backward “evolution” of any H^3 slice along Θ. Of course, topologically the boundary is connected, since the two hemispheres join along the common conformal boundary of all of the slices. Nevertheless, it will be useful to remember that the boundary does fall into two disconnected pieces if the boundary of the slices is deleted.

It is clear that this foliation is also global, though it is in general totally different to the one shown in Figure 1. The metric with respect to this foliation is

g(H^4)_{++++} = L^2 { dΘ^2 + cosh^2(Θ)[dρ^2 + sinh^2(ρ){dθ^2 + sin^2(θ) dϕ^2}] } . (12)

[See for example [45] for a different application of this foliation of H^4.]

Now the metrics in (9) and (12) are one and the same; only the foliations are different. It has been stressed by Buchel and Tseytlin [46][16], however, that it is not the case that two distinct foliations of a given Euclidean space must be regarded as fully equivalent in the quantum theory. This is true even in the case where different foliations correspond, on the Lorentzian side, to different foliations of the spacetime by spacelike slices with distinct intrinsic geometries. For this will correspond to distinct time evolutions with physically distinct quantum Hamiltonians. [On the Lorentzian side, different spacetime foliations correspond to different groups of observers with non-intersecting worldlines, so one should think of this in terms of observer dependence rather than violation of diffeomorphism invariance.] One should think of “Euclideanization” as an assignment to a given Lorentzian manifold of a Euclidean manifold with a fixed foliation. In our case the distinction between the two foliations pictured is even more stark, since, after complexification, the leaves of one foliation become spacelike while those of the other are themselves Lorentzian. Thus we should not in general regard Figures 1 and 2 as depictions of the same physical system, even though the underlying Euclidean manifold is the same in both cases.

Figure 3: Cylindrical foliation of H^4, with compactification of one axis.

Furthermore, different foliations of a given Euclidean space can be appropriate to different ways of taking quotients by discrete isometry groups. For example, it is quite natural to compactify the coordinate Ψ in equation (9), since Ψ → Ψ + 2π is clearly an isometry. If we do this, then Figure 1 has to be re-drawn; parts of the diagram have to be deleted, as shown in Figure 3, and the top and bottom of the diagram have to be identified. The boundary changes topology from S^3 to S^1 × S^2. This is just the “thermal AdS” construction which is of such importance in the AdS/CFT correspondence [10]. By contrast, in (12) neither Θ nor ρ can be compactified in this way, at least not in four dimensions [see below]. Hence this foliation is appropriate to the case where we do not take the quotient. However, the local geometry of the two, now distinct, Euclidean spaces remains identical.

Let us now proceed to the complexifications. For the sake of clarity we shall adopt the convention that a non-periodic time coordinate becomes periodic, and vice versa, upon complexification; note that this is compatible both with our discussion above and with the usual procedure when continuing, for example, the Schwarzschild metric. There is however no reason to insist on this rule when dealing with spacelike coordinates. In that case we shall try to preserve the periodicity or non-periodicity of the coordinate, unless the geometry is such that it seems natural to do otherwise.

In view of our earlier discussion, we should not expect (9) and (12) necessarily to lead to the same Lorentzian spacetime upon complexification. Indeed, if we map Ψ → iU/L and re-label Σ [without complexifying it] as S/L, then we obtain from (9)

g(AdS_4)_{− +++} = − cosh^2(S/L) dU^2 + dS^2 + L^2 sinh^2(S/L)[dθ^2 + sin^2(θ)dϕ^2], (13)

and this is precisely [33] the globally valid AdS_4 metric, in the indicated signature^7. But if we take (12) and perform a multiple analytic continuation [again, in Witten’s sense [21] of changing the sign of more than one term in the metric] by mapping ρ → ±iχ while re-labelling Θ as T/L, we obtain, since sinh(± i χ) = ±i sin(χ),

g(dS_4)_{+−−−} = dT^2 − L^2 cosh^2(T/L) [dχ^2 + sin^2(χ){dθ^2 + sin^2(θ) dϕ^2}], (14)

which is of course the global form of the de Sitter metric, but in a signature which makes its curvature negative. Thus de Sitter and anti-de Sitter spacetimes are seen to have a common origin in the same Euclidean space, which has however been foliated in two ways that, in four dimensions, are very different^8.

Notice that, just as the cylindrical structure of the foliation in Figure 1 is very much like the cylindrical structure of Lorentzian anti-de Sitter spacetime, so also the structure of Figure 2 is very closely related to that of Lorentzian de Sitter spacetime, in the following sense: at each point of a spacelike section of Lorentzian de Sitter spacetime, one can send out a timelike geodesic either to the future or the past, and so map the point to a unique point on either future or past conformal infinity. We saw that a precisely analogous statement could be made regarding Figure 2. The difference is that the conformal infinity of Lorentzian de Sitter spacetime is truly disconnected, whereas the Euclidean “future” and “past” in Figure 2 bend around and touch along the equator, so that the full conformal infinity is one connected copy of S^3. If one were to delete this equator then the formal similarity would be still closer.

7Unless we take the universal cover, the topology of AdS_4 is S^1 × IR^3, so the time coordinate U is, in the first instance, a circular coordinate; see [33][34][35]. According to our rule, we pass to the universal cover in the Lorentzian case if and only if Ψ is periodic.

8If we compactify Ψ then we should say that they come from Euclidean spaces with the same metric but with different topologies.

We are not of course claiming that these simple observations immediately allow a full understanding of de Sitter spacetime in terms of [say] the Euclidean AdS/CFT correspondence. Our original motivation [37] for relating de Sitter spacetime to hyperbolic space was the observation that, from the point of view of symmetries, H^4 is much more similar to dS_4 than to AdS_4. Indeed, H^4 and dS_4 have exactly the same isometry group, the orthogonal group O(1,4). Furthermore, the conformal boundary of dS_4 consists of two copies of S^3, which of course is also the conformal boundary of H^4. These facts led us, in [37], to propose that one or both of the boundary components of dS_4 should be topologically identified with the boundary of H^4, thus enabling the symmetries of one side to act directly on the other. A concrete proposal for relating the physics on one side to that on the other was then proposed in [38] [see also[40]]. The relationship is non-local, and the transformation has a non-trivial kernel, so that information is lost as one tries to transfer de Sitter data to H^4. Thus one cannot establish an exact equivalence of the AdS/CFT kind here. Nevertheless it is certainly reasonable to expect that gross features of the physics on one side, such as the stability of an entire spacetime and its matter content, are reflected on the other.

All of our discussions thus far have been relevant to four-dimensional spacetimes. In other dimensions the situation is similar, though as we are about to see the case of two spacetime dimensions is rather subtle. However, the reader may wish to note the following point. Euclideanization of curved metrics was of course developed in connection with Euclidean Quantum Gravity [47], but the method has taken on a life of its own, particularly in connection with the AdS/CFT correspondence. Nevertheless, if one is interested in the original application, then it is important that complexification of a coordinate should also complexify the volume form. In equation (12), for example, the volume form is

dV(g(H^4)_{++++} ) = L^4 cosh^3(Θ) sinh^2(ρ) sin(θ) dΘ dρ dθ dϕ, (15)

and one sees at once that complexifying ρ [to obtain equation (14)] does indeed complexify the volume form. However, this only works if the number of spacetime dimensions is even. Thus we shall confine ourselves to even spacetime dimensions henceforth. [Depending on the dimension, one may have to choose the sign of the imaginary factor in the complexification so that the volume form “rotates” in the correct direction. This is the reason for the ± sign in the complexification of ρ, above.]

In two dimensions, the situation we have been describing is particularly interesting. In that case, Figures 1 and 2 can be interpreted literally, in the sense that there are no angles to be suppressed. Then a simple reflection, Ψ → ρ, Σ → Θ shows that the two foliations are identical, and indeed it is clear that the two ways of writing the Euclidean metric are the same:

g(H^2)_{++} = L^2 [cosh^2(Σ) dΨ^2 + dΣ^2] = L^2 [dΘ^2 + cosh^2(Θ) dρ^2]; (16)

here, though not in higher dimensions, we can take ρ to be periodic, like Ψ. [We are therefore dealing with the quotient H^2/ZZ, and the correct Euclidean picture is then the one in Figure 3, or Figure 3 reflected about a diagonal if one prefers the other foliation.]

Complexifying as usual, we obtain

g(AdS_2)_{− +} = − cosh^2(S/L) dU^2 + dS^2, (17) g(dS_2)_{+ −} = dT^2 − L^2 cosh^2(T/L) dχ^2. (18)

Now it is immediately clear that the two-dimensional case has a special property: it is not possible to use the metric to decide which coordinate should be regarded as time. For, locally, these two metrics are identical. Ultimately this is due to the fact that the anti-de Sitter group in n+1 dimensions, O(2,n), is isomorphic to the de Sitter group O(n+1,1), when n = 1. The local geometry does not tell us whether equation (17) is the AdS_2 metric with U as time, or (18) is the dS_2 metric with T as time [and a suitable choice of signature]. This corresponds precisely to the fact that the two Euclidean foliations are identical. However, our rule regarding the periodicity of time under complexification helps us: if we take Ψ to be periodic, then, if U is time, it should not be periodic: this gives us the standard topology IR^2 for two-dimensional anti-de Sitter spacetime. On the other hand, if χ is spacelike, then it should continue to be periodic, and this gives us the standard IR × S^1 topology for two-dimensional de Sitter spacetime. Thus the global structure helps to remove the ambiguity.

In this approach, the distinction between AdS_2 and dS_2 cannot be seen in the Euclidean theory: both spacetimes arise from the Euclidean space pictured in Figure 3. The distinction arises from the choice as to which dimension is to be interpreted as time in the Lorentzian continuation. Notice that neither interpretation involves complexifying the metric; nor does either lead to a periodic Lorentzian time: the periodicity is pushed off to Euclidean time in the AdS case, and to Lorentzian space in the dS case. This indicates that our rule as to when a complexified time coordinate should be periodic does have a firm physical basis.

In this work we shall be primarily concerned not with the de Sitter and anti-de Sitter spacetimes, but rather with spacetimes which are asymptotic to these fundamental examples. The above discussion was however necessary, because we must take care to perform analytic continuations in a way which is compatible with the continuation of the asymptotic spacetime. The basic point is that we now know how to continue an asymptotically hyperbolic Euclidean space to a cosmological spacetime. This is precisely what is done in the work of Ooguri, Vafa, and Verlinde [1], to which we now turn.

As we discussed earlier, the two-dimensional hyperbolic space can be foliated in yet a third way, by flat sections: the metric was given as (3). After compactifying one direction, as in [1], the manifold becomes H^2/ZZ, and the metric becomes

g(H^2/ZZ)_{++} = K^2 e^{(2 ζ/L)} dϑ^2 + dζ^2; (19)

here, ϑ as an angular coordinate. This partial compactification introduces a new length scale, denoted K, which is independent of the curvature scale L. This additional length scale is of basic importance.

As Ooguri et al point out, however, it is difficult to see how complexification can work in equation (19) if we proceed in the usual way, since complexifying ζ leads to a complex metric. Our earlier discussion reveals the correct procedure: if we think of ϑ as Euclidean “time” and complexify it as ϑ → iτ /K [re-labelling ζ as z], we obtain a non-periodic time coordinate τ on [part of] ordinary AdS_2:

g(AdS^∗_2)_{− +} = − e^{2z/L} dτ^2 + dz^2; (20) while if we think of K as a measure of the size of Euclidean “space”, then the continuation K → ±iK, with a re-labelling of ζ as t and of ϑ as θ_1, gives us a local de Sitter spacetime:

g(dS^∗_2/ZZ)_{+ −} = dt^2 − K^2 e^{2t/L} dθ^2_1. (21)

Here the asterisks remind us that the foliations of Lorentzian AdS and dS by flat sections do not cover the entire spacetimes. Furthermore, these flat sections are not compact in the original spacetime, so if [in accordance with our rule] the coordinate θ_1 is periodic, then we are dealing with dS^∗_2/ZZ here, as indicated. This space happens to have the same IR × S^1 topology as the standard two-dimensional de Sitter spacetime, but it is constructed quite differently: it is obtained^9 by cutting away part of dS_2, leaving a geodesically incomplete spacetime, and then patching this up by means of a topological identification. The fact that one returns to the original topology in this way is merely a quirk of two-dimensional geometry. This observation will be crucial below; meanwhile, we stress that, while they may have the same metric, AdS^∗_2 and dS^∗_2/ZZ are globally very different. This is how one distinguishes the two different Lorentzian spacetimes which Ooguri et al wish to obtain from a single Euclidean space.

We have obtained a consistent picture of the proposal of Ooguri et al, one which avoids the problem of complex metrics. The analysis also instructs us how to work towards more realistic, four-dimensional cosmological models. We should begin with the fourdimensional version of the Euclidean space H^2/ZZ, namely H^4/ZZ^3, where, as always, H^n denotes the standard simply connected space of constant negative curvature − 1/L^2; here, we take the H^4 foliation by simply connected flat surfaces, as described for example in [6], and compactify these surfaces as we did in the two-dimensional case. The simplest choice is a cubic torus with all circumferences equal to position-dependent multiples of 2πK; other shapes and topologies are possible and interesting but will not be considered here. With this construction we obtain the manifold IR × T^3 with a metric which is just the obvious extension of g(H^2/ZZ)_{++} [equation (19) above]. This is a space of constant negative curvature −1/L^2; it is a partial compactification of H^4. Therefore one can study in it all of the usual Euclidean AdS physics, such as the Seiberg-Witten [13] brane pair creation process.

We are interested here in the cosmological Lorentzian version of the “Euclidean OVV space”, H^4/ZZ^3. In accordance with the above discussion, we should therefore complexify K in the same way as in the two-dimensional case; since this will change the signature from (+ + + +) to (+ − − −) [because K is the radius of all three circles], this can be regarded as another example of Witten’s [21] multiple analytic continuation. In fact, we must proceed in this way in order to ensure compatibility with the (+ + + +) to (+ − − −) complexification of the basic H^4 with which we began. We finally have the four-dimensional version of the OVV metric,

g_{OVV} (K, L)_{+−−−} = dt^2 − K^2 e^{(2 t/L)} [dθ^2_1 + dθ^2 + dθ^2_3]. (22)

This is a Lorentzian metric with the indicated signature: thus it is still a metric of constant negative curvature, but it is locally indistinguishable from the (+ − − −) version of dS_4 with its foliation by flat surfaces. As discussed earlier, complexifying K → ± iK will

9See the next Section for a discussion of this construction in the four-dimensional case.

complexify the volume form [which is proportional to K^n in (n+1) dimensions] provided that the number of spacetime dimensions is even; thus the path integral can be made to converge in the four-dimensional case if the sign of the imaginary factor is suitably chosen.

We have argued that, if the Ooguri et al proposals lead to a reasonable four-dimensional cosmology at all, then the basic form of this cosmology is a certain version of de Sitter spacetime, with the metric (22), and with a distinctive topology. Because of its fundamental importance, we need to study the properties of this spacetime in detail.

3. Structure and Stability of the OVV Spacetime

In this section we shall explore the very interesting global structure of the four-dimensional OVV spacetime, and we shall show that it is stable against the Seiberg-Witten pair production process.

First we consider the details of the construction. Consider the version of (+ − − −) de Sitter spacetime with flat spatial sections. Physically, this is precisely the set of all events in dS_4 to which a signal can be sent by an inertial observer. This is in fact an open submanifold of IR × S^3: the Penrose diagram [48] is obtained by deleting from the usual dS_4 diagram the lower triangular half, including the diagonal and its endpoints. This is shown as the triangle OAC in Figure 4; the fact that the endpoints of the diagonal have been deleted is indicated by the small circles. Notice that timelike geodesics perpendicular to the flat spatial sections are represented by straight lines converging on the point O. It is

Figure 4: Penrose diagram of the OVV spacetime.

clear from the diagram that this spacetime is timelike and null geodesically incomplete, but we can partly remedy this by compactifying the spatial sections. This works as follows.

In the Penrose diagram, a typical point represents a two-sphere. We can however inscribe a cube into each two-sphere, with the cubes in different two-spheres having parallel faces, and then think of the points in the diagram in terms of the inscribed cubes. Since cubes do not of course have spherical symmetry, we will have to interpret the Penrose diagram as representing a specific direction. Now in the Penrose diagram of the half of de Sitter spacetime which can be foliated by copies of flat IR^3, take the cube of side length 2πK at time t = 0 and perform the usual identifications to generate a three-torus. The effect is to remove all of the diagram to the right of the line marked OB, which is the timelike geodesic corresponding to this cube. Thus the Penrose diagram corresponding to the OVV metric is just the triangle OAB shown, where however the point O is not included.

Clearly the line OB does not otherwise intersect the diagonal line OC where the original spacetime was incomplete, so the only place where the new spacetime can be incomplete is the point O. This point is at t = − ∞, so it is at an infinite proper time to the past along any timelike curve; thus this spacetime is timelike geodesically complete. However, consider the null curve N shown, which begins at t = T and extends back to t = − ∞. Because of the topological identifications, it appears to “bounce” back and forth between the origin and OB: actually it wraps around the torus, which of course shrinks as we move back in time. It will in fact wrap around the torus infinitely many times. To compute the amount of affine parameter expended as it moves towards O, proceed as follows: first, write equation (22) as

g_{OVV} (K, L)_{+−−−} = e^{(2 t/L)} {dη^2 − K^2[dθ^2_1 + dθ^2 + dθ^2_3]}, (23)

where η is conformal time; thus dt = e^{(t/L)} dη. As the conformally related metric in the braces is flat, a null geodesic satisfies dη/d~λ = c_1 = constant, where ~λ is an affine parameter with respect to this flat metric. The usual relation [[49], page 446] between the affine parameters of null geodesics of conformally related metrics gives us d~λ/dλ = c_2 e^{− (2 t/L)}, where c_2 is another constant. Thus we have dt dλ = dt dη dη d~λ d~λ dλ = e^{(t/L)} c_1 c_2 e^{− (2 t/L)} = c e^{− (t/L)}. (24)

Now it should be clear from the construction of the line DE in Figure 4 that the “corners” in the null geodesic N are not relevant to the computation of the affine parameter A(N) along N. The answer is simply given by

A(N) = c

∫_T − ∞ e^{(t/L)}dt, (25)

which is obviously finite. Thus we have explicitly constructed a null geodesic which is inextensible and yet expends finite total affine parameter as it is extended back towards the point O. We conclude that the OVV spacetime is timelike but not null geodesically complete.

One might think that this incompleteness is a special property of the specific metric g_{OVV} (K, L)_{+−−−} , but this is not the case. In fact, a theorem^{10} due to Andersson and

10Not the one used in [12].

Galloway [50][51] implies that null incompleteness to the past is almost unavoidable here. The theorem may be stated as follows; we refer the reader to the Appendix for details of the terminology and a brief commentary on this remarkable result.

THEOREM [Andersson-Galloway]: Let M_{n+1}, n ≤ 7, be a globally hyperbolic (n+1)- dimensional spacetime with a regular future spacelike conformal boundary Γ^+. Suppose that the Null Ricci Condition is satisfied and that Γ^+ is compact and orientable. If M_{n+1} is past null geodesically complete, then the first homology group of Γ^+, H_1(Γ^+, ZZ), is pure torsion.

Here the Null Ricci Condition is the requirement that, for all null vectors k^μ, the Ricci tensor should satisfy R_{μν} k^μ k^ν ≥ 0. (26)

The OVV spacetime has a regular future conformal boundary, pictured as the line AB in Figure 4; this boundary is compact and orientable, since it is just the torus T^3. The Null Ricci Condition is satisfied, since the spacetime is an Einstein space. But the first homology group of T^3 is certainly not pure torsion [that is, not every element is of finite order]: it is isomorphic to ZZ ⊕ ZZ ⊕ ZZ. Thus the spacetime had to be null geodesically incomplete.

The surprising and beautiful feature of the Andersson-Galloway theorem, however, is that this same conclusion holds even if we distort the geometry, as long as the Null Ricci Condition continues to hold. That is, if we introduce any kind of matter such that the NRC continues to hold — if the Einstein equations are valid, then this just means that the Null Energy Condition holds — then the resulting cosmology will necessarily be null incomplete to the past. We can interpret the theorem in this way because, physically, the introduction of matter into the OVV spacetime will not violate its other conditions. In other words, the Andersson-Galloway theorem is a singularity theorem: as with the classical singularity theorems, the conclusion does not depend on assumptions about local isotropy or homogeneity or on the precise structure of the Friedmann equations. The behaviour it predicts will occur no matter what happens to the spatial sections in the early Universe.

Obviously the null incompleteness of the OVV spacetime itself is rather harmless, since clearly there is no “singularity” at O. It is true that, in principle, an observer in this spacetime can receive a message from the “negative infinite” past; but since one can receive messages in ordinary AdS_4 from spatial infinity, perhaps this no longer seems very shocking. More seriously, however, one should note that this spacetime contains nothing but dark energy. If we were to introduce some ordinary matter or radiation satisfying the NRC, then we would certainly expect a real singularity to develop. The situation here is analogous to that of pure AdS_4, with metric given in equation (13). This space satisfies the Strong Energy Condition [SEC], and yet it is not singular. This does not contradict the Hawking-Penrose theorem, however, but only because AdS_4 does not satisfy the generic condition [[33], page 101], a technical condition on the curvature tensor. In the same way, the null geodesic incompleteness of the OVV spacetime will turn into a genuine curvature singularity if we introduce any kind of matter such that the Null Ricci Condition continues to hold, because the spacetime will become generic in this sense. This expectation is confirmed by the explicit examples we shall consider later.

We stress that this result is very much stronger than the classical singularity theorems, which require the SEC. For it is easy to violate the SEC with well-behaved matter such as quintessence, but it is extremely difficult to do so in the case of the Null Energy Condition, a fact which has been discussed from many different points of view in the recent literature — see for example [52][53][54][12][55]. This is particularly true if any NEC violation persists beyond the earliest history of the Universe. We must nevertheless accept that any concrete cosmological model based on the OVV spacetime will be singular if we only consider non-exotic matter fields and if the Einstein equations hold exactly. This point will be discussed in more detail below.

Let us return to the OVV spacetime itself. Recall that the Penrose diagram is just the triangle OAB in Figure 4. Evidently, like de Sitter spacetime, the OVV spacetime has a cosmological horizon, which would extend diagonally down from point A in the Figure. Clearly, however, the observer at the origin can receive signals from any point in space^{11}; indeed, as we saw, he can see rays of light which have circumnavigated his world arbitrarily many times. In reality, of course, he can see back no farther than the time of decoupling, but, even in this case, we can adjust K [which is inversely related to the slope of the line OB in Figure 4] so that he will eventually be able to see an entire spatial section even if — apparently like ourselves [58][59] — he cannot do so at present. At that time he will be able to deduce the fate of all physical systems in his world, despite the fact that they are destined ultimately to pass beyond the horizon. Thus the horizon has a rather different, less questionable status in this spacetime. See [60][12] for discussions of related issues.

Finally, let us consider the stability of this spacetime from the Seiberg-Witten [13] point of view. The fact that the Euclidean OVV space is locally indistinguishable from Euclidean AdS_4, which is of course stable in this sense, should not make us complacent. For branes, being extended objects, are sensitive to certain global geometric features: their actions typically involve non-local quantities, such as area and volume, the growth of which can be strongly affected by the global structure of the ambient manifold. One might be concerned that these global phenomena might affect area and volume differently. This does in fact happen in the OVV case, though fortunately not to the extent that any instability is induced.

Consider a BPS (D − 1)-brane together with an appropriate antisymmetric tensor field in a Euclidean asymptotically AdS_{D+1} background. The brane action consists [13] of two terms: a positive one contributed by the brane tension, but also a negative one induced by the coupling to the antisymmetric tensor field. As the first term is proportional to the area of the brane, while the second is proportional to the volume enclosed by it, we have

S = T(A − D L V), (27)

where T is the tension, A is the area, V the volume enclosed, and L is the background asymptotic AdS radius. In the case at hand, [the Euclidean version of] equation (22) gives us S_{OVV} (t) = 8π^3T K^3 { e^{3 t/L} − 3 L ∫_t − ∞ e^{3 τ /L} dτ } , (28)

11See [56][57] for early discussions of such phenomena.

which of course is precisely zero. In reality, as we discussed above, this spacetime will become singular if we introduce non-exotic matter into it, so we should really begin the integration at some finite value, say t = − σ; then the action is the positive constant 8π^3T K^3 e^{− 3σ/L}. The introduction of matter will however modify the geometry, and so the action will in general either increase or decrease away from this value as t is taken to infinity. If it becomes negative, then we have a non-perturbative instability of the system. Explicit examples of this have been given in [15] and [12].

Clearly the OVV spacetime is not unstable in this sense; however, it would not be difficult to render it unstable, since even a small constant negative contribution to the slope of the action could eventually lead to negative values for the action itself. Evidently we need to consider the back-reaction on the OVV spacetime geometry arising from the presence of matter. This is the subject of the next section.

4. Structure of OVV Cosmologies Containing Non-Exotic Matter

In this section we shall consider the consequences of introducing “non-exotic” matter into the OVV spacetime studied in the previous section. Here “non-exotic” means that the matter shall be such that the corresponding stress-energy tensor satisfies the Null Energy Condition [NEC]. If we assume that the Einstein equations hold, this is equivalent to assuming that the spacetime geometry satisfies the Null Ricci Condition^{12}. However, the reader is reminded that in more general contexts, such as brane world models [63][64][65] or Gauss-Bonnet models [66], it is possible for the NRC to be violated even if all true matter fields satisfy the NEC. This is known as “effective” violation of the NEC; see [67] for a general discussion of this point. This will be important later, but, throughout this section, we shall assume that the Einstein equations do hold.

Our specific concern in this section is to understand the classical structure of the spacetimes obtained by deforming the OVV spacetime, using non-exotic matter. Questions of stability are postponed to the next section.

We proceed as follows. We take the OVV spacetime, with a small cosmological constant determined by a length scale L, and introduce into it a scalar field φ with a potential V(φ, ϵ) = − 3 8πL^2

[1 − 1 6 ϵ] sinh^2( √ 2 π ϵ φ); (29)

here ϵ is a positive constant. We have placed the minus sign prominently so as to remind the reader that, in the (+ − − −) signature being used here, the sign of a potential is the opposite of the familiar one. The kinetic term does not change sign, however. Bear in mind that OVV spacetime is locally the same as de Sitter spacetime, which in this signature has a negative cosmological constant − 3/(8πL^2).

While we shall also be interested in the specific behaviour of a small scalar field excitation on an OVV background, our primary concern at this point is with the following claim: we assert that, as far as the spacetime geometry is concerned, the field φ exactly mimics the effects on the OVV spacetime of a matter field with constant equation-of-state

12See [61] for discussions of the observational aspects of NEC violation, and [62] for the theoretical aspects.

parameter related to ϵ by w_φ = 1 3 ϵ − 1. (30)

Thus for example if we insert non-relativistic matter [zero pressure] into the OVV spacetime and allow it to act [via the Einstein equations], this will have the same effect as introducing φ with ϵ = 3, while φ with the value ϵ = 4 mimics the effects of radiation; the value ϵ = 1 arises if we are interested in the back-reaction induced by domain walls on the OVV geometry, and so on. We stress that we are not primarily interested in using this field to violate the Strong Energy Condition; that is, φ is not [necessarily] a quintessence field. In the cases of principal interest to us, the acceleration is due to the negative contribution made by the OVV cosmological constant to the total pressure. Also note that we are not claiming that φ is a fundamental scalar field: we use it as a convenient way of representing various kinds of matter to be inserted into the OVV spacetime. If we take the kinetic term to be the standard one, then, as is well known, φ automatically satisfies the Null Energy Condition, so the condition that the matter should be “non-exotic” holds for any value of the parameters.

We now proceed to justify these claims. We shall consider Friedmann-like cosmological models with metrics of the form

g = dt^2 − K^2 a(t)^2[dθ^2_1 + dθ^2 + dθ^2_3]; (31)

this generalizes the OVV metric in an obvious way. Adding the energy density of the φ field to that of the initial OVV space, we have a Friedmann equation of the form ( ȧ a )^2 = 8π 3 [ 1 2 φ̇^2 − V(φ, ϵ) + 3 8πL^2

]. (32)

The equation for φ itself is

φ̈ + 3 ȧ a φ̇ − dV(φ, ϵ) dφ = 0. (33)

Surprisingly, these equations have very simple solutions: by muddling about in the manner of [17], one finds that [with natural initial conditions] φ is given by φ = 1 √ πϵ/2 tanh^{− 1}(e^{− ϵ t/2L}), (34)

and the metric is^{13}

g_s(ϵ, K, L)_{+−−−} = dt^2 − K^2 sinh^{(4/ϵ)}( ϵ t 2L ) [dθ^2_1 + dθ^2 + dθ^2_3]; (35)

here the s refers to the sinh function. From these results one can compute the energy density and pressure of the φ field alone:

ρ_φ = 3 8πL^2 cosech^2( ϵ t 2L ), (36)

13The reader who wishes to undertake the task of verifying these solutions will find the following simple fact helpful: if A and B are quantities related by tanh(A) = e^{−B}, then cosh(2A) = coth(B).

p_φ = 3 8πL^2 [ 1 3 ϵ − 1] cosech^2( ϵ t 2L ), (37)

from which equation (30) above is immediate.

If ϵ = 3, we should have the local metric for a spacetime containing non-relativistic matter and a de Sitter cosmological constant, and indeed g_s(ϵ, K, L)_{+−−−} reduces in this case — purely locally, of course — to the classical Heckmann metric [see [68] for a recent discussion]. In the general case it agrees [again locally] with the results reported in [69], where it is obtained by postulating a linear equation of state [without giving a matter model]. For large t we have

g_s(ϵ, 2^{2/ϵ} K, L)_{+−−−} ≈ dt^2 − K^2 e^{2 t/L}[dθ^2_1 + dθ^2 + dθ^2_3], (38)

which is the OVV metric given in equation (22); notice that ϵ effectively drops out. Thus our metric is “asymptotically OVV”, for all ϵ.

The matter content of this spacetime does not behave as simply as one might expect. For while it is true that both components, the cosmological constant and the φ field, separately have constant equation-of-state parameters, their combination does not: if we denote the total energy density by ρ and the total pressure by p, then we have a total equation-of-state parameter w given by

w = p/ρ = − 1 + ϵ 3 sech^2( ϵ t 2L ). (39)

Thus w decreases from − 1 + (ϵ/3) in the early universe to its asymptotic OVV value − 1. The Strong Energy Condition is violated if w < − 1/3, so the SEC holds in the early universe provided that − 1 + (ϵ/3) > − 1/3, which just means that ϵ should exceed 2. In this case there is a transition from deceleration to acceleration, as is observed in our Universe [70]. This is of course the case of most interest.

Clearly the field φ diverges as we trace it back towards t = 0, and so do its energy density and pressure. It follows from the Einstein equations that this spacetime has a genuine [curvature] singularity there: for example, the scalar curvature is given by

R(g_s(ϵ, K, L)_{+−−−} ) = − 12 L^2 + 3 L^2

(ϵ − 4) cosech^2( ϵt 2L ); (40)

this tends to −12/L^2 as t tends to infinity, the correct asymptotic de Sitter value in this signature, but it clearly diverges as t tends to zero [except in the ϵ = 4 case, which corresponds to radiation and hence to a traceless stress-energy tensor which does not contribute to the scalar curvature; but this case is still singular, as one sees by examining other curvature invariants]. This cannot be understood in terms of the classical singularity theorems, because some of the metrics in this family violate the Strong Energy Condition even at early times, and yet remain singular: for example, the metric

g_s(2, K, L)_{+−−−} = dt^2 − K^2 sinh^2( t L ) [dθ^2_1 + dθ^2 + dθ^2_3] (41)

violates the SEC at all times t > 0, and yet it is singular. The same statement is true for all members of the family with ϵ less than 2. This is in contrast to spacetimes with the IR × S^3 topology of [the global, simply connected version of] de Sitter spacetime, where of course the classical singularity theorems can be evaded precisely because de Sitter spacetime itself violates the SEC. That is, SEC violation is enough to remove the singularity in that case, but not here.

Instead, we have to use the Andersson-Galloway theorem [50][51], which applies to these spacetimes in exactly the same way as we applied it to the OVV spacetime in the preceding section. That is, the failure of null geodesic completeness is an inevitable consequence of the topology of these spacetimes [the first homology group of the spatial sections is not pure torsion] combined with the fact that φ automatically satisfies the Null Energy Condition [which is equivalent to the Null Ricci Condition here since we are assuming the Einstein equations]. But, as we foresaw, the failure of null geodesic completeness here is more serious than in the pure OVV case: the spacetime curvature is no longer constant, the geometry is generic [in the technical sense discussed earlier], and the result is a curvature singularity, which enforces timelike as well as null geodesic incompleteness. The Andersson-Galloway theorem implies that this singularity can only be avoided in one way: by violating the NRC. This important conclusion will be discussed in more detail later.

Figure 5: Penrose diagram of the g_s(ϵ, K, L)_{+−−−} spacetime, ϵ > 2

The complete structure of these spacetimes is summarized, as usual, in their Penrose diagrams, which are of two types according to the value of ϵ. The Penrose diagram for the ϵ > 2 case is shown in Figure 5. Future conformal infinity is spacelike, and there is a Big Bang singularity which is also spacelike. The height/width ratio of the diagram is determined by the parameter ratio L/K; we have chosen a value such that the observer shown cannot yet detect the toral structure of his universe, though he will detect it later. The reader may find it helpful to compare Figure 5 with the diagrams in [60][71].

If ϵ ≤ 2, the Penrose diagram is triangular, like the triangle OAB in Figure 4, with the difference that the point O becomes genuinely singular. These diagrams and their precise shapes will be discussed in more detail elsewhere [72]. Meanwhile, we remind the reader that we are really most interested in values of ϵ between 3 [pure non-relativistic matter] and 4 [pure radiation].

We now turn to questions of stability.

5. Stability of OVV Cosmologies Containing Non-Exotic Matter

In this section we shall be concerned with the stability of these spacetimes, specifically from a holographic/string-theoretic point of view.

We have treated the φ field merely as a device for representing the effects of various kinds of matter and radiation on the OVV spacetime. However, let us ask what happens if we take it more seriously, as a genuine scalar field excitation propagating on the OVV background [without affecting the spacetime geometry].

The field theory of scalars on de Sitter-like backgrounds is a vast subject; see for example [73][74][75] for relevant work. A new aspect of the theory was revealed, however, by studies of de Sitter spacetime from a holographic point of view. It was soon realised [22][23] that a scalar field propagating in the de Sitter bulk induces a conformal field theory on the conformal boundary. Whether this implies the existence of a complete equivalence of the AdS/CFT kind is questionable [38][40], but we shall not rely on the existence of a complete “dS/CFT correspondence” here. We merely wish to ask what kind of CFT is induced by our field φ.

In detail, the limit of a scalar field amplitude [for a scalar of mass m_φ] in de Sitter spacetime defines a CFT two-point function at de Sitter conformal infinity. The conformal weights corresponding to the boundary operator defined by φ are given, in four spacetime dimensions, by h_± = 1 2 [3 ± √ 9 − 4 L^2 m^2_φ]. (42)

One sees immediately that the weights will be complex, with unwelcome physical consequences, unless m_φ satisfies m^2_φ ≤ 9/(4L^2 ). This “Strominger bound” is analogous [22][37][39] to the well-known Breitenlohner-Freedman bound [76] on the masses of scalar fields in anti-de Sitter spacetime.

Now at late times, the metric g_s(ϵ, K, L)_{+−−−} [equation (35)] is locally indistinguishable from that of de Sitter spacetime, and, furthermore, φ is very small [equation (34)]; hence we see, from (29), that φ can be regarded as a scalar field of squared mass

m^2_φ = 3 2L^2 ϵ [1 − 1 6 ϵ] (43)

propagating on a local de Sitter background. Substituting this into equation (42), we find that the Strominger bound is automatically satisfied for all values of ϵ. Both weights are always real, and they are given simply by

h_+ = ϵ/2 h_− = 3 − (ϵ/2); (44)

here we have assumed that ϵ ≥ 3 so that h_+ ≥ h_−; of course the definitions should be reversed if ϵ < 3. Notice that by varying ϵ one can obtain all values of the mass allowed by the Strominger bound. Recall that the action V(φ, ϵ) was constructed simply with a view to obtaining equation (30); so it is remarkable indeed that the construction is also precisely what is required to ensure that the Strominger bound is satisfied.

We conclude that the field φ always induces a well-behaved CFT at infinity; our matter models seem to be acceptable from a holographic point of view.

We complete this discussion with the following curious observation. One sees from (44) that the Strominger bound is saturated when ϵ = 3. Now because de Sitter spacetime and Euclidean hyperbolic space have the same isometry group, the relevant representation theory has been extensively developed [77]. The scalar representations fall into three families, the principal, complementary, and discrete series. The principal representations are those which, under contraction of the de Sitter group to the Poincaré group, correspond to the familiar flat space representations [73]. They are of two kinds, which in fact are classified precisely by the weights given above. The first kind is the case of complex weights: these of course violate the Strominger bound. The only other kind is precisely the case where the bound is saturated.

The complementary series consists of representations where the Strominger bound is satisfied but not saturated^{14}, but these representations have no flat-spacetime analogue. [The discrete series corresponds to the special, massless case [74][75].] We conclude that ϵ = 3 is the only value which is both physically acceptable and at the same time corresponds to a well-defined flat space representation. It is interesting that ϵ = 3 is singled out in this way, for this is physically perhaps the most important case: as we saw, it corresponds to zero-pressure, non-relativistic matter superimposed on an initial OVV spacetime.

Next we turn to our principal concern, the question of stability from the point of view of the Seiberg-Witten pair production process.

The Euclidean versions of these spacetimes are obtained by complexifying K as usual, so we have

g_s(ϵ, K, L)_{++++} = dt^2 + K^2 sinh^{(4/ϵ)}( ϵ t 2L ) [dθ^2_1 + dθ^2 + dθ^2_3]. (45)

This metric has, of course, the same asymptotic structure as the Euclidean OVV metric g_{OVV} (2^{−(2/ϵ)}K, L)_{++++} ; it is an example of an asymptotically hyperbolic Riemannian metric. We can think of it as a deformation of the OVV metric. This is of course alarming, since, as was discussed in the Introduction, there are known examples of such deformations [equation (1)] which are strongly unstable against pair production of BPS branes [12]. We can investigate this issue by examining the action given in equation (27): we have

S(g_s(ϵ, K, L)_{++++} ; t) = 8π^3 TK^3[sinh^{(6/ϵ)}( ϵ t 2L ) − 3 L ∫_t 0 sinh^{(6/ϵ)}( ϵ τ 2L ) dτ ]. (46)

In the case of non-relativistic matter [ϵ = 3] this can be evaluated, the result being

S(g_s(3, K, L)_{++++} ; t) = 4π^3 TK^3[ 3t L + e^{(3t/L)} − 1]. (47)

It is easy to see that this is never negative, and so there is no danger of Seiberg-Witten [13] instability here. In fact, this function increases away from its initial value, zero. Thus the deformation is innocuous here, as it was not in the case of the metric g_c(2, 2K, L)_{++++} [equation (1)].

In the general case, a simple calculation shows that the derivative of the brane action is given by d dt S(g_s(ϵ, K, L)_{++++} ; t) =

24π^3 TK^3 L sinh^{(6/ϵ)}( ϵ t 2L )[coth( ϵ t 2L ) − 1]. (48)

14The relevant Hermitian form in the complementary case [[77], page 518] involves a gamma function which is ill-defined if the Strominger bound is saturated, so ϵ = 3 certainly does not belong to this series.

This is obviously positive. Since S(g_s(ϵ, K, L)_{++++} ; 0) is zero, we see that the action will never be negative, and so there is no Seiberg-Witten instability here for any value of ϵ. All forms of matter that satisfy the Null Energy Condition help to stabilize the spacetime.

Recall that the brane action was constant in the case of pure OVV spacetime. What we have shown is that the introduction of matter satisfying the NRC actually makes the OVV space “more stable”, in the sense that it converts this constant to an increasing function. By contrast, one can show [12] that NRC-violating geometry causes it to decrease. However, that is not conclusive, since a decreasing function can of course still be everywhere positive. This too was investigated in [12], and the conclusion is that a NRC-violating geometry can be stable, but only for certain values of the parameters. We shall discuss this in more detail in the next section.

To summarize, then, we have arrived at a somewhat paradoxical conclusion. The OVV spacetime [pictured as the triangle OAB in Figure 4] is well-behaved, but it is on the brink of two very different catastrophes. First, it is “nearly” singular in the sense that it is null geodesically incomplete, but only in a rather harmless way. Second, it is “nearly” unstable in the sense that a slight perturbation could set off the Seiberg-Witten “stringy instability”. We have found that making the OVV spacetime more realistic — by introducing conventional matter and radiation into it — definitely staves off instability, yet at the same time causes the spacetime to become genuinely singular. Furthermore, this singularity is of a particularly persistent kind: no amount of SEC violation by a scalar with a conventional kinetic term, or distortion of the geometry, can remove it.

6. Avoiding the Singularity

We have stressed that the singularity in the metric g_s(ϵ, K, L)_{+−−−} [equation (35)] is not a mere consequence of the assumed symmetries; nor however can it be understood in terms of the classical singularity theorems based on the Strong Energy Condition. In fact, the only way^{15} to remove this singularity is to violate the Null Ricci Condition [50][51], or the Null Energy Condition if we assume the validity of the Einstein equations.

A fundamental matter field which genuinely violates the NEC is very hard to handle, as has been discussed for example in [52][53][54][12][55]. It is true that, to avoid a singularity, we need only a brief period of NEC violation, but it would clearly be better to avoid the various unpleasant physical properties of NEC-violating matter.

It is here that the distinction between the NRC and the NEC is useful. The former is of course a purely geometric condition [see (26) above], while the latter refers only to items such as pressure and energy densities. The two are linked by the gravitational field equation. They are equivalent if the Einstein equations hold exactly, but of course this is a highly questionable assumption in the early Universe. In braneworld models [63][64][65] there are explicit corrections to the Einstein equation which allow the NRC to be violated while every matter field satisfies the NEC, so that one says that the NEC is “effectively” violated [67][12]. Similarly, the NEC and the NRC can be usefully different in certain Gauss-Bonnet theories [66].

If we arrange to violate the NEC only effectively, then we can hope to circumvent the Andersson-Galloway theorem without using dangerously unstable forms of matter.

15See the Appendix.

However, there is a problem here: the Seiberg-Witten instability is determined purely by geometric data [rates of growth of volume and area] so it can still be present even if the NEC is only violated effectively. This fact is the most serious obstacle to removing the singularity at t = 0 in g_s(ϵ, K, L)_{+−−−} , and the same comment holds for any spacetime with the OVV topology.

The question, then, is whether we can find an OVV-like spacetime in which all matter fields preserve the NEC, in which the metric violates the NRC, but which does not suffer from uncontrolled Seiberg-Witten pair-production. Ideally one should do this by deriving such a metric from a specific theory, such as in the brane-world models mentioned above [63][64][65]; but for clarity we shall just work with a simple family of metrics that violate the NRC, and try to determine whether there are parameter values allowing us to avoid any instability. A family of such metrics, defined on a space with OVV topology IR × T^3, was discussed in [12], and will now be described.

Consider the metrics given by

g_c(γ, K, L)_{+−−−} = dt^2 − K^2 cosh^{(4/γ)}( γ t 2L ) [dθ^2_1 + dθ^2 + dθ^2_3], (49)

where γ is a positive constant and the c subscript refers to the cosh function. Here K is simply the minimal radius of the spatial torus. The similarity to g_s(ϵ, K, L)_{+−−−} is obvious; in particular, this spacetime is “asymptotically OVV”. The Penrose diagram is again rectangular, as in Figure 5, with height determined by L and width determined by K; the only difference is that the bottom of the diagram is spacelike but not singular. Since these spacetimes satisfy all of the other conditions of the Andersson-Galloway theorem and have a future conformal infinity with toral topology, we see that they must violate the Null Ricci Condition. In fact, these metrics were introduced in [56] precisely in order to demonstrate explicitly that “phantom” cosmologies [62] need not be singular. They are obtained in the same way as g_s(ϵ, K, L)_{+−−−} , that is, by introducing “matter” with a constant equation-of-state parameter into a de Sitter-like background; the difference is that this “matter” has negative energy density. These spacetimes always [for all γ and at all times] violate the NRC. Thus they are a kind of NRC-violating, non-singular “dual” to the g_s(ϵ, K, L)_{+−−−} spacetimes.

Consider the Seiberg-Witten brane action S(g_c(γ, K, L)_{++++} ; t) for the Euclidean version of this metric, g_c(γ, K, L)_{++++} , obtained as usual by complexifying K. Clearly, since the area of a cross-section is never zero, S(g_c(γ, K, L)_{++++} ; 0) is positive; with tension T, the value is 8π^3T K^3. However, again oppositely to the case in which the NRC is satisfied, the action immediately decreases, and in fact it always decreases for all values of t > 0. The question as to whether it remains positive as t → ∞ is therefore settled by computing the limiting value of the action. Unlike the action itself, this limit can be evaluated explicitly. It turns out [12] that it is actually negatively divergent for all values of γ ≤ 3. [This is why the metric discussed in the introduction, g_c(2, K, L)_{++++} , suffers from Seiberg-Witten instability.] For values of γ > 3 one can show that

lim_{t→∞} S(g_c(γ, K, L)_{++++} ; t) = 2^{(3 − 6γ )} π^3 K^3 T

(γ − 6)(3 + γ) γ(γ − 3) . (50)

This is indeed negative for values of γ strictly between 3 and 6. The spacetime will be unstable for these values, even if the NEC violation is merely effective. But for values of γ greater than or equal to 6, the limit is either positive or zero, and therefore the action is strictly positive. Thus for example the spacetime with OVV topology and metric

g_c(6, K, L)_{+−−−} = dt^2 − K^2 cosh^{(2/3)}( 3 t L ) [dθ^2_1 + dθ^2 + dθ^2_3] (51)

violates the NRC and yet is entirely stable against brane pair-production: in fact the brane action in this case is simply

S(g_c(6, K, L)_{++++} ; t) = 8π^3K^3T e^{(− 3t/L)}. (52)

Thus we see that we can indeed violate the NRC without destabilizing the spacetime, and that this does remove the singularity.

Since we wish to use this construction to remove the singularity, it is natural to assume that it is relevant only to the very earliest, pre-inflationary stages. Therefore we wish to choose the parameters such that the spacetime naturally evolves to an inflationary metric with the correct inflationary curvature radius, L_{INF}. The OVV metric itself naturally has this [local] inflationary structure if we choose L = L_{INF} — that is, the OVV metric is [locally] just the one that is usually called the inflationary metric. Furthermore, we know that the metrics we have been considering do evolve to the OVV metric, so we automatically have all the ingredients we need. We must however determine how to choose the parameter γ so that the NRC-violating phase is brief.

If we take the unit timelike vector associated with proper time in equation (49) then we can, with the help of an arbitrary unit spacelike vector perpendicular to it, construct a null vector k^μ; then it can be shown [12] that the corresponding Ricci tensor satisfies

R_{μν} k^μ k^ν = − γ L^2 sech^2( γt 2L ). (53)

The function on the right side therefore measures the extent of NRC violation. For fixed L and t, this expression tends to zero as γ becomes large, yet its integral from 0 to ∞ is −2/L, independent of γ; thus the effect of taking γ to be large is to focus the NRC violating effect close to t = 0. Since “large” values of γ — values greater than or equal to 6 — are precisely what we need for stability, we can summarize this discussion as follows: NRC violation does not destabilize the spacetime provided that it takes place over a period of time which is sufficiently brief. Since the magnitude of R_{μν} k^μ k^ν falls to half of its maximal value in a time

t_{1/2} = 2 L γ cosh^{− 1}( √ 2), (54)

we see that, to be specific, instability will be averted if we can arrange for the NRCviolating effect to decay so rapidly that R_{μν} k^μ k^ν falls to half its maximal magnitude in a time no longer than (L/3) cosh^{− 1}( √ 2). As we have stressed, a brief period of NRC violation is exactly what we want in an inflationary picture, where L = L_{INF}; in fact, we might prefer it to be even shorter than (L_{INF}/3) cosh^{− 1}( √ 2), that is, we might like γ to be even larger than 6. However, the value 6 is singled out as the smallest one which is physically acceptable. The precise value of γ has to be fixed by quantum gravitational considerations.

Let us assemble the pieces of the puzzle. The basic idea is that, in some model [such as a braneworld model] in which the Einstein equations are corrected at very early times, the NEC and the NRC initially fail to coincide : all of the matter fields obey the NEC at all times, but the NRC is violated at these early times. For a spacetime with the OVV topology, the result is a non-singular metric which resembles g_c(γ, K, L_{INF})_{+−−−}. There will be no instabilities if γ is at least 6; in fact, such values of γ also ensure that the NRC-violating era is quickly replaced by an inflationary period.

Very soon, then, g_c(γ, K, L_{INF})_{+−−−} becomes indistinguishable from the OVV metric g_{OVV} (2^{− (2/γ)}K, L_{INF})_{+−−−} [equation (22)], which is, locally, the standard inflationary metric. Notice that one relic of the NRC-violating era survives: the parameter K, which measures the radius of the torus at its smallest. Thus K is some extremely small number.

This inflationary era ends in the conventional way at time t_{EXIT}, and we switch [via some transitional geometry which we shall not attempt to describe] to a metric like g_s(4, K_{EXIT}, L_{DE})_{+−−−} [equation (35)] to describe the radiation-dominated era. Here K_{EXIT} is related to the size of the torus at time t_{EXIT}, and L_{DE} is the length scale appropriate to the current Dark Energy phase — that is, L_{DE} is very much larger than L_{INF}. At some time, before decoupling, g_s(4, K_{EXIT}, L_{DE})_{+−−−} in its turn will be replaced by a metric like g_s(3, K_{RAD}, L_{DE})_{+−−−} , where K_{RAD} is related to the size of the torus at the end of the radiation-dominated era. This is the metric appropriate to the matterdominated era. Finally, g_s(3, K_{RAD}, L_{DE})_{+−−−} will eventually become indistinguishable from yet another OVV metric, as the matter dilutes and the Universe enters its final phase, in which the dark energy dominates.

This picture is particularly natural if we are using the so-called “low-scale” versions of inflation, in which the inflationary era begins at a mass scale about 3 orders of magnitude below the Planck mass. These arise naturally in string theory, but there are difficulties in understanding the initial conditions for this kind of inflation. However, Linde [4][5] stresses that a simple and elegant way to solve the problem of initial conditions for lowscale inflation is to assume that the spatial sections of the Universe are compact and have either zero or negative curvature. As discussed in [9], the negative case is not acceptable in string theory because such spacetimes are unstable in the Seiberg-Witten sense. Thus we are left with the flat case, as discussed in this work. The flat, compact spatial sections solve the problem provided that the system is able to sample an entire spatial section. This will happen if the relevant part of the Penrose diagram of the early Universe is much taller than it is wide. Since any inflation-like expansion naturally expends large amounts of conformal time, and since the parameter K is very small, it should not be very difficult to arrange this. Thus the whole picture is ideally suited to incorporate Linde’s ideas, though of course it must be made numerically much more precise; in particular, one needs a quantum-gravitational account of the shape of the Penrose diagram describing the earliest phases of cosmic evolution.

A Penrose diagram illustrating the essential points of this discussion is given in Figure 6. The horizontal line in Figure 6 represents decoupling; the lower dot represents a particle or gravitational perturbation in the early Universe which has sampled an entire spatial section, as in Linde’s scenario; and the upper dot represents an observer like ourselves, who is not yet able to see an entire torus, though he will be able to do so in future. There is much more to be said about this picture, but let us turn to a more pressing issue: what

Figure 6: Penrose diagram of the Toral Universe

happens before t = 0, represented by the dashed line at the bottom?

Here, again, we can seek guidance from Ooguri et al [1]. In their discussion, the answer has two aspects, one Euclidean, the other a mixture of Euclidean and Lorentzian.

In the Euclidean case, Ooguri et al note that the region of large negative ζ in their metric given in (19) involves circles of arbitrarily small radius. Moving towards still smaller circles should be interpreted as motion towards larger circles in some T-dual theory. For example, Ooguri et al begin with a IIB theory, so the dual description should be in terms of IIA theory. In cosmological language, this should mean that all physics on tori “earlier” than t = 0 is completely equivalent to dual physics on later tori: the past of t = 0 is equivalent to its future, described in terms of different variables. In short, the full Euclidean manifold describing our Universe in the OVV picture consists of two identical “trumpet-shaped” spaces joined together smoothly at their narrowest point. The metric near this point should resemble g_c(γ, K, L)_{++++} , for some large value of γ.

This is in fact very similar to the standard way of describing the manner in which string gas cosmologies [7] avoid being singular. Clearly it would be highly desirable to give a precise description of the mapping of variables under T-duality in cosmology, as Ooguri et al do for their manifold [in terms of D3 branes on the IIB side and D2 branes on the IIA side]. Cosmology could actually implement string duality not just as a mathematical equivalence, but in terms of spacetime geometry.

Ooguri et al are also interested in a possible interpretation in terms of the Hartle- Hawking construction [2]. This would involve regarding t = 0 as the section where there is a transition from Euclidean geometry to Lorentzian. Recall that we argued in Section 2 that both ways of complexifying a Euclidean space should have complementary roles in string cosmology. If we take equation (49) and complexify time instead of the spatial parameter K, we obtain a metric of completely negative signature:

g_c(γ, K, L)_{−−−−} = − dτ^2 − K^2 cos^{(4/γ)}( γ τ 2L ) [dθ^2_1 + dθ^2 + dθ^2_3]. (55)

Of course, such a metric is just an unusual way of describing a Euclidean space; one has to take the absolute value before computing a length, just as one does for spacelike displacements in Minkowski space with signature (+ − − −). [Note however that a sphere has negative curvature in this signature.] Here τ is a coordinate which takes its values in the interval (−πL/γ, 0]. The space is foliated by tori, which reach a maximal radius of K at τ = 0. Hence, this Euclidean space can be smoothly joined [at t = τ = 0] to the Lorentzian space described by g_c(γ, K, L)_{+−−−} [equation(49)]. It is significant that complexifying t in g_c(γ, K, L)_{+−−−} does not complexify the metric, as would have happened if we had complexified time in g_s(ϵ, K, L)_{+−−−} [equation (35)] for ϵ = 3 or 4. That is, the early period of NRC violation reduces the extrinsic curvature of the spatial slices to zero as the transition is approached from the Lorentzian side, thus naturally allowing a smooth transition to a Euclidean regime while removing the imaginary factor from the metric when time is complexified. The two different forms of analytical continuation used here are indeed complementary: one complexifies K in g_s(ϵ, K, L)_{+−−−} to understand the physics of the boundary, and one complexifies t in g_c(γ, K, L)_{+−−−} to understand the earliest phases of this universe.

Thus, another possible answer to the question as to what happens at t = 0 is that time ceases to have any meaning if we try to probe beyond that point: the spacetime is replaced by the Euclidean space with metric g_c(γ, K, L)_{−−−−} . It would be very interesting to attempt to construct the corresponding wave function, in the manner described in [1]. Note that g_c(γ, K, L)_{−−−−} is singular at τ = −πL/γ, but it is not entirely clear what this means. Note that, in the absence of a meaningful “time” in the Euclidean region, there is no sense in which the Universe can be said to “evolve” from this point, so it may not be as obnoxious as the more familiar kinds of cosmological singularity. Nor does the singularity persist into the Lorentzian regime, as happens in the case of the well-known Hawking-Turok instanton [78]. Nevertheless one would like to know whether there is some way of smoothing over this Euclidean singularity, perhaps after the manner of [79]. This point remains to be investigated in detail.

7. Conclusion

The main points of our discussion can be summarized as follows. Ooguri, Vafa, and Verlinde have proposed a very unusual multiple interpretation of the locally hyperbolic space H^2/ZZ, and have explored the corresponding physics with a view to interpreting a Lorentzian version as an accelerating cosmology. We have extended this to the fourdimensional case, H^4/ZZ^3. After clarifying the mathematics, we found that the cosmology determined by this space is null geodesically incomplete. This foreshadows the fact that any more realistic version of these spacetimes is bound to be singular unless the Null Ricci Condition is violated in the earliest Universe. [It is worth noting that, however one proceeds, the presence of even one circle in the spacelike sections will lead, via the Andersson-Galloway theorem, to the conclusion that the NRC has to be violated if singularities are to be avoided. That is, almost any procedure of the OVV kind is likely to lead to this conclusion.] We argued that the NRC can however be violated without inducing instability, and we proposed concrete ways in which the initial singularity can be avoided.

Ooguri et al establish a kind of duality between an accelerating cosmology, represented by H^2/ZZ, and a particular black hole configuration. This is done by embedding H^2/ZZ in string theory, through a compactification of the form (H^2/ZZ) × S^2 × CY. The obvious analogue in the case of H^4/ZZ^3, which has the local geometry of a space of constant negative curvature, is a space of the form (H^4/ZZ^3) × FR, where FR denotes a Freund- Rubin space. Freund-Rubin compactifications have recently been revived [25][26][27] and it would be interesting to study OVV cosmology from that point of view. In particular, one should study the “OVV dual” of the Freund-Rubin embedding of our cosmologies. Note that Freund-Rubin compactifications themselves have a dual interpretation in terms of three-dimensional conformal field theories [80].

One striking feature of our analysis has been the remarkable way in which the introduction of matter affects the OVV spacetime, rendering it non-perturbatively stable in string theory when the NRC is satisfied [and even — sometimes — when it is not]. Now Firouzjahi et al [81] have argued that the introduction of matter into de Sitter space forces a modification of the Hartle-Hawking wave function [as also do higher metric modes]. Clearly it would be desirable to reconsider the findings of Ooguri et al from this point of view. The spacetimes we have considered here provide a concrete background for such an investigation.

We have stressed that the OVV construction introduces a new length scale when H^2 or H^4 is partially compactified^{16}; this is the parameter K in g_s(ϵ, K, L)_{+−−−} [which determines the K in g_c(γ, K, L)_{+−−−} when the latter is used in the way we have suggested]. The ratio L/K determines the shape of the Penrose diagrams for these spacetimes, and this shape is of profound physical significance [72]. One would certainly hope that it is fixed by the wave function of the Universe, and proving that the wave function is peaked at a physically reasonable value of L/K is an important challenge for these theories.

Acknowledgements

The author is extremely grateful to Wanmei for preparing the diagrams and for moral support. He also sincerely thanks all those who have made possible his visit to the High Energy, Cosmology, and Astroparticle Physics Section of the Abdus Salam International Centre for Theoretical Physics, where the work described here was done.

Appendix: About The Andersson-Galloway Theorem

In this appendix we briefly explain the terminology used by Andersson and Galloway [50][51], and comment on the conditions assumed in their theorem used above. This is important, because our argument is based on the claim that there is only one way to circumvent the theorem — to violate the Null Ricci Condition.

16Strictly speaking, there are actually three such parameters in the H^4 case.

A four-dimensional spacetime M_4 with Lorentzian metric g_M is said to have a regular future spacelike conformal boundary if M_4 can be regarded as the interior of a spacetimewith-boundary X_4, with a [non-degenerate] metric g_X such that the boundary is spacelike and lies to the future of all points in M_4, while g_X is conformal to g_M , that is, g_X = Ω^2g_M, where Ω = 0 along the boundary but dΩ ≠ 0 there. This is just a technical formulation of the idea that the Penrose completion should be well-behaved. There are examples of accelerating spacetimes which do not have a regular future spacelike conformal boundary — the Nariai spacetime [82] is of this type — but these spacetimes typically violate the NEC [some “phantom” cosmologies, though certainly not all [56], are singular towards the future, with the singularity at finite proper time] or are highly non-generic, like Nariai spacetime [which is on the very brink of having a naked singularity]. One certainly should not hope to escape from the conclusions of the Andersson-Galloway theorem by resorting to such examples.

A spacetime is said to be globally hyperbolic if it possesses a Cauchy surface, that is, a surface on which data can be prescribed which determine all physical fields at later and earlier events in spacetime, since all inextensible timelike and null curves intersect it. This forbids naked singularities, but it also disallows ordinary AdS. The dependence of the Andersson-Galloway theorem on this assumption might lead one to ask whether our conclusions can be circumvented by dropping global hyperbolicity. This is a topical suggestion, since it has recently been claimed [83] that string theory allows spacetimes which violate global hyperbolicity even more drastically than AdS. To see why this too will not work here, we need the following definition.

A spacetime with a regular future spacelike conformal completion is said to be future asymptotically simple if every future inextensible null geodesic has an endpoint on future conformal infinity. This just means that there are no singularities to the future — obviously a reasonable condition to impose in our case, since it would be bizarre to suppose that singularities to the future can somehow allow us to avoid a Big Bang singularity. Andersson and Galloway [50] show, however, that if a spacetime has a regular future spacelike conformal completion and is future asymptotically simple, then it has to be globally hyperbolic. Thus it would not be reasonable to drop this condition in our context. Notice that this discussion has a more general application: it means that, if the future of our Universe resembles that of de Sitter spacetime, any attempt to violate global hyperbolicity will necessarily cause a singularity to develop to the future. It would be interesting to understand this in the context of [83].

Finally, one might wonder whether a compact flat three-manifold can in fact have a first homology group which is pure torsion. The rather surprising answer is that it can: there is a unique manifold of this kind, the didicosm, described in [84][9]. The didicosm has the form T^3/[ZZ_2 × ZZ_2], that is, it is a quotient of the three-torus. However, if it were possible to construct a singularity-free spacetime metric on IR × T^3/[ZZ_2 × ZZ_2] without violating the NRC, this metric would pull back, via an obvious extension of the covering map T^3 → T^3/[ZZ_2 × ZZ_2], to a non-singular metric on IR × T^3, also satisfying the NRC. This is a contradiction. Similarly, of course, one cannot escape the conclusions of the theorem by allowing spacelike future infinity to be non-orientable.

We conclude that the only physically reasonable way to avoid a Bang singularity in a spacetime of OVV topology is indeed to violate the NRC.

References

[1] Hirosi Ooguri, Cumrun Vafa, Erik Verlinde, Hartle-Hawking Wave-Function for Flux Compactifications: The Entropic Principle, arXiv:hep-th/0502211

[2] J.B. Hartle and S.W. Hawking, Wave Function of the Universe, Phys.Rev.D28 (1983) 2960

[3] Robbert Dijkgraaf, Rajesh Gopakumar, Hirosi Ooguri, Cumrun Vafa, Baby Universes in String Theory, arXiv:hep-th/0504221

[4] Andrei Linde, Creation of a Compact Topologically Nontrivial Inflationary Universe, JCAP 0410 (2004) 004, arXiv:hep-th/0408164

[5] Andrei Linde, Inflation and String Cosmology, arXiv:hep-th/0503195

[6] O. Aharony, S.S. Gubser, J. Maldacena, H. Ooguri, Y. Oz, Large N Field Theories, String Theory and Gravity, Phys.Rept. 323 (2000) 183, arXiv:hep-th/9905111

[7] R. H. Brandenberger and C.Vafa, Nucl.Phys.B 316 (1989) 391; S. Alexander, R.

Brandenberger, D. Easson, Phys.Rev. D62 (2000) 103509, arXiv:hep-th/0005212; Damien A. Easson, Int.J.Mod.Phys. A18 (2003) 4295, arXiv:hep-th/0110225; Robert Brandenberger, Damien A. Easson, Dagny Kimberly, Nucl.Phys. B623 (2002) 421, arXiv:hep-th/0109165; Scott Watson, Robert Brandenberger, JHEP 0403 (2004) 045, arXiv:hep-th/0312097; Thorsten Battefeld, Scott Watson, JCAP 0406 (2004) 001, arXiv:hep-th/0403075; Richard Easther, Brian R. Greene, Mark G. Jackson, Daniel Kabat, JCAP 0502 (2005) 009, arXiv:hep-th/0409121; Rebecca Danos, Andrew R. Frey, Anupam Mazumdar, Phys.Rev. D70 (2004) 106010, arXiv:hep-th/0409162; Antonio Campos, arXiv:hep-th/0501092; Robert Brandenberger, Yeuk-Kwan E. Cheung and Scott Watson, arXiv:hep-th/0501032; Subodh P. Patil, Robert H. Brandenberger, arXiv:hep-th/0502069; Robert Brandenberger, Damien A. Easson, Anupam Mazumdar, Phys.Rev. D69 (2004) 083502, arXiv:hep-th/0307043; Tirthabir Biswas, Robert Brandenberger, Damien A. Easson, Anupam Mazumdar, arXiv:hep-th/0501194; Subodh P. Patil, arXiv:hep-th/0504145

[8] D. N. Spergel et al, First Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations: Determination of Cosmological Parameters, Astrophys.J.Suppl. 148 (2003) 175, arXiv:astro-ph/0302209

[9] Brett McInnes, Inflation, Large Branes, and the Shape of Space, Nucl. Phys. B709 (2005) 213, arXiv:hep-th/0410115

[10] Edward Witten, Anti De Sitter Space And Holography, Adv.Theor.Math.Phys. 2 (1998) 253, arXiv:hep-th/9802150

[11] M. Kleban, M. Porrati, R. Rabadan, Stability in Asymptotically AdS Spaces, arXiv:hep-th/0409242

[12] Brett McInnes, The Phantom Divide in String Gas Cosmology, to appear, Nucl.Phys.B, arXiv:hep-th/0502209

[13] Nathan Seiberg, Edward Witten, The D1/D5 System And Singular CFT, JHEP 9904 (1999) 017, arXiv:hep-th/9903224

[14] Brett McInnes, Stringy Instability of Topologically Non-Trivial AdS Black Holes and of Asymptotically deSitter S-brane Spacetimes, Nucl. Phys. B660 (2003) 373, arXiv:hep-th/0205103

[15] Juan Maldacena, Liat Maoz, Wormholes in AdS, JHEP 0402 (2004) 053, arXiv:hep-th/0401024

[16] Alex Buchel, Gauge theories on hyperbolic spaces and dual wormhole instabilities, Phys.Rev. D70 (2004) 066004, arXiv:hep-th/0402174

[17] Brett McInnes, Quintessential Maldacena-Maoz Cosmologies, JHEP 0404 (2004) 036, arXiv:hep-th/0403104

[18] Brett McInnes, Answering a Basic Objection to Bang/Crunch Holography, JHEP 10(2004)018, arXiv:hep-th/0407189

[19] Jan de Boer, Liat Maoz, Asad Naqvi, Some Aspects of the AdS/CFT Correspondence, arXiv:hep-th/0407212

[20] Dumitru Astefanesei, Robert B. Mann, Eugen Radu, Nut Charged Spacetimes and Closed Timelike Curves on the Boundary, JHEP 0501 (2005) 049, arXiv:hep-th/0407110

[21] Edward Witten, Instability Of The Kaluza-Klein Vacuum, Nucl.Phys. B195 (1982) 481 [22] Andrew Strominger, The dS/CFT Correspondence, JHEP 0110 (2001) 034, arXiv:hep-th/0106113

[23] Pawel O. Mazur and Emil Mottola, Weyl Cohomology and the Effective Action for Conformal Anomalies, Phys.Rev. D64 (2001) 104022, arXiv:hep-th/0106151

[24] Shamit Kachru, Renata Kallosh, Andrei Linde, Sandip P. Trivedi, de Sitter Vacua in String Theory, Phys.Rev. D68 (2003) 046005, arXiv:hep-th/0301240

[25] B.S. Acharya, F. Denef, C. Hofman, N. Lambert, Freund-Rubin Revisited, arXiv:hep-th/0308046

[26] Neil Lambert, Flux and Freund-Rubin Superpotentials in M-theory, arXiv:hep-th/0502200

[27] Bobby S. Acharya, Frederik Denef, Roberto Valandro, Statistics of M theory Vacua, arXiv:hep-th/0502060

[28] Thomas Hertog, Gary T. Horowitz, Towards a Big Crunch Dual, JHEP 0407 (2004) 073, arXiv:hep-th/0406134

[29] Thomas Hertog, Gary T. Horowitz, Holographic Description of AdS Cosmologies, arXiv:hep-th/0503071

[30] Danny Birmingham, Massimiliano Rinaldi, Bubbles in Anti-de Sitter Space, Phys.Lett. B544 (2002) 316, arXiv:hep-th/0205246

[31] Vijay Balasubramanian, Klaus Larjo, Joan Simon, Much Ado About Nothing, arXiv:hep-th/0502111

[32] Dumitru Astefanesei, Gregory C. Jones, S-branes and (Anti-)Bubbles in (A)dS Space, arXiv:hep-th/0502162

[33] S. W. Hawking, G. F. R. Ellis, The Large Scale Structure of Space-Time, Cambridge University Press, 1973

[34] G.W.Gibbons, Anti-de-Sitter spacetime and its uses, Lecture Notes in Phys. 537 (2000) 102

[35] Brett McInnes, Orbifold Physics and de Sitter Spacetime, Nucl Phys B 692(2004)270, arXiv:hep-th/0311055

[36] S. Carlip, C. DeWitt-Morette, Where the sign of the metric makes a difference, Phys.Rev.Lett.60 (1988) 1599

[37] Brett McInnes, Exploring the Similarities of the dS/CFT and AdS/CFT Correspondences, Nucl.Phys. B627 (2002) 311 arXiv:hep-th/0110062

[38] Vijay Balasubramanian, Jan de Boer, Djordje Minic, Exploring de Sitter Space and Holography, Class.Quant.Grav. 19 (2002) 5655; Annals Phys. 303 (2003) 59, arXiv:hep-th/0207245

[39] M. Cadoni, P. Carta, Tachyons in de Sitter space and analytical continuation from dS/CFT to AdS/CFT, Int.J.Mod.Phys. A19 (2004) 4985, arXiv:hep-th/0211018

[40] Vijay Balasubramanian, Accelerating Universes and String Theory, Class.Quant.Grav. 21 (2004) S1337, arXiv:hep-th/0404075

[41] Anthony Lasenby, Chris Doran, Closed Universes, de Sitter Space and Inflation, Phys.Rev. D71 (2005) 063502, arXiv:astro-ph/0307311

[42] Anthony Lasenby, Chris Doran, Conformal models of de Sitter space, initial conditions for inflation and the CMB, arXiv:astro-ph/0411579

[43] Michael T. Anderson, On the structure of asymptotically de Sitter and anti-de Sitter spaces, arXiv:hep-th/0407087

[44] Mohsen Alishahiha, Andreas Karch, Eva Silverstein, Hologravity, arXiv:hep-th/0504056

[45] Andreas Karch, Lisa Randall, Locally Localized Gravity, JHEP 0105 (2001) 008, arXiv:hep-th/0011156

[46] A. Buchel and A. A. Tseytlin, Curved space resolution of singularity of fractional D3-branes on conifolds, Phys. Rev. D 65, 085019 (2002), arXiv:hep-th/0111017

[47] G.W. Gibbons and S.W. Hawking [Eds], Euclidean quantum gravity, World Scientific, 1993

[48] Anthony Aguirre, Steven Gratton, Inflation without a beginning: a null boundary proposal, Phys.Rev. D67 (2003) 083515, arXiv:gr-qc/0301042

[49] R.M.Wald, General Relativity, University of Chicago Press, 1984

[50] L. Andersson, G.J. Galloway, dS/CFT and spacetime topology, Adv.Theor.Math.Phys. 6 (2003) 307, arXiv:hep-th/0202161

[51] Gregory J. Galloway, Cosmological Spacetimes with Λ > 0, arXiv:gr-qc/0407100

[52] Brett McInnes, The Covariant Entropy Bound, Brane Cosmology, and the Null Energy Condition, JHEP 0212 (2002) 053, arXiv:hep-th/0212014

[53] Sean M. Carroll, Mark Hoffman, Mark Trodden, Can the dark energy equation-of-state parameter w be less than -1?, Phys.Rev. D68 (2003) 023509, arXiv:astro-ph/0301273

[54] Roman V. Buniy, Stephen D.H. Hsu, Instabilities and the null energy condition, arXiv:hep-th/0502203

[55] A. Coley, S. Hervik, J. Latta, The Phantom of the OPRA, arXiv:astro-ph/0503169

[56] Brett McInnes, The dS/CFT Correspondence and the Big Smash, JHEP 08 (2002) 029, arXiv:hep-th/0112066

[57] Frederic Leblond, Donald Marolf, Robert C. Myers, Tall tales from de Sitter space I:

Renormalization group flows, JHEP 0206 (2002) 052, arXiv:hep-th/0202094

[58] Neil J. Cornish, David N. Spergel, Glenn D. Starkman, Eiichiro Komatsu, Constraining the Topology of the Universe, Phys.Rev.Lett. 92 (2004) 201302, arXiv:astro-ph/0310233

[59] Dylan Menzies, Grant J. Mathews, An Axisymmetric Object-Based Search for a Hypertorus Cosmology, arXiv:astro-ph/0503555

[60] Raphael Bousso, Cosmology and the S-matrix, Phys.Rev. D71 (2005) 064024, arXiv:hep-th/0412197

[61] T. Roy Choudhury, T. Padmanabhan, Astron.Astrophys. 429 (2005) 807, arXiv:astro-ph/0311622; H.K.Jassal, J.S.Bagla, T.Padmanabhan, Mon.Not.Roy.Astron.Soc. 356 (2005) L11, arXiv:astro-ph/0404378; L. Perivolaropoulos, Phys.Rev. D71 (2005) 063503, arXiv:astro-ph/0412308; Amol Upadhye, Mustapha Ishak, Paul J. Steinhardt, arXiv:astro-ph/0411803; R. Lazkoz, S. Nesseris, L. Perivolaropoulos, arXiv:astro-ph/0503230

[62] R.R. Caldwell, Phys.Lett. B545 (2002) 23, arXiv:astro-ph/9908168; Brett McInnes, JHEP 0212(2002)053, arXiv:hep-th/0212014; Shin’ichi Nojiri, Sergei D. Odintsov, Shinji Tsujikawa, Phys.Rev. D71 (2005) 063004, arXiv:hep-th/0501025; Yi- Huan Wei, arXiv:gr-qc/0502077; Shin’ichi Nojiri, Sergei D. Odintsov, Phys.Lett. B595 (2004) 1, arXiv:hep-th/0405078; Sushil Srivastava, arXiv:astro-ph/0407048; Puxun Wu, Hongwei Yu, arXiv:astro-ph/0407424; Shin’ichi Nojiri, Sergei D.Odintsov, Phys.Rev. D70 (2004) 103522, arXiv:hep-th/0408170; Yi-Huan Wei, arXiv:gr-qc/0410050; Ruben Curbelo, Tame Gonzalez, Israel Quiros, arXiv:astro-ph/0502141; V.K. Onemli, R.P. Woodard, Class.Quant.Grav. 19 (2002) 4607, arXiv:gr-qc/0204065; V. K. Onemli, R. P. Woodard, Phys.Rev. D70 (2004) 107301, arXiv:gr-qc/0406098; Shinji Tsujikawa, Robert Brandenberger, Fabio Finelli, Phys.Rev. D66 (2002) 083513, arXiv:hep-th/0207228; S. Kachru, L. McAllister, JHEP 0303 (2003) 018, arXiv:hep-th/0205209; Emilio Elizalde, Shin’ichi Nojiri, Sergei D. Odintsov, Phys.Rev. D70 (2004) 043539, arXiv:hep-th/0405034; Yun-Song Piao, E Zhou, Phys.Rev. D68 (2003) 083515, arXiv:hep-th/0308080; Yun-Song Piao, Yuan-Zhong Zhang, Phys.Rev. D70 (2004) 063513, arXiv:astro-ph/0401231; Ujjaini Alam, Varun Sahni, Tarun Deep Saini, A. A. Starobinsky, Mon.Not.Roy.Astron.Soc. 354 (2004) 275, arXiv:astro-ph/0311364; Bo Feng, Xiulian Wang, Xinmin Zhang, Phys.Lett. B607 (2005) 35, arXiv:astro-ph/0404224; Alexander Vikman, Phys.Rev. D71 (2005) 023515, arXiv:astro-ph/0407107; Wayne Hu, Phys.Rev. D71 (2005) 047301, arXiv:astro-ph/0410680; Robert R. Caldwell, Michael Doran, arXiv:astro-ph/0501104; Hao Wei, Rong-Gen Cai, arXiv:hep-th/0501160; Xiao-fei Zhang, Hong Li, Yun-Song Piao, Xinmin Zhang, arXiv:astro-ph/0501652; Gianluca Calcagni, Phys.Rev. D71 (2005) 023511, arXiv:gr-qc/0410027; Parampreet Singh, arXiv:gr-qc/0502086; Golam Mortuza Hossain, arXiv:gr-qc/0503065

[63] Varun Sahni, Yuri Shtanov, Braneworld models of dark energy, JCAP 0311 (2003) 014, arXiv:astro-ph/0202346

[64] Varun Sahni, Cosmological Surprises from Braneworld models of Dark Energy, arXiv:astro-ph/0502032

[65] A. A. Coley, The Dynamics of Brane-World Cosmological Models, arXiv:astro-ph/0504226

[66] Shin’ichi Nojiri, Sergei D. Odintsov, Misao Sasaki, Gauss-Bonnet dark energy, arXiv:hep-th/0504052

[67] Emilio Elizalde, Shin’ichi Nojiri, Sergei D. Odintsov, Peng Wang, Dark Energy: Vacuum Fluctuations, the Effective Phantom Phase, and Holography, arXiv:hep-th/0502082

[68] R. J. Adler, J. M. Overduin, The nearly flat universe, arXiv:gr-qc/0501061

[69] E. Babichev, V. Dokuchaev, Yu. Eroshenko, Dark energy cosmology with generalized linear equation of state, Class.Quant.Grav. 22 (2005) 143, arXiv:astro-ph/0407190

[70] Adam G. Riess et al, Type Ia Supernova Discoveries at z > 1 From the Hubble Space Telescope: Evidence for Past Deceleration and Constraints on Dark Energy Evolution, astro-ph/0402512

[71] Takeshi Chiba, Ryuichi Takahashi, Naoshi Sugiyama, Classifying the Future of Universes with Dark Energy, arXiv:astro-ph/0501661

[72] Brett McInnes, work in progress

[73] J-P. Gazeau, J. Renaud, M. V. Takook, Gupta-Bleuler quantization for minimally coupled scalar fields in de Sitter space, Class.Quant.Grav. 17 (2000) 1415, arXiv:gr-qc/9904023

[74] Andrew J. Tolley, Neil Turok, Quantization of the massless minimally coupled scalar field and the dS/CFT correspondence, arXiv:hep-th/0108119

[75] Alexander Dolgov, Diego N. Pelliccia, Scalar field instability in de Sitter space-time, arXiv:hep-th/0502197

[76] Peter Breitenlohner, Daniel Z. Freedman, Positive Energy in Anti-de Sitter Backgrounds and Gauged Extended Supergravity, Phys.Lett.B115 (1982) 197

[77] N.J. Vilenkin, Special Functions and the Theory of Group Representations, Translations of Mathematical Monographs Vol. 22, American Mathematical Society, 1988

[78] S.W. Hawking, Neil Turok, Open Inflation Without False Vacua, Phys.Lett. B425 (1998) 25, arXiv:hep-th/9802030

[79] Kelly Kirklin, Neil Turok, Toby Wiseman, Singular Instantons Made Regular, Phys.Rev. D63 (2001) 083509, arXiv:hep-th/0005062

[80] BS Acharya, JM Figueroa-O’Farrill, CM Hull, B Spence, Branes at conical singularities and holography, Adv.Theor.Math.Phys. 2 (1999) 1249, arXiv:hep-th/9808014

[81] Hassan Firouzjahi, Saswat Sarangi, S.-H. Henry Tye, Spontaneous Creation of Inflationary Universes and the Cosmic Landscape, JHEP 0409 (2004) 060, arXiv:hep-th/0406107

[82] Brett McInnes, De Sitter and Schwarzschild-De Sitter According to Schwarzschild and De Sitter, JHEP 09(2003)009, arXiv:hep-th/0308022

[83] Veronika E. Hubeny, Mukund Rangamani, Simon F. Ross, Causal structures and holography, arXiv:hep-th/0504034

[84] John Horton Conway, Juan Pablo Rossetti, Describing the platycosms, arXiv:math.DG/0311476