arXiv:hep-th/0504123 v3 11 Jan 2006

EPHOU-05-002 KEK-TH-1004 Imperial/TP/050402 UTHEP-502 hep-th/0504123

Quantum fluctuations of rotating strings in AdS_5 × S^5

Hiroyuki Fuji^† Department of Physics, Hokkaido University Sapporo, 060-0810, Japan High Energy Accelerator Research Organization (KEK) Tsukuba, Ibaraki 305-0801, Japan

Yuji Satoh^‡ Blackett Laboratory, Imperial College London, SW7 2BZ, U.K.

Institute of Physics, University of Tsukuba Tsukuba, Ibaraki 305-8571, Japan

Abstract

We discuss quantum fluctuations of a class of rotating strings in AdS_5 × S^5. In particular, we develop a systematic method to compute the one-loop sigma-model effective actions in closed forms as expansions for large spins. As examples, we explicitly evaluate the leading terms for the constant radii strings in the SO(6) sector with two equal spins, the SU(2) sector, and the SL(2) sector. We also obtain the leading quantum corrections to the space-time energy for these sectors.

April 2005

†fuji@particle.sci.hokudai.ac.jp
‡y.satoh@imperial.ac.uk

1 Introduction

To better understand dynamical aspects of the AdS/CFT correspondence, one may need studies beyond the BPS sectors. An important step toward this direction was made in [1]. Rotating strings in AdS_5 × S^5 provide its generalizations, where deeply non-BPS sectors can be probed [2]-[9]. (For a review, see [10, 11].) In particular, for a certain class of rotating strings, one can find an exact agreement between unprotected quantities on the string and the gauge theory sides, which is not necessarily guaranteed by the AdS/CFT correspondence. Moreover, the correspondence has been extended, in a unified manner, to that of effective theories or general solutions [12]-[15].

A clue for understanding this agreement may be the integrable structures on both sides (see, e.g., [3, 8], [14]-[20]). A role of a certain asymptotic (“nearly”) BPS condition has also been pointed out [21]. For large spins, the world-sheets of the rotating strings form nearly null surfaces and the strings become effectively tensionless [21, 22], which intuitively means that the constituents of the strings appear to be free [23]. However, we do not yet know why we find the exact agreement, and why it starts to break down at a certain level [24].

In this development, the analysis on the string side tends to be classical because of difficulties in the quantization, despite that information of the quantized strings is necessary to complete the correspondence. This contrasts with detailed quantum analysis on the gauge theory side [11]. As for the quantum aspects of the rotating strings,^1 the one-loop sigmamodel fluctuations and their stability have been studied for the “constant radii” strings [4, 20, 29]. Based on these results, the one-loop corrections to the space-time energy have been studied numerically for the SO(6) and the SU(2) sectors with two equal spins [30], and for the SL(2) sector [31]. Furthermore, the leading correction for the SL(2) sector has been matched in a closed form with the finite size correction of the anomalous dimension on the gauge theory side [32]. This result can also be extrapolated to the SU(2) sector (with two equal spins), up to subtleties of instability.

In this paper, we discuss quantum fluctuations of the rotating strings in AdS_5 × S^5. In particular, we develop a systematic method to compute the one-loop sigma-model effective actions and the corrections to the space-time energy in such backgrounds, so that they are obtained in closed forms as expansions for large spins. As examples, we consider the constant radii strings in the SO(6) sector with two equal spins, the SU(2) sector, and the SL(2) sector, and explicitly evaluate the leading terms in the expansion. We note that it is in principle possible to carry out the expansion up to any given order. The asymptotic BPS condition and the effective tensionless limit seem to be characteristic of the correspondence and useful for understanding the string in AdS_5 × S^5 itself. However, their consequences for the quantum string have not been investigated well. Through concrete computations, we can see how they work to make the quantum corrections subleading for large spins.

1For related works, see, e.g., [25]-[28].

The organization of this paper is as follows. In section 2, we summarize necessary ingredients to discuss the one-loop fluctuations of strings in AdS_5 × S^5. In section 3, we discuss the quadratic fluctuations of the constant radii strings in the SO(6) sector with two equal spins. We evaluate the fluctuation operators in rotated functional bases, so that the expansion for large spins becomes well-defined. In the course, we obtain the fermionic fluctuation operator for the generic SO(6) sector. In section 4, we develop a large J (total spin) expansion of the one-loop effective action. We explicitly evaluate the leading term for large J (up to and including O(1/J)) in a closed form. Essentially the same procedures are applied to other sectors in the following sections. We briefly summarize the results for the SU(2) sector in section 5, and for the SL(2) sector in section 6. At the leading order, all the one-loop effective actions take a universal form, which is proportional to a geometric invariant. In section 7, from the one-loop effective actions, we read off the corrections to the space-time energy up to and including O(1/J^2). Comparing the results with the finite size corrections to the anomalous dimension on the gauge theory side [32]-[36], we find that the dependence on the winding numbers and the filling fractions agree with that of the “non-anomalous” (zero-mode) part on the gauge theory side. Relation to the earlier results in the literature is also discussed. We conclude in section 8. In the appendix, we summarize how to evaluate a constant which appears in the expression of the one-loop effective actions.

2 Preliminaries

We consider one-loop sigma-model fluctuations of a certain class of rotating strings in type IIB theroy. Here, we summarize our notation and ingredients used in the following sections.

Coordinates

The metric of AdS_5 × S^5 takes a form

ds^2 = G_{μν} dx^μdx^ν = ds^2_{AdS5} + ds^2_S5 , −ds^2_{AdS5} = dρ^2 − cosh^2 ρ dt^2 + sinh^2 ρ (dθ^2 + cos^2 θ dϕ^2_4 + sin^2 θ dϕ^2_5) , (2.1) −ds^2_S5 = dγ^2 + cos^2 γ dϕ^2_3 + sin^2 γ (dψ^2 + cos^2 ψ dϕ^2_1 + sin^2 ψ dϕ^2) .

To express the rotating string solutions, it is useful to introduce complex variables Z_r (r = 0, ..., 5), so that AdS_5 and S^5 are expressed as hypersufaces in flat spaces, |Z_0|^2−|Z_4|^2−|Z_5|^2 = 1 and |Z_1|^2 + |Z_2|^2 + |Z_3|^2 = 1, respectively. In terms of the above coordinates, one can set

Z_r = a_re^{iϕr} , (2.2)

with ϕ_0 = t and

a_1 = sin γ cos ψ , a_2 = sin γ sin ψ , a_3 = cos γ , a_4 = sinh ρ cos θ , a_5 = sinh ρ sin θ , a_0 = cosh ρ .

(2.3)

Bosonic fluctuation

In the conformal gauge, the bosonic part of the world-sheet action is given by

S_B = − √ λ 4π ∫ dτ dσ η^{ij} G_{μν} ∂_ix^μ∂_j x^ν , (2.4) where i, j = (τ, σ), and η_{τ τ} = −η_{σσ} = +1. A simple way to obtain the fluctuation Lagrangian is the geodesic expansion [37]. Introducing a vector y^a in the tangent space of the space-time, the quadratic fluctuation Lagrangian is given by

L^{(2)}_B = − 1 2 η_{ab}D_iy^aD^iy^b − 1 2 y^ay^be^c_i e^{i d}R_{acbd} . (2.5) η_{ab} is the flat ten-dimensional metric with mostly minus signatures. D_i and e^a_i are the projections of the covariant derivative D_μ and the vielbein e^a_μ, respectively; for example, (D_iy)^a = ∂_ix^μ(∂_μ +ω^a_{μ,b} )y^b with ω_{μ,ba} the connection one-form. For AdS_5 ×S^5, the curvature R_{abcd} is simple: R_{abcd} = ∓(η_{ac}η_{bd} − η_{ad}η_{bc}) , (2.6) with the minus sign if all indices (a, b, c, d) correspond to AdS_5 and the plus sign if (a, b, c, d) to S^5; otherwise it vanishes. In term of the global coordinate system in (2.1), the non-vanishing ω_{i,ab}(= ∂_ix^μω_{μ,ab}) are, up to the anti-symmetry,

ω_{i,θρ} = cosh ρ∂_iθ , ω_{i,tρ} = − sinh ρ∂_it , ω_{i,ϕ4ρ} = cosh ρ cos θ∂_iϕ_4 , ω_{i,ϕ4θ} = − sin θ∂_iϕ_4 , ω_{i,ϕ5 ρ} = cosh ρ sin θ∂_iϕ_5 , ω_{i,ϕ5θ} = cos θ∂_iϕ_5 , ω_{i,ψγ} = cos γ∂_iψ , ω_{i,ϕ3 γ} = − sin γ∂_iϕ_3 , ω_{i,ϕ1γ} = cos γ cos ψ∂_iϕ_1 , ω_{i,ϕ1ψ} = − sin ψ∂_iϕ_1 , ω_{i,ϕ2 γ} = cos γ sin ψ∂_iϕ_2 , ω_{i,ϕ2ψ} = cos ψ∂_iϕ_2 .

(2.7)

Fermionic fluctuation

To study the fermionic fluctuations, we use the quadratic fermionic part of the type IIB Green-Schwarz (GS) action on AdS_5 × S^5 [38]. Following the notation in [39], it is expressed as L^{(2)}_F = iθ^I P^{ij}_{IJ} D_{ijJK} θ^K , (2.8) D_{ijJK} = σ̂_i [ (∂_j − 1 4 ω_{j,ab}σ^{ab})δ_{JK} − 1 4 · 480 F_{abcde}σ^{abcde}σ̂_j (ρ_0)_{JK} ] , P^{ij}_{IJ} = η^{ij} δ_{IJ} + ϵ^{ij} (ρ_3)_{IJ} , σ̂_j = e^a_j σ̄_a , ϵ^{01} = +1 ,

ρ_0 = ( 0 1 −1 0 ) , ρ_3 = ( 1 0 0 −1 ) .

Here, (θ^I )^α (I = 1, 2) are ten-dimensional Majorana-Weyl spinors with 16 components; (σ̄^a)_{αβ}, (σ^a)^{αβ} are 16 × 16 gamma matrices in ten dimensions; their anti-symmetrization is given, e.g., by σ^{ab} = (σ^aσ̄^b − σ^bσ̄^a)/2, σ̄^{ab} = (σ̄^aσ^b − σ̄^bσ^a)/2. If we label the AdS_5 and S^5 parts by a, b = (0, 6, 7, 8, 9) and (1, 2, 3, 4, 5), respectively, the non-vanishing components of the five-form are F_{06789} = F_{12345} = 4.

The GS action has the κ-symmetry, the relevant part of which is now

δ_κϑ^α = (σ̂_i)^{αβ}η^{ij} κ_{jβ} , (2.9)

where η^{ij} κ_{jβ} = ϵ^{ij}κ̄_{jβ}, ϑ = θ^1 + iθ^2 and κ_{jβ} = κ^1_{jβ} + iκ^2_{jβ} . Following [29], we fix this symmetry by setting

θ^1 = θ^2 . (2.10)

One can check that this gauge is actually possible for the backgrounds which we consider in the following sections. In this gauge, the form of the quadratic Lagrangian is simplified to

L^{(2)}_F = 2iθ^1D_F θ^1 , D_F = η^{ij}σ̂_i(∂_j − 1 4 ω_{j,ab}σ^{ab}) − 1 2 ϵ^{ij}σ̂_iσ_∗σ̂_j , (2.11)

where σ_∗ ≡ σ^{06789} = σ^{12345}.

3 Three-spin rotating string in S^5

In this paper, we consider classes of the “constant radii” solutions [10], in which a_r in (2.2) are constant. Bearing in mind possible extensions to more general cases, we develop a method to compute one-loop effective actions in a large-spin expansion. In this and the next sections, we discuss it in some detail for the constant radii strings with three spins in S^5, i.e., in the SO(6) sector. We apply this method to other cases later.

3.1 Solution

The solution which we consider is

Z_0 = e^{iκτ} , Z_s = a_s e^{i(wsτ +msσ)} , (3.1)

where s = 1, 2, 3; κ, a_s, w_s are constant with Σ_sa^2_s = 1; m_s are integers (when the period of σ is 2π). Other fields including fermionic ones vanish. The equations of motion and the Virasoro constraints give

w^2_s = ν^2 + m^2_s (if a_s ≠ 0) , κ^2 = ∑ a^2_s(w^2_s + m^2_s ) , 0 = ∑ a^2_sw_sm_s , (3.2) with ν a constant. Classically, the space-time energy and the three spins in S^5 are given by E = √ λκ , J_s = √ λa^2_s w_s , (3.3)

where √ λ = R^2/α^′ and R is the radius of AdS_5 × S^5.

When J_1 = J_2 and m_3 = 0, the parameters of the solution become

w_1 = w_2 ≡ w , m_1 = −m_2 ≡ m , a_1 = a_2 = s_γ / √ 2 , w_3 = ν , m_3 = 0 , a_3 = c_γ , (3.4) w^2 = ν^2 + m^2 , κ^2 = ν^2 + 2m^2s^2_γ ,

where s_x ≡ sin x, c_x ≡ cos x. In the following, we call this simplified solution the J_1 = J_2 three-spin solution. The point-like (BMN) solution in [1] is also obtained by setting a_{1,2} = w_{1,2} = m_{1,2} = m_3 = 0 in (3.1) and (3.2).

3.2 Bosonic fluctuation

Now, let us consider the bosonic fluctuations around the three-spin solution in (3.1). Substituting the solution into (2.5), one finds that the fluctuations in the AdS_5 and the S^5 parts decouple. The contribution to the one-loop effective action from the AdS_5 part is then represented by the determinant of the quadratic operator,

D^B_{pq} = −η_{pq}∂^2 + κ^2R_{ptqt} , (3.5)

where p, q = (t, ρ, θ, ϕ_4, ϕ_5) or (0, 6, 7, 8, 9), and ∂^2 = η^{ij} ∂_i∂_j . This operator describes one time-like massless boson and four space-like bosons with mass squared κ^2, as in the BMN case. Taking the determinant with respect to the tangent space indices gives

det D^B_{pq} = −∂^2(∂^2 + κ^2)^4 . (3.6)

For the S^5 part, the quadratic term of the connection one-form and the curvature term cancel each other, to give

D^B_{mn} = δ_{mn}∂^2 + 2(ω_{τ,mn}∂_τ − ω_{σ,mn}∂_σ ) , (3.7) det D^B_{mn} = ∂^2 [ (∂^2)^4 + ( Σ^3_{s=1}(1 − a^2_s)Ω^2_s ) (∂^2)^2 + (a^2_1Ω^2Ω^2_3 + a^2Ω^2_3Ω^2_1 + a^2_3Ω^2_1Ω^2) ] , where m, n = (ϕ_1, ϕ_2, ϕ_3, ψ, γ) or (1, 2, 3, 4, 5), and

Ω_s = 2(w_s∂_τ − m_s∂_σ) . (3.8)

This determinant has been obtained in [20]. Note that we have assumed here that none of a_s vanishes in order to use the constraints w^2_s = ν^2 + m^2_s.

Change of functional bases

Later, we explicitly evaluate the functional determinant in a large J(= ∑ J_s) expansion.

It turns out that det D^B_{mn} in (3.7) has an inappropriate infrared behavior for this purpose. Here, we make an SO(5) rotation to avoid it, concentrating on the J_1 = J_2 three-spin solution with (3.4).

First, we take an orthogonal matrix,

Q^m_n = 1 √ 2v s_γ ν v 0 c_γ w 0 s_γ ν −v 0 c_γ w 0 √ 2c_γ w 0 0 − √ 2s_γ ν 0 0 0 √ 2v 0 0 0 0 0 0 − √ 2v

, (3.9)

with v^2 = w^2 −M^2 and M^2 = s^2_γ m^2. By a change of bases using Q^m_n, the connection one-form is brought into a standard form. Namely, defining ω̂_{i,mn} ≡ Q^k_mω_{i,kl}Q^l_n, we find that

ω̂_{τ,mn} = 0 p(−w) p(−v) , p(x) = ( 0 x −x 0 ) . (3.10)

We further introduce

R^m_n(τ ) = 1 P (τ w) P (τ v) , P (x) = ( cos x sin x − sin x cos x ) , (3.11)

so that R^m_n satisfies 0 = ∂_τ R_{mn} − ω̂_{τ,mk}R^k_n . (3.12) Then, by an transformation of the form, Ô ≡ (QR)^{−1}O(QR) , (3.13) the quadratic operator becomes D̂^B_{mn} = R^{k′}_mQ^k_{k′} D^B_{kl} Q^l_{l′} R^{l′}_n = δ_{mn}∂^2 + M_{mn} − 2ρ_{σ,mn} ∂_σ , (3.14) where M_{mn} = diag(0, w^2, w^2, v^2, v^2) and ρ_{σ,mn} = R^k_mω̂_{σ,kl}R^l_n. After some algebra, we also find that

det D̂^B_{mn} = (∂^2 + w^2)^2(∂^2 + v^2)^2∂^2 + 4c^2_γ k^2∂^2_σ∂^2 [ (1 + w^2 v^2

)(∂^2 + w^2)(∂^2 + v^2) + 4c^2_γ k^2( w v )^2∂^2_σ ] (3.15) + 4s^2_γ k^2( ν v )^2∂^2_σ (∂^2 + v^2) [ (∂^2 + w^2)(∂^2 + v^2) + 4c^2_γ k^2∂^2_σ ] .

3.3 Fermionic fluctuation

Now, let us move onto the fermionic part. In order to evaluate the one-loop determinant, it is useful to make a rotation of D_F , so that the kinetic term is simplified to take the form for two-dimensional fermions [40]. For this purpose, we introduce an element of SO(1, 9),

Q^a_b = ( q^a_b 0 0 1_{6×6} ) , q^a_b = 1 M κ −W_s 0 M_s −W κW_s/W 0 l_sM , (3.16)

where a, b = (t, ϕ_1, ϕ_2, ϕ_3, ...); W_s ≡ a_sw_s, M_s = a_sm_s, W^2 ≡ ∑ s W^2_s , M^2 ≡ ∑ s M^2_s ; 1_{6×6} is the 6 × 6 unit matrix; l_{s1} = ϵ_{s1 s2s3} M_{s2} W_{s3} /MW . This was chosen so that Q^a_ĩ = e^{−φ}e^a_ĩ for ĩ = (0, 1), where φ is defined by the proportionality coefficient between the induced metric, h_{ij} = e^a_i e^b_j η_{ab}, and the world-sheet metric through h_{ij} = e^{2φ}η_{ij} . In our case, e^{2φ} = M^2. We then transform D_F by the element of SO(1, 9) corresponding to Q^a_b, which we denote by S(Q). Since S^{−1}σ_aS = σ_bQ^b_a and hence

S^{−1}σ̂_iS = e^φδ^ĩσ̄~_i , (3.17)

this transformation replaces σ̂_i with σ̄_i in the quadratic operator, to give a desired form. In the following, we do not distinguish the indices ĩ and i. After some algebra, we then find that

S^{−1}(Q)D_F S(Q) = e^φD̂_F , (3.18)

where D̂_F = η^{ij}σ̄_i [ ∂_j − 1 4 ω_{j,ab}(σ^{ab})^′ ] − 1 2 ϵ^{ij} e^φσ̄_iσ^′_∗σ̄_j , = σ̄^i∂_i + W σ̄^{345} + 1 2MW ∑ a=0,1 ∑ b=2,3 ∑ c=4,5 α_{abc} σ̄^{abc} , (3.19) (σ^{ab})^′ = S^{−1}σ^{ab}S, σ^′_∗ = S^{−1}σ_∗S, and

α_{024} = −s_γ c_γ κ(c^2_ψm^2_1 + s^2_ψm^2 − m^2_3) , α_{124} = (c_γ /s_γ )κm_3w_3 , α_{034} = s_γ s_ψc_ψ w_3(m_1w_2 − m_2w_1) , α_{134} = s_γ s_ψc_ψm_3(m_1w_2 − m_2w_1) , α_{025} = s_γ s_ψc_ψ κ(m^2_1 − m^2) , α_{125} = s_γ s_ψ c_ψκ(m_1w_1 − m_2w_2) , α_{035} = −s_γ c_γ [m_3w_1w_2 − w_3(c^2_ψm_1w_2 + s^2_ψm_2w_1)] , α_{135} = s_γ c_γ [m_1m_2w_3 − m_3(s^2_ψ m_1w_2 + c^2_ψm_2w_1)] . (3.20)

In the above, we have assumed that none of a_s vanishes.

Since e^φ is constant, we have now only to evaluate the determinant (pfaffian) of D̂_F . To proceed, we adopt the following explicit realization of the gamma matrices (just to evaluate the determinants with respect to the spinor indices):

σ^1 = τ_3 ⊗ 1 ⊗ 1 ⊗ 1 , σ^4 = τ_2 ⊗ τ_1 ⊗ 1 ⊗ 1 , σ^7 = τ_2 ⊗ τ_2 ⊗ τ_2 ⊗ τ_3 , σ^2 = τ_1 ⊗ 1 ⊗ 1 ⊗ 1 , σ^5 = τ_2 ⊗ τ_2 ⊗ τ_3 ⊗ 1 , σ^8 = τ_2 ⊗ τ_2 ⊗ τ_2 ⊗ τ_1 , σ^3 = τ_2 ⊗ τ_3 ⊗ 1 ⊗ 1 , σ^6 = τ_2 ⊗ τ_2 ⊗ τ_1 ⊗ 1 , σ^9 = τ_2 ⊗ τ_2 ⊗ τ_2 ⊗ τ_2 ,

(3.21)

σ^0 = σ̄^0 = 1, and σ̄^a = −σ^a (a = 1, ..., 9), where τ_a are the Pauli matrices. With these gamma matrices, D̂_F takes the form

D̂_F = ( Δ^+_F 0 0 Δ^−_F ) ⊗ 1 . (3.22)

Denoting by the same symbols the matrices which are obtained by extracting the first two matrices in the tensor products in (3.21), for example, σ^1 → τ_3 ⊗ 1, one finds that Δ^±_F = σ̄^i∂_i ∓ W σ̄^{012} + β_{1±}σ̄^{024} + β_{2±}σ̄^{124} + β_{3±}σ̄^{034} + β_{4±}σ̄^{134} , (3.23) where β_{1±} = 1 2MW (α_{024} ± α_{135}) , β_{2±} = 1 2MW (α_{124} ± α_{035}) , β_{3±} = 1 2MW (α_{034} ∓ α_{125}) , β_{4±} = 1 2MW (α_{134} ∓ α_{025}) . (3.24) From this, it follows that

det Δ^±_F = (∂^2)^2 + 2W^2∂^2 + 2( 4∑ n=1 β^2_{n±})(∂^2_τ + ∂^2_σ) + 4(β_{1±}β_{2±} + β_{3±}β_{4±})∂_τ ∂_σ (3.25) + ( 4∑ n=1 β^2_{n±})^2 − 4(β_{1±}β_{2±} + β_{3±}β_{4±})^2 + 2(β^2_{1±} − β^2_{2±} − β^2_{3±} + β^2_{4±})W^2 + W^4 .

The final one-loop contribution of the fermionic sector is then represented by pf D̂_F = det Δ^+_F det Δ^−_F . (3.26) Given this result, it would be interesting to generalize the analysis in [30, 32] to the generic three-spin constant radii solution. Change of functional bases

As in the case of D^B_{mn}, it turns out that the form of det Δ^−_F in (3.25) is not convenient for our purpose. Thus, we make a change of bases again. To this end, we introduce a 4 × 4 matrix R(α) = 1 ⊗ P (τ α) , (3.27) with P (x) given in (3.11). One then finds that det R^{−1}(α)Δ^±_F R(α) is given just by replacing β_{3±} in (3.25) with β_{3±} − α. With this in mind, we define

Δ̂^±_F ≡ R^{−1}(β_{3±})Δ^±_F R(β_{3±}) , (3.28)

so that β_{3±} in (3.25) are set to be zero. This transformation for Δ^+_F is not inevitable for our purpose, but simplifies later computations.

Now, we focus on the J_1 = J_2 three-spin solution. In this case,

β_{1±} = − c_γm(κ ± ν) 2W , β_{3±} = w(ν ∓ κ) 2W , β_{2±} = β_{4±} = 0 , (3.29)

and hence

det Δ̂^±_F = (∂^2)^2 + 2W^2∂^2 + 2β^2_{1±}(∂^2_τ + ∂^2_σ ) + (β^2_{1±} + W^2)^2 . (3.30)

One can confirm that the original determinants in (3.25) with (3.29) reproduce the characteristic frequencies obtained in [29].^2

4 One-loop effective action and large J expansion

In this section, based on the results in section 3, we consider the one-loop effective action of the GS string in the J_1 = J_2 three-spin background. For this background, the corresponding gauge theory operators have been identified [9], and there exit some parameter regions where the fluctuations are stable [20, 29]. We develop a large J (total spin) expansion of the one-loop effective action, and compute it in a closed form up to and including O(1/J).

Collecting the contributions from the bosonic, the fermionic and the ghost sectors, the one-loop effective action is given by

e^{iΓ(1)} =

Det(Δ̂^+_F )Det(Δ̂^−_F )Det(−∂^2) Det^{12} (D^B_{pq})Det^{12} (D̂^B_{mn} )

, (4.1)

where Det stands for the functional determinant. To develop a large J expansion, we expand the fluctuation operators with respect to ν with ∂_i and m fixed:

∂^2 + κ^2 = (∂^2 + ν^2) + 2M^2 ,

det D̂^B_{mn}/∂^2 = (∂^2 + ν^2)^4 + 2 [ (2 − s^2_γ ) + 2s^2_γ

∂^2_σ ∂^2 ] m^2(∂^2 + ν^2)^3 (4.2) + 8c^2_γ m^2∂^2_σ(∂^2 + ν^2)^2 + · · · , det Δ̂^±_F = (∂^2 + ν^2)^2 + 2M^2∂^2 + 2β^2_{1±}(∂^2_τ + ∂^2_σ) + 2ν^2(M^2 + β^2_{1±}) + · · · .

Note that J = Σ_sJ_s ∼ √ λν and M^2 ∼ 2m^2J_1/J for large ν. This expansion is also regarded as that with respect to the power of ∂^2 + ν^2, or the power of winding number m. The validity

2Precisely, the world-sheet momenta here are integer moded, whereas those in [29] are half-integer moded: We have started with an su(2) rotated coordinates [20], and do not need a σ-dependent rotation.

of the expansion becomes clear shortly. Denoting the subleading terms for det D̂^B_{mn}/∂^2 and det Δ̂^±_F by δD̂^B_{mn} and δΔ̂^±_F , respectively, and plugging (4.2) into (4.1), we find that the leading terms cancel each other. This is a consequence of the asymptotic BPS condition [21], or confirms the result for the point-like BMN solution. We are then left with

iΓ^{(1)} = ∑ η=± Tr log ( 1 + δΔ̂^η_F [∂^2 + ν^2]^2 ) (4.3)

− 2 Tr log ( 1 + 2M^2 ∂^2 + ν^2 ) − 1 2 Tr log ( 1 + δD̂^B_{mn} [∂^2 + ν^2]^4 ) . We would like to evaluate these terms by expanding the logarithms around unity. To check if that is possible, we first consider functional traces of the form Tr (∂^2_τ )^a(∂^2_σ)^b (∂^2)^c(∂^2 + ν^2)^d

. (4.4)

Since we are working with a Lorentzian world-sheet, we define the trace by the standard iϵ prescription. We denote the volumes of the world-sheet time and space by T and 2πL, the derivatives ∂_τ and ∂_σ in the momentum space by iω and ip_n = in/L (n ∈ Z), respectively. Then, the trace reads iT ∑ n ∫_{dω} 2πi , and the ω-integral here picks up the poles on the negative real axis. If one can approximate the summation of p_n by an integral, one easily finds the leading large ν behavior of the trace in (4.4) to be T L 1 ν^{2(c+d−a−b−1)} . (4.5)

Here, we have to be a little careful about the infrared behavior: The approximation by an integral requires that the derivatives of the resultant integrand do not grow too large, but this may not hold for p_n ∼ 0 because of the operator 1/∂^2. Fortunately, in our case, this “massless” operator appears always in the combination ∂^2_σ/∂^2. From this, one can confirm, by evaluating the most singular terms for p_n ∼ 0, that the infrared behavior does not spoil the scaling in (4.5) for the terms which we consider. Using this scaling, we find that the expansion of the logarithms in (4.3) around unity actually gives a large ν (or J) expansion.

More precisely, to evaluate the infrared behavior, we first divide the summation over n into two parts, i.e., that over |n|^<∼ νL and |n|^>∼ νL. The latter can be safely approximated by an integral by scaling ω, p_n to ω/ν, p_n /ν. The contribution which can be most singular for p_n ∼ 0 comes from the residue of the pole at ω = −p_n, and behaves as ∑ n ν^{−2d}p^{1+2(a+b−c)} n . Thus, for 2(c − a − b) − 1 ≤ 0, this is infrared finite and the approximation by an integral is allowed.

The validity of the expansion is confirmed also as follows: The iϵ prescription implies that the functional trace is given by a continuation from the Euclidean case. Then, one can easily check that, for large ν, the “subleading” terms in (4.2) are indeed smaller than the leading terms (some powers of (∂^2 + ν^2)) irrespectively of the values of ∂^2_{τ,σ}.

We remark that if we use D^B_{mn} and Δ^−_F instead of D̂^B_{mn} and Δ̂^−_F , we encounter the operator (∂^2)^2 +4ν^2∂^2_τ instead of (∂^2 +ν^2)^2 for the leading terms, and its infrared behavior prevent the expansion of the logarithms for the large J expansion. This is essentially the same problem as in [29] (see [30]). In other words, for small ∂_τ , (∂^2)^2 + 4ν^2∂^2_τ can be smaller than other “subleading” terms, which invalidates the expansion.

Also, in general, one has to be careful about conjugation of a differential operator D by a time-dependent operator in evaluating the determinant of D. However, the time-dependent operators in our case are harmless, since they are rotation operators (e.g., (3.11)) which are essentially the same as operators such as e^{icτ} with c a constant. To see this, first note that such operators just shift a pair of characteristic frequencies by a constant: ω_n → ω_n ± c, and these shifts are irrelevant to log Det D = Tr log D ∼ ∑ ω_n; the plus and minus shifts cancel each other. One can confirm this by a simple example. For example, by the conjugation

using P (τ ν), P^{−1}(τ ν) ( ∂^2 2ν∂_τ −2ν∂_τ ∂^2 ) P (τ ν) = diag (∂^2 + ν^2, ∂^2 + ν^2) and hence

Det(∂^4 + 4ν^2∂^2_τ ) = Det(∂^2 + ν^2)^2 . (4.6)

The characteristic frequencies of (∂^4 + 4ν^2∂^2_τ ) are ω_n = √ p^2_n + ν^2 ± ν, whereas those of (∂^2 + ν^2)^2 are ω_n = √ p^2_n + ν^2 with double degeneracy. Thus, the sum of the characteristic frequencies is actually the same. Second, note that the rotation operators may not change the norm of the functions and hence the Hilbert space. Finally, in the actual calculation, we first put a cut-off for large |τ | following the standard procedure of field theory. Then, the volume of the time T is factored out as in (4.8). Therefore, subtleties about τ → ±∞, if any, may not be relevant to the final results.

We are now ready to evaluate Γ^{(1)}. Once the expansion of the logarithms is allowed, the problem reduces to an ordinary calculation of an effective action in field theory. In fact, our expansion is essentially the same as the large (mass)^2 ∼ ν^2 expansion which guarantees the decoupling of heavy particles. This enables us to systematically compute Γ^{(1)} up to higher order terms in the 1/ν expansion. One then finds that, up to and including O(1/ν), the first expansion of the logarithms is enough, and the terms in the ellipses in (4.2) do not contribute. Denoting each term in (4.3) by I^±_F , I_{AdS5} and I_S5 , respectively, they are I^±_F ∼ iT ∑ n∈Z [ M^2 √ p^2_n + ν^2 + ν^2β^2_{1±} (p^2_n + ν^2)^32 ] , I_{AdS5} ∼ iT ∑ n∈Z −2M^2 √ p^2_n + ν^2

, (4.7)

I_S5 ∼ iT ∑ n∈Z [ (s^2_γ − 2)m^2/2 √ p^2_n + ν^2

+ c^2_γ m^2 p^2_n (p^2_n + ν^2)^32 − s^2_γ m^2 ν^2 ( p^2_n √ p^2_n + ν^2 − |p_n| )] ,

where β^2_{1+} ∼ c^2_γ m^2, β^2_{1−} ∼ 0 at this order. Combining all, we arrive at

iΓ^{(1)} ∼ −iT LM^2 · C , (4.8) with C = 1 Lν^2 ∑ n∈Z (p^2_n + (ν^2/2) √ p^2_n + ν^2 − |p_n| ) . (4.9)

One can check that C is ultraviolet finite, in accord with [41]. It is also possible to evaluate C in a closed form for large ν. Summing up the summand as indicated above (namely, first summing the terms in the parenthesis for given n and then summing over n) can be approximated by integration, and gives C ∼ 1/2. We summarize the evaluation of C in the appendix.

Here, there may be some issues to be considered. One is about regularization: Although C is finite in the above combination, each term in (4.3) or (4.7) is divergent. (Recall that the final result is obtained by (infinite bosonic contributions) − (infinite fermionic contributions). ) Thus, one needs to regularize them, and the value of C may change with a different regularization. For instance, if we adopt the zeta-function regularization for each divergent sum in (4.9), we obtain C ∼ −1/2. (See the appendix.) Another related issue is about finite renormalization: Since there are infinities in the intermediate steps, one may also need to take into account, in general, possible finite renormalization or contributions from finite counter terms. In a renormalizable theory, observables do not depend on regularization and renormalization procedure. Ambiguities of finite parts are fixed by appropriate renormalization conditions so as to maintain the symmetry. We will return to these issues at the end of section 7.

5 SU(2) sector

In this section, we consider a class of solutions which is obtained by setting in (3.1) and (3.2)

a_3 = w_3 = m_3 = 0 (5.1)

(with J_1 ≠ J_2 generally). This has two spins in S^5, and is called the SU(2) sector. The corresponding gauge theory operators have been identified in [14]. Since w_3 = m_3 = 0 but ν ≠ 0 generally, one may not use relations such as w^2_3 = ν^2 + m^2_3, which have been used so far (even before specializing to the J_1 = J_2 three-spin case). Thus, we repeat the same procedure from the beginning for this much simpler case, and just display the results.

Let us begin with the bosonic sector. The fluctuations in the AdS_5 part are described by (3.5), and its determinant by (3.6). For the S^5 part, the quadratic operator takes the form

D^B_{mn} = δ_{mn}∂^2 + 2(ω_{τ,mn}∂_τ − ω_{σ,mn}∂_σ) + N_{mn} , (5.2)

where the non-vanishing ω_{i,mn} are ω_{i,ϕ1ψ} = −a_2∂_iϕ_1 , ω_{i,ϕ2ψ} = a_1∂_iϕ_2; N_{mn} is a diagonal matrix with N_{γγ} = N_{ϕ3 ϕ3} = ν^2 and others zero. This is different from the corresponding operator in (3.7) by this mass term (in addition to the form of ω_{i,mn}). Its determinant is

det D^B_{mn} = ∂^2(∂^2 + ν^2)^2[∂^4 + a^2_1Ω^2 + a^2Ω^2_1] . (5.3)

Since D^B_{mn} is non-trivial only for m, n = (ϕ_1, ϕ_2, ψ), we first focus on this part. Similarly to the previous case, we then make a transformation of the type (3.13) with

Q^m_n = 1 w̃ a_1w_2 a_2w_1 0 a_2w_1 −a_1w_2 0 0 0 w̃

, R^m_n = ( 1 0 0 P (τ w̃) ) , (5.4)

and w̃^2 ≡ a^2_1w^2 + a^2w^2_1 = ν^2 + a^2_1m^2 + a^2m^2_1. This gives the same form of the quadratic operator as in (3.14) with M_{mn} = diag(0, w̃^2, w̃^2). Combining it with the trivial part from m, n = (γ, ϕ_3), we find that

det D̂^B_{mn} = ∂^2(∂^2 + ν^2)^2 [ (∂^2 + w̃^2)^2 + A_1

∂^2_σ ∂^2

(∂^2 + w̃^2) + A_2∂^2_σ ] , (5.5)

where

A_1 =

[ 2(m_1w_1 + m_2w_2) w̃ ]_2

, A_2 =

[ 2a_1a_2(m_1w_2 − m_2w_1) w̃ ]_2

. (5.6)

Let us move on to the fermionic part. The quadratic fluctuations are described by the operator (2.11). We then make an SO(1, 9) transformation as before. In this case, the corresponding element of SO(1, 9) turns out to be given by (3.16) with the two-spin condition (5.1). (Note that l_s becomes (0, 0, 1).) Proceeding similarly, one also finds that the pfaffian of the transformed operator D̂_F is given by the same formulas, (3.25) and (3.26), with

β_{1±} = β_{2±} = 0 , (5.7) β_{3±} = ∓ a_1a_2 2MW κ(m_1w_1 − m_2w_2) , β_{4±} = ∓ a_1a_2 2MW κ(m^2_1 − m^2) .

(M, W are defined as in three-spin case.) To simplify the expression, we further make a rotation (3.28), so that β_{3±} are removed. We then arrive at

det Δ̂^±_F = (∂^2 + ν^2)^2 + 2M^2∂^2 + 2β^2_4 (∂^2_τ + ∂^2_σ) + (2ν^2 + β^2_4 + M^2)(β^2_4 + M^2) , (5.8)

where β^2_4 ≡ β^2_{4±}.

Given these results, one can compute the one-loop effective action for the two-spin case. Up to and including O(1/ν), it is given by the same formula as (4.8) and (4.9). In this case, M^2 = a^2_1m^2_1 + a^2m^2 ∼ α(1 − α)(m_1 − m_2)^2, where α ≡ J_1/(J_1 + J_2).

The fluctuations of the SU(2) case are not stable. However, we did not see any signals of instability. We also note that the results for the two-spin case with J_1 = J_2 are obtained by setting c_γ = 0 (J_3 = 0) in the J_1 = J_2 three-spin results. These suggest that our computation gives a smooth continuation from the stable case, at least at this order.

6 SL(2) sector

There is another interesting class of simple solutions which has one spin in AdS_5 and one in S^5 [10]. This is called the SL(2) sector. The fluctuations around these solutions are stable for large spins. The corresponding gauge theory operators have been identified in [34]. 6.1 Solution

The constant radii solution in the SL(2) sector is given by Z_0 = a_0 e^{iκτ} , Z_5 = a_5 e^{i(uτ +kσ)} , Z_1 = a_1e^{i(wτ +mσ)} , (6.1) where a_0, a_1, a_5, κ, u, w are constant with a^2_0 − a^2_5 = 1 and a_1 = 1; k, m are integers (when the period of σ is 2π). Other fields are vanishing. The equations of motion give a constraint u^2 = κ^2 + k^2 . (6.2) Introducing (W_5, W_1) ≡ (a_5u, w) and (M_5, M_1) ≡ (a_5k, m), the Virasoro constraints read a^2_0κ^2 = W^2 + M^2 , 0 = W · M . (6.3) The conserved charges are the space-time energy, E = √ λa^2_0κ, and the spins in AdS_5 and S^5, S = √ λa^2_5u and J = √ λw, respectively.

In the following, we are interested in the large spin limit with k and α ≡ S/J fixed. Since the number of the independent parameters are three, we are left with only one free parameter. We take ν^2 ≡ w^2 − m^2 as this free parameter, and consider the large ν limit. Some useful relations are m = −αk and, for large ν, κ ∼ ν[1 + k^2 ν^2 α(α + 1)] , u ∼ ν[1 + k^2 2ν^2

(2α^2 + 2α + 1)] , w ∼ ν[1 + k^2 2ν^2 α^2] , a^2_5 ∼ α[1 − k^2 2ν^2

(1 + α)^2] , M^2 ∼ α(1 + α)k^2[1 − k^2 2ν^2

(1 + α)] .

(6.4)

Note also that J ∼ √ λν. 6.2 Bosonic fluctuation

From (2.5), it is straightforward to read off the bosonic fluctuation operator: The S^5 part is given by D^B_{mn} = diag(∂^2, ∂^2 + ν^2, ∂^2 + ν^2, ∂^2 + ν^2, ∂^2 + ν^2) , (6.5) with m, n = (ϕ_1, ϕ_2, ϕ_3, ψ, γ), whereas the AdS_5 part is D^B_{pq} = ( D^1_{pq} 0 0 D^2_{pq} ) , (6.6)

D^1_{pq} = −η_{pq}∂^2 + 2ω_{i,pq} ∂^i , D^2_{pq} = diag(∂^2 + κ^2, ∂^2 + κ^2) , with p, q = (t, ϕ_5, ρ, θ, ϕ_4). The non-vanishing ω_{i,pq} are ω_{i,tρ} = −a_5∂_it and ω_{i,ϕ5ρ} = a_0∂_iϕ_5. Thus, det D^B_{mn} = ∂^2(∂^2 + ν^2)^4 , (6.7) det D^B_{pq} = −∂^2(∂^2 + κ^2)^2[∂^4 − 4a^2_5κ^2∂^2_τ + 4a^2_0(u∂_τ − k∂_σ)^2] .

These give the same characteristic frequencies as in [31].

For the large ν (or J) expansion, we further make an SO(1, 2) rotation of the type (3.13) for the (t, ϕ_5, ρ) part. In this case,

Q^p_q = 1 ũ a_0u a_5κ 0 a_5κ a_0u 0 0 0 ũ

, R^p_q = ( 1 0 0 P (−ũτ ) ) , (6.8)

with ũ^2 = a^2_0u^2 − a^2_5κ^2 and P (x) given in (3.11). Then, the fluctuation operator becomes D̂^1_{pq} = −η_{pq}∂^2 + M_{pq} − 2ρ_{σ,pq}∂_σ , (6.9)

where M_{pq} = diag (0, ũ^2, ũ^2) and ρ_{σ,pq} are defined similarly to the previous cases. Combining this with the trivial part from p, q = (θ, ϕ_4), we find that

det D̂^B_{pq} = −∂^2(∂^2 + κ^2)^2 [ (∂^2 + ũ^2)^2 − B_1

∂^2_σ ∂^2

(∂^2 + ũ^2) + B_2∂^2_σ ] , (6.10) with

B_1 = ( 2a_0a_5κk ũ )_2

, B_2 = ( 2a^2_0uk ũ )_2

. (6.11)

6.3 Fermionic fluctuation

Let us move on to the fermionic part. To simplify the kinetic term, we make an SO(1, 9) rotation with

Q^a_b = ( q^a_b 0 0 1_{7×7} ) , q^a_b = 1 M a_0κ −W_s 0 M_s −W a_0κW_s/W , (6.12)

where a, b = (t, ϕ_5, ρ, θ, ....) and s = (5, 1). After this rotation, one finds the following fluctuation operator, D̂_F = σ̄^i∂_i + aσ̄^{345} + cσ̄^{023} + dσ̄^{123} , (6.13)

with a = a_0κ

M_5 M , c = a_5κ 2MW (a^2_0k^2 + M^2) , d = − a^2_0a_5κuk 2MW . (6.14)

Here, we have labelled (t, ϕ_5, ρ, θ, ρ_4) as (0, 1, 3, 4, 5) and (ϕ_1, ...) as (2, 6, 7, 8, 9).

With the explicit forms of σ^a in (3.21), D̂_F takes a simple form

D̂_F = ( Δ^+_F 0 0 Δ^−_F ) ⊗ 1 , (6.15)

where

Δ^+_F = ( Δ^+_1 0 0 Δ^+_2 ) , Δ^+_1 = ( ∂_− + i(c + d) a −a ∂_+ − i(c − d) ) , (6.16)

Δ^+_2 (a, c, d) = Δ^+_1 (a, −c, −d), Δ^−_F (a, c, d) = Δ^+_F (−a, c, d), and ∂_± = ∂_τ ± ∂_σ . From these, one finds that

pf D̂_F = det Δ^+_F det Δ^−_F , det Δ^+_F = det Δ^−_F (6.17) = [ ∂^2 + 2i(d∂_τ + c∂_σ) + (c^2 − d^2 + a^2) ][ ∂^2 − 2i(d∂_τ + c∂_σ) + (c^2 − d^2 + a^2) ] . This gives the characteristic frequencies

ω_n = ϵ_1d + ϵ_2 √ (n + ϵ_1c)^2 + a^2 , (6.18)

with ϵ_1, ϵ_2 = ±1. Although the parameters (a, c, d) might look different at first from those in [31], one can show that they are actually the same (up to signs) by using relations among parameters.

It turns out that we do not have to perform further rotations as in the previous cases. However, it is useful to note that the terms with id∂_τ can be removed by a simple“rotation”:

e^{±idτ} [∂^2 ± 2i(d∂_τ + c∂_σ) + (c^2 − d^2 + a^2)]e^{∓idτ} = ∂^2 + (a^2 + c^2) ± 2ic∂_σ . (6.19)

6.4 One-loop effective action

To compute the one-loop effective action, we collect all contributions, including the ghost part, and expand the operators for large ν, to find that

iΓ^{(1)} = − Tr log ( 1 + b_1 ∂^2 + ν^2 ) + 4 Tr log ( 1 + b_2 + 2ic∂_σ ∂^2 + ν^2 ) (6.20) − 1 2 Tr log [ 1 + 2b_3 ∂^2 + ν^2 + b^2_3 + B_2∂^2_σ (∂^2 + ν^2)^2 − B_1 ∂^2_σ ∂^2 ( 1 ∂^2 + ν^2 + b_3 (∂^2 + ν^2)^2 ) ] , with

b_1 = κ^2 − ν^2 , b_2 = a^2 + c^2 − ν^2 , b_3 = ũ^2 − ν^2 . (6.21)

Then, up to and including O(1/ν), the one-loop effective action in this case becomes

iΓ^{(1)} ∼ +iT LM^2 · C , (6.22)

where M^2 ∼ α(1 + α)k^2 and C is given by (4.9).

7 Correction to space-time energy

Summarizing, up to and including O(1/ν) ∼ O(1/J), the one-loop effective actions are given by a universal form,

iΓ^{(1)} ∼ ∓iT LM^2 · C , (7.1)

with the minus sign for the J_1 = J_2 three-spin and the two-spin SU(2) cases, and the plus sign for the SL(2) case. We call the former two cases the S^5 case in the following. The parameter ν was defined in (3.2) for the S^5 case, and above (6.4) for the SL(2) case, which was related to the total SO(6) spin by J ∼ √ λν for large ν. T and 2πL were the volumes of the world-sheet directions τ and σ, respectively, whereas C was given by (4.9). M was given in terms of the winding numbers by equations below (3.16) and (6.2). It also has a unified geometrical expression M^2 =^1_2 η^{ij} G_{μν} ∂_ix^μ∂_j x^ν = √ − det h_{ij} with h_{ij} the induced metric. In terms of spins, this was expressed as

M^2 = 1 2 η^{ij} G_{μν} ∂_ix^μ∂_j x^ν (7.2)

∼ 2m^2J_1/(2J_1 + J_3) (J_1 = J_2 3-spin case) α(1 − α)(m_1 − m_2)^2 , α = J_1/(J_1 + J_2) (SU(2) case) α(1 + α)k^2 , α = S/J (SL(2) case) .

Formally, the results in (7.1) for the SU(2) and the SL(2) cases are related by replacing the filling fractions as α_{SU (2)} → −α_{SL(2)} with an identification of m_1 − m_2 and k.

7.1 Comparison with the gauge theory side

From these one-loop effective actions, one can obtain the corrections to the space-time energy E^{(1)}. First, let us note that, in general, a one-loop effective action is interpreted as the one-loop correction to the (world-volume) energy with the expectation values of fields fixed (see, e.g., [42]). A simple way to confirm this is to express the one-loop effective action as a summation over characteristic frequencies (as in (7.12)). In our case, this means that Γ^{(1)} is proportional to the one-loop correction to the world-sheet energy:

Γ^{(1)} = −T E^{(1)}_{2d} . (7.3)

Second, the correction to the world-sheet energy is translated into that of the space-time energy [43] as

E^{(1)} = 1 κ E^{(1)}_{2d} , (7.4)

because of t = κτ . Therefore, up to and including O(1/J^2),

E^{(1)} ∼ ±C

M^2 κ + O(1/J^3) ∼ ± √ λC M^2 J , (7.5)

with the plus sign for the S^5 case, and the minus sign for the SL(2) case. Here and in the following, we set L = 1. Comparing these with the classical expressions,

E^{(0)} = J + λ M^2/2 J + O(λ^2/J^3) (S^5 case) S + J + λ M^2/2 J + O(λ^2/J^3) (SL(2) case)

, (7.6)

one finds that the M^2-dependence of E^{(1)} is the same as that of the first subleading term in the classical expression.

One can also compare (7.5) with the gauge theory results. On the gauge theory side, the corresponding quantity is the 1/J correction to the anomalous dimension at order λ [32]-[36],

γ^{(1)} = ± λ 2J^2 [ M^2 + K_{SL(2),SU (2)}(M^2) ] , (7.7)

where K_{SL(2),SU (2)}(M^2) are certain functions of M^2 and called the “anomaly” terms [32, 36]. Thus, E^{(1)} has the same M^2-dependence of the first (“zero-mode”) term of γ^{(1)}. Note that, if C(+ possible contributions from finite counter terms) ∼ 1/ν, the J- and the λ-dependences also match: E^{(1)} ∼ λM^2/J^2. In addition, the zero-mode (n = 0) part of C, i.e., 1/2ν, gives exactly the same contribution to E^{(1)} as the zero-mode term of γ^{(1)}.

7.2 Relation to the results in the literature

In the literature, the one-loop correction to the space-time energy has been studied by summing up the characteristic frequencies. It was computed numerically for the J_1 = J_2 three-spin case and the SU(2) case with two equal spins in [30], and for the SL(2) case in [31]. The result of the SL(2) case was matched with the 1/J correction to the anomalous dimension (7.7) including the anomaly terms [32]. An agreement was also found in the SU(2) case with two equal spins, up to subtleties due to the instability. Thus, in these cases,

E^{(1)}_{literature} = γ^{(1)} . (7.8)

This is to be compared with our result (7.5). First, the zero-mode parts of E^{(1)}_{literature} are the same as those on the gauge theory side in (7.7) [32] and hence as ours. However, the full expression of E^{(1)}_{literature} and the numerical results in [30] do not have a simple polynomial dependence on the winding numbers or M^2. As for the J-dependence, if we evaluate C by a simple summation explained below (4.9), C ∼ 1/2 and the J-dependence does not match, either. (However, see the discussions below (4.9) and (7.7).) Thus, the results in the literature and ours appear to be different. In this subsection, we would like to discuss this point in more detail.

First, we note that a one-loop effective action may be in general expressed either as a functional determinant (or a trace as in (7.9)), or as a summation over characteristic frequencies (as in (7.12)). Thus, our method is equivalent to those in [30, 31] before the summation. The agreement of the zero-mode contributions supports this. The apparent difference of the results is then understood as due to the difference of the methods of evaluation of the same quantity and extraction of its large J behavior. We have used the effective action language, since this is a useful tool for our purpose. In terms of it, the point of our method may be summarized as a choice of convenient functional bases for evaluating the one-loop effective action and space-time energy.

In order to see how apparent parameter dependence looks different depending on the way of evaluation and expansion, it may be useful to consider a simplified example of a one-loop effective action,^3

iΓ^{(1)} = Tr log(∂^2 + ν^2) + Tr log(∂^2 + ν^2 + 2k^2) − 2 Tr log(∂^2 + ν^2 + k^2) , (7.9)

with ν large and k of order one. Following our computations in the previous sections, one can combine all terms, to find

iΓ^{(1)} = Tr log ( 1 + 2k^2 ∂^2 + ν^2 ) − 2 Tr log ( 1 + k^2 ∂^2 + ν^2 ) . (7.10)

The expansion of the logarithms gives a well-defined large ν expansion. For example, the first non-trivial term is

iΓ^{(1)} ∼ Tr −k^4 (∂^2 + ν^2)^2 = − iT 4 ∑ n k^4 (p^2_n + ν^2)^{3/2} ∼ −iT L k^4 4ν^2

· c , (7.11)

where we have approximated the sum by an integral, and c = ∫ dx(x^2 + 1)^{−3/2} = 2.

On the other hand, by a standard procedure, Γ^{(1)} is written as a sum over characteristic frequencies as

iΓ^{(1)} ∼ iT ∑ n (√ p^2_n + ν^2 + √ p^2_n + ν^2 + 2k^2 − 2 √ p^2_n + ν^2 + k^2 ) , (7.12)

up to an additive constant. Following [31, 32], one may expand each term with respect to 1/ν^2, to find

iΓ^{(1)} ∼ iT ν ∑ n ∑ j=1 c_j (p_n, k) ν^{2j} , (7.13)

3For the purpose of this subsection, one may take an even simpler example such as Tr log(∂^2 + ν^2 + k^2) − Tr log(∂^2 + ν^2), although this is logarithmically divergent.

with c_j (p_n, k) 2j-th polynomials of p_n and k. The parameter dependence of (7.13) is in fact very different from that of (7.11).

Here, we would like to make a comment on the expansion in (7.13). Although the original series is convergent, p_n in the summation can be larger than ν, and the terms with larger j become potentially more divergent.^4 This subtlety can be rephrased also as follows. First, let us define

f(s) ≡ Γ^{(1)}/(T ν) = ∑ n g_n(s) , (7.14)

where s = 1/ν^2 and g_n(s) = √ 1 + sp^2_n + √ 1 + s(p^2_n + 2k^2) − 2 √ 1 + s(p^2_n + k^2). The above expansion corresponds to the expansion of f(s) around s = 0 (J = ∞),

f(s) = f(0) + sf^′(0) + · · · ∼ s ∑ n g^′_n(0) . (7.15)

Note that, to obtain the last expression, one needs to use f^′(0) = ∑ n g^′_n(0). By a basic result of analysis, a (sufficient) condition for such termwise differentiability is the uniform convergence of ∑ n g^′_n(s) around s = 0, in addition to the pointwise convergence of ∑ n g_n(s) there. However, for large n, g_n(s) ∼ √ sk^4/(p_n )^3 and hence g^′_n(s) ∼ k^4/( √ sp^3_n), which implies that ∑ n g^′_n(s) is not uniformly convergent around s = 0. Since larger and larger n becomes relevant as s approaches zero, it seems to be difficult to study this subtlety numerically.^5 In addition, to consider the relation between expansion methods and parameter dependence further, it may also be useful to observe what would happen if we did not make the rotations of the functional bases which we had performed to make the large J expansion well-defined. For example, in the SL(2) case, if we use D^1_{pq} in (6.6) instead of D̂^1_{pq} in (6.9), we have − 1 2 Tr log ( 1 + b^′_1∂^2_τ + b^′_2∂^2_σ + b^′_3∂_τ ∂_σ ∂^4 + 4ν^2∂^2_τ ) (7.16)

4In this example, c_1 = 0, whereas, in the original case in [31, 32], the first term in the expansion gives the finite leading correction. Regarding the divergences for c_{j≥2}, see a footnote in [32].

5Although the characteristic frequencies take different and more complicated forms, the expansion coefficients of Γ^{(1)} in [31] are divergent as in (7.13), except in the leading term. Thus, the expansion is not defined. We also remark that the order of limits, i.e., lim_{N→∞} ∑_N n first and then ν (∼ J) → ∞, has been changed in the expansions in [31] and (7.13). In the numerical computation in [30], a summation of the form S = ∑ n f(n/κ) is first split into two parts as S = ( ∑ |n|<N+1 + ∑ |n|>N+1)f(n/κ) ≡ S1 + S2. S1 is then numerically evaluated, whereas S_2 is regarded as the error. To estimate S_2, an approximation by an integral in [29] is used: f(x_i) = ∫_{xi+1} x_i dx g(x) + O(1/κ 5) , where g(x) is a certain function, and x_i = n_i/κ. Although S_2 is estimated in [30] as S_2 = ∫_∞ N/κ dx g(x) + O(1/κ^5), the above approximation of f(x_i) by an integral is just for a single term f(x_i) and thus the total error for S_2 derived from it is O(L/κ^5), where L is the number of terms in S_2. Since L = ∞ in this case, the estimation of the error should be refined. In fact, the quantum corrections in Fig.1-5 in [30] at q = 0 (s^2_γ = 0 in our notation) do not vanish, although it should vanish since q = 0 corresponds to the point-like BPS (BMN) solution.

instead of the second line in (6.20). Here, b^′_{1,2} are of order one, b^′_3 is of order ν, and we have used (4.6). Suppose that one can expand the logarithm. Then, evaluating the ν-dependence similarly to section 4, one finds that there are infinitely many terms up to and including O(1/ν) due to the infrared behavior. Thus, this expansion may not be valid in general. A formal expansion gives

iΓ^{(1)} ∼ iT k^2 ν [c^′_1 + c^′_2(kL)^2 + c^′_3(kL)^4 · ·· ] , (7.17)

with c^′_j some constants. The E^{(1)} which is read off from this Γ^{(1)} scales as 1/J^2 and has complicated k^2-dependence as in (7.7) with the anomaly terms.

We have discussed how the difference between our results and those in the earlier works arises. Actually, our work is an attempt to overcome the difficulties in the earlier works discussed above. In our method, the one-loop effective action and space-time energy can be computed as a systematic and well-defined expansion of 1/J including higher order terms. It is also possible to obtain closed forms of the expansion coefficients such as C in (4.9).

As discussed at the end of section 4, one has to regularize infinities in the intermediate calculations, and the final finite part should be fixed so as to maintain the symmetry of the theory. (Note that this issue is common to the methods in the earlier works.) In fact, one can confirm that our results maintain the symmetry: the final result is compactly expressed as a geometrical invariant (see (7.2)) and correctly vanishes in the BPS cases (m, m_{1,2}, k = 0). It is an interesting question if there are further possibilities to shift the finite part while keeping the symmetry maintained. Also, a very non-trivial agreement of the string and the gauge theory results is found in [32] based on [31], in spite of the difficulties in [31] concerning the large world-sheet momenta n ≫ J. Therefore, the excitation modes with large n would be important to understand the differences among our results, those in [30, 31] and those in the gauge theory. Note that such high excitation modes are not well-understood in the context of AdS/CFT correspondence. For example, it is not known to what these correspond on the gauge theory side even in the pp-wave case.

8 Conclusions

In this paper, we discussed quantum fluctuations of the constant radii rotating strings in AdS_5 × S^5. Using a functional method, we developed a systematic method to compute the one-loop sigma-model effective actions in closed forms as expansions for large spins. A point was the change (rotation) of functional bases to make the expansion well-defined. As examples, we explicitly evaluated the leading terms (up to and including O(1/J)) for the strings in the SO(6) sector with two equal spins, the SU(2) sector, and the SL(2) sector. We would like to note that, in our method, it is straightforward to compute higher order terms (up to any given order, in principle). We moreover obtained the one-loop corrections to the space-time energy up to and including O(1/J^2). Comparing these with the finite size corrections to the anomalous dimension on the gauge theory side, we found that the dependence on the winding numbers and the filling fractions agreed with that of the “nonanomalous”(zero-mode) part on the gauge theory side. Relation to the earlier results in the literature was also discussed.

An obvious future direction is to probe quantum effects for more general cases such as the folded and the circular solutions in [6], by generalizing the method in this paper. In fact, this was one of the original motivations of this work. Also, the comparison with the results on the gauge theory side or in [31, 32] indicates that it is important to understand the issue of the order of limits, as has been pointed out in the literature of the rotating string/spin chain correspondence.

Acknowledgments

We would like to thank N. Berkovits, D. Ghoshal, N. Hatano, M. Hatsuda, Y. Hikida, T. Mateos, K. Mohri, N. Ishibashi, Y. Okada, S.-J. Rey, K. Sakai, M. Shiroishi, B. Stefanski, Y. Susaki, Y. Takayama, Z. Tsuboi, A. Yamaguchi, and K. Yoshida for useful discussions and conversations. We would especially like to thank A. Tseytlin for useful comments and discussions on an earlier version of the manuscript in January, correcting errors in it, and informing us of part of the results in [32] prior to publication. H. F. and Y.S. are also grateful to California Institute of Technology and Seoul National University, respectively, for warm hospitality. The work of Y.S. was supported in part by Grant-in-Aid for Young Scientists (B) No. 16740124 and Overseas Advanced Educational Research Practice Support Program No.16-077 from the Japan Ministry of Education, Culture, Sports, Science and Technology.

Appendix : Evaluation of C

In this appendix, we explain how to evaluate C in (4.9) for large ν. As discussed in section 4, the result can depend on the way of calculation (regularization).

First, we evaluate C by first summing the terms in the parenthesis in (4.9) for given n and then summing over n. This sum can be approximated by an integral using the Euler- Maclaurin formula, N∑ n=0 f(a + nδ) (A.1) = 1 δ ∫_{a+N δ} a f(x) dx + 1 2 [f(a) + f(a + Nδ)] + δ 12 [f^′(a + Nδ) − f^′(a)] + O(δ^2f^{′′}) , where the prime stands for the derivative. Setting δ = 1/(νL) and f(x) = δ · (^{x2+1/2√}_{x2+1} − x), we then find that, for large N, C ∼ − δ 2 + 2 N∑ n=0 f(nδ) = + 1 2 + 1 6(νL)^2 + O ( 1 (νL)^3 , νL N ) . (A.2)

Since f^{′′}(x) is bounded for x ∈ (0, ∞), the error does not grow, as discussed in section 4.

Second, for example, we may also adopt the zeta-function regularization (see, e.g., [44]) for each divergent sum in C. For this purpose, we introduce ζ(z, μ) ≡ ∑ n∈Z 1 (n^2 + μ^2)^z = 1 Γ(z) ∫_∞ 0 ds s^{z−1}e^{−μ2 s}θ_3(is/π) , (A.3) where μ > 0 and θ_3(τ ) = ∑ n∈Z q^{n2/2} with q = e^{2πiτ} . The second equation gives an analytic continuation in z. We then make a change of variables, u = μ^2s, perform the modular transformation θ_3(τ ) = (−iτ )^{−1/2}θ_3(−1/τ ), and expand the resultant theta function as θ_3(iπμ^2/u) = 1 + 2 ∑ n=1 e^{−(πμn)2 /u}. After the integration, the terms from the sum over n ≥ 1 are expressed by a Bessel function as^{2√π}_{Γ(z)} (μ/πn)^{1/2−z} K_{1/2−z} (2πμn). These are exponentially suppressed for large μ, since K_ν (x) ∼ x^{−1/2}e^{−x} for large x. Thus, we find that ζ(z, μ) = μ^{1−2z} B( 1 2 , z − 1 2 ) + O(μ^{−z} e^{−2πμ}) (A.4)

for large μ, where B(x, y) is the beta function. Applying this to each sum in C, we encounter some singular expressions at intermediate steps. We regularize them by shifting z as z + ϵ. Consequently, C ∼ 1 (νL)^2 [ ζ(− 1 2 + ϵ, νL) − 1 2 (νL)^2ζ( 1 2 + ϵ, νL) − 2ζ(−1) ] . (A.5)

Carefully taking the limit ϵ → 0, we find that the leading contributions from the first two terms cancel each other, and C ∼ − 1 2 + 1 6(νL)^2 + O ( e^{−2πνL} √ νL , ϵ ) . (A.6)

References

[1] D. Berenstein, J. M. Maldacena and H. Nastase, “Strings in flat space and pp waves from N = 4 super Yang Mills”, JHEP 0204 (2002) 013 [hep-th/0202021].

[2] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “A semi-classical limit of the gauge/string correspondence”, Nucl. Phys. B 636 (2002) 99 [hep-th/0204051].

[3] J. A. Minahan and K. Zarembo, “The Bethe-ansatz for N = 4 super Yang-Mills”, JHEP 0303 (2003) 013 [hep-th/0212208].

[4] S. Frolov and A. A. Tseytlin, “Multi-spin string solutions in AdS_5 × S^5”, Nucl. Phys.

B 668 (2003) 77 [hep-th/0304255].

[5] N. Beisert, J. A. Minahan, M. Staudacher and K. Zarembo, “Stringing spins and spinning strings,” JHEP 0309 (2003) 010 [hep-th/0306139].

[6] S. Frolov and A. A. Tseytlin, “Rotating string solutions: AdS/CFT duality in nonsupersymmetric sectors”, Phys. Lett. B 570 (2003) 96 [hep-th/0306143].

[7] N. Beisert, S. Frolov, M. Staudacher and A. A. Tseytlin, “Precision spectroscopy of AdS/CFT”, JHEP 0310 (2003) 037 [hep-th/0308117].

[8] G. Arutyunov and M. Staudacher, “Matching higher conserved charges for strings and spins”, JHEP 0403 (2004) 004 [hep-th/0310182].

[9] J. Engquist, J. A. Minahan and K. Zarembo, “Yang-Mills duals for semiclassical strings on AdS_5 × S^5”, JHEP 0311 (2003) 063 [hep-th/0310188].

[10] A. A. Tseytlin, “Spinning strings and AdS/CFT duality”, [hep-th/0311139]. [11] N. Beisert, “The dilatation operator of N = 4 super Yang-Mills theory and integrability”, Phys. Rept. 405 (2005) 1 [hep-th/0407277].

[12] M. Kruczenski, “Spin chains and string theory”, Phys. Rev. Lett. 93 (2004) 161602 [hep-th/0311203].

[13] B. J. Stefanski and A. A. Tseytlin, “Super spin chain coherent state actions and AdS_5 × S^5 superstring”, [hep-th/0503185]; and references therein.

[14] V. A. Kazakov, A. Marshakov, J. A. Minahan and K. Zarembo, “Classical/quantum integrability in AdS/CFT”, JHEP 0405 (2004) 024 [hep-th/0402207].

[15] N. Beisert, V. A. Kazakov, K. Sakai and K. Zarembo, “Complete spectrum of long operators in N=4 SYM at one loop”, [hep-th/0503200];

S. Schafer-Nameki, “The algebraic curve of 1-loop planar N = 4 SYM”, Nucl. Phys. B 714 (2005) 3 [hep-th/0412254]; and references therein.

[16] G. Mandal, N. V. Suryanarayana and S. R. Wadia, “Aspects of semiclassical strings in AdS_5”, Phys. Lett. B 543 (2002) 81 [hep-th/0206103];

I. Bena, J. Polchinski and R. Roiban, “Hidden symmetries of the AdS_5 × S^5 superstring”, Phys. Rev. D 69 (2004) 046002 [hep-th/0305116].

[17] N. Beisert and M. Staudacher, “The N = 4 SYM integrable super spin chain”, Nucl.

Phys. B 670 (2003) 439 [hep-th/0307042].

[18] G. Arutyunov, S. Frolov, J. Russo and A. A. Tseytlin, “Spinning strings in AdS_5 × S^5 and integrable systems”, Nucl. Phys. B 671 (2003) 3 [hep-th/0307191].

[19] L. Dolan, C. R. Nappi and E. Witten, “A relation between approaches to integrability in superconformal Yang-Mills theory”, JHEP 0310 (2003) 017 [hep-th/0308089].

[20] G. Arutyunov, J. Russo and A. A. Tseytlin, “Spinning strings in AdS_5 × S^5: New integrable system relations,” Phys. Rev. D 69 (2004) 086009 [hep-th/0311004].

[21] D. Mateos, T. Mateos and P. K. Townsend, “Supersymmetry of tensionless rotating strings in AdS_5 × S^5, and nearly-BPS operators”, JHEP 0312 (2003) 017 [hepth/0309114].

[22] A. Mikhailov, “Speeding strings”, JHEP 0312 (2003) 058 [hep-th/0311019]. [23] A. Dhar, G. Mandal and S. R. Wadia, “String bits in small radius AdS and weakly coupled N = 4 super Yang-Mills theory. I”, [hep-th/0304062];

A. Clark, A. Karch, P. Kovtun and D. Yamada, “Construction of bosonic string theory on infinitely curved anti-de Sitter space”, Phys. Rev. D 68 (2003) 066011 [hepth/0304107].

[24] D. Serban and M. Staudacher, “Planar N = 4 gauge theory and the Inozemtsev long range spin chain”, JHEP 0406 (2004) 001 [hep-th/0401057].

[25] F. Bigazzi, A. L. Cotrone and L. Martucci, “Semiclassical spinning strings and confining gauge theories”, Nucl. Phys. B 694 (2004) 3 [hep-th/0403261];

S. A. Frolov, R. Roiban and A. A. Tseytlin, “Gauge - string duality for superconformal deformations of N = 4 super Yang-Mills theory”, [hep-th/0503192].

[26] K. Peeters, J. Plefka and M. Zamaklar, “Splitting spinning strings in AdS/CFT”, JHEP 0411 (2004) 054 [hep-th/0410275].

[27] A. Parnachev and A. V. Ryzhov, “Strings in the near plane wave background and AdS/CFT”, JHEP 0210 (2002) 066 [hep-th/0208010];

C. G. Callan, H. K. Lee, T. McLoughlin, J. H. Schwarz, I. Swanson and X. Wu, “Quantizing string theory in AdS_5 × S^5: Beyond the pp-wave”, Nucl. Phys. B 673 (2003) 3 [hep-th/0307032];

T. McLoughlin and I. Swanson, “N-impurity superstring spectra near the pp-wave limit”, Nucl. Phys. B 702 (2004) 86 [hep-th/0407240].

[28] G. Arutyunov, S. Frolov and M. Staudacher, “Bethe ansatz for quantum strings”, JHEP 0410 (2004) 016 [hep-th/0406256];

N. Beisert and M. Staudacher, “Long-range P SU(2, 2|4) Bethe ansaetze for gauge theory and strings”, [hep-th/0504190].

[29] S. Frolov and A. A. Tseytlin, “Quantizing three-spin string solution in AdS_5 × S^5”, JHEP 0307 (2003) 016 [hep-th/0306130].

[30] S. A. Frolov, I. Y. Park and A. A. Tseytlin, “On one-loop correction to energy of spinning strings in S^5”, [hep-th/0408187].

[31] I. Y. Park, A. Tirziu and A. A. Tseytlin, “Spinning strings in AdS_5 × S^5: One-loop correction to energy in SL(2) sector”, [hep-th/0501203].

[32] N. Beisert, A. A. Tseytlin and K. Zarembo, “Matching quantum strings to quantum spins: One-loop vs. finite-size corrections”, [hep-th/0502173].

[33] M. Lubcke and K. Zarembo, “Finite-size corrections to anomalous dimensions in N = 4 SYM theory,” JHEP 0405 (2004) 049 [hep-th/0405055].

[34] V. A. Kazakov and K. Zarembo, “Classical/quantum integrability in non-compact sector of AdS/CFT”, JHEP 0410 (2004) 060 [hep-th/0410105].

[35] L. Freyhult and C. Kristjansen, “Finite size corrections to three-spin string duals”, [hep-th/0502122].

[36] R. Hernandez, E. Lopez, A. Perianez and G. Sierra, “Finite size effects in ferromagnetic spin chains and quantum corrections to classical strings”, [hep-th/0502188].

[37] L. Alvarez-Gaume, D. Z. Freedman and S. Mukhi, “The background field method and the ultraviolet structure of the supersymmetric nonlinear sigma model”, Annals Phys. 134 (1981) 85;

S. Mukhi, “The geometric background field method, renormalization and the Wess- Zumino term in nonlinear sigma models”, Nucl. Phys. B 264 (1986) 640.

[38] R. R. Metsaev and A. A. Tseytlin, “Type IIB superstring action in AdS_5 × S^5 background”, Nucl. Phys. B 533 (1998) 109 [hep-th/9805028].

[39] P. S. Howe and P. C. West, “The complete N=2, D = 10 supergravity”, Nucl. Phys. B 238 (1984) 181;

S. Mizoguchi, T. Mogami and Y. Satoh, “Penrose limits and Green-Schwarz strings”, Class. Quant. Grav. 20 (2003) 1489 [hep-th/0209043].

[40] K. Lechner and M. Tonin, “The cancellation of worldsheet anomalies in the D=10 Green–Schwarz heterotic string sigma-model”, Nucl. Phys. B 475 (1996) 535 [hepth/9603093].

[41] N. Drukker, D. J. Gross and A. A. Tseytlin, “Green-Schwarz string in AdS_5 × S^5:

Semiclassical partition function”, JHEP 0004 (2000) 021 [hep-th/0001204]. [42] S. Weinberg, “The quantum theory of fields. Vol. 2”, Cambridge, Cambridge Univ.

Press (1996).

[43] S. Frolov and A. A. Tseytlin, “Semiclassical quantization of rotating superstring in AdS_5 × S^5”, JHEP 0206 (2002) 007 [hep-th/0204226].

[44] A. Voros, “Spectral functions, special functions and Selberg zeta function,” Commun.

Math. Phys. 110 (1987) 439.