arXiv:hep-th/0504204 v2 29 Apr 2005

hep-th/0504204 TPJU – 5/2005 0104/2005 IFT UWr

Classical geometry from the quantum Liouville theory

Leszek Hadasz^1 M. Smoluchowski Institute of Physics, Jagellonian University, Reymonta 4, 30-059 Kraków, Poland

Zbigniew Jaskólski^2

Marcin Pia̧tek^3 Institute of Theoretical Physics University of Wrocław pl. M. Borna, 950-204 Wrocław Poland

Abstract

Zamolodchikov’s recursion relations are used to analyze the existence and approximations to the classical conformal block in the case of four parabolic weights. Strong numerical evidence is found that the saddle point momenta arising in the classical limit of the DOZZ quantum Liouville theory are simply related to the geodesic length functions of the hyperbolic geometry on the 4-punctured Riemann sphere. Such relation provides new powerful methods for both numerical and analytical calculations of these functions. The consistency conditions for the factorization of the 4-point classical Liouville action in different channels are numerically verified. The factorization yields efficient numerical methods to calculate the 4-point classical action and, by the Polyakov conjecture, the accessory parameters of the Fuchsian uniformization of the 4-punctured sphere.

PACS: 11.25.Hf

1e-mail: hadasz@th.if.uj.edu.pl 2e-mail: jask@ift.uni.wroc.pl 3e-mail: piatek@ift.uni.wroc.pl

1 Introduction

A few years ago a considerable progress in the Liouville theory has been achieved [1]. The solution to the quantum theory based on the structure constants proposed by Otto and Dorn [2] and by A. and Al. Zamolodchikov [3] was completed by Ponsot and Teschner [4–6] and by Teschner [1, 7]. Along with the techniques of calculating conformal blocks developed by Al. Zamolodchikov [8–10] the DOZZ theory provides explicit formulae for quantum correlators.

On the other hand there exists so called geometric approach originally proposed by Polyakov [11] and further developed by Takhtajan [12–15] (see also [16–19]). In contrast to the operator formulation of the DOZZ theory the correlators of primary fields with elliptic and parabolic weights are expressed in terms path integral over conformal class of Riemannian metrics with prescribed singularities at the punctures. The underlying structure of this formulation is the classical hyperbolic geometry of the Riemann surface.

Although the relation between these formulations is not yet completely understood [20– 22] it is commonly believed that the quasiclassical limit of the DOZZ theory exists and is correctly described by the classical Liouville action of the geometric approach. This is for instance justified by explicit calculation of the classical limit of the DOZZ structure constants and the classical Liouville action for the Riemann sphere with three punctures [3, 23].

Some of the predictions derived from the path integral representation of the geometric approach can be rigorously proved and lead to deep geometrical results. This can be seen as an additional support for the correctness of the picture the geometric formulation provides for the semiclassical limit of the DOZZ theory. One of the results of this type is the so called Polyakov conjecture obtained as a classical limit of the Ward identity [24–29]. It states that the classical Liouville action is a generating function for the accessory parameters of the Fuchsian uniformization of the punctured sphere yielding an essentially new insight into this classical long standing problem. Its usefulness for solving the uniformization is however restricted by our ability to calculate the classical Liouville action for more than three singularities.

The existence of the semiclassical limit of the Liouville correlation function with the projection on one intermediate conformal family implies a semiclassical limit of the BPZ quantum conformal block [30] with heavy weights Δ = Q^2δ, Δ_i = Q^2δ_i, with δ, δ_i = O(1) in the following form:

F_{1+6Q}2_{,Δ}

[_{Δ3 Δ2}

Δ_4 Δ_1 ] (x) ∼ exp { Q^2 f_δ [_{δ3 δ2} δ_4 δ_1 ] (x) } . (1.1)

The function f_δ [_{δ3 δ2} δ_4 δ_1 ] (x) is called the classical conformal block [3] or (a bit confusing) the “classical action” [9, 10].

The existence of the semiclassical limit (1.1) was first postulated in [9, 10] where it was pointed out that the classical block is related to a certain monodromy problem of a null vector decoupling equation in a similar way the classical Liouville action is related to the Fuchsian uniformization. This relation was further used to derive the Δ → ∞ limit of the conformal block and its expansion in powers of the q variable.

The 4-point function of the DOZZ theory can be defined as an integral of s-channel conformal blocks and the DOZZ couplings over the continuous spectrum of the theory. In the semiclassical limit the integrand can be expressed in terms of the 3-point classical Liouville action and the classical block, and the integral itself is dominated by the saddle point Δ_s = Q^2δ_s(x). One thus gets the factorization [3]

S^{(cl)}(δ_4, δ_3, δ_2, δ_1; x) = (1.2) S^{(cl)}(δ_4, δ_3, δ_s(x)) + S^{(cl)}(δ_s(x), δ_2, δ_1) − f_{δs(x)} [_{δ3 δ2} δ_4 δ_1 ] (x) − f̄_{δs(x)} [_{δ3 δ2} δ_4 δ_1 ] (x̄), where S^{(cl)}(δ_4, δ_3, δ_2, δ_1; x) is the classical action for the weights δ_1, δ_2, δ_3, δ_4 located at 0, x, 1 and ∞, respectively, and S^{(cl)}(δ_3, δ_2, δ_1) is the classical Liouville action for the weights δ_1, δ_2, δ_3 at the locations 0, 1, ∞. Since the semiclassical limit should be independent of the choice of the channel in the representation of the DOZZ 4-point function one gets the consistency conditions

S^{(cl)}(δ_4, δ_3, δ_s(x)) + S^{(cl)}(δ_s(z), δ_2, δ_1) − f_{δs(x)} [_{δ3 δ2} δ_4 δ_1 ] (x) − f̄_{δs(x)} [_{δ3 δ2} δ_4 δ_1 ] (x̄)

= S^{(cl)}(δ_4, δ_1, δ_t(x)) + S^{(cl)}(δ_t(x), δ_2, δ_3) (1.3) − f_{δt(x)} [_{δ1 δ2} δ_4 δ_3 ] (1 − x) − f̄_{δt(x)} [_{δ1 δ2} δ_4 δ_3 ] (1 − x̄)

= 2δ_2 log xx̄ + S^{(cl)}(δ_1, δ_3, δ_u(x)) + S^{(cl)}(δ_u(x), δ_2, δ_4) − f_{δu (x)} [_{δ3 δ2} δ_1 δ_4 ] ( 1 x ) − f̄_{δu(x)} [_{δ3 δ2} δ_1 δ_4 ] ( 1 x̄ ) , where the saddle weights δ_t(x), δ_u(x) in the t- and u-channel are simply related to the schannel saddle point:

δ_t(x) = δ_s(1 − x), δ_u(x) = δ_s ( 1 x ) . As the conditions (1.3) follow from the semiclassical limit of the bootstrap equations of the quantum DOZZ theory we shall call them the classical bootstrap equations.

The question arises what is the geometric interpretation of the saddle point conformal weight δ_s(x). Let us recall that the classical solution describes a unique hyperbolic geometry with singularities at the locations of conformal weights. For elliptic, parabolic and hyperbolic weights one gets conical singularities, punctures and holes with geodesic boundaries, respectively [23, 29, 31]. In the latter case the (classical) conformal weight δ is related to the length ℓ of the corresponding geodesic by δ = 1 4 + μ 4 ( ℓ 2π )_2 (1.4)

where the scale of the classical configuration is set by the condition R = −^μ_2 imposed on the constant scalar curvature R.

Let us note that the relation (1.4) appears also in the context of the quantization of the Teichmüller space ([32], [33] and references therein). With this relation assumed one can show that the Hilbert space arising in the quantization of the Teichmüller space of a Riemann surface and the space of conformal blocks of the Liouville theory on this surface are isomorphic as representations of the mapping class group.

In the case of 4 singularities at the standard locations 0, x, 1, ∞ there are three closed geodesics Γ_s, Γ_t, Γ_u separating the singular points into pairs (x, 0|1, ∞), (x, 1|0, ∞) and (x, ∞|0, 1) respectively. Since the spectrum of DOZZ theory is hyperbolic the singularities corresponding to the saddle point weights δ_i(x) are geodesic holes. One may expect that these weights are related to the lengths ℓ_i of the closed geodesics Γ_i in corresponding channels:

δ_i(x) = 1 4 + μ 4 ( ℓ_i(x) 2π )_2 , i = s, t, u. (1.5) If the formula above proved true it would provide a new powerful tool for calculating the geodesic length functions which play an important role in analyzing the structure of the moduli space of Riemann surfaces ([34], and references therein). It would also pave a way for an explicit uniformization of at least 4-punctured sphere.

Our aim in the present paper is a numerical verification of the three conjectures mentioned above: the asymptotic (1.1), the classical bootstrap equations (1.3), and the relation (1.5). Up to our knowledge no rigorous proof of any of these relations is known. The basic difficulty is the conformal block itself which except of some special cases is only known as a formal power series in the x variable. Since the coefficients are defined in terms of inverses of the Gram matrices of a Verma module a direct analysis is prohibitively difficult.

A more efficient method based on a recurrence relation for the coefficients was developed by Al. B. Zamolodchikov [8]. The assumption crucial for this method is that the formal power series defining the conformal block converges. It is actually believed (and well justified by all special cases where the conformal block can be calculated explicitly) that the radius of convergence is 1. Another commonly accepted hypothesis, still waiting for its rigorous proof, states that the only singularities of the conformal block with respect to the z variable are branching points (in general of a transcendental kind) at 0, 1, and ∞ [36]. This implies that the conformal block is a single-valued analytic function on the universal covering of a 3-punctured Riemann sphere and can be expressed by a power series convergent in the entire domain of its analyticity [10]. A recurrence relation for calculating coefficients of this so called q-expansion [10] provides an extremely efficient method for numerical analysis of conformal block and was applied for testing the conformal bootstrap equations [3, 37]. Let us note that both the x- and q-expansion recurrence methods involve formulae which successfully passed numerical tests but a formal proof of them is still lacking.

The organization of the paper is as follows. In Sect. 2 we briefly present the classical Liouville action and its relation to the monodromy problem of Fuchsian uniformization. In Sect. 3 the classical conformal block is introduced and its relation to a certain monodromy problem of the null-vector decoupling equation is clarified. These sections contain a material which is basically known and were added mainly for completeness and to set the notation.

In Sect. 4 the Zomolodchikov’s recurrence method is applied to calculate the x- and qexpansion of the classical conformal block in the case of parabolic external weights up to 7th and 16th power, respectively. It is also checked by symbolic calculation that up to these orders the asymptotic (1.1) is correct.

In Sect. 5 the saddle point weights and momenta are defined and numerically calculated in same special cases in which the lengths of geodesics in each channel are exactly known. An excellent agreement is obtained using both the x- and q-expansions of classical conformal block. It is also verified that the geodesic length function numerically calculated from the formula (1.5) satisfies the upper and lower bounds known to mathematicians [35]. The calculations of this section provide a strong evidence that the formula (1.5) is correct and along with the q-expansion for classical conformal block give an extremely efficient method for numerical calculations of the geodesic length functions on the 4-punctured sphere.

In Sect. 6 some numerical tests of the classical bootstrap are presented. It is shown that it is satisfied with high precision, improving with the number of terms taken into account in the q-expansion of the conformal block. This allows for calculating the classical Liouville action for 4-puncture sphere and, by the Polyakov conjecture, the accessory parameters of the Fuchsian uniformization. Finally, Sect. 7 contains conclusions and discussion of possible extensions of the present work.

2 Classical Liouville action and the Polyakov conjecture

A conformal factor of the hyperbolic metric on the surface X parametrized with a complex coordinate z is a solution of the Liouville equation ∂_z ∂_{z̄} ϕ(z, z̄) = μ 2 e^{ϕ(z,z̄)} (2.1)

Given a genus g of X and a set of points z_1, . . ., z_n removed from X this metric is determined by the singular behavior of ϕ at z_j −s. In the present paper we shall consider the case of X being a punctured sphere (g = 0) and choose a complex coordinates on X in such a way that z_n = ∞. The existence and the uniqueness of the solution of the equation (2.1) on the sphere with the elliptic singularities, ϕ(z, z̄) = { −2 (1 − ξ_j ) log |z − z_j | + O(1) as z → z_j , j = 1, . . ., n − 1, −2 (1 + ξ_n) log |z| + O(1) as z → ∞,

(2.2)

was proved by Picard [38, 39] (see also [40] for a modern proof). The solution can be interpreted as a conformal factor of the complete, hyperbolic metric on X = C \ {z_1, . . ., z_{n−1}} with the conical singularities of the opening angles 0 < 2πξ_j < 2π at the punctures z_j . The solution is known to exist also in the case of parabolic singularities (corresponding to ξ_j → 0), with the asymptotic behavior of the Liouville field of the form ϕ(z, z̄) = { −2 log |z − z_j | − 2 log |log |z − z_j || + O(1) as z → z_j , −2 log |z| − 2 log |log |z|| + O(1) as z → ∞. (2.3)

The central objects in the geometric approach to the quantum Liouville theory are the partition functions on X : ⟨X⟩ = ∫ M Dϕ e^{−Q2 SL[ϕ]}, (2.4)

where M is the space of conformal factors on X with the asymptotics (2.2) or (2.3), and the correlation functions of the energy–momentum tensor ⟨ T (u_1) . . .T (u_k)T̄(w̄_1) . . .T̄ (w̄_l) X ⟩ = ∫ M Dϕ e^{−Q2 SL[ϕ]} T (u_1) . . .T (u_k)T̄(w̄_1) . . .T̄ (w̄_l), (2.5)

with T (u) =

Q^2 2 [ − 1 2 (∂_uϕ(u, ū))^2 + ∂^2_uϕ(u, ū) ] . (2.6)

The singular nature of the Liouville field at the punctures requires regularizing terms in the Liouville action:

S_L[ϕ] = 1 4π lim_{ϵ→0} S^ϵ_L[ϕ],

S^ϵ_L[ϕ] = ∫ X_ϵ d^2z [ |∂ϕ|^2 + μe^ϕ ] + n−1∑ j=1 (1 − ξ_j ) ∫ |z−z_j |=ϵ |dz| κ_z ϕ + (1 + ξ_n) ∫ |z|=^1_ϵ |dz| κ_z ϕ (2.7)

−2π n−1∑ j=1 (1 − ξ_j )^2 log ϵ − 2π (1 + ξ_n)^2 log ϵ,

where X_ϵ = C \ {(⋃_n j=1 |z − z_j | < ϵ ) ∪ ( |z| >^1_ϵ )} . The form of (2.7) is valid for parabolic singularities (with corresponding ξ_j = 0) as well.

One can check by perturbative calculations of the correlators (2.5) [12] that the central charge reads c = 1 + 6Q^2. (2.8) The transformation properties of (2.4) with respect to the global conformal transformations show [12] that the punctures behave like primary fields with the dimensions

Δ_j = Δ̄_j =

Q^2 4 ( 1 − ξ^2_j ) . (2.9)

As for fixed ξ_j the dimensions scale like Q^2, the punctures correspond to heavy fields of the operator approach [3].

In the classical limit Q^2 → ∞ with all

δ_i^{def}=

Δ_i Q^2 = 1 − ξ^2_j 4 (2.10) kept fixed we expect the path integral to be dominated by the classical action:

⟨X⟩ ∼ e^{−Q2 S(cl) (δi ; zi )}, (2.11)

where the classical action S^{(cl)}(δ_i ; z_i) is the functional S_L[ · ] (2.7) evaluated at the classical solution φ of (2.1) with the asymptotics (2.2) or (2.3). Similarly:

⟨T (z)X⟩ ∼ T^{cl}(z) e^{−Q2 S(cl) (δi ; zi)}, (2.12)

where T^{cl}(z) is the classical energy–momentum tensor.

From (2.6) and (2.2) or (2.3) it follows that

T^{cl}(z) ∼

Δ_j (z − z_j )^2 for z → z_j ,

T^{cl}(z) ∼

Δ_n z^2 for z → ∞, (2.13)

and consequently

T^{cl}(z) = Q^2 n−1∑ j=1 [ δ_j (z − z_j )^2 + c_j z − z_j ] . (2.14)

Combining now (2.11), (2.12) and (2.14) with the conformal Ward identity [30] ⟨T (z)X⟩ = n−1∑ j=1 [ Δ_j (z − z_j )^2 + 1 z − z_j ∂ ∂z_j ] ⟨X⟩ , (2.15)

we get the relation c_j = −

∂S^{(cl)}(δ_i ; z_i) ∂z_j (2.16)

known as the Polyakov conjecture.

It is amazing that this relation obtained by general heuristic path integral arguments turned out to provide an exact solution to a long standing problem of the so called accessory parameters of the Fuchsian uniformization of the punctured sphere. Indeed, it was rigorously proved [24–29] that the formula (2.16) yields the accessory parameters c_j for which the Fuchsian equation ∂^2ψ(z) + 1 Q^2

T^{cl}(z)ψ(z) = 0 (2.17)

admits a fundamental system of solutions with SU(1, 1) monodromies around all singularities. Note that if {χ_1(z), χ_2(z)} is such a system then the function φ(z, z̄) determined by the relation e^{φ(z,z̄)} = 4 |w^′|^2 μ(1 − |w|^2)^2 , w(z) = χ_1(z) χ_2(z)

, (2.18)

satisfies (2.1) and (2.2) (or (2.3)). The SU(1, 1) monodromy condition is then equivalent to the existence of the well defined hyperbolic metric on X.

From (2.13) it follows that c_j satisfy the relations n−1∑ j=1 c_j = 0, n−1∑ j=1 (δ_j + z_j c_j ) = δ_n. (2.19)

In the case of three singularities the only two accessory parameters are completely determined by (2.19). Hence one can solve the equation (2.17), find the classical Liouville field and calculate the classical action. The result is [3]:

S^{(cl)}(δ_3, δ_2, δ_1) ≡ S^{(cl)}(δ_3, δ_2, δ_1; ∞, 1, 0) = (2.20) 1 2 (1 − ξ_1 − ξ_2 − ξ_3) log μ + ∑ σ_2 ,σ_3 =± F ( 1 − ξ_1 2 + σ_2 ξ_2 2 + σ_3 ξ_3 2 ) − 3∑ j=1 F (ξ_j ) + const,

where

F (x) = x∫ 1/2 dy log Γ(y) Γ(1 − y) .

For the elliptic and parabolic singularities one has δ ⩽^1_4 . As we shall see below, it is useful to know the classical Liouville action also for δ >^1_4 , what corresponds to the hyperbolic singularities. The relevant construction of the metric and the classical action was given in [23]. If we write δ_3 = 1 4 + p^2, p ∈ R, (2.21)

then in the case of two elliptic/parabolic and one hyperbolic singularity

S^{(cl)}(δ_3, δ_2, δ_1) = 1 2 (1 − ξ_1 − ξ_2) log μ + ∑ σ_2 ,σ_3=± F ( 1 − ξ_1 2 + σ_2 ξ_2 2 + iσ_3p )

− 2∑ j=1 F (ξ_j ) + H(2ip) + π|p| + const, (2.22)

with H(x) = x∫ 0 dy log Γ(−y) Γ(y) .

3 Classical conformal block

The partition function (2.4) corresponds in the operator formulation to the correlation function of the primary fields V_{αj} (z_j , z̄_j), ⟨X⟩ = ⟨ V_{αn} (∞, ∞) . . .V_{α1} (z_1, z̄_1) ⟩ , (3.1)

where Δ_j = α_j (Q − α_j ), α_j = Q 2 (1 + ξ_j ) .

The DOZZ 4-point correlation function with the standard locations z = 0, x, 1, ∞ is expressed as an integral over the continuous spectrum ⟨ V_{α4} (∞, ∞)V_{α3}(1, 1)V_{α2}(x, x̄)V_{α1} (0, 0) ⟩ = (3.2) ∫ Q 2 +iR^+ dα C(α_4, α_3, α)C(Q − α, α_2, α_1) | |F_{1+6Q}2_{,Δ}

[_{Δ3 Δ2}

Δ_4 Δ_1 ] (x) | |^2 .

Let 1_{Δ,Δ} = ∑ I (|ξ_{Δ,I}⟩ ⊗ |ξ_{Δ,I}⟩)(⟨ξ_{Δ,I}| ⊗ ⟨ξ_{Δ,I}|) be an operator that projects onto the space spanned by the states form the conformal family with the highest weight Δ. The correlation function with the 1_{Δ,Δ} insertion factorizes into the product of the holomorphic and anti-holomorphic factors, ⟨ V_4(∞, ∞)V_3(1, 1)1_{Δ,Δ}V_2(x, x̄)V_1(0, 0) ⟩ = (3.3)

C(α_4, α_3, α) C(Q − α, α_2, α_1) F_{1+6Q}2_{,Δ}

[_{Δ3 Δ2}

Δ_4 Δ_1 ] (x) F_{1+6Q}2_{,Δ}

[_{Δ3 Δ2}

Δ_4 Δ_1 ] (x̄). Assuming a path integral representation of the l.h.s. one should expect in the limit Q → ∞, with all the weights being heavy Δ, Δ_i ∼ Q^2, the following asymptotic behavior ⟨ V_4(∞, ∞)V_3(1, 1)1_{Δ,Δ}V_2(x, x̄)V_1(0, 0) ⟩ ∼ e^{−Q2 S(cl) (δi,x;δ)}. (3.4)

On the other hand one can calculate this limit for the DOZZ coupling constants [3, 23] obtaining C(α_4, α_3, α)C(Q − α, α_2, α_1) ∼ e^{−Q2} (^{Scl (δ4,δ3,δ)+Scl (δ,δ2,δ1)}). (3.5)

It follows that the conformal block should have the Q → ∞ asymptotic (1.1) so that

S^{(cl)}(δ_i, x; δ) = S^{(cl)}(δ_4, δ_3, δ) + S^{(cl)}(δ, δ_2, δ_1) − f_δ [_{δ3 δ2} δ_4 δ_1 ] (x) − f̄_δ [_{δ3 δ2} δ_4 δ_1 ] (x̄). (3.6)

It should be stressed that the asymptotic behavior (1.1) is a nontrivial statement on the (quantum) conformal block. Although there is no proof of this property yet it seems to be well justified by sample numerical calculations, as well as by its consequences. We shall briefly describe two of them.

The first one is the classical bootstrap mentioned in the introduction. In the semiclassical limit the l.h.s of the formula (3.2) takes the form e^{−Q2 S(cl) (δ4,δ3,δ2,δ1;x)}, where

S^{(cl)}(δ_4, δ_3, δ_2, δ_1; x) ≡ S^{(cl)}(δ_4, δ_3, δ_2, δ_1; ∞, 1, x, 0) .

The r.h.s. of (3.2) is in this limit determined by the saddle point approximation

e^{−Q2 S(cl) (δi,zi ;δs)} ≈ ∞∫ 0 dp e^{−Q2 S(cl)(δi,x;δ)} where δ_s =^1_4 + p^2_s and the saddle point Liouville momentum p_s is determined by ∂ ∂p S^{(cl)}(δ_i, x;^1_4 + p^2_s)_{|p=ps} = 0. (3.7)

One thus gets the relation (1.2) first obtained in [3] and the classical bootstrap (1.3) as its consistency condition.

The second implication of the asymptotic (1.1) is the relation of the classical block to certain monodromy problem, which in fact proved to be essential for developing a very effective recursive method for calculating the conformal block itself (and therefore also its classical asymptotic) [8, 10, 36]. Consider the null vectors on the second level of the Verma module, given by |χ_±⟩ = ( L_{−2} − 3 2(2Δ_± + 1)

L^2_{−1} ) |Δ_±⟩, (3.8)

where |Δ_±⟩ are the highest weight states with (for c ≥ 25)

Δ_± = 1 16 ( 5 − c ± √ (c − 1)(c − 25) ) . This expression simplifies if we use convenient parametrization of the central charge

c = 1 + 6Q^2, Q =^1_b + b, (3.9)

so that Δ_+ = − 1 2 − 3 4 b^2, Δ_− = − 1 2 − 3 4b^2 . It follows from (3.8) that the correlators

⟨χ̂_±(z)X⟩_Δ^{def}= ⟨ V_4(∞, ∞)V_3(1, 1)1_{Δ,Δ}χ̂_±(z)V_2(x, x̄)V_1(0, 0) ⟩ , (3.10)

where χ̂_±(z) are the null fields corresponding to |χ_±⟩, satisfy the null-vector decoupling equation: [ ∂^2 ∂z^2 + γ_± ( 1 z − 1 1 − z ) ∂ ∂z ] ⟨χ̂_±(z)X⟩_Δ = (3.11) γ_± [ Δ_1 z^2 + Δ_2 (z − x)^2 + Δ_3 (1 − z)^2 + Λ_± z(1 − z) + x(1 − x) z(z − x)(1 − z) ∂ ∂x ] ⟨χ̂_±(z)X⟩_Δ , with Λ_± = Δ_1 + Δ_2 + Δ_3 + Δ_± − Δ_4 and γ_± = 2 3 (2Δ_± + 1) ⇒ γ_+ = −b^2, γ_− = − 1 b^2 . For Q → ∞ we have either b → 0 or b → ∞. To fix the notation we shall concentrate on the first possibility. For b → 0 the operator with the weight Δ_+ remains “light” (Δ_+ = O(1)) and its presence in the correlation function has no influence on the classical solution of the field equations^4. Consequently, for b → 0

⟨χ̂_+(z)X⟩_Δ ∼ χ^{cl}(z) e^{− 1b2} ( S^{(cl)} (δ_4,δ_3,δ)+S^{(cl)}(δ,δ_2,δ_1)−f_δ [_{δ3 δ2} δ4 δ1 ] (x)−f̄_δ [_{δ3 δ2} δ4 δ1 ] (x̄) ) (3.12)

and we get from (3.11):

∂^2_z χ^{cl}(z) + [ δ_1 z^2 + δ_2 (z − x)^2 + δ_3 (1 − z)^2 + δ_1 + δ_2 + δ_3 − δ_4 z(1 − z) + x(1 − x)C(x) z(z − x)(1 − z) ] χ^{cl}(z) = 0, (3.13) where C(x) = d dx f_δ [_{δ3 δ2} δ_4 δ_1 ] (x). (3.14)

The accessory parameter C(x) can be determined from the following monodromy problem. Consider the correlation function

G(z)^{def}= ⟨ V_4(∞, ∞)V_3(1, 1)χ̂_+(z)V_Δ(0, 0) ⟩ (3.15)

where V_Δ is the primary field corresponding to the highest weight state ξ_Δ. The null vector decoupling equation for this correlator reads ( 1 b^2 d^2 dz^2 + ( 1 1 − z − 1 z ) d dz + Δ z^2 + Δ_3 (1 − z)^2 + Δ + Δ_+ + Δ_3 − Δ_4 z(1 − z) ) G(z) = 0. (3.16)

Substituting into this equation the most singular term in the OPE

χ̂_+(z)V_Δ(0, ¯0) ∼ z^κ V_Δ′ (0, ¯0)

we get κ(κ − 1) + b^2(Δ − κ) = 0. (3.17)

In the limit b → 0 : Δ = Q^2 4 (1 − ξ^2) = 1 4b^2

(1 − ξ^2) + O(1)

and (3.17) transforms to

κ(κ − 1) + 1 4 (1 − ξ^2) = 0 ⇒ κ = 1 2 (1 ± ξ). For z → e^{2πi} z : ( z^{1−ξ}2 z^{1+ξ}2 ) → − ( e^{−iπξ} 0 0 e^{iπξ} ) ( z^{1−ξ}2 z^{1+ξ}2 )

and (minus) the trace of the monodromy matrix (an invariant with respect to the choice of the basis in the space of solutions of (3.16)) is equal to 2 cos πξ. 4This is reflected by the fact that limit b → 0 of the equation (3.11) exists only in the “+” case.

Note that we get the same monodromy invariant if we replace in (3.15) the primary field V_Δ with any of its descendants. Note also that (in the classical limit) the monodromy invariant of the two independent solutions of (3.16) for a curve encircling 0 is by construction equal to the monodromy invariant for a basis in the space of solutions of (3.13) along a curve encircling both 0 and x (all point on this curve can be taken “to the left” of the operator 1_Δ). This condition fixes the accessory parameter C(x) that appears on the r.h.s. of (3.13).

4 Zamolodchikov’s recursion methods

The BPZ 4-point conformal block is defined [30] as a formal power series^5 F_{c,Δ} [_{Δ3 Δ2}

Δ_4 Δ_1 ] ( x) = x^{Δ−Δ2 −Δ1} ( 1 + ∞∑ n=1 x^nF^n_{c,Δ} [_{Δ3 Δ2}

Δ_4 Δ_1 ] ) . (4.1)

Studying the analytic structure of its coefficients Al. Zamolodchikov derived the recursion relation [8]:

F^n_{c,Δ} [_{Δ3 Δ2}

Δ_4 Δ_1 ] = g^n_Δ

[_{Δ3 Δ2}

Δ_4 Δ_1 ] + ∑ r≥2 s≥1 n ≥ rs ≥2

R̃ rs_Δ [_{Δ3 Δ2}

Δ_4 Δ_1 ] c − c_{rs}(Δ) F^{n−rs} c_{rs}(Δ),Δ+rs [_{Δ3 Δ2}

Δ_4 Δ_1 ] , (4.2)

where

c_{rs}(Δ) = 13 − 6 ( T_{rs}(Δ) + 1 T_{rs}(Δ) ) , T_{rs}(Δ) =^{rs−1+2 Δ+}

√_{(r−s)2 +4 (r s−1) Δ+4 Δ2}

r^2−1 ,

and g^n_Δ

[_{Δ3 Δ2}

Δ_4 Δ_1 ] are coefficients of the expansion of the hypergeometric function,

2F_1(Δ + Δ_2 − Δ_1, Δ + Δ_3 − Δ_4, 2Δ, x) = ∞∑ n=0 g^n_Δ

[_{Δ3 Δ2}

Δ_4 Δ_1 ] x^n.

An exact form of the coefficients R̃^{rs}_Δ

[_{Δ3 Δ2}

Δ_4 Δ_1 ] (see Appendix) was partially derived and partially guessed in [8]. Although no proof of this form exists it is well justified by numerical calculations.

Once the expansion (4.1) is known one can calculate the coefficients of the power expansion of the classical conformal block f_δ [_{δ3 δ2} δ_4 δ_1 ] ( x) = (δ − δ_1 − δ_2) log x + ∞∑ n=1 x^nf^n_δ [_{δ3 δ2} δ_4 δ_1 ] (4.3)

5It is believed that the series (4.1) converges on the unit disc but up to our knowledge there is no rigorous proof of this fact yet.

directly from the asymptotic (1.1) ∞∑ n=1 x^nf^n_δ [_{δ3 δ2} δ_4 δ_1 ] = lim_{Q2→∞} 1 Q^2 log ( 1 + ∞∑ n=1 x^nF^n_{c,Δ} [_{Δ3 Δ2}

Δ_4 Δ_1 ]) , (4.4)

where on the r.h.s. one first expand the logarithm into a power series and then the limit is taken for each term separately.

In the present work we were interested in a special case of all parabolic external weights Δ_i =^{Q2}_4 , the central charge c = 1 + 6Q^2, and the intermediate weight Δ = Q^2

(_1 4 + p^2 ) parameterized by the Liouville momenta p. We have checked by symbolic calculations that up to m = 7 the limits in (4.4) exist yielding explicit formulae for the first seven coefficients of the expansion (4.3). Up to the first five terms:

f(p, x) ≡ f 1_{4 +p}2

[_1 4 1 4 1 4 1 4 ] ( x) (4.5) = ( p^2 −^1_4 ) log x +

(_1 8 +^{p2}_2 ) x + (_9

128 +^{13 p2}_{64} +^1_{1024 (1+p2)} ) x^2 + (_{19}

384 +^{23 p2}_{192} +^1_{1024 (1+p2)} ) x^3 + (_{1257}

32768 +

2701 p^2 32768 − 1 2097152 (1+p^2)^3

+^3

8388608 (1+p^2)^2 +

7439 8388608 (1+p^2) + 81 8388608 (4+p^2) ) x^4 + (_{2573}

81920 +

5057 p^2 81920 − 1 1048576 (1+p^2)^3

+^3

4194304 (1+p^2)^2 +

3343 4194304 (1+p^2) + 81 4194304 (4+p^2) ) x^5 + . . .

The limitation of the formulae (4.1) and (4.3) is that the power series involved are supposed to converge only for |x| < 1.

A more convenient representation of the conformal block was developed by Al. Zamolodchikov [10] who proposed to regard it as a function of the variable

q(x) = e^{−π K(1−x)K(x)} , K(x) = 1∫ 0 dt √ (1 − t^2)(1 − xt^2) .

The map C \ {0, 1, ∞} ∋ x → q(x) ∈ D yields a uniformization of the 3-punctured sphere by the Poincaré disc D . If the points 0, 1, ∞ are the only singular points of the conformal block, then the block is a single valued function on D and the series in q variable converges uniformly on each subset {q : |q| < e^{−ϵ} < 1}. It was shown in [10] that the conformal block can be expressed as F_{c,Δ} [_{Δ3 Δ2}

Δ_4 Δ_1 ] ( x) = x^{c−124 −Δ1 −Δ2} (1 − x)^{c−124 −Δ1 −Δ3}

× θ_3(q)^{c−12 −4(Δ1+Δ2 +Δ3 +Δ4 )}

× (16q)^{Δ− c−124} H_{c,Δ}

[_{Δ3 Δ2}

Δ_4 Δ_1 ] ( q) (4.6)

= x^{c−124 −Δ1 −Δ2} (1 − x)^{c−124 −Δ1 −Δ3} × (_2 π K(x) ) c−1_{4 −2(Δ1+Δ2 +Δ3 +Δ4 )}

× (16q)^{Δ− c−1}24 H_{c,Δ}

[_{Δ3 Δ2}

Δ_4 Δ_1 ] ( q), where H_{c,Δ} [_{Δ3 Δ2}

Δ_4 Δ_1 ] ( q) = 1 + ∞∑ n=1 (16q)^nH^n_{c,Δ}

[_{Δ3 Δ2}

Δ_4 Δ_1 ] . (4.7)

The coefficients in (4.7) are uniquely determined by the recursion relation:

H^n_{c, Δ} [_{Δ3 Δ2}

Δ_4 Δ_1 ] = ∑ r≥1 s≥1 n ≥ rs ≥1

R^{rs}_c [_{Δ3 Δ2}

Δ_4 Δ_1 ] Δ − Δ_{rs}(c) H^{n−rs} c, Δ_{rs} (c)+rs [_{Δ3 Δ2}

Δ_4 Δ_1 ] , n > 0, (4.8)

where for the central charge parameterized as c = 1 + 6 ( b +^1_b

)_2 : Δ_{rs}(c) = =

1 − r^2 4 b^2 + 1 − rs 2 + 1 − s^2 4 1 b^2 , and R^{rs}_c

[_{Δ3 Δ2}

Δ_4 Δ_1 ] are related to the coefficients R̃^{rs}_Δ

[_{Δ3 Δ2}

Δ_4 Δ_1 ] and their explicit form is known [8] (see Appendix). There are some important advantages of the formulae above. First of all one gets a series which is supposed to converge on the whole domain of analyticity of the conformal block. Secondly if we choose the parametrization (3.9) of the central charge the formulae does not contain square roots which simplifies symbolic calculations a lot.

The representation (4.6) and the asymptotic (1.1) imply the following representation for the classical conformal block: f_δ [_{δ3 δ2} δ_4 δ_1 ] ( x) = (^1_4 − δ_1 − δ_2) log x + (^1_4 − δ_1 − δ_3) log(1 − x) (4.9) + (^1_4 − 2(δ_1 + δ_2 + δ_3 + δ_4)) log

(_2 π K(x) ) + (δ −^1_4 ) log 16 − (δ −^1_4 )π K(1 − x) K(x) + h_δ [_{δ3 δ2} δ_4 δ_1 ] (q), where h_δ [_{δ3 δ2} δ_4 δ_1 ] (q) = ∞∑ n=1 (16q)^nh^n_δ [_{δ3 δ2} δ_4 δ_1 ] . (4.10)

The coefficients in (4.10) can be calculated step by step from the asymptotic (1.1) ∞∑ n=1 (16q)^nh^n_δ [_{δ3 δ2} δ_4 δ_1 ] = lim_{Q2→∞} 1 Q^2 log ( 1 + ∞∑ n=1 (16q)^nH^n_{c,Δ}

[_{Δ3 Δ2}

Δ_4 Δ_1 ]) . (4.11)

Using this formula in the special case of all parabolic external weights we have checked the asymptotic (1.1) up to the terms q^{16}. We have also calculated the coefficients of (4.10) up to this order. The first few terms of the series (4.10) read:

h(p, q) ≡ h 1_{4 +p}2

[_1 4 1 4 1 4 1 4 ] ( q) = 1 +^1_{4(1+p2)} q^2 (4.12) + (_{−1} 32 (1+p^2)^3 + 3 128 (1+p^2)^2 + 15 128 (1+p^2) + 81 128 (4+p^2) ) q^4 + (_1

96 (1+p^2)^5 − 5 384 (1+p^2)^4 − 9 256 (1+p^2)^3 + 59 2048 (1+p^2)^2

+^{661}

16384 (1+p^2) − 9 128 (4+p^2) +

16875 16384 (9+p^2) ) q^6 + (_{−5} 1024 (1+p^2)^7 + 35 4096 (1+p^2 )^6 + 141 8192 (1+p^2)^5

−^{1725}

65536 (1+p^2 )^4 −

1653 65536 (1+p^2)^3 +

6279 262144(1+p^2)^2

+^{54913}

2097152 (1+p^2) −

6561 16384 (4+p^2)^3 +

19683 262144(4+p^2)^2

+^{332239}

1048576 (4+p^2) −

50625 2097152(9+p^2) +

1500625 1048576 (16+p^2) ) q^8 + . . .. 5 Geodesic length function

According to the uniformization theorem the punctured sphere X is conformally equivalent to H/G, where H is the upper half plane endowed with the Poincare hyperbolic metric and G is the Fuchsian group uniquely (up to conjugation in PSL(2, R)) determined by X and isomorphic to its fundamental group.

The group G is generated by T_i ∈ PSL(2, R), i = 1, . . ., n. It is possible to chose them in such a way that T_1T_2 . . .T_n = I.

If all the punctures correspond to parabolic singularities, then

|Tr T_i| = 2.

For each pair of punctures, say z_i and z_j , there exists a unique closed geodesics of the hyperbolic metrics on X, separating z_i and z_j from the remaining singularities. Its length ℓ (γ_{ij} ) can be determined from the relation

2 cosh ℓ (γ_{ij} ) 2 = |Tr T_iT_j | . (5.1)

Setting for the four punctured sphere (by an appropriate global conformal transformation) z_1 = 0, z_2 = x, z_3 = 1 and z_4 = ∞ we have in the notation from the previous sections ℓ (γ_{12}) ≡ ℓ (γ_s) , ℓ (γ_{23}) ≡ ℓ (γ_t) , ℓ (γ_{24}) ≡ ℓ (γ_u) .

In the case of locations x =^1_9 ,^1_2 , e^{− πi}3 the group G is explicitly known [35]

x T_1 T_2 T_3 T_4 1 9 (_{−1 0}

2 −1

) (_{2 −3}

3 −4

) (_{2 −9}

1 −4 ) (_{−1 −6} 0 −1 )

1 2 (_{−1 0}

2 −1

) (_{3 −4}

4 −5

) (_{3 −8}

2 −5 ) (_{−1 −4} 0 −1 )

e^{− πi}3

(_{−1 0} 3 2 −1

) (_{5 −6}

6 −7

) (_{2 −6} 3 2 −4 ) (_{−1 −8} 0 −1 )

.

Taking into account the locations obtained from x =^1_9 ,^1_2 , e^{− πi}3 by SL(2, C) transformations preserving the set {0, 1, ∞} one gets

x^1_9 −^1_8^8_9^9_8 −8 9^1_2 −1 2 e^{− πi}3 e^{+ πi}3

cosh^{ℓ(γs)}_2 2 2 5 8 5 8 3 3 7^7_2^7_2

(5.2)

All the cases listed above concern the metrics on H/G, induced by the hyperbolic Poincare metric on H with the scalar curvature −2. This corresponds to μ = 4 in the relation (1.5) which in terms of the s-channel saddle point Liouville momentum (3.7) reads

ℓ(γ_s(x)) = 4πp_s(x). (5.3)

Taking into account the explicit formula (2.22) for the 3-point classical action one can write the saddle point equation (3.7) in the form:

−π + 2i log

Γ(1 − 2ip)Γ^2(^1_2 + ip) Γ(1 + 2ip)Γ^2(^1_2 − ip) = ℜ ∂ ∂p f(p, x). (5.4) The precision of a numerical solution to this equation is in practice determined only by the precision of an approximation to the classical conformal block f(p, x) at hand.

For the locations inside the unit disc x =^1_9 , −^1_8 ,^1_2 ,^8_9 one can consider approximation given by the first n terms of the x-expansion (4.5). We have done the numerical calculations for n = 0, 1, . . ., 7. The deviations from the exact values measured by the differences

Δ(x) = cosh

[_1 2 ℓ(γ_s(x)) ] − cosh [2πp_s(x)]

are presented in Tab.1. They provide a very good confirmation of the formula (5.3).

A much better precision can be achieved if we use the q-expansion of f(p, x) (4.12). The results of numerical calculations with the approximations of f(x, p) up to the terms q^{2k}, k = 0, 1, . . ., 8 are presented in Tab.2. The agreement with the conjectured exact formula (5.3) is perfect.

n Δ (_1 9 ) Δ ( −^1_8 ) Δ (_1 2 ) Δ (_8 9 ) 0 1.8 × 10^{−2} − 1.9 × 10^{−2} 2.8 × 10^{−1} 1.72 1 8.5 × 10^{−4} 9.4 × 10^{−4} 7.0 × 10^{−2} 1.05 2 5.6 × 10^{−5} − 6.8 × 10^{−5} 2.2 × 10^{−2} 0.72 3 4.3 × 10^{−6} 5.8 × 10^{−6} 8.1 × 10^{−3} 0.53 4 3.6 × 10^{−7} − 5.4 × 10^{−7} 3.1 × 10^{−3} 0.40 5 3.2 × 10^{−8} 5.3 × 10^{−8} 1.2 × 10^{−3} 0.31 6 2.9 × 10^{−9} − 5.4 × 10^{−9} 5.3 × 10^{−5} 0.24 7 2.7 × 10^{−10} 5.7 × 10^{−10} 2.3 × 10^{−5} 0.19 Tab.1

2k Δ

(_1 9 ) Δ ( −^1_8 ) Δ (_1 2 ) Δ (_8 9 ) 0 − 4.0 × 10^{−6} − 4.0 × 10^{−6} − 3.9 × 10^{−4} − 1.1 × 10^{−2} 2 − 1.0 × 10^{−10} − 1.0 × 10^{−10} − 3.7 × 10^{−7} − 1.0 × 10^{−4} 4 − 1.8 × 10^{−15} 1.8 × 10^{−15} − 5.4 × 10^{−11} − 2.3 × 10^{−7} 6 − 1.3 × 10^{−15} 1.8 × 10^{−15} − 2.5 × 10^{−13} − 7.2 × 10^{−9} 8 − 1.3 × 10^{−15} 1.8 × 10^{−15} 1.8 × 10^{−15} 9.9 × 10^{−11} 10 − 1.3 × 10^{−15} 1.8 × 10^{−15} 1.3 × 10^{−15} − 2.0 × 10^{−12} 12 − 1.3 × 10^{−15} 1.8 × 10^{−15} 1.3 × 10^{−15} 3.0 × 10^{−14} 14 − 1.3 × 10^{−15} 1.8 × 10^{−15} 1.3 × 10^{−15} 4.4 × 10^{−15} 16 − 1.3 × 10^{−15} 1.8 × 10^{−15} 1.3 × 10^{−15} 1.5 × 10^{−14} Tab.2

The advantage of the q-expansion is that it converges rapidly for all locations x on the complex plane except tiny neighborhoods of x = 0, 1, ∞. One can thus verify the formula (5.3) for all the cases listed in (5.2). Using the q-expansion up to the terms q^{16} we get the deviations from the exact values (5.2) closed to the precision of our numerical calculations set to be slightly less than 16 decimal digits (Tab.3).

As another verification of the formula (5.3) one can compare the numerical results with the analytic bounds for the geodesic length function for the locations x such that the geodesic γ_s(x) is contained in the unit disc [35]: 2π^2 log (256|x|^{−1} + 136) < ℓ_s(x) < 2π^2 log (_{16√|1−x|} |x| ) −^{π2} 4 log (_{16}√_{|1−x|} |x| ) (5.5)

We present sample numerical calculations of the geodesic length function along the rays x(r) = re^{i π4 k}, k = 0, 1, 2, 3, 4. (5.6)

x Δ(x) 1 9 − 1.3 × 10^{−15} −^1_8 1.8 × 10^{−15} 8 9 1.5 × 10^{−14} 9 8 1.4 × 10^{−13} −8 − 8.9 × 10^{−15}

9 1.4 × 10^{−13} x Δ(x) 1 2 1.3 × 10^{−15} −1 4.4 × 10^{−15} 2 − 7.1 × 10^{−15} e^{− πi3} 2.7 × 10^{−15} e^{+ πi3} 2.7 × 10^{−15}

Tab.3

The results for the q-expansion up to the term q^{16} are plotted on Fig.1 for two different ranges of r.

Let us close this section with the remark that it is straightforward to work out an analytic approximation for the saddle point momentum p_s and, consequently, for the geodesic length ℓ(γ_s) for small x. Indeed, with the help of the Lagrange duplication formula

Γ(2z) = (2π)^{− 12} 2^{2z− 12} Γ(z)Γ(z + 1 2 ) eq. (5.4) can be rewritten as

−π + 16p log 2 + 2i log

Γ(1 + 2ip)Γ^2(1 − ip) Γ(1 − 2ip)Γ^2(1 + ip) = ℜ ∂ ∂p f(p, x). (5.7) Performing a series expansion of the l.h.s. according to the formula 1 Γ(1 + z)

= exp { γz − ∞∑ k=1 (−1)^kζ(k) k z^k } , where γ is the Euler–Marcheroni constant, we can rewrite (5.7) in the form

−π + 16p log 2 + 8p^3 ∞∑ k=1 (−1)^{k−1}(1 − 4^k)ζ(2k + 1) 2k + 1 p^{2k−2} = ℜ ∂ ∂p f(p, x). (5.8) Using the explicit form of f(p, x) one can express a solution of (5.8) in the form of an expansion in ℜ x and^1_{log xx̄.} For instance, keeping in (5.8) terms up to p^3 and x^3 we get

p_s = π − log xx̄ + 16 log 2 − ℜ x −^{207}_{512} ℜ x^2 −^{205}_{1536}ℜ x^3 + 8ζ(3) +^1_{256} ( ℜ x^2 + ℜ x^3 ) − log xx̄ + 16 log 2 − ℜ x −^{207}_{512} ℜ x^2 −^{205}_{1536}ℜ x^3 p^3_s + O (( 1 log xx̄

)_6 , ℜ x^4 log xx̄ )

= π − log xx̄ + 16 log 2 − ℜ x −^{207}_{512} ℜ x^2 −^{205}_{1536}ℜ x^3 + 8π^3ζ(3) +^{π3}_{256} ( ℜ x^2 + ℜ x^3 ) ( − log xx̄ + 16 log 2 − ℜ x −^{207}_{512} ℜ x^2 −^{205}_{1536} ℜ x^3

)_4 + O (( 1 log xx̄

)_6 , ℜ x^4 log xx̄ ) .

Fig.1: Numerical calculations of the s-channel geodesic length function of the hyperbolic metric with the constant scalar curvature R = −2 along the rays (5.6) and the analytic bounds (5.5).

6 Classical bootstrap

The q-expansion yields an extremely efficient method of numerical calculation of the classical conformal block and the saddle point momenta for all locations x ≠ 0, 1, ∞. The precision of the s-channel calculations certainly worsens near x = 1, x = ∞ singularities. Still the range of rapid convergence of the q-expansion is huge enough to provide a reasonable testing ground for the classical bootstrap equations (1.3). For instance in the region |x| < 4.6 × 10^5 with the small disc |1 − x| < 0.0003 around x = 1 removed one has |q(x)| <^1_2 .

In the present paper we are interested in checking the classical bootstrap equations in the simplest case of four parabolic singularities. The s-channel factorization of the 4-point classical action (1.2) yields the expression

S_4(x) ≡ S^{(cl)}

(_1 4 ,^1_4 ,^1_4 ,^1_4 ; x ) = 2S_3(p_s(x)) − 2ℜf(p_s(x), x) where f(p, x) is the classical conformal block (4.5), p_s(x) is the saddle point momentum in the s-channel given by (5.4), and S_3(p) is the 3-point classical action (2.22) for two parabolic and one hyperbolic weight^6:

S_3(p) ≡ S^{(cl)}

(_1 4 ,^1_4 ,^1_4 + p^2 ) = 4F

(_1 2 + ip ) + H(2ip) + πp, The efficiency of numerical methods provides a considerable freedom in testing the classical bootstrap equations. As an example we have chosen the calculation of the relative deviation from these equations measured by the functions:

Δ_{st}(x) =

S_4(1 − x) − S_4(x)

S_4(x)

Δ_{su}(x) =

S_4(^1_x ) − log |x| − S_4(x) S_4(x) . The largest deviation should be expected around the locations x = 0, 1, ∞. The behavior of the functions Δ_{st}(x), Δ_{su}(x) in these regions is well represented by their values along the real axis. We present the results for two approximations to the classical conformal block: up to the q^{12} terms and up to the q^{16} terms in the expansion (4.12). The results are shown on Fig.2 and Fig.3. They provide an excellent numerical verification of the classical bootstrap.

Fig.2: Relative deviation from the classical bootstrap equations along the real axis near x = 0, 1 singularites.

7 Conclusions

The numerical tests presented in this paper provide a convincing evidence that

• the classical limit of the conformal block exists yielding a consistent definition of the classical conformal block;

6In order to simplify the formula an appropriate constant was chosen in (2.22).

Fig.3: Relative deviation from the classical bootstrap equations along the real axis near x = ∞ singularity.

• the geodesic length functions of the hyperbolic geometry on the 4-punctured Riemann sphere can be calculated by the saddle point equation involving the classical conformal block and the 3-point classical Liouville action;

• the classical Liouville action on the 4-punctured Riemann sphere can be calculated in terms of the geodesic length function, the classical conformal block and the 3-point classical Liouville action.

The statements above were derived by heuristic field theoretical arguments within the path integral representation of the quantum Liouville theory and should be regarded as well motivated conjectures. It might be surprising that they are so well supported by numerical calculations. Still a challenging problem is to provide rigorous mathematical proofs for them. Any attempt in this direction seem to require a better understanding of the classical conformal block itself and in particular a direct way to calculate it. The main motivation for this line of research is the long standing problem of the uniformization of the 4-punctured Riemann sphere. Indeed if the factorization of the classical Liouville action holds and the classical conformal block and the geodesic length functions are available one can calculate the 4-point Liouville action and, by the Polyakov conjecture, the accessory parameter of the appropriate Fuchsian equation.

The efficiency of numerical calculations based on the q-expansion used in this paper are completely satisfactory. As an example we present on Fig.4 the contour plots of the geodesic lengthes in different channels in the case of the hyperbolic metric with the constant scalar curvature R = −1, i.e. the lines of constant value of the length Frenkel–Nielssen coordinate on the moduli space of the 4-puncture sphere as a function of the Koba–Nielsen coordinate x. Let us note that also the twist Frenkel–Nielssen coordinate can be calculated. Indeed it was proved in [24, 25] that the second derivative of the classical Liouville action with respect to the location of the punctures, ∂_{zi} ∂_{z̄j} S^{(cl)}, gives the Weil-Petersson metric on the moduli space. With the 4-point classical Liouville action at hand one can calculate the Weil-Petersson metric and the twist coordinate along each line of constant length.

Fig.4: Geodesic length functions in different channels for the hyperbolic metric with the scalar curvature R = −1 (the Gaussian curvature −^1_2 ).

Acknowledgments

The research of L.H. and Z.J. was supported by the Polish State Research Committee (KBN) grant no. 1 P03B 025 28.

Appendix

The coefficients R̃^{rs}_Δ

[_{Δ3 Δ2}

Δ_4 Δ_1 ] of the x-expansion can be written as

R̃^{rs}_Δ

[_{Δ3 Δ2}

Δ_4 Δ_1 ] = Ã^{rs}_Δ P̃^{rs}_Δ

[_{Δ3}

Δ_4 ] P̃^{rs}_Δ

[_{Δ2}

Δ_1 ] , Ã^{rs}_Δ = −∂c^{rs}(Δ) ∂Δ A_{rs}(T_{rs}(Δ)) =

24(T_{rs}(Δ)^2 − 1) 1 − s^2 + (r^2 − 1)T_{rs}(Δ)^2 A_{rs}(T_{rs}(Δ)), P̃^{rs}_Δ

[_{Δ2}

Δ_1 ] = P_{rs}(T_{rs}(Δ), Δ_1 + Δ_2, Δ_1 − Δ_2).

For arbitrary positive integers m, n the function A_{mn}(α^2) is defined by the relations

A_{mn}(α^2) = − 1 2 (_m ∏ k=1−m n∏ l=1−n )_′ 1 kα − l α , (A.1)

where the prime on the symbol of products means that the factors (k, l) = (0, 0) and (k, l) = (m, n) must be omitted. A_{mn}(α^2) can be rewritten in the form

A_{mn}(α^2) = 1 2mn m−1∏ k=1 n−1∏ l=1 α^4 (l^2 − k^2α^4)^2 m−1∏ k=1 1 k^2(k^2α^4 − n^2) n−1∏ l=1 α^4 l^2(l^2 − m^2α^4) . For arbitrary positive integers m, n the function P_{mn}(α^2, Δ, δ) is defined by the relations

P_{mn}(α^2, Δ_1 + Δ_2, Δ_1 − Δ_2) = (A.2) = m−1∏ p=1−m p+m=1 mod 2

n−1∏ q=1−n q+n=1 mod 2

( α_1 + α_2 − pα +^q_α 2 ) ( α_1 − α_2 − pα +^q_α 2 )

where the variables α_i are related to Δ_i via Δ_i = −^1_4 ( α −^1_α

)_2 +^{α2i}_4 .

P_{mn}(α^2, Δ, δ) can be expressed in the form P_{mn}(α, Δ, δ) = 4∏ k=1 P^k_{mn}(α, Δ, δ) where

P^1_{mn}(α, Δ, δ) = ∏ m−1≥p>0 p+m=1 mod 2

∏ n−1≥q>1−n q+n=1 mod 2 Q^{p,q}(α, Δ, δ)Q^{−p,q}(α, Δ, δ)

P^2_{mn}(α, Δ, δ) = ∏ n−1≥q>0 q+n=1 mod 2

Q^{0,q}(α, Δ, δ) if m is odd

1 otherwise

P^3_{mn}(α, Δ, δ) = ∏ m−1≥p>0 p+m=1 mod 2

Q^{p,0}(α, Δ, δ) if n is odd

1 otherwise

P^4_{mn}(α, Δ, δ) = { δ if m and n are odd 1 otherwise and Q^{p,q}(α^2, Δ, δ) = [ 1 16 ( q^2 α^2

+ p^2α^2 − 2pq ) ( q^2 − 4

α^2

+ (p^2 − 4)α^2 + 2(4 − pq) − 8Δ ) + δ^2 ] . The coefficients R^{rs}_c

[_{Δ3 Δ2}

Δ_4 Δ_1 ] that appear in the q-expansion of the conformal block can be written as R^{rs}_c [_{Δ3 Δ2}

Δ_4 Δ_1 ] = A^{rs}_c P^{rs}_c [_{Δ3}

Δ_4 ] P^{rs}_c [_{Δ2}

Δ_1 ] , A^{rs}_c = A_{rs}(−b^2) = A_{rs}(b^2), P^{rs}_c [_{Δ2}

Δ_1 ] = P_{rs}(−b^2, Δ_1 + Δ_2, Δ_1 − Δ_2),

where the functions A_{rs}, and P_{rs} are defined by (A.1) and (A.2) respectively.

References

[1] J. Teschner, Liouville theory revisited, Class. Quant. Grav. 18 (2001) R153 [arXiv:hepth/0104158].

[2] H. Dorn and H. J. Otto, Two and three point functions in Liouville theory, Nucl. Phys.

B 429 (1994) 375 [arXiv:hep-th/9403141].

[3] A. B. Zamolodchikov and A. B. Zamolodchikov, Structure constants and conformal bootstrap in Liouville field theory, Nucl. Phys. B 477 (1996) 577 [arXiv:hep-th/9506136].

[4] B. Ponsot and J. Teschner, Liouville bootstrap via harmonic analysis on a noncompact quantum group, arXiv:hep-th/9911110.

[5] B. Ponsot and J. Teschner, Clebsch-Gordan and Racah-Wigner coefficients for a continuous series of representations of U_q(sl(2, R)), Commun. Math. Phys. 224 (2001) 613 [arXiv:math.qa/0007097].

[6] B. Ponsot and J. Teschner, Boundary Liouville field theory: Boundary three point function, Nucl. Phys. B 622 (2002) 309 [arXiv:hep-th/0110244].

[7] J. Teschner, A lecture on the Liouville vertex operators, arXiv:hep-th/0303150. [8] A. B. Zamolodchikov, Conformal Symmetry In Two-Dimensions: An Explicit Recurrence Formula For The Conformal Partial Wave Amplitude, Commun. Math. Phys. 96 (1984) 419.

[9] A. B. Zamolodchikov, Two-dimensional conformal symmetry and critical four-spin correlation functions in the Ashkin-Teller model, Sov. Phys. JETP 63 (5) (1986) 1061.

[10] A. B. Zamolodchikov, Conformal symmetry in two-dimensional space: recursion representation of conformal block, Theor. Math. Phys. 73 (1987) 1088.

[11] A. M. Polyakov as reported in refs. [12, 13, 24, 25, 28].

[12] L. A. Takhtajan, Semiclassical Liouville Theory, Complex Geometry Of Moduli Spaces, And Uniformization Of Riemann Surfaces, In *Cargese 1991, Proceedings, New symmetry principles in quantum field theory* 383-406.

[13] L. A. Takhtajan, Topics in quantum geometry of Riemann surfaces: Two-dimensional quantum gravity, published in Como Quantum Groups 1994:541-580, [arXiv:hepth/9409088].

[14] L. A. Takhtajan, Liouville theory: Quantum geometry of Riemann surfaces, Mod. Phys.

Lett. A 8 (1993) 3529 [arXiv:hep-th/9308125].

[15] L. A. Takhtajan, Liouville Theory: Ward Identities For Generating Functional And Modular Geometry, Mod. Phys. Lett. A 9 (1994) 2293 [arXiv:hep-th/9403013].

[16] M. Matone, Uniformization theory and 2-D gravity. 1. Liouville action and intersection numbers, Int. J. Mod. Phys. A 10, 289 (1995) [arXiv:hep-th/9306150].

[17] M. Matone, Quantum Riemann surfaces, 2-D gravity and the geometrical origin of minimal models, Mod. Phys. Lett. A 9, 2871 (1994) [arXiv:hep-th/9309096].

[18] M. Matone, Nonperturbative model of Liouville gravity, J. Geom. Phys. 21, 381 (1997) [arXiv:hep-th/9402081].

[19] G. Bertoldi, S. Bolognesi, G. Giribet, M. Matone and Y. Nakayama, Zamolodchikov relations and Liouville hierarchy in SL(2,R)(k) WZNW model, Nucl. Phys. B 709, 522 (2005) [arXiv:hep-th/0409227].

[20] L. A. Takhtajan, Equivalence of Geometric h < 1/2 and Standard c > 25 Approaches to Two-Dimensional Quantum Gravity, Mod. Phys. Lett. A 11 (1996) 93 [arXiv:hepth/9509026].

[21] P. Menotti and G. Vajente, Semiclassical and quantum Liouville theory on the sphere, arXiv:hep-th/0411003.

[22] P. Menotti and E. Tonni, Standard and geometric approaches to quantum Liouville theory on the pseudosphere, Nucl. Phys. B 707 (2005) 321 [arXiv:hep-th/0406014].

[23] L. Hadasz and Z. Jaskolski, Classical Liouville action on the sphere with three hyperbolic singularities, Nucl. Phys. B 694, 493 (2004) [arXiv:hep-th/0309267].

[24] P. G. Zograf and L. A. Takhtajan, On Liouville equation, accessory parameters and the geometry of Teichmüller space for Riemann surface of genus 0, Math. USSR Sbornik 60 (1988) 143.

[25] P. G. Zograf and L. A. Takhtajan, On uiformization of Riemann surfaces and the Weil- Petersson metric on Teichmüller and Schottky spaces. Math. USSR Sbornik 60 (1988) 297.

[26] P. G. Zograf, The Liouville action on moduli spaces, and uniformization of degenerating Riemann surfaces Leningrad Math. J. 1 (1990) 941 - 965.

[27] L. Cantini, P. Menotti and D. Seminara, Proof of Polyakov conjecture for general elliptic singularities, Phys. Lett. B 517, 203 (2001) [arXiv:hep-th/0105081].

[28] L. Takhtajan and P. Zograf, Hyperbolic 2-spheres with conical singularities, accessory parameters and Kähler metrics on M_{0,n}, Trans. Amer. Math. Soc. 355 (2003) 1857-1867, [arXiv:math.cv/0112170].

[29] L. Hadasz and Z. Jaskolski, Polyakov conjecture for hyperbolic singularities, Phys. Lett.

B 574, 129 (2003) [arXiv:hep-th/0308131].

[30] A. A. Belavin, A. M. Polyakov and A. B. Zamolodchikov, Infinite Conformal Symmetry In Two-Dimensional Quantum Field Theory, Nucl. Phys. B 241, 333 (1984).

[31] N. Seiberg, Notes on Quantum Liouville Theory and Quantum Gravity in Common Trends in Mathematics and Quantum Field Theory, Proc. of the 1990 Yukawa International Seminar, Prog. Theor. Phys. Suppl. 102 (1990) 319.

[32] H. Verlinde, Conformal Field Theory, 2-D Quantum Gravity And Quantization Of Teichmüller Space, Nucl. Phys. B 337, 652 (1990).

[33] J. Teschner, On the relation between quantum Liouville theory and the quantized Teichmueller spaces, Int. J. Mod. Phys. A 19, 459477 (2004) [arXiv:hep-th/0303149].

[34] M. Wolf and S. Wolpert, Real analytic structures on the moduli space of curves American Journal of Mathematics, 114 (1992) 1079-1102 [35] J. A. Hempel, On the uniformization of the n-punctured sphere Bull. London Math.

Soc. 20 (1988) 97-115 [36] A. B. Zamolodchikov, A. B. Zamolodchikov Conformal Field Theory And Critical Phenomena In Two-Dimensional Systems, Sov. Sci. Rev. A. Phys. Vol. 10 (1989) 269 – 433 [37] I. Runkel and G. M. T. Watts, A non-rational CFT with c = 1 as a limit of minimal models, JHEP 0109 (2001) 006 [arXiv:hep-th/0107118].

[38] E. Picard, De l’équation Δ_2u = ke^u sur une surface de Riemann fermée J. Math. Pure Appl. (4) 9 (1893), 273 - 291.

[39] E. Picard, De l’intéegration de l’équation Δu = e^u sur une surface de Riemann fermée Crelle’s J. 130 (4) 9 (1905), 243 - 258.

[40] M. Troyanov, Prescribing curvature on compact surfaces with conical singularities Trans.

Amer. Math. Soc. 134 (1991) 793 - 821.